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PREFACE

The Walsh functions form an orthonormal system which can be applied in many situations. The Walsh 
system can perform all the usual applications of orthogonal systems (e.g., data transmission, multiplexing, 
filtering, image enhancement, and pattern recognition) and can perform them more efficiently. Also, they 
are easy to implement on high speed computers and can be used with very little storage space1. This is due 
in part to the fact that the Walsh functions take on only the values +1 and —1.

The Walsh system is also interesting from a theoretical point of view. First, it is the simplest non-trivial 
model for harmonic analysis but shares many properties with the trigonometric system. Secondly, it has 
been used to solve some fundamental problems in analysis (e.g., the basis problem). And third of all, it 
has played a role in the development of other areas of mathematics. For example, the three series theorem 
from probability was first discovered for the Rademacher system (a subset of the Walsh system) and the 
fundamental theorem of martingales was proved first by Paley for the Walsh system.

There are several books which describe applications of the Walsh system or give an introduction to certain 
specialized areas of Walsh analysis but there is no broadly based, theoretical monograph 2. We attempt to 
fill this gap.

We give a thorough introduction to the foundations of Walsh-Fourier analysis including material on the 
dyadic group, the dyadic field, dyadic martingales, Walsh-Fourier coefficients and series, the Walsh-Fourier 
transform, the dyadic derivative, and various maximal operators. Our book does not cover all phases of 
the subject (for example lacunary series are barely mentioned). Instead we have tried to introduce the 
main techniques and fundamental problems of Walsh-Fourier analysis and make the literature accessible. In 
addition, we have attempted to show how the theory of Walsh-Fourier analysis relates to other aspects of 
harmonic analysis.

Concerning this last aim, we consider systems closely related to the Walsh system including the double 
Walsh system, product systems (including weakly and strongly multiplicative systems) and the systems of 
Haar, Faber-Schauder, Franklin, and Ciesielski. We do not give these systems a thorough treatment. Instead 
they are included to show how the techniques of Walsh-Fourier analysis can be used in a broader context 
to solve problems in related systems, to discuss equivalence of bases and the basis problem, and to obtain 
explicit isomorphisms between certain dyadic spaces and their classical counterparts.

While writing this book, we saw several concepts emerge which proved to be fundamental: quasi-measures, 
dyadic martingales, and non-linear sequence spaces (i.e., spaces of “sequences” of numbers or functions 
ordered by the tree-like collection of integer dyadic intervals rather than the linearly ordered collection of 
positive integers). These concepts both enriched and unified our subject.

First, there is a 1-1 correspondence between quasi-measures and the entire collection of Walsh series 
which allows certain problems to be recast as measure theoretic questions. In some cases this provided 
simple explanations of known results. For example, the fact that no Walsh series can diverge to +oo on 
a set of positive measure is a reflection of the fact that a quasi-measure is either a.e. differentiable or has 
upper derivate +oo and lower derivate —oo a.e. In other cases this provided new insight into the nature 
of the problem itself. For example, the existence of null series reduces to a question about certain measure 
preserving transformations.

Secondly, the non-linear sequence spaces and dyadic martingales unified the theory in a way not evident 
before. By introducing non-linear martingales and generalizing the Burkholder-Gundy theory of martingale 
transforms we see that the inequalities of Khintchin, Paley, and Sjölin as well as a.e. convergence of Walsh- 
Fourier series are all part of a general theory of non-linear martingale transforms. Moreover, by indexing the 
Haar and Franklin systems in a natural way to make them non-linear sequences, we see that the canonical 
isomorphism these bases induce an explicit isomorphism from the dyadic Hardy spaces and dyadic BMO to 
their classical (trigonometric!) counterparts. This gives a natural way to get classical theorems from dyadic 
ones and vice versa.

The book is organized as follows. The first two chapters are introductory. The reader interested in 
applications should read these together with Chapter 9 which deals with Walsh transforms. Chapter 3

*To save weight they were used in the Mariner spacecraft which explored the surface of Mars.
2 Since this was written we have become aware of a book published in Russian by “Nauka”. It is “Walsh Series and 

Transforms” by B.I. Golubov, A.V. Efimov, and V.A. Skvorcov.
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introduces the probabalistic techniques, the dyadic Hardy spaces, and gives a self-contained proof of a.e. 
convergence of Walsh-Fourier series of functions in for p > 1. Chapters 4 and 6 continue to investigate 
convergence of Walsh-Fourier series, both in norm and pointwise on the interval [0,1). Chapter 5 examines 
approximation by Walsh polynomials and various questions about bases. It contains the explicit isomorphism 
between classical and dyadic Hardy spaces mentioned above. Chapters 7 and 8 examine some problems 
concerning general Walsh series, namely uniqueness and representation.

These chapters are followed by Appendices which contain material of a classical nature and a brief 
introduction to Vilenkin systems. We also include historical notes for each chapter which give bibliographic 
references and discuss generalizations to Vilenkin and other closely related systems. The bibliography is long 
but not complete. More information of this type can be found in the papers cited at the beginning of the 
historical notes. The index is thorough and is meant to be used as a supplement to the Table of Contents 
to locate all results in the book which pertain to a given concept.

We would like to thank the Hungarian Academy of Sciences, the National Science Foundation, Eötvös 
Loránd University, and the University of Tennessee for the opportunity to collaborate on this book. We 
would like to thank Professors K. Tandori and F. Móricz for carefully reading the manuscript and serving as 
referees. We also acknowledge the help of S. Fridii in preparing the historical notes for the first four chapters 
and helping with the final proofreading, Rosi Templin for typing an earlier version of several chapters, and 
Cindi Blair, who typed, retyped, and in some cases, typed a third time various portions of this manuscript. 
Finally, we would like to thank Benjamin, who put the final version into a micro-computer and caught many 
typographical errors which still survived at that point.

Budapest and Knoxville, March 1988
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Chapter 1

INTRODUCTION

1.1 The Walsh Functions. We shall denote the set of non-negative integers by N, the 
set of positive integers by P, the set of real numbers by R, the complex plane by C, and 
the set of dyadic rationals in the unit interval [0,1) by Q. In particular, each element of 
Q has the form p/2n for some p, n G N, 0 < p < 2n.

We shall use the notation x = (xa, a G A) to represent a collection x indexed by a set 
A. Thus a sequence will be represented in the form (xn, n G N).

Let r be the function defined on [0,1) by

(1) r(x) :=
1
-1

* e [o, i) 

x e [|,l)

extended to R by periodicity of period 1. The Rademacher system r := (r„,n G N) is 
defined by

(2) rn(x) := r(2nx) (x G R, n G N).

Given n G N it is possible to write n uniquely as

(3) n = ^2 n*2* 
k= 0

where n* = Oor 1 for к G N. This expression will be called the binary expansion of n and 
the numbers n* will be called the binary coefficients of n.

In the literature, the term “Walsh functions” refers to one of three orthonormal sys­
tems: the Walsh-Paley system (which we shall call the Walsh system), the original Walsh 
system, or the Walsh-Kaczmarz system. These systems contain the same functions and 
differ only in enumeration. Each is a complete orthonormal system on [0,1), contains the 
Rademacher system, and enjoys many properties analogous to the classical trigonometric, 
Sturm-Liouville, and Legendre systems.

The Walsh(-Paley) system w := (wn,n G N) was introduced by Paley [1] in 1932 as 
products of Rademacher functions in the following way. If n G N has binary coefficients 
(n*, к G N) then

(4) Wn := ПГГ-
к—О

Notice that this product is always finite because = 0 for к sufficiently large. Notice 
also by definition that wq = 1 and tV2n = rn for n G N. Moreover, it is clear that the
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Walsh system is closed under finite products, each Walsh function is piecewise constant 
with finitely many jump discontinuities on [0,1), and takes only the values +1 or —1.

The original Walsh system ф := (фп,п G N) was introduced by Walsh [1] in 1923. His 
definition was recursive and essentially the following one. Set

фо 1 and ф\ := r<j.

For each integer n > 2 choose m, к G P such that 1 < к < 2та-1 and n = 2m_1 + к — 1. 
Set

:= <^т}

where the functions ф[^ are periodic of period 1 and generated recursively by the following 
process. Define

ф[г) ■= Ф\

Ф* '= I (-l)*^i,>(2*) ,6 [1,1)

for к = 1,2. If m = 2,3,... and 1 < к < 2m_1 then define

,(2t-l), ч _ Í фтп(2х) xG[0, |)
”+1 W := l (-D‘+1Ä>(2x) ze[i,i)

and

Æ+i(*) :=
фт\2х)

(-l)*^(2x)
*€[0,J)
x G [|, 1).

The Walsh-Kaczmarz system к := (кп, n G N) was introduced by Sneider [1] in 1948. 
He also used products of Rademacher functions but differently from Paley. He began with

K0 := 1

but for each n G P he defined

m —1

(5) к« :=rm Д
Jt=o

where m G N satisfies 2m < n < 2m+1 and the n*’s are the binary coefficients of n. Notice 
that /c2" = rn = u>2" for n G N but other than this the ordering of the system к is quite 
different from that of w. Nevertheless, it is obvious that the Walsh- Kaczmarz system is 
a rearrangement of the Walsh system. (It is not so easy to see that the original Walsh 
system is yet a third enumeration. We shall take this up in 1.4 below.)

Of the three enumerations, the original Walsh system ф is used for most applications. 
This is so because of its recursive definition and because each фп has exactly n jumps
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on [0,1). On the other hand, the Walsh system w is used more frequently by theoreti­
cians. This is so for several reasons: definition (4) is extremely tractable, the paper by 
Paley was important and widely read, and the Walsh system has a stronger analogy to the 
trigonometric system. In regard to this last statement, we shall see that many trigonomet­
ric theorems have exact analogues for the Walsh system but not for the Walsh-Kaczmarz 
system. For example, the Dirichlet kernels for the Walsh system and the trigonometric 
system have the same order of growth, but the Dirichlet kernels in the Walsh-Kaczmarz 
system grow more rapidly (see 1.6 below).

The theory of Walsh series is extremely rich and the purpose of this chapter is to develop 
relationships between the Walsh system and several other areas of mathematics and to 
introduce some of the basic techniques. In 1.2 we show that Walsh analysis is a special 
case of the study of harmonic analysis on compact abelian groups. In 1.3 we show that 
the Walsh system is a complete orthonormal system on [0,1). In 1.4 we show how to get 
from one enumeration to the other, and relate the Walsh system to the Haar system, one 
which plays a central role in the general study of orthogonal functions (see Olevskiïjl]). In
1.5 and 1.6 we define Walsh- Fourier coefficients and Walsh-Fourier series and examine the 
Walsh-Dirichlet kernels. In 1.7 we introduce the dyadic derivative. And in 1.8 we discuss 
summability and the Walsh- Fejér kernels.

1.2 The Dyadic Group. In 1949 Fine [1] made the fundamental observation that the 
Walsh functions can be viewed as characters of the dyadic group. This fact, in somewhat 
more general form, had been formulated by Vilenkin [1] in 1947.

In this section we shall define the dyadic group, identify its characters, Haar measure, 
and topology, and prove several theorems concerning its structure and that of its dual. (For 
definitions and elementary facts about topological groups see Appendices 0.3 and 0.4.)

Let Z2 be the discrete cyclic group of order 2, i.e., the set {0,1} with the discrete 
topology and modulo 2 addition. Clearly, Z2 is a compact abelian group. The dyadic group 
G is defined to be the compact abelian group formed by taking the cartesian product of 
countably many copies of Z2, say

(6) G := Z2 X Z2 X ....

Thus G consists of sequences x = (xn,n £ N) where xn = 0 or 1. The zero element of G 
is the sequence 0 := (xn := 0,n £ N) and the group operation is given by

x + y := (|x„ - y„|,n £ N)

for any x = (xn,n £ N) and y = (y„,n £ N) in G. In particular, each x £ G is its own 
inverse, i.e., x + x = 0.

The subset
G0 :='{r £ G : xn —► 0 as n —> oo}

is a countable subgroup of G. Since each component xn — 0 or 1, the subgroup Go consists 
of those x £ G such that xn — 0 for n sufficiently large.

Set Iq(x) := G for all x £ G. For each x £ G and n £ P define

(7) In(x) := {y £ G : y, = x* for 0 < i < n}.
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We shall call these sets the dyadic intervals of G. Since the topology of G is the product 
topology (see (6) above), it has a countable base given by the family

(In(x) : x £ G0,n £ P).

Thus the dyadic intervals play an important role for the dyadic group. Since the dyadic 
intervals are evidently both open and closed, the dyadic group is totally disconnected. 

The dyadic grçup is metrizable. Indeed, consider the map from G onto [0,1] defined by

(8) |x| := \(xk,k £ N)| = ^2 **2~(*+1).
k=o

In view of the remarks above, |x| = 0 if and only if x = 0, and

11*1- Ml < l* + y| < 1*1+ M
for all x, y £ G i.e., the map | • | is a norm on G. Moreover,

(9) {y € G : |x + y\ < 2~n} C /„(*) C {y £ G : |x + y| < 2~n)

for n £ P and x 6 G. Thus the dyadic group is metrizable with the distance between two 
points x,y £ G defined to be |x + y|.

It is useful to notice that the dyadic group is actually a vector space over the field Z2. 
Thus G is a normed linear space. It contains a closed system. Indeed, for each г £ N let 
ei denote the element (xn,n £ N) which satisfies Xj = 1 and xn = 0 for n ^ i. Notice that 
each element of Go is a finite linear combination of the e/s and that Go is dense in G. 
Thus e := (е,,г £ N) is a closed system in the normed linear space G. We shall call e the 
usual closed system. (See Exercise 1.14).

Define a measure on Zg by assigning each singleton the measure 1/2. Let ц represent 
the product measure on G inherited from Z2 (see Appendix 0.4). By definition

fi(In(x)) = 2~n

for x £ G and гг £ N. Thus
f*(In(x) + y) = p(In(x))

for x,y £ G and n £ N. Since the Borel sets of G are generated by the dyadic intervals 
in G, it is easy to see that ц is a translation invariant Borel measure on the dyadic group 
whose total variation is 1. In particular, ц is a Haar measure on G.

A character on G is a continuous complex-valued map which satisfies

(10) f(x + y) = /(x)/(y) and |/(x)| = 1 (x,y £ G).

The collection of characters on G is denoted by G. Since / £ G implies

/(0) = 1 and f2(x) = f(x + x) = /(0) (x £ G),

\
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it follows that a character on the dyadic group can take only the values +1 or —1, i.e., each 
/ G G is real- valued. Since characters are continuous it is also clear that two characters 
coincide on G if and only if they coincide on the usual closed system c = (ej,t € N).

We shall describe the characters of G in two ways (see (12) and (17) below). For n € N 
and X = (x„,n G N) G G set

(11) pn{x) := (-l)Zn.

Since the sequence (/*(0), к G N) forms a local base each pn is continuous on G. Moreover, 
it is clear that each pn satisfies (10). Thus each pn is a character on G.

The collection (p„, n G N) can be used to generate all characters of the dyadic group 
in the same way that the Rademacher functions generate the Walsh system (compare (12) 
below with (4) above).

THEOREM 1. For each n G N with binary expansion (3) let

(12) V’n •— Pkk •
k—0

Then V’n G G.
Conversely, if f E G then / = V’n for some n G N.

PROOF. Since each V’n is a finite product of pk's it is clear that V’n E G.
Conversely, let f G G. Since f is continuous on G and e, —► 0 in G as i —► oo, we 

have /(et) —» /(0) = 1 as i —♦ oo. But f takes on only the values +1 or —1. Thus there 
exists an M G N, depending on /, such that /(e,) = 1 for i > M. Consequently, there is 
a sequence n, = 0 or 1 such that n* = 0 for i > M and /(e,) = ( —l)n< for all i G N. Set

n := £n,-2‘. 
i=0

By definition we have
/(e«) = (-l)n< = V’(ei).

Thus / = V’n on the closed system e and it follows that f = фп on G. | 
Define the dyadic sum of a pair of integers n, m G N by

(13) n®m :=£>*-m*|2*
k=o

where (n&, t G N) and (mk,k G N) are the binary coefficients of n and m. Notice that

njt + m* _ |n*-mfc|
- Pk (k G N).

Thus we have by Theorem 1 that

(14) V’nV’m — Фпфгп'
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Hence G is an abelian group under pointwise multiplication. Moreover, the groups G, Go 
and (N, ®) are all isomorphic. An isomorphism from N to G is given by n —► фп and an 
isomorphism from N to Go is given by

(15) n = V'n*2<: —► (n0,nb.
Jt=0

In view of this last isomorphism, we shall use the same notation for an element n = 
(гг*, к G N) of G0 and an integer n of the form (3). This abuse of notation yields a concise 
formula for the characters of G. Indeed, if

(16) (n, x) := uqXq + niXi + ... (mod 2)

for n G Go and x G G, where multiplication on the right side of (16) is that of Z%, then
(11) and (12) combine to produce

(17) M*) = (-1)<"',>

for n G N and x G G. Notice that the map ( • ) is a bilinear form from Go X G into Z%. 
The collection G is an orthonormal system.

Theorem 2. Ifn,me N then

I Mm du = I 
Jg I 0 пф m.

PROOF. Since V’nV’m = Фп®т it suffices to show

[ f dfi = 0
Jg

for all / g G \ {V>o}.
Toward this fix such an f and choose y G G such that f(y) = — 1. By translation 

invariance

/ / du = í f(x + y)dfx(x) 
Jg Jg

= /(y) Í f(x)dfi(x). 
Jg

Since f(y) = — 1 this integral must vanish. |
An immediate corollary of Theorem 2 is the following important computation.
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Paley’s Lemma. If D2" := ^Lq1 V’fc tben

F>2"
2”
0

X G /„(0)
X gG\/„(0)

for n E N.

Proof. Since xj)k = 1 on fn(0) for 0 < A < 2", it suffices to show that jD2" vanishes off 
fn(0). But

i |D2n|2dil = 22V(/»(0)) = 2"
JinW

and by orthogonality,

2"-i .
/ |jD2"|2 df1= Y] / IV’fcl2^ = 2n.

Vg t=0

Consequently, Z)2n must vanish off f„(0). |
The operation 0 satisfies the following partition property.

Theorem 3. For each к e N let

Ak := {i 6 N : 2* < t < 21+1}.

For each n G N with binary coefficients nk let

Í 0 njk = 0
1 n 0 At = 1.

Then
• {; G N : 0 < j < n} = |J Bn<k

k-0

for all n G N.

Proof. Fix n G N. Since ВП}к П Bnj = 0 for к ± j and 0 enjoys the cancellation 
property, it is clear that the number of elements in

Bn Bnk
k=о

is precisely

nk2k 5= n.
k=0

In particular, it suffices to show that 0 < I < n for every t G Bn.
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Fix l G Bn and observe by construction that i G n ® A* for some t which satisfies 
njk = 1. Thus i — n ® m where

Jfc-i
m = 2fc + ^2 m>2J. 

j=o

Consequently, the definition of dyadic addition implies

Jt — 1 oo
t = ^2\mj - nj\2j + \mk - nk\2k + ^2 n>2J 

j=0 ji=fc+l

< 2* - 1 + n,2J' < n - 1 < n. I
j=M-l

The abelian groups G and (N, ®) cannot be ordered in the usual algebraic sense (see 
Exercise 1.2). Nevertheless, given x — (xn,n G N) and y = (yn,n G N) in G we shall say 
that x < y if there is an n G N such that xn = 0,yn = 1 and Xj = yj for all j < n. By 
x < y we shall mean x < y or x = y. Notice that the relation < is a linear ordering on G.

It is evident that the map (8) is increasing, i.e., if x < y in G then |x| < |y|. It is not 
strictly increasing. In fact, every nonzero element x in Go has a conjugate element x* in 
G such that |x| = |x*|. Indeed, for each x = (x0,xj,... ,xm,0,0,... ) with xm = 1 for 
some m G N define

x . (x0,xi,...,xm—i,0,l,l,...).

Also define

0* := (1,1,... ).

It is clear that |x| = |x*| for all x G Go \ {0}. It is also easy to check that if |x| = |y| then 
either x = y or x G Go and x = y*. (For a relationship between convergence, the ordering, 
and these conjugate elements see Exercise 1.5).

1.3 The Representation of the Dyadic Group on the Interval [0,1]. In this section 
we show that the dyadic group can be identified with the interval [0,1] in such a way that 
the characters G correspond to the Walsh system io, Haar measure ц corresponds to 
Lebesgue measure, the countable dense subgroup Go corresponds to the dyadic rationale 
Q, and the ordering introduced in the preceding section corresponds to the usual ordering 
on [0,1]. Thus investigation of the Walsh system may proceed in two directions:

a) use the system xo and Lebesgue integration to study functions defined on [0,1], or
b) use the characters G and Haar integration to study functions defined on the dyadic 

group.
A similar dichotomy prevails for classical Fourier series. One can investigate trigono­

metric series on [0,2тг] or exponential series on the circle group T. In Walsh analysis, 
the nature of the problem being considered sometimes dictates which direction to pursue. 
We shall use both points of view in subsequent chapters often with nothing more than
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expedience as our guide. In any event, this identification allows one to translate results 
from one system to the other and this task will frequently be left to the reader.

Any x € [0,1] can be written in the form

(18) x = ^x*2"(*+1\
k=0

where each x* = 0 or 1. For each x G [0,1]\Q there is only one expression of this form. We 
shall call it the dyadic expansion of x. When x G Q there are two expressions of this form, 
one which terminates in 0’s and one which terminates in l’s. By the dyadic expansion of 
an x G Q we shall mean the one which terminates in 0’s. Notice that 1 ^ Q so the dyadic 
expansion of x = 1 terminates in l’s.

Let Gq := {x G G : x = y* for some y G G0}. Define Fine’s map g : [0,1] —► G by

(19) e(x) := (x0,xi,...)

where x has dyadic expansion (18). Then g is a strictly increasing, 1-1 map from [0,1) 
onto G \ Gß. Moreover, it is easy to prove that g satisfies

Í e(z+) = g(z-) = eix) £ G (0,1) \ Q
(20) < g(x+) = g(x), g(x-) = g*(x) x G Q

1 g(0+) = 0, g(l-) = 0*.

Here g(x+) represents the limit of g at x from the right in the usual topology on [0,1] and 
g(x—) that from the left.

Let C(G) represent the collection of functions / : G —► R which are continuous from 
the dyadic topology on G to the usual topology on R. Let C\y represent the collection 
of functions g : [0,1) —» R which are continuous at every dyadic irrational, continuous 
from the right on [0,1), and have a finite limit from the left on (0,1], all this in the usual 
topology.

We shall call the map / —> / о g the canonical isomorphism. It is easy to see that this 
map is a vector space isomorphism from C(G) onto Cw- First, it is clear by (20) that if 
f G C(G) and g := f о g then

Í 9(z+) = g(x~) = g(x) x g (o, l) \ Q
(21) < 0(x+) = g(x), g(x-) = /(g*(x)) x G Q

1 <7(0+) = /(0), <7(1 —) = /(O').

Thus the canonical isomorphism takes C(G) into Cw- Next, notice by construction that 
the canonical isomorphism is a vector space homomorphism, i.e., preserves function addi­
tion and scalar multiplication. Finally, if <7 G Cw then the map / defined on G by

(22)

' f(y) ■= g(x) y = e(z), x g [0,1) \ Q 
< f(y*)-=g(x~) y=e(x), xeQ

^ /(0'):=g(l-)

i
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is continuous on G (see Exercise 1.7).
It is also easy to see that the canonical isomorphism takes the character system G onto 

the Walsh system to. Indeed if x G [0,1) has dyadic expansion (18) then the definition of 
the Rademacher functions given in 1.1 can be rewritten as

r„(x) = (-l)'” (n 6 N).

Comparing this with (11) in 1.2, we see that rn = pn о g on [0,1), and pn(x) = rn(|x|) for 
ж 6 G \ G* and every n G N. It follows from (4) and (12) that

wn = Фп 0 Q

and
фп(х) - wn(\x\) (x G G \ Gq)

for every n G N.
Fine’s map can be used to define a new addition and a new topology on [0,1) which are 

closely related to those on G. Indeed, define the dyadic sum of two numbers x, y G [0,1) 
and the dyadic distance between these numbers by

x + y ■■= |e(*) + e(y)\-

In terms of the dyadic expansions of x and y (see (18) above) we have

x + У = ^2\xk - Ук\2~(к+1)- 
fc-0

Hence + is evidently a metric and a commutative binary operation on [0,1) which satisfies 
x + x — 0. We shall call the topology generated by + on [0,1) the dyadic topology. Note, 
[0,1) is not a group under + (see Exercise 1.4).

The Walsh functions almost behave like characters with respect to dyadic addition, 
namely,

(23) wn(x + y) = wn(x)wn(y) (n G N, x,y G [0,1), x + y £ Q).

(This identity will be used many times in subsequent chapters.) To prove (23) fix m G N 
and x,y £ [0,1). Notice that

Гт(х)гт(у) = Pm о ß(x) pm о g{y) = pm(ß(x) + e(y)),

and that
Гт(? 4- lj) = рт(е(\д(х) + e(y)|)).

Since |g(x) + p(y)| is a dyadic irrational when x -j- у is, it is clear that

e(\e(x) + g{y)\) = e(x)+e(y)



1.3 Representation of the dyadic group 11

for X + y ^ Q. Consequently, (23) holds for the Rademacher case, i.e., for n = 2m. But the 
general case follows immediately since Walsh functions are finite products of Rademacher 
functions. Since for each fixed y G [0,1) the set of points x which satisfy x + y E Q is a 
countable set, we observe that (23) holds for a.e. x, y G [0,1).

By a dyadic interval in [0,1) we shall always mean an interval of the form

(24) F(p, n) := [p2-", (p + 1)2-") (0 < p < 2", n,p G N).

Clearly, the dyadic topology is generated by the collection of dyadic intervals. Moreover, 
each dyadic interval is both open and closed in the dyadic topology. It follows that each 
Walsh function is continuous in the dyadic topology. Thus the dyadic topology differs from 
the usual topology in an essential way. (See also Exercise 1.11.)

For each x G [0,1) and n G N we shall denote the dyadic interval of length 2_n which 
contains x by In(x). Thus

In(x) := /(p,n)

where 0 < p < 2n is uniquely determined by the relationship x G I(p,n). This is the same 
notation used for dyadic intervals on the group (compare with (7) ) but will not cause 
problems because context will make it clear whether the dyadic interval is in the group or 
inside the unit interval.

A function / : [0,1) —> R which is continuous from the dyadic topology to the usual 
topology will be called W- continuous. Since

\x-y\<x + y (x, y G [0,1)),

it is clear that every classically continuous function on [0,1) is W- continuous. In fact, 
every function in Cw is uniformly W-continuous on the unit interval. On the other hand, 
not every W-continuous function belongs to (see Exercise 1.12).

Let L° represent the collection of a.e. finite, Lebesgue measurable functions from [0,1) 
into [—00,00]. For 0 < p < 00 let Lp represent the collection of / G L° for which

is finite. Let L°° represent the collection of / G L° for which

ll/lloo := inf {y G R : |/(z)| < y for a.e. x G [0,1)}

is finite. It is well known that Lp is a Banach space for each 1 < p < 00. 
For any set E denote the characteristic function of E by %(E), i.e.,

X(2)W
1 x G E 
0 x £ E.

By a dyadic ste-p function we shall mean a finite linear combination of characteristic func­
tions of dyadic intervals in [0,1). By a Walsh polynomial we shall mean a finite linear
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combination of Walsh functions. We shall denote the collection of Walsh polynomials by 
V- . .

Since wm is constant on /(p, n) for each 0 < p < 2n and 0 < m < 2n, it is clear that 
each Walsh polynomial is a dyadic step function. On the other hand, notice by the Paley 
lemma that

2" —1
x(In(t))(x) = 2~n wk(x +1) 

k-0

for each x,t G [0,1) and n G N. Thus each dyadic step function is a Walsh polynomial. It 
follows that the collection of dyadic step functions coincides with the collection of Walsh 
polynomials. Since Lebesgue measure is regular, it follows from Lusin’s theorem that 
given / G L° there exist Walsh polynomials Pi, P2,... such that Pn —► / a.e. as n —► oo. 
Moreover, any / G L1 can be written in the form f = g — h where the functions g, h are 
a.e. limits of increasing sequences of non-negative Walsh polynomials. In particular, V is 
dense in Lp for 1 < p < oo.

On the group, let V represent the collection of finite linear combinations of characteristic 
functions of the dyadic intervals {/„(x) : x G Gq,n G N}. Let L°(G) represent the 
collection of functions which are a.e. [p] limits of sequences in V. For 0 < p < oo, let 
LP(G) represent the collection of / G L°(G) such that

ll/ll, := (Х,1Л'Ф)

is finite. Let L°°(G) represent the collection of functions / G L°(G) such that 

ll/lloo := inf{y G R : |/(x)| < y for a.e. [p] x G G}

is finite. Notice that LP(G) is a Banach space for each 1 < p < oo and that V is dense in 
C(G) and in LP(G) for 1 < p < oo.

Let 1° represent the collection of sequences a = (an, n G N) such that an G R. For each 
0 < p < oo let iv represent the collection of a G £° such that

IMIp :=

1/p

is finite. Let l°° represent the collection of a Ç. C° such that

IHloo := sup |a„|
ngN

is finite. Recall that tv is a Banach space for each 1 < p < oo. 
It is easy to see that

n n—1 к .
53akbk = “ bfc+i ) + ъп 53
k=0 k=0 j=0 j—0
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holds for all (a*, к G N), (bk, к G N) G and n G N. This algebraic identity will be 
referred to as Abel’s transformation.

Translation on the group and dyadic translation on the unit interval will both be denoted 
by г. Thus if / is defined on G and y G G then
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Сryf)(x) := f(x + У) (a G G), 

and if f is defined on [0,1) then

(r»/)(a) := f(x + y) (x G [0,1)).

For any subset E of the unit interval, define the translation of E by y by

Ty(E) := {x -i- y : x G E).

When E Ç [0,1) is measurable let \E\ represent its Lebesgue measure. The following 
result shows that Lebesgue measure is translation invariant on [0,1) with respect to dyadic 
addition.

THEOREM 4. Let y G [0,1). If E с. [о, 1) is measurable then ry(E) is measurable and

h(E)l = |£|.

If f G L1 then Tyf G L1 and

(25) f Tyf = Í f.
Jo Jo

PROOF. Let I = [0,2~n) for some n G N and let YlkLо represent the dyadic
expansion of y. Choose p G N such that I(p, n) = In{y) and define

f 0 0 < к < n
Vk ' l |1 - Ы & > n.

Set ÿ := Yl'kLo ÿ*2""^fc+1) and observe by the definition of dyadic addition that

Ty 1 [p2-n,(p + l)2"n] yel.

It follows that |ту(/)| = |/| for all dyadic intervals I. Thus (25) holds for all / G V. By 
the monotone convergence theorem and remarks above, it follows that (25) holds for all 
/ G L1. Specializing to the case f = %(E) we conclude that |ту(£)| = |£|. |

In view of the identification of G with [0,1), it is natural to enquire about the relationship 
between Haar integration on the group and Lebesgue integration on the unit interval. The 
following result, whose proof is similar to Theorem 4, gives a complete answer.
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THEOREM 5. Let g denote Fine's map.
i) If f £ L°(G) then f о g £ L°. Conversely, if g £ L° and

(26) /(*):= 0(N) (x G G)

then f £ L°(G).
ii) If f £ L^G) then f о g £ L1, and

[ fdp = f fog.
J g Jo

Conversely, if g £ L1 and f is defined by (26) then f £ L1 (G) and

[ 9 = Í f dp.
Jo J G

It follows that the canonical isomorphism / —> / о g is an isometry from LP(G) onto Lp 
for 1 < p < oo.

The modulus of continuity of an f £ C(G) is defined by

(27) w(/,6) := sup{|(ry/ - /|U : y £ G, |y| < <$}, 

for S > 0. The Lp modulus of continuity of an / £ LP(G) is defined by

(28) u>(p\f,6) := sup{||rÿ/- f\\p : y £ G, |y| < 6}, 

for 8 > 0 and 1 < p < oo.
For а > 0 denote by Lip(o, G) the collection of functions f £ C(G) which satisfy

(29) \f(x + y)-f(x)\<C\y\° (x,y6G),

where C is a non-zero constant which depends only on f. Notice that / £ Lip(o, G) 
implies u){f, 8) = 0(8°) as 8 —* 0. Thus for each a > 0 and 1 < p < oo, we shall denote 
by Lip(a, LP(G)) the collection of functions / 6 LP(G) which satisfy

u^p\f, 8) = 0(8°) as <5 —» 0.

Analogously, for each <5 > 0 define the dyadic modulus of continuity of an / £ Cw by 

u>(/,<5) := sup{|/(x + y) - f(x)I : x,y £ [0,1),0 < у < <5), 

and the dyadic Lp modulus of continuity of an f £ Lp by

u>(p\f,8) := sup{
ri \ Vp

I f(x + y) - f(x)\p dx) : у £ [0,1),0 <y <8}.
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For each a > 0 let Lip(a, W) denote image of Lip(o, G) under the canonical isomorphism 
and Lip(o, Lp) denote the image of Lip(a, LP(G)) under the canonical isomorphism. For 
example, a function / belongs to Lip(a, W) if and only if / = g од for some g G Lip(o?, G). 
In particular, if / G Lip(a, W) then there is a constant C > 0 such that

\f(x + y) — f{x)I < C\y\a

for all X, y G [0,1) which satisfy g(x + y) = ofx) + p(y).
It should be pointed out that these definitions do not satisfy all the usual properties. 

For example, for each n G N the condition 8 < 2~n implies iv(pn, 8) = 0. Thus cu(/, 28) < 
2a>(f,8) does not hold for all f. Moreover, Lip(o, G) is non-trivial for a > 1.

For functions defined on the unit interval the local moduli of continuity are defined as 
follows. For each dyadic interval I and each W-continuous function / let

Ц/> -0 := sup{|/(x + у) - /0)| : x G /, 0 < y < |/|}.

For each 1 < p < oo and each / G I/ let

o;(i>)(/, J) := sup fiTi [\f(x+ y) - f(x)\p dx\
o<y<\i\\\I\ Ji J

The local modulus of continuity а?(/, I) is a measure of the oscillation of f on I. Thus 
we say that a function f defined on the unit interval is of p-bounded fluctuation for some 
1 < p < oo if

A function is said to be of bounded fluctuation if it is of 1-bounded fluctuation. In this 
case its total fluctuation is defined by

/2" — 1
ЩЛ ■= SUP |w(/,/(fc,n))|nGP V ä

Clearly, every function of bounded variation on [0,1) is also of bounded fluctuation but 
not conversely.

1.4 Transformations and Rearrangements of the Walsh System. For the first 
half of this section, let (Í2, Ç, v) be a fixed probability space. By a measure preserving 
transformation on Í2 we mean a map T' : fi —G which satisfies

(30) v({tGn:T'(t)GE}) = ^(E)

for all measurable E G G. Given any sequence f = (/n,n G N) in hd(G) we shall denote 
the sequence (/n о T',n G N) by /o T'. Notice that

[ f о T' du = f f dp 
JU J G
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for all / E L*(G) and all measure preserving transformations T'. Thus if/ is an orthogonal 
system in L2(G) and T' is measure preserving then / о T' is orthogonal in L2(i2).

Let 7 = (7n,n E N) be a sequence of bounded, (/-measurable functions on Í). The 
■product system generated by 7 is the system g = (<?„, n E N) defined by

9m ■= Д 7n " 1

n=0

where the numbers mn are the binary coefficients of m. The system7 is called multiplicative 
if fn gm du = 0 for m E P and called strongly multiplicative if the system (gm, m E N) is 
orthogonal. Clearly, every strongly multiplicative system is multiplicative. On the other 
hand, there exist systems which are multiplicative but not strongly multiplicative. (See 
Exercise 1.28.)

The system 7 is called sign-like if each 7„ takes on only the values +1 or —1. Notice that 
the Rademacher systemr := (rn, n E N) is a sign-like, strongly multiplicative system. Also 
notice for sign-like systems that 7 is strongly multiplicative if and only if it is multiplicative.

An important class of sign-like multiplicative systems is the collection of subsystems of 
the Walsh system generated by Z2-linearly independent indices. Indeed, let £q,£\,... be 
Z2-linearly independent. By definition if

60^0 ® • • • ® f-n£n = 0

for some n E N and numbers €j E Z2 (г = 0,1,... ,n) then eo = • • • = en = 0. Conse­
quently, the system (wtk,k E N) is sign- like and multiplicative.

Let g = (gn,n E N) be a system in Lj,(0) and T be a map from N to N. We shall denote 
the system (дт(п),п '€ N) by Tg. When T is 1-1 and onto we call Tg a rearrangement of 
g. By a linear rearrangement of g we mean a rearrangement Tg where T is Z2-linear, i.e., 
satisfies

T(n 0 m) = T(n) ® T(m)

for n,m E N.
It is important to notice that a linear rearrangement Tw of the Walsh system is always 

a product system and is generated by the rearrangement Tr. Indeed, by definition

Tr = (г<.’т(2"),п E N).

Moreover, the sequence (T(2n),n E N) is evidently Z2- linearly independent when T is 
both 1-1 and Z2-linear. Thus the system Tr is multiplicative. But Z2-linearity of T implies

9m - fj U>T(2") = П Wrrln T(2n) = u;moT(2o)0m1T(21)®... = wT(m)

n=0 n=0

for m E N. Therefore, Tw is the product system generated by Tr.
The Rademacher system and measure preserving transformations generate all sign-like 

multiplicative systems:
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THEOREM 6. Suppose 7 = (7„, n G N) is a sign-like multiplicative system on some proba­
bility space (Í2, Ç, u). Then there is a measure preserving transformation T' : Í2 —> G such 
that

7n = Pn° T' (n G N).

Moreover, if (дп,тг G N) is the product system generated by 7 then

9n=^n ° T' (n G N).

PROOF. For every iGG define a set Ar Ç fi (which may be empty for some z’s) by 

A* := {t G 0 : 7„(t) = p„(z) for all n G N}.

Each Az is measurable, Az П Ay = 0 for x ф у, and

0 = Ax.
x&G

In particular, given f G il there is a unique x G G such that t G Ax. Denote this x by 
T'(<).

We have defined a map T' from fi into G such that x = T'(t) if and only if pn(x) = 7„(t) 
for all n G N. Thus

7n(0 — Pn 0 T (£)

for all n G N and < G Í2. It remains to see that T' is measure preserving, i.e., the set

{<Gfi: T'(0 G 1}

belongs to Q for every interval I = In{v) in G and

(31) v({t G П : T'(i) G /}) = p(I) = 2"n.

By definition

(32) {(eft: Г(0 e /} = U A,
x ei

= {t G Í2 : 7j(0 = Pj(y) for ; = 0,1,... ,n - 1}

= {* G fi : 2~n П(1 + 7j(t)Pj(y)) = !}•
j=o

Identity (31) follows easily from (32) and the fact that 7 is a multiplicative system. Indeed, 
since the product in (32) takes only the values 0 and 1 we get

r n_1
«({* 6 n : T'(t) 6 Л) = 2-" / П (1 +Pj(»hi)

>=0
= 2_n ^ ^ ^ = 2_n.

I
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We conclude that T' is measurable and by (31) is measure preserving. |
In particular, given any Z2-linear map T of N into itself there is a measure preserving 

transformation T' : G —► G such that TG = Go T', i.e., rpT(m)(x) = ipm(T'(x)) for m G N 
and X G G. Using the identification of Go and N we have equivalently that

(33) (T(m), x) = (m,T'(x)) (m G N,x G G)

(see (17) in 1.2). Since this identity uniquely determines T' we shall call T' the adjoint of 
T.

By using the identification of G0 with N and the usual closed system e we can represent 
each Z2-linear map T by a matrix (Uj)ij-o where tij = 0 or 1 and

T(e,) := (tki,k G N) (i G N).

Indeed, the binary coefficients of T(m) are given by

T(m)i — tjjrrij (mod 2) 
j=o

for *, m G N. Notice, therefore, that the representing matrix of the adjoint T' of T is the 
one whose entries satisfy

i'ij = iji (i,j € N).

In general, the adjoint of T may not be 1-1. However, if T is 1-1, onto then so is T' and 
its inverse is identical to the adjoint of T-1. Indeed, T' is onto since T is 1-1 and onto. T' 
is 1-1 since T is onto. And by (33) we have

{T-\n),x) = r-’(n),r ((Т’Г‘(х)))
= (п,(Г)-1(х)>

for n G N and x G G. In particular,

(T-l)/ =

We summarize these observations as follows.

THEOREM 7. IfT is a Z2-linear map from N into N then there exists a unique measure 
preserving map T' from G into G such that

V’T(m) = фт o T' (m G N)

and (33) holds. Moreover, ifT is 1-1, onto then so is T', in which case

(T-1)' = (T')'1.
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Hence every linear rearrangement TG of the characters of G can be written in the form

TG = Go T\

In the next two paragraphs we shall examine the original Walsh system ф. First we show 
that ф is a linear rearrangement of the Walsh system w. Consider the map To : Gq —► Go 
determined by the matrix (tij)fj-o where

/1 j = i,i + 1
tij := <

( 0 otherwise.

The map To is obviously linear, 1-1, and onto, so we need only show 

(34) фп = iyTo(n) (n E N).

Toward this recall that фо = 1,ф\ = го, <^2 = гоп, and фз = r\. Fix n E N and write 
n = 2m_1 + к — 1 for 1 < к < 2m_1 ,m E P. By definition we have

02n(z) = = Го + \х)фп(2х)

and
<^2n+l(x) = = Г^(х)фп( 2x)

for X E [0,1). Consequently, if [n/2] represents the greatest integer in n/2 and n > 4 has 
binary expansion n,2‘ then

Фп(х) = Го0+П1{х)ф[п/2](2x) (z E R).

Applying this identity repeatedly we arrive at

Ф»(х) = Пг?+*'«(*) =
j=0

for X E [0,1). We conclude by (17) that

Фп = WTo(n)

as required.
Secondly, we prove that each фп changes signs on [0,1) exactly n times. Fix n E N and 

write n = 2m + к for 0 < /; < 2m. Observe that фп changes signs at a point

X =
Î2. + Ï! + ... + îizi + -J—
2 22 ^ ^2; 2)+i

if and only if j < m and

Фп(х —
1

2m+i ) — ^n(®)-
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This condition is equivalent to

Tlj+l ® nj+2 ® • • • ® П-m — nj ® nj +1 ® 1

since
1 J_1 „ m 1= ï] ÿ+T'

i=0 «=j+l

Hence фп changes signs at a point x if and only if nj — 1. But for each j G N the number 
of such points in [0,1) is nj2J. Therefore, the number of sign changes of фп on [0,1) is 
precisely

У v nj2J = n. 
j=o

Among Ж-continuous sign-like systems, this property characterizes the original Walsh 
system. Indeed, if (gn,n G N) is an orthonormal system on [0,1) where each gn continuous 
is from the right, takes on only the values +1 or —1, and changes signs exactly n times on 
[0,1) then gn = фп for n G N (see Byrnes and Swick [1] and Levizov [1]).

We have seen that the original Walsh system is a linear rearrangement of the system w. 
The Walsh-Kaczmarz system is not. Instead, it is a piecewise linear rearrangement. To 
describe the situation we need additional notation.

For each n G N set
G<n) := {x G G : ж* = 0 for к > n}.

Under the identification of Go with N each en + G^ corresponds to the dyadic block

{& G N : 2" < A; < 2*+1}.

Thus Gq can be written as a disjoint union in the form
/ OO N

Go = G<0) U и(е„ + С<"))
\n=0

(35)

In particular, any map R defined on Go is determined by its values on the sets Go and 
en + Gq*^ (n G N).

A map R : G0 —> Gq is called piecewise linear if there exist 1-1, Z2-linear maps Rn of 
Gq”^ onto Gq”^ such that

m m = 0 or eo
en + Rn(m + en) m G en + Gq ^ (n G P).

By a piecewise linear rearrangement of a system g we shall mean a rearrangement of the 
form Rg for some piecewise linear map R. Notice, then, that piecewise linear rearrange­
ments are rearrangements within dyadic blocks. Indeed, if (Д, к G N) is a piecewise linear 
rearrangement of (gk,k G N) then

{A : 2" < t < 2"+'} = {<% : 2" < t < 2"+'}

R(m) :=
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for П G N.
To show that the Walsh-Kaczmarz system is a piecewise linear rearrangement of the 

Walsh system, fix n G N and let Rn : G^ —> be the Z2-linear map induced by the

matrix where

«<">:= I1
13 \ 0 otherwise.

Let R be defined by (35). To show к = Rw write n = 2m + l where m,£ E N and 
0 < £ < 2m. Let (l*, k G N) represent the binary coefficients of £ and observe by identity 
(5) in 1.1 that

/c„(x) = w2m(x) (—l)£>*=o Xktrn~k 1

for X G [0,1) with dyadic expansion given by (18). It follows from the definition of Rn and
(17) in 1.2 that

Kn(x) = W2m(x)(-l)</îm(i)’X) = ty2m(x)wfîm(t)(x) = U>2m + ßm(<)(x) = Wfi(„)(x),

for X G [0,1). Thus к is a piecewise linear rearrangement of w.
For each n G N set

= 2"п/2ю‘(^)-

for 0 < j,k < 2”, j,k G N. By a Hadamard- Paley matrix we shall mean a matrix of the 
form

Notice by (4) in 1.1 that

(36) m,(t/2") = wk(j/2")

for 0 < j, k < 2n, j, à: G N. Thus each Hadamard-Paley matrix is a real, symmetric 
2n X 2n matrix. Moreover, since

it is clear that each ЛЛ") is orthogonal.
The Hadamard transform _L is defined on £° as follows. Given b = (G N) G 1° 

define a sequence b± := {b-jr^k G N) G 1° by the following process. Set brf- := b0. For 
0 < k < 2n,n G N set

Since the Hadamard-Paley matrices are symmetric and orthogonal, it is clear that _L takes
£° onto 1° and satisfies (fr1)-1 = b. In particular, if a is the Hadamard transform of b then 
b is the Hadamard transform of a.
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Extend the Hadamard transform to function sequences in the obvious way. Notice by 
definition that

53 62«+* ft~+k := 5Z 53 4j}/2"+j)
Jfc=0 Jfc=0 J—0

= 53 ( a%)b2n + k)hn+j)
j—0 k=0 

2n — 1

= 53 b2n+jfon+j
7=0

for any function sequence (Д-, fc € N) and G N) G 1°. In particular,

(37) 53 Mb'“ I] 6*7*
Jfc=2n_1 k=2n~1

for n G P. We shall refer to this property by calling the Hadamard transform self adjoint.
The Haar system h — (hn,n G N) is defined as follows. Set ho := 1. For n, A: G N with 

0 < к < 2" define /in on [0,1) by

( 2n/2 X G I(2k,n + 1)
/i2"+jt(^) := < -2n/2 X G /(2fc + 1, n + 1)

( 0 otherwise.

Extend each Haar function to R by periodicity of period 1. Thus each Haar function is 
continuous from the right, and the Haar system h is orthonormal on [0,1). (Most authors 
define Haar functions at the points of discontinuity by averaging. This small change has 
little bearing on the results we prove here.)

The Walsh and Haar systems are Hadamard transforms of each other. Indeed, fix 
0 < к < 2n, n, A: G N and observe by definition that

(38) W = 2 ”/2r„x(/(i,n)).

Also observe by the Paley lemma that

2n-i ,
(39) ]3 WÁX + = 2"x(/(A:,n))(x)

7=0

rn(x)wj(x + — ) = )W2.+;(Z),

for X G [0,1). Since
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it follows from (36), (38), and (39) that
2n-l

(40) h?n+k = ^2 a$w2n+j-
j=о

Therefore, h = w1- and by the self adjoint property we have

(41)
2" —1

w2n + k = al/^2n+j" (0 < к < 2n,n,ke N)
j=o

and
2" —1 2" —1

(42) Y bkWk= Y b£hk (n E P).
fc=2n_1 k—2n~l

The Hadamard matrices are generated by the Kaczmarz ordering in the following
way. Set

Я<°> := (

For n E P set

tf(n) := ( Г„К2"+У

For example,
я(1)= 0

and

я<2> =
i -1

1 1
Ki -i

2" —1

1 1 
1 -1 
-1 -1 
-1 1

An easy inductive argument establishes that the Hadam ard matrices can be recursively 
generated by the Kronecker product, namely

Я<"+1> = Я<’>®Я<">:=(^

for n E N. We also notice by induction that the fc-th row of Я^п) is given by

(wn(jfc)(^)».?'= 0,1,...2n - 1)

where for each n E N and 0 < к < 2" with binary coefficients (&/, l E N) the index n(k) 
is defined by

П — 1
n(k) := ^2 bn-t-i2(. 

e=o
This remark has significance for certain applications of Walsh functions to spectroscopy. 
The map к —» n(k) is called the bit-reversal map and facilitates computation of the Fast 
Walsh Transform. These topics will be discussed in 9.7.
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1.5 Walsh-Fourier Coefficients and Walsh-Fourier Series. The Walsh-Fourier co­
efficients of an / 6 L1(G) (respectively, L1) are defined by

f(n) := / /фи dn (respectively, := / fwn)
J G Jo

for n € N. Thus the map / —> / takes integrable functions to £°° sequences and

(43) ll/lloo < Mi-

A fundamental question of dyadic analysis (indeed of harmonic analysis in general) is 
what affect do conditions on / (e.g., continuity, differentiability, integrability) have on the 
sequence /. The Riesz-Fischer theorem (see Appendix 0.1) is one response to this question: 
an integrable function / belongs to L2 if and only if / belongs to l2.

The situation is more complicated for almost any other class of functions besides L2. 
For example, the following result shows that the Walsh-Fourier coefficients of L1 functions 
vanish at infinity. But we shall see (Theorem 3 in 8.1 and remarks following) that the rate 
of decay can be as slow as one wishes. Thus one cannot characterize L1 functions by the 
growth of their Walsh-Fourier coefficients.

The Riemann-Lebesgue Lemma. If f e L1 then f(n) —> 0 as n oo.

PROOF. Since Walsh polynomials are dense in L1, given e > 0 there is a g & V such 
that У / — g||i < e. Since g(n) = 0 for large n we have

f fwn = f

Jo Jo
(/ - g)™n

for large n. Therefore,
limsup|/(n)| < II/-S'||i < e

as required. |
Let * denote convolution on the group or dyadic convolution on the unit interval. Thus

(f *g)(x) ■= [ f{t)g(x+ t)dfi(t) 
J G

for f,ge L^G), X e G, and

(/ * g)(x) := [ f(t)g(x+t)dt 
Jo

for /, g G L1, X 6 [0,1). Recall by the Fubini theorem and Holder’s inequality that

(44) \\f*g\\p<\\f\U\\g\\p
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for 1 < p < oo. Consequently, L1 (G) and L1 are Banach algebras under convolution (see 
Exercise 1.15).

Under the map ~ , convolution of functions corresponds to pointwise multiplication 
of sequences, i.e.,

(45) /7#) = /(&)y(t) (t G N).

This is easy to verify on the group or on the unit interval. For example, on the unit interval 
we have by Fubini’s theorem, (23) in 1.3, and translation invariance of Lebesgue measure 
that

f(t)g(x + t)wk(x + t)wk(t) dx dt = f(k)g(k).

Under the map ~ the shift operators f —► фп/ on Ld(G) and / —* wnf on L1 
correspond to dyadic translation in £°, e.g.,

(46) 4>nf(k) = 7(n 0 k)

for n,k G N. These identities follow immediately from the definitions and (14) in 1.2. 
Conversely, translation in L2(G) or L1 corresponds to a shift in 1°. For example,

(47) I^7(t) = ^(y)7(t) (& G N)

holds for all / G L^(G) and y G G. This is evident by the translation invariance of g. and 
the fact that ifn(x + y) = V,n(^)V’n(î/) (z, y G G).

By a Walsh series we shall mean a series of the form S := YIT-q akfk where the coeffi­
cients ak are real numbers and fk = фк or wk. The n-th partial sums of the Walsh series 
S will be denoted by Sq 0 and

П — 1
Sn := ^ akfk (n G P).

k=0

The Walsh-Fourier series of an / G ЬЛ (G) is the Walsh series

S.f := Y^f(k)*Pk-
k=0

Similarly, the Walsh-Fourier series of an / G L1 is the Walsh series

5/ := У^f(k)wk.
k=0

These are formal definitions; we make no prior assumptions about convergence. The n-th 
partial sums of these series are defined in the obvious manner. For example,

П — 1
Snf := 57 /(fc)V>* (n G P).
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For convenience we set 5o/ := 0.
Another fundamental question of dyadic analysis is the following one. Can a given 

function / be approximated by some Walsh series? Since the system G is orthonormal, it 
is easy to see that if a Walsh series ]Г^0 ак'Фк converges uniformly on G to an integrable 
function f then a* = f(k) for к = 0,1,, i.e., in this case the approximating Walsh séries 
must be a Walsh-Fourier series. Thus this general question is often replaced by a more 
specific one: does the Walsh-Fourier series of a given integrable / converge to / in some 
sense?

We illustrate these ideas by passing to the unit interval and analyzing the indefinite 
integrals Jk of the Walsh functions Wk for к € N extended to [0, oo) by periodicity of 
period 1. We will obtain their Walsh-Fourier series by representing them as uniformly 
convergent Walsh series.

First let [x] represent the greatest integer in x and notice that

J0(x) = x - [x] (x £ [0, oo)).

Since the binary coefficients of an x 6 [0,1) satisfy

1
Xjfc =

rk(x) (k e N)

it is clear that
i i 00

x~ И = g “ 4 IZ2”*7*)-
k—0

Consequently,
1 i 00

/о = 5“4^2~‘Ш2‘
k=0

uniformly on [0, oo).
Next observe since

Jk(x):= Í wк (к £ P,x £ [0,oo))
J о

that
Ji(x) = ^ + uq(x) ^x - [x] - 0 .

Using the expression for Jo derived above we see that

1 1 °°
Ji = 7

k= 1

uniformly on [0, oo).
Finally, let к = 2n + t for 0 < £ < 2n and recall that we is constant on the intervals 

I(p,n) for all 0 < p < 2n. Since гик = rnW( and rn changes signs from J(2p, n -f 1) to
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/(2p + 1, n + 1) it follows that the integral of Wk over any dyadic interval /(p, n) is zero. 
Hence Jk(p/2") = 0 for 0 < p < 2n and

Jk(x) = 2 nwi(x)Ji(2nx) = to<(x)J2"(x) (a: 6 [0,1)).

Using the representation for derived above we see that

J2"W = 2-"Ji(2"z)

= 2-”-2 il-f^2->u,2i+1(2"x)j

= 2—-2 I 1 - ^2--’u,2y+.+2„(i)

We conclude that

(48) wt~^2 2 Jw2n+>+k
V J = 1

uniformly on [0, oo) for к = 2n + £, 0 < i < 2n, n G N.
A useful corollary of these calculations is the following. Let dist(x, n) represent the 

distance from a point x € [0,1) to the nearest dyadic rational of the form p/2n for some 
0 < p < 2n. Then

Jk(x) = tof(z)dist(z, n)

for к = 2n + C, 0 < Z < 2n, n G N and z G [0,1).
Let Dn denote the Walsh-Dirichlet kernel of order n, i.e., Do := 0 and

П —1
D„ := ^ фк (n G P).

k=0

By interchanging the order of summation and integration, it is clear that

r 71-1
/ /(0 Y^^k(t)ipk(x)dp(t)

v/<3 Jk=0
z + <) dp(i),

for n G P and z G G. In particular, we have the fundamental identity

(49) Sn f = f * Dn

for / G LJ(G) and n G N.
The general problem of determining when a Fourier series converges and in what sense 

(e.g., uniformly, a.e., in norm) is a delicate one. In view of (49) it comes as no surprise 
that the Walsh- Dirichlet kernels play a prominent role here. The following formulae will 
be useful in this regard.
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k-1
(i) А,. = П(1+^) (16N)

J=0

THEOREM 8. Let n £ N have binary coefficients (n&, & £ N). Then

(Ü) Dn — iftn 53 ^2k)
k=0

and

(iii) L)n = фп 5 ^ .
k=o

Moreover, if 0 < n < 2m then

1 1 m_1
(iv) -Фп)~ - ^2(текфп)ркО2*.

k=0

PROOF. For 0 < fc < 2n, n £ N we have by definition that

V>2" + fc = /OnV’Jb

Consequently

2" — 1 2" —1

D2r,+i = 51 + 53 V’2"+k = D2n + pnD2n = (1 + pn)D2n
k=0 k=0

for n £ N and (i) follows at once. We have also proved 

(50) Z)2n+i — D2» = pnD2n (n £ N).

By Theorem 3,

Dn = J2n* ^ V’j
k=0 j'Gn®A*

and by (14) in 1.2 we have

2* + l-l
53 Ф}= 53 = Фп(Т)2к+1 — D2k).

j£n(BAk j=2*

Thus (ii) holds.



1.5 Walsh-Fourier coefficients and series 29

Since (50) and (ii) imply (iii) it remains to verify (iv). Fix 0 < n < 2m. Recall that 
фп = 1 on Im(0). Thus by the Paley lemma,

Фп^2т — D2m.

On the other hand, the obvious identity

ПкФп = Í(1 - (-1 )Пк)Фп = ^(Фп -Текфп)

and (iii) imply that

m —1 m —12 ^ 2 J._л
Dn = -Фп 53 PkDïk - 9 ^(Ttki'n)pkD2k.

к=0 к= 0

It follows from (50) that

m — 1
= g(Z>2' V'n] ^ Y,(TeMpkD2k

k= 0

for each n G N. |
All of these definitions and formulae have analogues on the unit interval for the system 

u? in place of G and + in place of the group operation +. As the need arises we shall use 
these below.

Identity (49) will be used often. In conjunction with the Paley lemma it implies that 
2n-th partial sums of Walsh-Fourier series are averages, namely,

(51) (52"№) = Ï7T1Ï f f(t)dt (x € [0,1), n € N).
Kn(^)| JI n(x)

This simplifies the study of convergence of 2"-th partial sums of Walsh-Fourier series and 
shows it to be closely allied with classical differentiation of indefinite integrals.

For example, since the derivative of f* f equals f(x) a.e. when / E L1 it follows from 
(51) that

lim S2» / = / a.e. for / G L1.

By Theorem 5 in 1.3 we also see that limn_00 S2* f = f a.e. [fi] for / G L^(G). Therefore, 
if f(k) = 0 for all к G N then / = 0 a.e. on [0,1) or G. In particular, the systems w and 
G are both complete.

A similar argument shows that S2n f —> / uniformly on G as n —> oo for all f G C(G). 
By using the canonical isomorphism we also see that S2n f f uniformly on [0,1) as 
n —» oo for all f G Cyy, in particular for each function classically continuous on [0,1].

The spectrum of an integrable / is defined by

sp(f) := {n G N : f(n) ф 0}.
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Thus f belongs to V if and only if sp(f) is a finite set. Given P E V the number sup (sp(P)) 
will be called the order of P. Clearly, if n is greater than the order of P then SnP = P- 

Let A denote the algebra of sets generated by the dyadic intervals in [0,1). By a quasi­
measure we shall mean a real-valued set function which is finitely additive on A. Clearly, 
every finite Borel measure on [0,1) is a quasi-measure but not conversely.

We shall denote the collection of quasi-measures by QM. For each и E QM define the 
Walsh-Fourier-Siieltjes coefficients of и by

(n E N).

Since each Walsh function is constant on sufficiently small dyadic intervals this definition 
makes sense. Also, if и is a finite Borel measure and ||z/|| represents its total variation on 
[0,1) then и belongs to l°° with

Hoc < HI-
We shall prove that the map и —► v is a 1-1 function from QM onto 1°. First, define the 

Walsh- Fourier-Stieltjes series Su of an и E QM by

Su := u(k)wk- 
fc=o

For each n E N set
n — 1

(Sn u)(x) := u(k)wk
k — 0

and observe for each iE [0,1) that

(Sn u)(x) = Í Dn(x+ t)du(t).
Jo

Thus by the Paley lemma we have

(S2n u)(x) = 2nu(In(x))

for X E [0,1) and n E N. In particular, the map л is 1-1 and linear on QM.
To show this map is onto, let (a„,n E N) E 1° and consider the Walsh polynomials

2n —1
:= ^2 akwk (л E N).

k=0

Define и on A by
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v(I) = J $2по

for |7| = 2“n° and it follows that и G QM and P(n) = a„ for n G N. 
Summarizing these observations, given any Walsh series

S := ^2 ак™к

fc=o

there is a unique quasi-measure i/ on A such that

(52) u(n) — an and S2"(x) = 2nu(In(x))

This limit exists because JjWj = 0 for all j > 2n° when \I\ = 2 n°. Hence

for all n G N and x G [0,1). We shall call и the quasi-measure associated with the series
S.

The upper binary derivate of a quasi-measure и at a point x G [0,1) is defined by

(Di/)(x) := limsup
n—* oo Knv2-Л

the lower binary derivate by

(Dy)(c) lim inf К-Гп(зр)

A quasi-measure v is said to have a binary derivate at x if (Dz/)(x) = (Dz/)(z) in which 
case the common value will be denoted by (Di/)(z). By (52), the 2n-th partial sums of 
a Walsh series converge at a point x if and only if the binary derivate of its associated 
quasi-measure exists at x. This connects convergence properties of 2n-th partial sums of 
Walsh series with measure theory.

For example, by the Radon-Nikodym theorem if и is an absolutely continuous measure 
then its binary derivate exists a.e. and equals the Radon-Nikodym derivative of v with 
respect to Lebesgue measure m. Thus

lim 52n v =
du
dm

a.e. [m] on [0,1) for all absolutely continuous u. Again, if и is a non-negative, singular 
measure then its binary derivate is 0 a.e. [m] (see Theorem 6 in 6.2) and oo a.e. [i/] (see 
Lemma 3 in 7.1). Thus for such measures

lim 52ni/
a.e. [m]0

-boo a.e. i/ .
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And finally, for general quasi-measures (see Theorem 14 in Appendix 0.6), either the binary 
derivate exists a.e. or (Di/)(x) = +oo and (Di/)(x) = —oo for a.e. x £ [0,1). Thus, the 
2n-th partial sums of a Walsh series either converges a.e. or satisfies

lim sup = -boo, and lim inf 52" = —oon—го n —CX3

a.e. on [0,1).
It is well known that a function g on [0,1] generates a quasi- measure by means of

i/(or, ß\ := g(ß) - flr(a) (»,/?€ Q).

It is natural to enquire about the relation between the Walsh- Fourier-Stieltjes coefficients 
of v and the Walsh-Fourier coefficients of g. We shall close this section by answering this 
question for classically continuous g.

We begin by claiming that

, 1 , oo 2<+1-l
9(-ÿr)-9(ÿr) = E E

t—n 3=2l
Ws{

к -f-1

holds for all integers 0 < к < 2”.
To prove this claim fix such n, к and recall that 52< g —> g uniformly on [0,1) as l —> oo. 

Hence by telescoping we have

g — 52" <7 — ^(52<+i g — S2t g)
l=Tl

uniformly on [0,1). Since
52"(^í-----) = 52"Ы

it follows that

= zz'**) - «Ф) ■
e=n a=2(

Since g is continuous and each wa which appears in this sum is constant on dyadic intervals 
of the form JT(p,l+ 1), the claim follows at once.

Next, fix j e N and choose an integer i such that 2'-1 < j <2*. Since wj is constant 
on the intervals I(p, г), 0 < p < 2‘, we have by definition that

Hj) = J2 - fi'Cÿ)) •
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In fact, since Wj is constant on the intervals /(p, n), 0 < p < 2n for any n > i, we can 
expand this formula (by “untelescoping” ) to write

k=0 ' '

for any n >i. In particular, we have by the claim that

oo 2<+1-loo 2 ^ —1 2 —1 , / , - -i , X

p0‘) = E E E (to»(-^r - ^rr)-•
<=n ,=2' k=0 ' '

Fix s = 2<+t2n + u where t, и G N and 0 < м < 2n, 0 < í < 2е n. Then ws = w2i+t2nWu 
and since wu is constant on the intervals I(p, n) for 0 < p < 2n it is clear that

fc + 1
••("F" 2f+i )-

/ ^ ч _ ( к s
»(on) — to“(on) 2'+i

where ç = 2^ + <2n. But гуд does not depend on the first n binary coefficients of its 
argument and

k+1 1 к , 1 1
2n 2*+1 ~ 2n + 2n+1 "* + 2<+1 '

Consequently,

fk + 1 
2"

Substituting this identity into the expression for v above we obtain

oo 2l n — 1 2n—1 2n —1 ; / -,

HJ) = E E E + w) E - 22+ï) - 1
<=n t=0 u=0 Jt=0 ^

Since the sum over к is zero for j ф и and 2" for j = и we conclude that

oo 2l~n-\
(53) PO') = 2n53 53 s(2'+<2"+j)

l=n t=0

We shall use this calculation in 2.3 to study the growth of Walsh- Fourier coefficients of 
continuous functions.

1.6 Dirichlet Kernels. Theorem 8 in 1.5 contains several exact representations for the 
Walsh-Dirichlet kernels D&. It is convenient to have estimates for the growth of D\t as 
к —» oo.
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First we estimate the Lebesgue constants

Lk ■■= над (* e N).

In view of (49) in 1.5, these constants are important for the study of convergence of the 
full sequence of partial sums of Walsh-Fourier series.

If к is a positive integer written in the form

j
к = ^2 2n< for integers rij > n2 > • • • > nj > 0 

«=1

then it is not difficult to see that

(54) lk=j- Y,
1<P<r<j

Indeed, let к = 2n -f 0 < i < 2n where n,£ G N and observe by definition that

Dk = D2n + w2nD(.

Since w2n = +1 on [0,2 n ') and —1 on [2 n 1,2 n), it follows from the Paley lemma 
and (4) that

(55)

Consequently,

Dk{x)
' 2n + t 0 < X < 2-n_1 

< T -l 2-n_1 < X < 2"n 
w2nDe(x) 2~n < X < 1.

(2
л2-

n+0+ / (2n - l) +
J2-n-\

= l + L( -j: \D(\ — 1 + L( —

Iteration of this identity leads to (54).
Equation (54) can be used to show that Lk = O(logfc) as к —> oo (see Exercise 1.17). 

We shall obtain this estimate by a more direct method. First, define the variation of an 
n E N with binary coefficients (л*, к E N) by

(56) V(n) := ^2 Ink - I 4- n0.
fc=i

Theorem 9. line N then

У(п)
< Ь» < У(п).(57)

8
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Proof. By Theorem 8 and Abel’s transformation it is clear that 

(58) |B„| = I £>*№*+* -Oa*)l
k= 0

= I — п*)Аг* — n0|.
k= 1

Since the L1 norm of D2* is 1, the right side of (57) follows immediately from (58). To 
verify the left side choose indices 0 < i\ < m\ < t-i < m? < • • • < ia < ms < ls+i = oo 
such that rrij + 1 < £j+1 for j = 1,2,... ,s, n* = 0 for 0 < к < £lt and

f 1 lj < к < m,
nk — \

I 0 rrij < к < £j+1,

Use (58) to write

I A.I = I Ê £ (%"+. - Ö2‘)l = I £№-,+■ - d24 )|,
j= 1 fc=<; j=l

and set Aj := [2~m’-1,2-^ ) for j = 1,2,.,. s. Notice by the Paley lemma that

J“1 i
|Dn(x)| = 2tj - ^(2m<+1 - 2U) > 2tj - 2m>-1+1 > -2tj

%-1

for X E Aj and j = 2,3,... s. Since this inequality also holds for j = 1 it follows that

£»>Z/ |D„l>5Z2''lA>l>ïs = 5y(n)
J=1 J A> j= 1

for any n E N. I
Since У(n) = O(logn) we see that Ln = O(logn) as n —► oo. This estimate is sharp. 

Indeed, a routine calculation verifies У(АГП) = 2n for Nn := ]У£=о 22*,n G P Thus 
Theorem 9 implies that

r ^ n ^ bg(lVn)
- 4 - 8

for any n G P.
Next we turn our attention to pointwise estimates of the Walsh- Dirichlet kernels. 

Theorem 10. If x g (0,1) and ne N then

|Dn(x)| < min{n, ^}.
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Proof. Clearly, \\DnWoo < n. Thus we need only show that |Dn(x)| < 2/x. Fix 
n E N,x E (0,1) and choose j E P such that
(59) 2~j <x< 2~j+1.

Let (гг*, к E N) denote the binary coefficients of n and use Theorem 8 together with the 
Paley lemma to see

j—1
\Dn(x)\ = I Y nkrk(x)D2k(x)\ 

fc=0

j—1
<£n*2‘<2>.

k=0

Since (59) implies 2J < 2/x, we conclude that |D„(x)| < 2/x. |
Lower pointwise estimates can also be obtained. For example, by Theorem 8 in 1.5 and 

(2) in 1.1 we can write
1-2

(60) |A,tol = l]>>t2‘-nj_12>-1|
1=0

for X and j satisfying (59). Hence when nj_i + ftj-2 = 1 h follows that

I £>„(*)! > Я'2

-b
In particular, if n = 22*, then

(61) \Dn(x)\ > i (2~2m-l <,<!).

Notice by Theorem 10 that £п|Лп(х)| —► 0 as n —» oo for every x E (0,1) and every 
en —> 0 as n —► oo. Dirichlet kernels in the Kaczmarz ordering do not satisfy this property 
(see Theorem 11 below). Consequently, it is harder to obtain pointwise convergence results 
for Walsh-Kaczmarz- Fourier series than for Walsh-Fourier series.

Let denote the Walsh-Kaczmarz-Dirichlet kernels. Thus D* := 0 and
П —1

Dn := Y'j Kj (n £ ^>)- 
l=o

There is a simple relationship between Walsh-Dirichlet kernels and Walsh-Kaczmarz- 
Dirichlet kernels. Indeed, temporarily define

Tm(x) := E ^ z,2-'-:

i=0 i=m
for x E [0,1) with dyadic expansion given by (18) and m E P. Then we have by (5) and 
(35) that

(62) D; = D2,.+(rm)(DtoTm)

for n — 2m + k, 0 < к < 2m, n, m, к E N. This formula will be used to show:
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THEOREM 11. There is a number a > 0 such that

limsup
logn > a

for a.e. X E [0,1).

PROOF. Let m E N and set
Nm := 22t.

2k<m

By the Paley lemma and (62) it suffices to show

lim sup l-^Nm 0 Tm\
m

> а

a.e. on [0,1) for some a > 0.
Let q(m) := s where s G N satisfies 2s < m < 2S+1, and set

== r-X[0,2-"(-))) = T^([0,2-'W)).

By (61) and the definition of Nm it is easy to see that

l-DNm(a:)| >
2?(m)

4

for any z E [0,2 ^^). Since 2*(™) > m/2 it follows that |D^(T^(y))| > m/8 for all 
У £ Em • Thus the proof of this theorem will be complete when we show

i и ([o, i) \ Em)\=о
m=2M

for every M G N.
Toward this, let Xm represent the characteristic function of the set Em. Observe that

?(m)~ 1

Xm = 2 <?(m) (l + b'OTm)
j=0

?(m) —1

= 2"’(m) П (l + r„-,-j).
j=0

Set on := [2‘/i] — 2 for i > 4 and let (mn,n G N) represent the subsequence of integers 
defined by

{2‘ + ij : 0 < j < aj, i = 4,5,... }.
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Then mn+i — mn > q(mn+1) for n 6 N and the expression above shows us that the 
functions Xmn are stochastically independent. Consequently,

= П (l-2_?(mn)).
m„>2M

Therefore, it follows from the choice of mn that

oo oo Oi
I П ([0,1)\Ят)|< П П(1-2-«<2‘+«>).
m=2M i=M j=0

Since 1 + X < ex for any real x we conclude that

oo oo or, oo
i f) ([o,i)\Em)\< ПП(1-п< П (e"2"')

m=2M i—M j=0 i=M

Oi + l

i—M
= 0

as required. |

1.7 The Dyadic Derivative. Although techniques may differ, the study of Walsh series 
frequently parallels that of trigonometric series. For example, most concepts introduced 
above have obvious classical counterparts. The dyadic version can be obtained by replacing 
the classical structure by the dyadic one, e.g., + by + and the circle group T by G. This 
approach will not work for differentiation. Indeed, since each Walsh function is locally 
constant the “derivative” defined by

lim
h—>0

f(x + h) - f(x)
h

leads to a differential operator which cannot distinguish one Walsh function from another.
For pedagogical reasons, we briefly shift our attention from Fourier series to Fourier 

transforms. In Chapter 9 we extend the Walsh functions from the index set N to the index 
set [0, oo) and dyadic addition from [0,1) to [0, oo) in such a way that

(63) w2k(t) = wt(2k)

(compare with (36) in 1.4) and

(64) Wt(x -i- y) = wt(x)u’t(y)
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for к e N and a.e. x,y,t e [0,oo). We shall introduce the Walsh transform

Ж := fJo
f(x)wt(x) dx

which is analogous to the classical Fourier transform

1 Г°°nm) :=v^Lj{x)e~"'dz'

where г := y/—ï. We shall show under suitable conditions (e.g., see Theorem 11 in 9.4), 

that inversion holds, i.e.,

(65)
f°° ^f(x)= / f(t)wt(x)dt

Jo
(x 6 [0, oo)).

Recall that classical differentiation and the Fourier transform satisfy

for t e R and smooth /. We would like to define a dyadic derivative which satisfies the 

analogous formula

(66) d/(t) = tf{t)

for t E [0, oo). How should d be defined?
Proceeding formally, fix n € N and use (48) in 1.5 to write the identity function on the 

interval [0,2n+1) in the form
o° .

Observe by (66), (63), and (64) that

2n+i л2"+1 _

/ df(t)wx(t) dt = / tf(t)wx(t)dt 
Jo Jo + ^ 2.+1

Jo fc=o Jo

If 7 is supported on [0,2n+1) it follows by inversion that

Г'd/(<)<«,(*) dt = 2-/(4 - 7 /(* + 211-"-1)

Jo k=0

= 7 2>"‘ (f(x)-f(x + 2-’-y)).

j——oo
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Hence
•oo oo

df{t)wx(t)dt= 2>-x (/(x)-/(z + 2">-1)).

We see then that the dyadic derivative of a function on [0, oo) should be d/(x) = 
2,-1 №) - /(* + 2-J-1)) (see (12) in 9.1). If / is defined on [0,1) and extended 

to [0, oo) by periodicity of period one then f(x) = f(x + 2--'"1) for all j < 0. Thus the 
dyadic derivative of a function on [0,1) should be

df(x) = Y,V~' (/« - /(* + 2-Í-1 )) .
j=o

Accordingly, for each / defined on [0,1) and each n 6 P set

П —1

dn/(x) := £ 2>"‘ (/(re) - f{x +

for X E [0,1). We shall say that / is dyadically differentiable at x if

/[11(.т) := \un°dnf(x)

exists and is finite, and call the dyadic derivative of f at x. Higher order derivatives 
are defined recursively by

f[r] (f[r-1])[1]5 Г

We shall see that this derivative satisfies some of the usual properties but not all. For 
example, since Q is closed under the translation map x -+ x + 2~j~1 for any j 6 N, it 
is clear that the function %(Q) is everywhere dyadically differentiable but nowhere W- 
continuous.

The situation is worse if we look at classical continuity:

Theorem 12. If f is classically continuous on [0,1) and dyadically differentiable at all 
but countably many points in [0,1) then f is constant.

Proof. Let x E [0,1) be a dyadic irrational point at which /W exists. By definition, f
satisfies

(67) lim 2J (f(x) - f(x + 2 J)) = 0.

Let x have dyadic expansion given by (18) and choose integers 0 < j: < j2 < ... such that 
xin = 0 for n E P. Then x + 2-Jn = x + 2~in and it follows from (67) that

= 0.
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D+f(x) > 0 > D-f(x)

for all but countably many x G [0,1). In particular, it follows from a classical theorem of 
Dini (see Theorem 12 in Appendix 0.6) that f is constant on [0,1). |

In sharp contrast, each Walsh function is everywhere dyadically differentiable on [0,1) 
and in fact,

(68) 4r] = krwk (fc G N, r G P).

To verify this, set r = 1 and fix к G N. Lét (kj,j G N) represent the binary coefficients of 
к and observe that

1 - (-1)*' = 2kj (j € N).

Hence Wk — Wk{2~*~l)wk = 2kjWk for j G N and it follows from definition that

Hence by hypothesis the upper and lower right Dini dérivâtes of f satisfy

(69) dnwk = ^^2 kjsA wk (n G P).

Since the sum on the right side of (69) is identically к for large n we have verified (68) for 
r = 1. Iteration establishes (68) for arbitrary r. (Notice that u>^ = kwk is analogous to 
the classical formula (elkt)' = iketkt.)

Differentiation on the dyadic group is defined similarly except the usual closed system e 
is used in place of the sequence (2_J_1, j G N). Specifically, set

dn/ := 3~\f -Tejf)
j=о

and call / differentiable at a point x G G if

f[1\x) = Jiirn^d nf(x)

exists and is finite. As above,

(70) d„V.t = t,2' j Vt (n G P).

In particular, each character of G is infinitely differentiable everywhere on G and

Vf (tGN,rGP).
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For the remainder of this section let X represent a Banach space of functions in L*(G) 
such that Tyf e X, f * g e X,

(71) IMI = ll/ll

(72) ll/ll, < ll/ll,

and

(73) II/*s||< ll/ll |Ы1ь

for each f € X, g € 1Л (G), and y € G. Notice that X = LP(G), 1 < p < oo, and 
X = C(G) satisfy these conditions.

A function / G X is called strongly differentiable in X if there is a g G X such that 
dn/ —* g in the norm of X as n —► oo. Notice by (72) that dn/ —» g in L^G) norm so 
g is uniquely determined by / up to sets of ц measure zero. Thus we call g the strong 
derivative of / (in X) and denote it by d/. Higher order strong derivatives, when they 
exist, are defined recursively by

dW := d and d^/ := d(d^"^/)

for г = 2,3,.... Since the sum in (70) is constant for large n it is clear that if V>Jt belongs 
to X then it is strongly differentiable in X and

d Щк = кгфк (l-eN,r6P).

Clearly, d is linear. Moreover, it is easy to see that d commutes with translations, i.e.,

Ty(df) = d(Tyf) (y 6 G)

holds for all strongly differentiable /. This serves as a limited replacement for the chain 
rule which does not hold in general for d.

Walsh-Fourier coefficients of strongly differentiable functions behave as expected.

THEOREM 13. If f is strongly differentiable in X then

(74) df(k) = hjO' dTf(k) (к e N).

If f is r times differentiable in X for some r E P then

(75) dM/(Jfe) = krf(k) (к € N).

PROOF. Fix n G P and к £ N. Since ~ is linear, we have by (72) that

|d%?(t)-d/(t)| = |(d^-d/№)|

< ||dn/ -d/||ï
<l|dn/-d/||.
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Therefore, (74) follows at once from the strong differentiability of /.
To verify (75) we may suppose that r = 1. Observe by definition and (47) in 1.5 that

= 2J 1 Çf(fc) — V,fc(ej)/(^)^ •

i=о

Since /(t) - V»&(ej)/(&) = 2t,-f(&) it follows that

dnf(k) = kf(k)

for sufficiently large n. Thus (75) follows by letting n -> oo and applying (74). I 
To identify the strong antiderivative, consider the operator

l(rl/ := / * TTr (/ G X),

where for each r £ P the function Wr is determined by
к — 0 
ke P.

Notice by the Riesz-Fischer theorem (see Appendix 0.1) that Wr exist syand belongs to 
L:(G). In particula^, it follows from (73) that 1^/ E % for each / E % and r E P. (The 
function Wr actually belongs to Lip(l,L1(G)) (see Exercise 3.25).)

The operator I := iM is sometimes referred to as the dyadic integral. Justification ot
this terminology is contained in the following result.
THEOREM 14. If / satisfies /(0) = 0 and is r times strongly differentiable in % for some 

r e P then
(76) / = I[r](d[r]/) a.e. [p] on G.

PROOF. Fix r, t E P and set g := := Щ?(А). By the definition of Щ and (75)

above, we have

f(k) = krf(k)Wr(k)
= g(k)Wr(k).

On the other hand, since iM, = Wr*g it follows from (45) in 1.5 that ak = g{k)Wr(k).

Therefore, л
f{k) = ajt

for all к E P Since a0 = /(0) = 0 and the system G is complete (76) follows immediately. | 
We shall show (see Theorem 6 in 5.2 and Corollary 7 in 6.2) that (76) is valid when 

the order of the operators d and I is reversed and that the corresponding formulae hold 
for the pointwise derivative as well. These results will be referred to as the FwWamemW 

Theorem of Dyadic Calculus.
The following result will be used to estimate the dyadic integral.
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THEOREM 15. Suppose x is a non-zero element of G. Then

Фк(х)E
*=i

converges.

Moreover,

(77)
2^—1 / / \ oo
Еф|<Е^А.м,

k=l fc=0

for each N G P.

Proof. Let n G N have binary coefficients (nk, к G N). Recall from Theorem 8 that

(78)

Thus

Dn — Фп У ' ríkpkD2k •

k=О

|Ai(z)| < D2k(X) =■ C(z)
k=0

holds for any x G G. If x ± 0 then C(x) is finite by the Paley lemma. Hence by Abel’s 
transformation and the fact that (1 /к, к G N) is monotone decreasing we have

E
k=M

Щ\<с(х)2
M

for any integers 0 < M < N. Hence the left side of (77) converges for each igG\(0}.
To obtain the sharper estimate (77) fix N G P, combine Abel’s transformation with 

(78), and write

2n-i , z V 2n-i nФп{х) _ ___ Д
^ n n(n — 1) r 2/v — 1
n=l

Since nk = 0 for n <2k and

T 1 _ 1 < 2
“ n(n - 1) 2k - 1 - 2k

for к G P we conclude that 
2n-1

fc=i k=0 k~0
as required. |
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1.8 Cesàro Summability. The Cesàro (or (C,l)) means of a series YlT=o ak are defined 
to be <tq := 0 and

1 "
°П := -^2 Ak (ne P),

n *=i

where A* := ai for fc = 1,2,.... The series YlkLo a* ^ said to be Cesàro summable
to A if the Cesàro means crn converge to A as n —► oo.

Since

kn — A| < — ^ |Ajfc - A|,
n k=i

it is easy to see that if A* —» A as к —► oo then <rn —* A as n —► oo. Thus every convergent 
series is Cesàro summable. On the other hand, 53£L0(—l)fc is Cesàro summable but not 
convergent. Thus if a series fails to converge one may ask whether it is Cesàro summable.

For Walsh series the distinction between Cesàro summability and convergence is some­
what blurred (see remarks at the end of 5.1), especially in the case when the 2n-th means 
are used. In fact, we shall see (Theorem 16 in 7.6) that if 5 is a Walsh series whose 2"-th 
Cesàro means satisfy

lim sup |<72n(z)| < oo

for X e [0,1), then S2"(x) converges, as n —► oo, to a finite real number for a.e. x G [0,1). 
Nevertheless, when using full partial sums of Walsh-Fourier series, some improvement may 
be obtained by passing to Cesàro means.

The Walsh-Fejér kernels on G are defined by

ir":=EÍ1--V‘ i" e P).
k=o ^ n'

We shall use the same notation for the Walsh-Fejér kernels on the unit interval

n —1I<n := ( 1-----) Wk (n G P).
k=o V

In either case, it is clear that

K. = Tb, (n 6 P).
i=l

The Walsh-Fejér kernels play. the same role for Cesàro summability that the Walsh- 
Dirichlet kernels do for convergence. Namely, if the Cesàro means of Sf are defined by 
a of := 0 and
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then it is evident that

1&nf = ~ 5 ^ D% * f = kn * f (n G P).
t=i

Moreover, it is easy to see that

K„ = Dn- ioL1] (n € P).

These identities will be used in Chapter VI to study a.e. Cesàro summability of Walsh- 
Fourier series and Walsh-Fourier-Stieltjes series.

It will be convenient to have several other identities at our disposal.

Theorem 16.
i) If n,k E N and 0 < к < 2n then

(2n + к)К2п+к = 2nК2n + kD2n + ф2п kKk-

ii) If к = 2n' for some £ G P, where ri\ > n2 > • • • > гц > 0 are integers, and if
fc(1) := к, &(') := - 271-1 for2<i<£, then

t £— 1
кКк = 532П,^*-*(«>А'2",- + 53 ^(,+1)^-л-(.)Т>2"<.

Í=1 2=1

Hi) If n G N then

=5 (2-"ű2. + ^2>-XŰ2

X i=o

In particular, K2n > 0 everywhere on G and [0,1).
iv) If n,m G P and 2n~1 < m < 2" then

l*m|< £2*-«£(Д„+тчЛ,0.
i=0 2=i

v) If m G N then
II Am II, <2.

PROOF. To establish i) observe since characters are homomorphisms on the dyadic group 
that

T>2"+. = D2n + ф2п Di

holds for any 1 < г < 2n. Hence by definition,

2" к
(2n + k)h2n+k = 53 Dj + 53 ^2»+.

j=i i=i
= 2nK2n + kD2n + ф2п kKk-
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Part ii) follows from i) by iteration.
To prove iii) observe by (70) that

К2* — D2n ~■■ 2 ndnD2"
n —1

= B2n - 2"n"1(2n - 1 )D2n +SjT2i~n~lTeiD2
J=0

n —1

(l+2-")D2,+ ^2>-%Р2
7=0

2-Д;,.+^2-,-"r„jD2.

7=0

To prove iv) use (70) to write

m7im = mDm - dn(Dm)
n-l

= mD„ - £ 2j-l(y„ - rtj Dm).
7=0

Substitute m = m,2> and £>m = фт ттг*р,1)2, into this identity. Thus obtain

n—1 n—1

mKm = 2; 53 Cijlftm j
7=0 1=0

where
Cij := mimjptD2i (D2. — V'm ( e) ) p, ( e j )rg^ D2, ).

Notice that ctJ = 0 for 0 < i < j < n since re>D2,- = D2, for i < j, p,(e,) = 1 for г ф j, 
and

1 - iMej) m.

for j E N. It follows that

1771A m I — I 53 53 C,7 I
J=0 i=0

< E2i'' E(y2- +TejD2.).

7=0 «=7

Since m >2n 1 this inequality implies iv).
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To prove v) fix Â: E N and observe by ii) that

i t—i
*№11, < ^2"'||k2.,ii, + 53*('+1)iiű2-,ii,.

i=l «=1

Recall that ||Z>2« ||i = 1 and use iii) to see that

||*2- ||i = / K2n - 1
Jo

for n E N. Therefore,

*№1, <£2"- + £t(i)
i=l «=2

t
<2 2n<

1=1 

= 2k.

as required. |
The following estimate will be used in Chapter 2 to study growth of Walsh-Fourier 

coefficients.

Theorem 17. If m e P then

II £ ^ll,=0(2-m) as m —* oo.
fc=2m

PROOF. Apply Abel’s transformation twice to obtain

Dk D2rEWk _ vp
к . k(k-l) 2k=2 fc=2m-f 1

kKk — {к — l)Kk-i D2r
= JL fcfifc-n 2’

Jk=2m + 1
t(t-l)

= É Мггг-éï
+

K2™-\
2m +1fc=2m + l

Consequently, by the Paley lemma and Theorem 16 v) we have

D,

< 7-2'

as required. |
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Exercises

1.1 For x = (i„,n G N) G G and n G N let

Xn .— (xo,Xi,...,Xjj_i,l Xn,l 2-n +1 ) • • • )

and
Xn . — (xq, X^ , . . . ,Xn_2,1 Xn_i,Xn,Xn+i, . . . ).

Show that |x + x*| = 2~n, |x + x° | = 2~n,x* G J„(x),x° £ J„(x) and

^n(x) = {y G G : |x+y| < 2 n} U {x*}

for all x G G and n G N.
1.2 An abelian group (G, +) is algebraically ordered if there is a linear ordering < on G 

such that a < b implies a -f c < b + c for all a, b, c G G. Show that (N, 0) and G are not 
algebraically ordered.

1.3 For every x, y G G with x < y set

(x, y) {z G G : x < z < y},

[x, y) := {z G G : x < z < y},

(x,y] := {z G G : x < г < y},

[x,y] := {z G G : x < x < y}.

Show that (x*,x) = 0 for ail x G Gq \ {0}. Show for

X (xQ)Xi, . . . Xn_2,0,0, ... y — (xo ,Xi,...Xn_i,l,l,...)

that
/„(x) = /„(y) + [x, y].

1.4 Show [0,1) is not closed under -i- and that + is not associative.
1.5 Suppose x G Go, xn,yn G G and x„ —> x,y„ —» x* as n —*• oo. Show x < xn and 

y„ < x* hold for all but finitely many n G N.
1.6 Prove (20).
1.7 Prove that the function / defined in (22) is continuous on G.
1.8 Prove that the map

(x„,n G N), (y„,n G N) -> (x0,y0,xi,yi,...) 

is a homeomorphism from G x G onto G.
1.9 Show that the characteristic function of the interval [0, x) is W-continuous for some 

x G (0,1) if and only if x G Q.
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1.10 Let / = x([0,1/2)). Show / G Cw but /(|x|) is not continuous on G.
1.11 Prove that the map x —» |x| is continuous from G to [0,1] if the usual metric is 

used on [0,1]. Show this map is not continuous if the dyadic metric + is used instead.
1.12 Find an unbounded W-continuous function.
1.13 Show that the uniform closure of V is Cw-
1.14 Show that Z2 is a field. (It is called the second order Galois field.) Show that G is 

a normed linear space over Z2.
1.15 A Banach space (X, ||.||) is called a Banach algebra if there is an associative product 

* on X such that
x*(y + z) = x*y + z*y 

(x + y)*z = x*z + y*z 

a(x * y) = (ax) *y = x * (ay)

and
\\x*y\\ < IMI IMI

for all x,y,z G X and scalars a. Show that l°° and LJ(G) are Banach algebras and that 
the map ~ is a 1-1 continuous Banach algebra homomorphism L^G) into l°°.

1.16 Prove that

Lip(tt, W) C Lip(o, L?) C Lip(a, Lv) C Lip(a, L1) 

for 1 < q < p < со and a > 0.
1.17 Use (55) in 1.6 to show that the Lebesgue constants satisfy

L2k = Lt (к € N)

and
1 J

L2k+1 = Lk + 1 - - 2~?lp
w p= i

for к = 2Пр and n\ > n2 > ■ • • > nj > 0. Prove that

L2t+, = 1 + £t2+-- (t 6 N)

and use this to show that = O(log k) as к —> oo. Also show there is an absolute constant 
C > 0 such that

1 n- У Lk > C log n (n G P).
n k=l

[Fine [1]]
1.18 i) Show that S2-/ -> f in L1 norm as n oo for all / G L1.
ii) Show that the set

T := {/ G L1 : f(k) 0 as к -> oo}
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is a closed subset of L1.
iii) Prove that T = L1.
1.19 Suppose / G L1 and Snf converges a.e. on [0,1) as n —> oo. Prove that

f= lim Snf a.e. on [0,1).

1.20 i) Given f € LP(G), 1 < p < oo and e > 0 show there exists a Walsh polynomial P 
on G such that

IlP - /II, < e-
ii) Given / E C(G) and e > 0 show there exists a Walsh polynomial P on G such that

1.21 Let 1 < p < oo.
i) Prove that

ll^./ll, < ll/ll,

for all / E Lp and n E N.
ii) Prove that 82” f —► / in Lp as n —» 00 for all / E Lp.
1.22 Let (ipn, n G N) be any orthonormal system such that y>n G L°° for n G N. Define 

a sequence of linear maps on L1 by

An(/) := / /v>n (n G N).
Jo

Prove that ||A„|| = ||^n||co and that An(/) 0 as n —» 00 for every / G L1 if and only if

sup Ibnlloo < OO.
nÇN

1.23 Show that
lim cu(1)(/, y) = 0
у—»0

for every / G L1. Use this fact to prove the Riemann- Lebesgue lemma. (See also 1.18 and 
1.22).

1.24 Suppose that
2n —1

sup V u(r)(f,I(j,n)) < 00
"€N j=0

for some 1 < p < 00. Show that

f(k)i=0(~) as к —► oo.

1.25 Recall that represents the indefinite integral of Show that

/(z) := ^2^2*(z) (z G [0,1))
k=0
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is continuous but nowhere differentiable on [0,1).
[Van der Waerden, see also F. Riesz and B. Sz.-Nagy [1]]
1.26 For / € L1 represent the Haar-Fourier coefficients of / by

/(*):= f fhk (k e N).
Jo

i) If / is classically continuous on [0,1) and 2n < к < 2n+1 show that

2n/2|/WI-0

as n —► oo.
• ^

ii) Show that (/(fc), к E N) and (/(&), к E N) are Hadamaxd transforms of each other.
iii) Use i) and ii) to prove the Riemann-Lebesgue lemma for Walsh- Fourier coefficients.
1.27 Show that V’o + V’i € Lip(a, W) for all a > 0.
1.28 i) Prove that the system

7n(x) := cos(4nTTx) (n 6 N, x E [0,1]) 

is strongly multiplicative.
ii) Construct a multiplicative system which is not strongly multiplicative.



Chapter 2

WALSH-FOURIER COEFFICIENTS

The first half of this chapter contains results which estimate the growth of Walsh-Fourier 
coefficients for various classes of functions, e.g., Lp functions, continuous functions, and 
absolutely continuous functions. The second half will identify conditions sufficient for 
pomtwise convergence and absolute convergence of Walsh-Fourier series.

2.1 Estimates of Walsh-Fourier Coefficients. According to the Riemann-Lebesgue
lemma, f(k) —> 0 as к —► oo for each / € L1. The rapidity with which f tends to zero 
depends on properties of the function /.

Our first result relates the growth of f to the dyadic L1 modulus of continuity of f. 

Theorem 1. If f e L1 then

(1) 1/0)1 < ^(1)(/, 0 G P).

Proof. Fix к G P and choose n e N such that 2n < к < 2n+1. By (47) in 1.5 and 
linearity of ~ we see that

(/ -T2-(”+i)/) (к) = f(k)( 1 - u>jt(2"(n+1))).

Since the choice of n implies tofc(2"(n+1)) = -1 it follows that

70) = |(/ -r2-(n+t)/) (к).

Therefore,

1/0)1 = \\ jQ (/0) - /0 + 2-(n+I))) wk(x) dxI
< lw(1)(/,2-("+1>)

<^(,)(/,|). I

If f belongs to Lp, l<p<oo, ortoCw then (1) holds for the corresponding moduli 
of continuity, i.e.,

I/(*)I < i»(/, 1) (teP,/e L”), 

l/WI
and

0 € P, / 6 Cty).
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These inequalities follow immediately from Theorem 1 since

<o>W(f,S) <otf,6)

for / G L1 and S > 0. In particular, we have

(2) f(k) = 0(k~a) as к ->oc

for all / G Lip(a, W) and a > 0.
The Walsh-Fourier coefficients of a strongly differentiable function / can be estimated 

by the L1 modulus of continuity of d/.

THEOREM 2. If f is strongly differentiable in L1 then

\f(k)\ = О -)^J , as к -> oo.

PROOF. Fix it G P and choose n G N such that 2n < к < 2n+1. Clearly, for any g G L 

we have i о о

Thus by (1) it suffices to show that

(3)

Set

/’>(/,2'") = 0 Í2"”u>(,)(d/,2 ”)) as n-> oo.

:= E T-
k=2n

fix 0 < у < 2~n and consider the function F defined by

F:=w[n)*(df-Tydf).

We claim that F = f - Tyf a.e. on [0,1). Since w is complete, it is enough to show

(4) F(j) = (/- ry/) O') 0 e N).

The right side of (4) is easy to evaluate. By (47) in 1.5 we have

(f-Tyf) 0) = I

On the other hand, combining (45) and (47) in 1.5 with (75) in 1.7 we see that 

F(j) = ф(">Ш(1 - WjWh'/O) 0 E N).

0 0 < j < 2n
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Since W^n\j) = 0 for 0 < j < 2n and w[n\j) — l/j for j > 2n it follows that

0
(1 - w,(i/))/(j)

0 < j < 2"
J>2".

This verifies (4).
To obtain (3), observe by definition that

w(1)(/,2~n) = sup ||/-Ty/||i.
Ы<2-"

Since ||G * H\\i < ||G||i \\H\\i holds for any G,H £ L1 we can use the claim to estimate

u(1)(A2-")<||H'<")||,u/1>(d/,2-").

But Theorem 17 in 1.8 shows that ||lT1(rl)||, = 0(2~n) as n —* oo. Thus (3) holds as 
promised. |

Estimate (2) holds for a = 1 for any function of bounded fluctuation. In fact, 

THEOREM 3. If f is of bounded fluctuation then

(5) 1/0)1 < (к e p).

PROOF. Since Lebesgue measure is translation invariant with respect to + we can write 

2f(k) — Í f(x + 2~(n+1))w*(:r + 2_(n+1)) dx + Í f(x)wk(x)dxJo Jo
for any integers n, к 6 N. Consequently, if 2n < к < 2n+1 then

i

2/0) < Í \f(x + 2-^+»)-f(x)\dx
JO

= Í \f(x + 2~(n+1))-/(x)|dx.
p=0

Since |/(p, n)| = 2~n for 0 < p < 2n it follows from the definition of local moduli of 
continuity that

2" —1

2|/0)| < 2"” ^ Hf,I(p,n))\ < 2-“«(/).
p—0

Estimate (5) follows immediately from this inequality. |
Thus every function f of bounded variation satisfies f(k) = 0(1/к) as к —> oo. In the 

next section (see Theorem 5) we show that “O” cannot be replaced by “o”.
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2.2 Walsh-Fourier Coefficients of Absolutely Continuous Functions. For the
trigonometric system there is a direct relationship between smoothness of a function and 
how rapidly its Fourier coefficients tend to zero. For example, the Fourier coefficients of a 
function of bounded variation are 0(1/к) whereas those of absolutely continuous functions 
are o(l/fc), as fc -400.

In this section we prove that this is not the case for Walsh- Fourier coefficients. First 
we need a technical result concerning Walsh-Fourier coefficients of indefinite integrals.

Theorem 4. Suppose / e L1 and /(0) = 0. If

F(x):= Г f (x e [0,1))
JO

then

(6) F(2n +£) = -2"(n+2) f(£) + o(2"n) 

holds uniformly in t as n —* oo.

PROOF. Fix l E N and choose n E N such that 2n > l. Set к := 2" + Í and recall from 
(48) in 1.5 that the indefinite integral Jk satisfies

(7) Jk = 2-n~\wt - 2-m2n+,>Jk).
1=1-

By hypothesis F( 1) = 0. Since /*(0) = 0, integration by parts yields

Thus (7) implies

F(2n + £) =

|F(2n +f) + 2"(n+2)7(^)| = 2"(n+2) ^ 2"7(2n+i + k) 
1=1

< 2-<"+2> sup |/(j)|. 
»2"

In particular, (6) follows from the Riemann-Lebesgue lemma. |
There exist functions of bounded variation whose Walsh-Fourier coefficients are not 

o(l/k) as к —> oo. In fact,
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I

&.Z WaUh-Fourier coefficients of absolutely continuous functions

Theorem 5. If F is absolutely continuous on [0,1] and if 

(8) F(k) = o(^) as к —► oo

then F is constant on [0,1].

PROOF. Let / := F', fix £ E N, and observe by Theorem 4 that

nlimo2nF(2n+£) = -^f(£).

It follows from (8) that f(£) = 0 for all £ E N. Therefore, / = 0 a.e. and F is constant on
[0,1]. I

Thus the Walsh-Fourier coefficients of a smooth function cannot decay too rapidly. This 
is no surprise since the Walsh functions are not themselves continuous. For example, the 
absolutely convergent series

k=0
cannot be continuous. Indeed, the initial jump of size 2 which ivi contributes cannot be 
cancelled out by the rest of the series since YlT-i = 1. On the other hand, the 
Walsh-Fourier series of a function in can decay as rapidly as one wishes.

The next result restores analogy with the trigonometric system by revealing that on 
the average, Walsh-Fourier coefficients of absolutely continuous functions are o(\/k) as 
к —> oo.

Theorem 6. Suppose / e L1 and /(0) = 0. If

F(x) := Í f (x 6 [0,1))
Jo

then

(9)
„1™ ^èirô)i=o.

;'=i

Proof. Set
1 k

iW :=r£lrö)l (к e P).
j= 1

Since 77(2m-1)/2 < т](к) < 2r](2m) for 2m_1 < к < 2m it suffices to show

lim i](2m) = 0.m—►oo

Let £ > 0. By Theorem 4 and the Riemann-Lebesgue lemma choose N E N such that

(2n + <)|F(2n + <)| < |/(<)| + £ < 2e
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for 2n <£ < 2n and n > N. Thus for m > N + 1 we have

2n+1-1 m-1 /2^-1 2n-l\
4(2”) = 2-” ^.l|F(t)|+2- Y. E + E } (2" + e)\F(2n + C)\

Jfc=l n= yV+1 y (—0 t—2NJ

< 2-m22N+2||F||1 + 2"m(m — N - 1)2N(||/||1 + e) + 2e.

We conclude that
limsupr/(2,n) < 2e. I

Theorems 5 and 6 contain the following information. If F is a non-constant absolutely 
continuous function on [0,1] then

(10) limsup &|F(t)| > 0
к—изо

but

(11) lim inf k\F(k)\ = 0.

2.3 Walsh-Fourier Coefficients of Continuous Functions. At this point it is natural 
to ask how rapidly the Walsh-Fourier coefficients of a non-constant continuous function 
can decay. One answer to this question is contained in the following result.

THEOREM 7. Let f be classically continuous on [0,1], and let (c&,& € N) be a non- 
increasing sequence in l1. If

(12) f(k) = 0(e k) as к —► oo

then f is constant on [0,1].

PROOF. Let и be the quasi-measure defined by

(13) KM)) := № - Да) M e Q).

We will show that u(j) — 0 for all j € N.
Fix j 6 N. Recall from (53) in 1.5 that

V(j) = 2" Y E 7(2'+<2"+j)
t~n t=0

holds for any n > i and 2,_1 < j < 2‘. Thus

(u>2i+«"(l - - l)

mi<2"+iE2'""
t=n

max
2е<э<2‘ + 1

1Д41
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and it follows from (12) that

P0')l < C£2%,
t. — n

for some constant C and n sufficiently large. Since E N) is non-increasing we
conclude that

№)l <c££l
k=2n

for n sufficiently large.
We have proved that u(j) = 0 for j E N. But the map л is 1-1 from QM onto 1°. 

Consequently, the quasi-measure v must be identically zero. In particular, / is constant 
by (13). I

(We notice that the hypotheses of Theorem 7 imply that the Walsh- Fourier series of f 
converges absolutely. For the case of continuous functions whose Walsh-Fourier series do 
not converge absolutely see Corollary 3 in 8.2 and the example which follows its proof.) 

An immediate consequence of this result is the following.

Corollary 1. If f is continuous on [0,1] and

щЫ 85 ‘^°°
for some а > 1, then f is constant.

This result fails when а = 1 (see Theorem 8 below). First we introduce the Cantor- 
Lebesgue functions.

Let (/„ := [a„,/3n],n E P) be a sequence of closed intervals in the interval [0,1] which 
satisfies the following four properties:

(14) /(&) = o

(i) ^2n+l+2s+i C l2n+s (Î — 0, 1)

(Ü) ^2n + l+2s C ^2n + 1+2s+l — 0

(hi) <*2n + s — <*2r» + i+2si j$2 n + s — ^2n + 1+2s + l

for 0 < s < 2", n E N, and

(iv) lim max |/2"+J = 0.nr-+ oo 0<s<2n

The set

£:= П
k= 1

(15)
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is called the Cantor set generated by the intervals (In,n E P). Of course, the “middle 
thirds” Cantor set eventuates when the intervals I\ = [0,1],/2 = [0,1/3],/3 = [2/3,1],... 
are used.

Associate with the set E a monotone non-decreasing function as follows. For each closed 
interval I set

(16) Rl{x) := jf w-

For each integer к E N set
2k-1

Ft := 2-‘ 53
5 = 0

Observe by properties (i), (ii), and (iii) above that F* is continuous and non-decreasing on 
[0,1]. In fact, each F& is linear on the intervals /2*+я and constant on each component of 
the set

[0,1] \ ( U
\0<s<2k

In particular, it is not difficult to see that

(17) F(x) := lim Fk(x) (ze[0,l])
*—►00

exists, is continuous, monotone non-decreasing and satisfies F(0) = 0, F*(l) = 1. This 
function will be called the Cantor- Lebesgue function associated with the set E.

THEOREM 8. There is a non-constant continuous function F on [0,1] whose WaJsh-Fourier 
coefficients satisfy

(!8) = а. Ы».

PROOF. Let E be the Cantor set determined by intervals which satisfy I\ = [0,1] and 
|/„| = 2~n for n > 2 (they will be specified below). Let F be the Cantor-Lebesgue function 
associated with E. Since F is monotone non-decreasing, it is easy to see that

|F(2"+J')I <!%"')!

for 0 < j < 2m,m G N. In particular, (18) will be established when we show

(19) F(2m) = О as m -* 00.

This estimate is delicate and we have broken it into several steps. First, let

/ = [о, о + 2 n]
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be a closed subinterval of [0,1] and Rj be defined by (16) above. Since the Paley lemma 
implies

x(j)(i) = 2-”D2»(f-i-<*) (t e to,i)),

we can write 72/ in the form

2"-l
Ri(x) = 53 wk(a)Jk(x) (x 6 [0,1)).

k=0

Now the indefinite integrals of wk satisfy

J2.+t(x) = wt(x)J2.(x)

for 0 < i < 2s and x € [0,1). It follows that

n — 1 2* — 1
72/(x) = x + 53 53 w2'+e(oi)we(x)J2.(x). 

s=0 t= 0

Therefore, for such an interval I we have that

n —1
(20) 72/(x) = X + 53r*(a)-^2*(■? + Oi)J2.{x) (x 6 [0,1)).

3 = 0

Next, let I' = [a, a + 2 2n] and I" = [ct", a" + 2 2n *] where a" = a + 2 n — 2 2n 1 
Consider the function

T/ := i?/' + 72/" — 27?/.

Since a" -f 2-2n_1 = a + 2~n and I is a dyadic interval, it is evident that

rj(a) = rj(a") (0 < ; < n), 

ri(a) = -г,(а") = 1 (n < j < 2n),

and
D2j (x 4- a) = D2j (x 4- ct") (0 < j < n). 

Consequently, (20) implies that

2n —1
T/(x) = 5 ] (7)2* (x + a) — D2> (x + o")) J2»(x) — D27n (x + a" )J2?n (x)

s=n+l
2n —1 2' —1 22n —1

= 53 J2‘(x) Y^(wk(a) - wk(oi"))wk(x) - J22n(x) 53 tü*(a")u»*(x)
*=n+l *=2n fc=0
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for X G [0,1). Since X^=m+i 2 3 1 = 2 m 1 — 2 2n it follows from (48) in 1.5 that

( —rm(at)2~2n~2 m < n
(21) T/(2m) = < 2_m_1 — 3(2-2n~2) n < m < 2n - 1

( 0 m > 2n.

Now let In := [on, + 2~n] for n > 2, where the numbers on are chosen so that the 
intervals 7 = = Tgn, and 7" = 72n+i enjoy the relationship used to derive (21).
Define

Tin := Riin + 7Z/3n+1 - 2Rin 

for n G P and notice by definition that

oo 2k-l

F = F0 + Y,S-1“ ET^+.-
Jt= 1 5 = 0

F = F„ + £ f„

n=2

Thus 

(22) 

for
Tn:=2-*-1T/n (2l'<n<2H1,nGN).

Moreover, we have by (21) that

' “rm(<*n)2

(23) T„(2m) = {

— 2 n — к—3

)—m — k— 2 o/o—2n — fc—3- 3(2“2n-fc-3)
0

m < n
n < m < 2n — l 

m > 2n

where n and A; are related by 2* < n < 2fc+1.
To verify (19) fix m G P and use (22) to split F into three pieces, F = F0 + G + H, 

where
G:= £ f.

nG[“+J-m)
and

Я := £ T„

To estimate Fq use Fq(x) := x and recall by (48) in 1.5 that

1 1

m=0
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for X G [0,1). Consequently,
F0(2m) = —2~m~2.

To estimate G let m := 2k -fi 2u + v where v = 0 or 1 and 0 < и < 2*-1. Observe by
(23) that

2*-l 2fc+2«+v
G(2m) = 2~k~1 (2_m - 3 • 2~2n~l) + 2~k~2 Y (2“m — 3 • 2-2n_1)

n=2k~ 1 + u+l n=2*
= ((2fc_1 - u - l)2_fc_1 + (2м + и + l)2-fc-2) 2"m + 0(2-2*-2u2-A:)

= 2-m-2 + 0(———) as m —> oo. 
vm2m'

Similarly, since
2fc-1 + u+y oo

я= ^ f„+ ^ r„,
n—2 n=m41

it also follows from (23) that

Я(2^) = 0(2^2-2^) = 0(^) as m oo.

This completes the proof of (19). |

2.4 Absolutely Convergent Walsh-Fourier Series. We shall denote the collection of 
functions / G L1 whose Walsh-Fourier series converge absolutely by A. Since |и>*| = 1 for 
к G N it is clear that / G A if and only if

II/IIa -=D/№I
k=0

is finite. Moreover, each / G A is a W-continuous function since it has a uniformly 
convergent Walsh-Fourier series.

It is evident that ||.||д is a norm. Since ~ is a 1-1 linear isometry from A onto tx 
it is also evident that A is a Banach space. In fact, A is a Banach algebra. First, it is 
closed under pointwise multiplication. Indeed, by rearranging the Walsh-Fourier series of 
/, g G A we can write

fg= Y f(m)g(n)wm®n
m,n=0

= Y 11, /(шЖт © k)wk-
m=0 k—0

Since this last series converges uniformly, it must be the Walsh- Fourier series of fg. Next, 
it follows that

fg(m) = Y ЛтЖт ® k)
k=o

(m G N)
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and

ii/^ii a ^ ЕЕ 1/ожт © k)\
m=0 k=0

— ll/ll A NIa-

Hence A is a Banach algebra.
We shall obtain several conditions sufficient for a function / to belong to A. The first 

one is a condition on the oscillation of / as measured by the local modulus of continuity.

Theorem 9. If f g Cw, 1 < p < 2, and

00 /2"—1 \ 1/p
E E м/.*(м)ж) <»,
n=l V k=0 /

then / G A.

PROOF. Fix n G N. Let g be the index conjugate to p and observe by Holder’s inequality 
that

2n+1-l /2n+1-l
(24) E 1/0)1 < (2")'/' Y 1/0)1’

J=2" V j=2"

Fix y G /(l,n Ч- 1) and set
9 ■-Tyf - f.

Then Wj(y) = —1 for 2n < j < 2n+1. Moreover, by (47) in 1.5 we have

9Ü) = f{j)(wj(y) - 1) (j € N).

Therefore,
Ш) = -2/0) (2" < j < 2"+').

Hence it follows from the Hausdorff-Young inequality (see Appendix 0.1) that

r2n+1-i

E 1/0)1’
, j=2"

1/9 /2-+1-!
; E l?0>l<
~ V j=2"

Vi

»Cf |y(x)|pd.r
i/p

l/(* + y) - /(z)|p dz
i/p1
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Combine this inequality with (24). Thus verify

2"+1-l

I
j=2

E i/u)i < (2"jT i/(z+y)-/(z)r 

/ 2" —1 .
= 2" £ / \f(x + y)-f(x)\»dx

V k^O "(&'")

1/p

Since |i"(fc, n)| = 2 n for 0 < к < 2n it follows from the definition of the local modulus of 
continuity that

Е'|/0)1<(Еи/д(М))г

j—2" V к=0

Summing this inequality over n G N we conclude that

£|/№I<°°- i

t= 1

COROLLARY 2. If the global modulus of continuity of a function f satisfies

f4"/2<f.2~")<oo

n=0

then f G A.

PROOF. For each n. G N we have by definition that

w(/, % n)) < w(/, 2-") (0 < t < 2").

Thus the hypothesis implies

00 /2" —1 \ 1/2 00

E E k/,/(t,n))i2 < E(2"K/,2-")H1/2 < ».
n=0 V Jfc=0 / n=0

In particular, / belongs to A by Theorem 9. |
The following result is an analogue of Bernstein’s theorem for trigonometric Fourier 

series.

Corollary 3. If f g Lip(a, W) for some а > 1/2 then / g A.

PROOF. By definition, such an f satisfies

w(/,2-")<C2-"" (nGN)
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for some constant C > 0 which depends only on /. Therefore,

J2 2n/2u{f, 2~n) <cjr 2n(i"<

n=0 n=0

Since a > 1/2 this last series converges. Hence by Corollary 2, / belongs to A. | 
Corollary 3 cannot be relaxed to a = 1/2. Indeed, for each n G P set

2" —1 i
Pn(x) := 2™2nr2„(x) wk2”{x)D2n(x + —) (x G [0,1)).

*=o

Observe since the functions rjt2-"T>2n, к = 0,1,... 2n — 1 have pairwise non-overlapping 
supports that

(25) ||Pn||oc<2-".

Hence the function

f(x) '•= YPn(x>> (zG [0,1))
n= 1

belongs to C\v- Moreover, since the spectra of Pn satisfy

sp(Pn) Q [22",22r,+1)

and

l^nWI = i (neP)
k—0

it is clear that f £ t1.
It remains to see that f G Lip(|, W). Fix y G [0,1) and choose no G P such that

2_2n0 —1 < y K 2-2n0+l

By construction,

\pn(x + y) - Pn(x)\ < I °|pn 

Therefore, it follows from (25) that

n < no 
n > n0.

|/(j: + !/)-/(z)|<4(2-"»)<8Vÿ.
In particular, f belongs to Lip(|,H7).

The condition on a can be relaxed if / is of bounded variation. In fact,
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Corollary 4. If f is of p-bounded fíuctuation for some 1 < p < 2, and if f G Lip(a, VP) 
for some а > 0 then / G A.

PROOF. By hypothesis, the number

/2™—1 \ 1/p 
Mp(f) := sup И/, /(>,n))|p ]

is finite. To apply Theorem 9, notice that

oo /2" —1 \ 1/2

Л:=Е! EK/,ALn))i2
n=0 Xfc=0 
oo /2" —1= E ( E H/,ALn))rpK/,/(fc,n))r

n=0 \fc=0
<2"-l

1/2

1/2

< E w/.2-")i(2-p)/2 E и/дм))г
fc=0

Since / G Lip(a, VP) it follows that there is a constant C > 0 which depends only on f 
such that

n—0
Since the exponent of 2~n is positive we conclude that A is finite. Hence / G A by 
Theorem 9. |

Since there exists / G Lip(a, VP) such that / l1 it is natural to ask whether / G 
for any ß > 1. The following answer to this question is an analogue to a trigonometric 
theorem of Szász.

THEOREM 10. If f G Lip(a, VP) for some а > 0 and if ß > 2/(2a + 1) then

]T|/(fc)|^ < OO. 

k—0

PROOF. Since Lip(a, VP) C L2 we have / G f2 C № for all ß > 2. Hence we may 
suppose that ß < 2.

Fix n G N. Apply Holder’s inequality to obtain 

An := |/(fc)|/î
fc=2”

/2n+1_i \

< I E i/wi2) (з")1'^2-
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Retrace the proof of Theorem 9 to verify

/ 2n —i \
An < Í - £ (2

■I / I \ ^/2<(5/ (2"ÿK/,2-")|2J (2")1-'?/2.

Thus by hypothesis there is a constant C > 0 such that

An < C{2n)1~aß~ß/2.

Summing this inequality over n = 0,1,... we conclude that 

53\f(k)\ß < C YJ{2n)1-Qß-ß/2 < oo.
Jfc=i n=0

Theorem 10 is sharp. The method used to show Corollary 3 is sharp can be used to 
construct an / G Lip(ct, W) for which f £ £ß for ß = 2/(2a + 1).

THEOREM 11. If f G Lip(o, W) for some 0 < a < 1 then

Y^k~ß\f(k)\ < oo
fc=i

for any ß > 1/2 — а.

PROOF. Retrace the proof of Theorem 9 with p = 2 to see that

2n+1-l
E i/wi < c(2"),/2-“

Jt=2n

for some constant C > 0 and all n G N. On the other hand, it is clear that
!

2"+1-l
An- E *-'l/(*)l

k=2n

, < 2l',l(2”)-^ E #)l-
Jt=2"

Consequently,
An < C2|/?l(2n)1/2™a™^ 

for all n G N. Adding these inequalities over n = 0,1,... we obtain

52 t-f |/(t)| < C2^l
k=l n=0
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for all ß. Since by hypothesis 1/2 — a — ß < 0, the proof of the theorem is complete. | 
For each / G L2 and n G P let

*»(/) := inf{||/-P||2}

where the infimum is taken over all Walsh polynomials P whose spectra contain at most 
n points. Thus Cn(/) represents a measure of how well a function f can be approximated 
in L2 norm by a Walsh polynomial which has at most n non-zero terms.

As Steckin did for the trigonometric case, it is possible to characterize functions / G A 
by the growth of (e„(/),n G N).

Theorem 12. A function / G L2 belongs to A if and only if

71=1

< oo.

PROOF. Let (a*, fc G N) be a non-increasing rearrangement of (|/(fc)|, к G N). Thus

Ei/(*)i=
t=0 k=0

and by the Riesz-Fischer theorem we have

CnC/) = ( J2a

k=n

1/2

Since both (а*, к G N) and (e*(/), fc G N) are non- increasing, it is easy to see that the 
series £~0 an, Х)^=о^Па2п 3X6 equi convergent, and the series

oo 1 oo

£ -ж=»(/). £2"/2e2"V)
71 = 1 * 71=1

are equi convergent. Moreover, since

2"/2a2.+, < e2.(/) < 2‘/2a2. (n e N)

we have that the series

k=n

^2па2п and Yj2n/2e2n{f)

71=0

are equiconvergent. Consequently, the series
oo oc 1

and
Jfc=0 71=1 ^

are equi convergent. |
This theorem contains an analogue of a result of Bernstein.
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Corollary 5. If f e L2 and

n=l

°c -
53 < 00

then / E A.

2.5 Pointwise Convergence and Summability. Results which obtain convergence of 
a Walsh-Fourier series at a specific point are based on the following observation.

Lemma 1. If f E L1 and x E [0,1) then

(26)

for every TV G N.

PROOF. Fix TV E N and recall from the Paley lemma that the function rxD2k vanishes 
off In(x) for all к > TV. Hence it follows from Theorem 8 in 1.5 that

where (n*, к E N) are the binary coefficients of n and

9k ■= X([0,1) \ In(x))/ Tx(rkD2k) (к E N).

But each дк E L1 so the Riemann-Lebesgue lemma implies that <7*(n) —► 0 as n —♦ oo.
Consequently, (26) is established. |

One important consequence of this observation is the following.

Theorem 13. [The Localization Principle] If /, g e L1 and f = g on some open 
subset V of [0,1) then (Snf)(x) and (Sng)(x) are equiconvergent for each x E V.

Proof. Fix x E V and choose TV E N so large that 1^(х) С V. Then f = д everywhere 
on In(x) and we have

for all n E N. Hence the localization principle follows at once from Lemma 1. |
The next two results give sufficient conditions for convergence of a Walsh-Fourier at a 

given point.
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Theorem 14. [Dini’s Test] Let x e [0,1), / E L1, and define g fort e [0,1) \ {x} by

9(t) :=
m - fix)

X 1

If g is integrable on [0,1) then

(Snf)(x) —> f(x) as n —> oo. 

Proof. By Theorem 10 in 1.6,

|D„(x + f)|< Л-
x + t

(t ± x,n 6 N).

Hence

\(Snf)(x)-f(x)\<\ (f(t) -f(x))Dn(x + t)dt I +2 / \g(t)\dt
J[0,l)\IN(x) JlN(x)

for N € N. Since g 6 L1, this last integral tends to zero as N —► oo. We finish the proof 
by applying Lemma 1. |

It follows that if

|/(x+<)-/M| = 0('(log(i))-1-)
as t —> 0

for some e > 0 then (Sn/)(x) —> /(x) as n —y oo.

THEOREM 15. [Dirichlet’S Test] If / is finite- valued and of bounded variation on [0,1) 
and if

lim |/(x -И) - /(x)| = 0

for some x E [0,1) then (Snf)(x) —► /(x) as n —» oo.

PROOF. We may suppose that / is monotone non-decreasing. Fix x E [0,1), IV E N, let 
(XNißN represent the endpoints of I/v(x) and set

0(<$) := sup |/(x + t)~ /(x)I. 
0«<6

By the mean value theorem for integrals, there is a point £ E 1дг(^) such that

(Un,Nf)(x) := [ (/(<) - f(x))Dn(x 4-1) dt
JIn(x)

ri rPN
= (/M-/W) / Dn(x + t)dt + (f(ßN)-f(x)) Dn(x + t)dt 

Jqn Jt
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for n 6 N. Hence it follows that

I№,n/)(*)I < 4Д0(2-")

for N sufficiently large, where

A:= sup
*,!/€[0,l),n€N j: Dn(x + t)dt\.

In view of the hypotheses and Lemma 1 it suffices to show that A < 2.
Toward this, fix n E N,x,y E [0,1) , and choose integers m E N and 0 < l < 2m such 

that n = 2m + i. Then we can write

I J Dn(x +t)dt\<\ J D2m{x + t)dt\ + J J ^^u;jb(a:)w;2m+it(0 dt\

—: I\ + I2.

Since (IZ?2m II i = 1, it is clear that I\ < 1.
To estimate I2, let Jj represent the indefinite integral of Wj and observe that

h
i-1

= I J^tüfc(ar)J2m + fc(y)|. 
k—0

Recall from (48) in 1.5 that

|J2".+t(l/)| < 2-" (0 < к < ^).

It follows that
<A
- 2m < 1.

Therefore, A < 2 as promised. |
Thus the Walsh-Fourier series of a function / of bounded variation converges to f at 

every point of Ж-continuity. This result does not hold if Ж-continuity is relaxed (see 
Exercise 2.9).

The proof of Theorem 15 can be modified to show that if f belongs to Cw and is of 
bounded variation, then Snf converges to f uniformly on [0,1) as n —► oo (see Exercise 
2.8).

When dealing with Cesaro summability, the condition that f be of bounded variation 
can be dropped.

THEOREM 16. Let x E [0,1) and suppose / E L1 is Ж- continuous at x. Then

lim (<rmf)(x) = f(x).
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PROOF. Recall from 1.8 that

X +t)dt (m E N)

and that

(27) Pm 111 <2.

Thus

(<7m/)(x)—/(x) = [ (f(t)-f(x))Km(x + t)dt+ f (f(t)-f(x))Km(x + t)dt.
JIn(x) J[0,1)\In(x)

By Lemma 1 the second term tends to zero as m —* oo for any N E N. To estimate the 
first term, observe by (27) that

Í (/(*) - f(x))Km(x + t)dt I < sup \f(u) - /(x)| Í \Km(x +t)\dt
JIn(x) ttG/jv(r) vO

<2 sup |/(u)-/(x)|.
u€In(x)

Since / is Ж-continuous at x, this completes the proof of Theorem 16. |
The proof of Theorem 16 can be modified to show that the Walsh- Fourier series of a 

function in Cw is uniformly Cesàro summable on [0,1) (see Exercise 2.10).

Exercises

2.1 Suppose that 1 < p < oo, that / E Lp, and that

2n —1
sup V" u{p\f,I(k,n)) < oo. 
nGN *=o

Prove that f(k) = 0(1/к) as к —► oo.
2.2 Prove that (10) and (11) hold for any non-constant F which is absolutely continuous 

on [0,1].
2.3 Suppose g is continuous on [0,1] , (an, n E N) E l1, and that

№)l < I

for 0 < к < 2”,n E N. Prove that # is constant on [0,1].
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2.4 Let E be the Cantor set formed by removing successive middle halves from the 
interval [0,1]. Identify the corresponding intervals (l"n,n G N) determined by (15), and the 
Walsh- Fourier coefficients of the associated Cantor-Lebesgue function.

2.5 Let E be any Cantor set of the form (15) and let F be the associated Cantor- 
Lebesgue function. Prove that F is continuous, monotone increasing, F' = 0 a.e., and 
.F(O) = 0,F(1) = 1.

2.6 Suppose that / G Lp, 1 < p < 2, and that the Lp local modulus of continuity of f 
satisfies

oo / 2" —1 \ 1/p

E[2~"E И,,(/ЛМ))Г <°°-
n=0 V Jfc=0 /

Show that / G A.
2.7. i) Show that if / G Lp, 1 < p < 2, and

Y]2"/fw(f)(/,2-")<oo
n=0

then / G A.
ii) Show that if / G Lp, 1 < p < 2, and / G Lip(o, Lp) for some a > 1/p then / G A.
iii) Show that if / G Lp, 1 < p < 2, and / G Lip(a, Lp) for some 0 < a < 1 then

ß\f(k)\ < oo
k= 1

for any ß > 1/p — a.
2.8 Prove that Snf converges to / uniformly as n —» oo for every function / G Ciy which 

is of bounded variation.
2.9 Let / := %([0,1/3)). Show that (5n/)(l/3) does not converge as n —> oo.
2.10 Prove that anf converges to f uniformly as n —> oo for every function f G Cvy.
2.11 Use the Riesz-Fischer theorem to show that / G A if and only if / = g * h for some 

<7, h G L2(G).
2.12 Suppose / is W-continuous at 0 and f(k) > 0 for к G N. Prove / G A.
2.13 Suppose f is twice continuously differentiable in the classical sense. Prove / G A.



Chapter 3

DYADIC MARTINGALES AND HARDY SPACES

3.1 Dyadic Martingales and the Dyadic Maximal Function. For each n G N let 
A” represent the <r-algebra generated by the collection of dyadic intervals {/(&, n) : к = 
0,1,...,2n — 1}. Thus every element of An is a finite union of intervals of the form 
[t/2\(t + l)/2").

Let L(An) represent the collection of An-measurable functions on [0,1). By the Paley 
lemma, L(An) coincides with the collection of Walsh polynomials of order less than 2n. In 
particular, V = U„eN L(A").

A sequence of functions (/n, n G N) is called a dyadic martingale if each fn belongs to 
L(An) and

/ /„+1 = f fn (EeAn,ne N).
JE JE

Since fE Wj = 0 for all E G An, j > 2n and n G N, it is clear that the 2n-th partial sums 
of any Walsh series is a dyadic martingale. Conversely, it is easy to see that every dyadic 
martingale can be obtained in this way. Thus investigation of 2n-th partial sums of Walsh 
series leads to the study of dyadic martingales. Notice also that the map v —► (SV i/,nG N) 
is an isomorphism from QM onto the collection of dyadic martingales. Since we are only 
concerned with dyadic martingales, the adjective dyadic will be dropped from now on.

For each / G L1 the conditional expectation of f given An is defined by

inf := S2nf (n G N).

For convenience, we set S-\f := 0 and A"1 := A0. It is clear that (/„, n G N) is a dyadic 
martingale if and only if / G L(A„) and

(1) f»(/»+i) = /» (neN).

A martingale (/n,n G N) will be called regular if there is a function / G L1 such that 
fn = £nf for all n G N.

The operators Sn : L1 —> L(An) satisfy six important properties. Each is evidently 
linear. Since the Walsh system is orthogonal, it is easy to see that

(2) £n O £m — £min {m,n} (m, n G N).

By Parseval’s identity we have

(3)
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for all /, g G L1 and n G N. And, since

(S2nf)(x) (*€[0,1)),

we also have

(4) \\Snf\\P < ||/||p (/ € LM < p < oo, n € N),

(5) |£„/| < £n\f\ (/eL'.neN),

and

(6) £„(A/) = A£„/ (/e L\A e ЦЛ“),п e N).

Since the operators £n are averages they inherit certain inequalities from the general 
theory of integrals. We shall have occasion to use the following two. The conditional 
Hôlder inequality is

|fn(/»)l < (£«\f\rŸh(£«\9\r')'h'

which holds for all / G Lp, g G Lp , n G N and conjugate exponents p and p'. The 
conditional Jensen inequality is

фо£п\/\ < €п(фо\/\)

which holds for all / G L°, n G N and ф convex on [0, oo).
Given a real number у and a function g measurable on [0,1), we shall usually denote 

the set {x G [0,1) : g(x) > y} by {g > y}. Notice by Fubini’s theorem that

r1 r\9(*)\
Ibii J = P / / yp_1 dy dx

Jo Jo
= p [ yp~1\{\g\> y}\dy

Jo

holds for any measurable g and p > 0. We shall use this identity many times.
Let T be a map from L1 into the collection of functions measurable on [0,1) which is 

sublinear, i.e.,
|T(o/)| = Him \T(f + g)I < \Tf\ + |T»|

hold a.e. on [0,1) for /,y G L1 and a G R. Let 1 < p < oo and 1 < q < oo. The map T is 
said to be of type (p, q) if there is a constant C > 0 depending only on p and q such that

Цг/ll, < c\\f\\p
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for all / G Lp. The map T is said to be of weak type (p, q) if 0 < q < oo and there is a 
constant C > 0 depending only on p and q such that

|{т/>у}| < '

for all / G Lp and y > 0. Since

Г°°mr,=p yp"1i{ir/i>widy
Jo

it is clear that if T is of type (p, q) then T is of weak type (p, q). Notice also that if T is 
of weak type (p, q) for some p, q then Tf is a.e. finite for all / G Lp.

Recall that the positive part of a function h is defined by h+ := max{/i, 0}. We shall 
denote the positive part of the natural logarithm function by log"1" y. The collection of 
/ G L° which satisfy

I. I/I log4" I/I < OO

will be denoted by L log+ L.
Any sequence of sublinear maps which enjoys properties (4) and (6) above, gives rise to 

a maximal operator of weak type (1,1) and of type (p, p), 1 < p < oo which also takes L1 
into Llog+ L. In fact,

THEOREM 1. Let Tn : L1 —► L(An), n G N, be a sequence of sublinear maps which satisfy

|T„(A/)| = |AT„/| (A G ЦЛ")),

and
\\Tnf\\i < C\\f\\i (nGN./GL1),

where C is an absolute constant independent of n and f. Define

T* f := sup |Tn/| (/EL1).
nGN

Then
p|{r/>I/}|<C / 

Jit*{T'f>y}
I/I

for all / G L1 and y > 0.
Suppose ф is non-decreasing and ф(х)/х is locally integrable on [0, oo). For у > 0, define

Ф(р) := [ rp(t)dt and Ф(у) := Í dt.
Jo Jo *

i' Ф о (T'f) < C ['\f\* о (T'f).
Jo Jo

Then



78 Dyadic martingales and Hardy spaces

If 1 < p < oo then
l|T*/||, < fr\\\f\\,

holds for every f £ Lp.
If C < e then

ir/ii,<I%/i/ibg+i/i+r^

for all f £ Llog+ L. (Here, e denotes the base of the natural logarithm log.) 

PROOF. Fix y > 0,/ £ L1, set Т*г/ := 0 and

T*f := sup \Tkf\ (n £ N).
0<fc<n

For each n £ N set
En := {T*/ > y and T*_j/ < y}.

Clearly, En £ Лп, En C {|T„/| > y},En П Em = 0 for n ^ m (n,m £ N), and

{Г/>!/}= U E"'
n€N

. Consequently, we have

y|{r-/></}! = !/£ Iе"!
n€N

< |Tn/|

Since x(En) £ ЦЛП) it follows from hypothesis that

f\(.En)\Tnf\= ['\Tn(X(En)f)\ 
Jo Jo

< C / X(E„)|/|.
Jo

у|{г/> y}| < c £ i'x(E„)\f\
n€N Jo

= C f |/|.

Consequently,
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To verify the estimate involving Ф and Ф notice that we have proved

f x({T-f >y})<- f x({T’f > W)l/I
Vo У Jo

for all y > 0. Multiply this inequality by ф(у) and integrate with respect to у over [0, oo). 
We have by Fubini’s theorem that

yi yi ( y(T"/)(%) XJo Ф о (Г/) = jf Ц 0(y)dyj

= c Í |/|»0(T*/).
Jo

dx

<r/,w m

To verify the I/ inequalities, fix 1 < p < oo and spec: ;he case i/>(y) = pyp-1.
In this case, Ф(у) = yp and Ф(у) — p/(p — 1 )yp_1. Thus sneral inequality above
together with Holder’s inequality, we have

f ir/l” < f 1Л1Г/Г1

Vo P — 1 Vo
Cp llrM

Finally, let

Лу):={!
Then Ф(у) = (у — 1)+ and Ф(у) = log"1" y. Hence by the general inequality above we have

Г(Г/-1)+<С f1 I/Ilog+(T*/).

Vo Vo

But log4" is concave on [1, oo). Thus

log4" u < u/e

for и > 0 and
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We shall apply Theorem 1 to three maximal operators £*,£, and £^.
First, define the dyadic maximal operator by

£*f := sup \£nf\ 
ne N

for f e L1.
Next, define £ as follows. Set

£of:=\£of\ (/GL1).

For n € P and / G L1 set

£nf := sup (\£mf\ + \£m(rmf)\) .
0<m<n

Define
£f := sup £nf. 

ne N

Notice that each £n is sublinear and that £nf is An measurable for all n € N and / G L1. 
Also notice that

(7) £’/<£/< гFf (/e L1).

Indeed, the left inequality of (7) is obvious. To prove the right inequality observe first that

D 1m — Dim-l rm — \D2m-l.
Next, set

emd verify that 

and
< \£mf\ + < 2С/

both hold for m G P and / G L1. This establishes (7).
Finally, define

£*f := sup \£kf\
0 <k<n

£m f — £m—lf "i" Tm — \£m — 1 (^m — l/)

(8) := sup fi/, 
n£N

ti/ sup \£n(fwk)\ (n G N, / G L1).
fcGN

Notice once and for all that
|f/l < Г(|/|)

for / G L1.
It is immediate from Theorem 1 that the following is true.
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Corollary 1. If f e L1 and y > 0 then

!/|{fV>y}|</ 1Л,
7{£*/>y}

> y}| < 2 / I/I,
7{£/>y}

and

(9) у|{£7>!/)1</ l/|.

If 1 < p < oo then
ll/ll, < ГЛ1» < ^11/11»,

(10) IMI» < 7^11/11»,

and

(И) llf/li» < 7^1 ll/ll»

for all f e 17.
If f & L log+ L then

u*7ii,
||?/||‘^/|/|1о8+|/|+^’

and
11*711. l/l bg+1/1 + ^.

Thus £*f,£f, and £V are a.e. finite for all / G L1.
There is a close connection between a.e. convergence of the sequences Tnf and weak 

type inequalities for the corresponding maximal operators T*f.

THEOREM 2. Suppose (X, || • ||) is a normed linear space in L° andXo is dense in X. Let 
T, Tn (n G N), be linear maps from X to Lp for some 1 < p < oo with T bounded and 
Tnf —* Tf a.e. on [0,1), as n —*■ oo, for each / G X0. Set

TV := sup \Tnf\ (/GX).
nGN
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If there is a constant C > 0, independent of f and n, such that

yp\{T*f > y}| < C\\f\\p

for all y > 0 and f E X then
Tf = Urn Tnf

a.e. on [0,1) for every f E X.

Proof. Fix / E X and set

A := lim sup \Tnf — Tf\.

It suffices to show that A = 0 a.e. on [0,1).
Choose fm eX0 (m E N) such that Ц/ — /m|| —+ 0 as m —► oo. Observe by hypothesis 

that

A < lim sup I Tn(f - fm) I + lim sup |Tn(/m) - T(/m) | + \T(f - fm)\
n—►oo n—►oo

<T4/-/m) + |T(/-/m)|

a.e. for all m € N. In particular,

I {A > 2y}| < \{T*(f-fm)>y}\ + \{\T(f - fm) I > y}|
< C\\f - fm\\P |,y.| II/ - fm\\P 

yp yp

holds for any y > 0 and m G N. Since /m —► / in ЛТ as m —► oo it follows that

I {A > 2y)\ = 0

for all y > 0. We conclude that A = 0 a.e. on [0,1). |
Applying this result to X = L1, Tn = £n,X0 = V, and Tf = f we have another proof 

that 5г"/ —► f a.e. as n —> oo for all / E L1.
Let 1 < p < oo. Applying this result to X = Lp, Tn = Sn,X0 = V, and Tf = / we see 

that a sufficient condition for a.e. convergence of Walsh-Fourier series of Lp functions is 
that the maximal operator

S*f := sup |Sn/| 
n€P

be of wealc type (p, p). This condition is also necessary for the case 1 < p < 2 (see Theorem 
23 in 6.6). In fact, for 1 < p < 2, the converse of Theorem 2 holds for any linear operators 
Tn which commute with the translation operators (see Stein [1]). Thus Sf converges a.e. 
on [0,1) for all / E L^ for 1 < p < 2 if and only if S* is of weak type (p,p).

We shall prove that S* is of weak type (p,p) for 1 < p < oo and show it to be false 
for p = 1 (see Theorem 14 in 3.7 and Theorem 12 in 4.5). One step toward this is the 
following technical consequence of Corollary 1.
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COROLLARY 2. Let (/к, к G N) be a sequence of non-negativeintegrable functions defined 
on [0,1] and (nk,k G N) be a sequence in N. If 1 < p < oo then

and

PROOF. These inequalities are obvious for p = 1.
If 1 < p < oo and p' is the index conjugate to p, then the usual inner product (F, G) := 

/J FG and the Riesz representation theorem can be used to write

But (3), Holder’s inequality, and Corollary ply

The first inequality is established.
To establish the second one, let r be the index conjugate to 2p and set p* := (Д)1^2р^ 

for к 6 N and д := (p&, к G N). For any sequence Л = (А*, к G N) of measurable functions 
set
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Moreover, it follows from Holder’s inequality that
,1 oo OO.l

У° k=0 k=Q

<Ê f\e.J/)im,\e.kMr)1,r
k=0J°

= Ê /1(f«lA)1/(2,)(i«.|Atlr),/r
ыо-'«

< ЛЁг».Л)1/(ад(£г..Мг),/г

*/0 fc=0 Jk=0

(-1 oo ,1 oo \
/ (Е^л)1/Р / (Е£-1Л‘П2/Г

У° Jfc=0 У° Jt=0 /

Since 1 < 2/r = 2 — 1/p < 2 it follows from the first inequality that 

/»1 oo /o\ 2/r r1 00/ (E£".Mr)2/r5(-) / (EiA‘ir)2/r
•/0 L_n Xr/ Jo r n

s 11*111,,,.,

<4.

This completes the proof of the second inequality. |

3.2 An Interpolation Theorem and the Canonical Decomposition. We begin this 
section with an interpolation result which will be used in 3.3 and 3.7.

LEMMA 1. Let F, G : [0,1] —* [0, oo) be measurable functions which satisfy

(12) |{G>/9ÿ,F<iy}|<e|{G>!/}| (y > 0),

for some /3 > 1,6 > 0, and e > 0. Suppose further that Ф is a non-negative, continuous, 
non-decreasing function on [0, oo) which satisfies Ф(0) = 0. If there exist real numbers 
7 > 0, г) > 0 which satisfy

(13) Ф№/) < -гад, *(|)<ч*Ы (v > 0),

and if ye < 1, then

(14) [ Ф о G < [ Ф о F.
Jo l — ye Jo

PROOF. Consider the Lebesgue-Stieltjes measure dФ determined by

i dФ := Ф(Ь) — Ф(а) (0 < а < b < oo).
J[a,b)
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Clearly, с?Ф is a non-negative, <7-finite Borel measure on [0, oo). Moreover, if / : [0,1] 
[0, oo) is a measurable function then

//(*) j-oo
ф(Л») = / / х{/ > уК*)Щу)

Jo Jo

holds for any x E [0,1]. Hence Fubini’s theorem implies

(15) / Фо/= Í \{f > у}\(1Ф(у). 
Jo Jo

To verify (14), write G = ßG/ß and use (13) to obtain

/ф.с<7/ф.(§).

Thus (15) implies

(16) J Ф oG < 7 jf |{^ > y}\d$(y).

But by (12) we have

\{j > y}| < |{G >ßy,F< <!,}| + |{G >ßy,F> <5y}| 

<e|{G>y}| + |{FXy}|.

Therefore, it follows from (16) and (15) that

J Ф о G <ye J ФоС + 7 J Фо(у).

In particular, (14) follows from (13) and the fact that 70 < 1. |
Notice that hypothesis (13) is satisfied by all Ф which enjoy the inequality

(17) Ф(2у) < СоФ(у) (у > 0)

for some constant Cq independent of y. Therefore, Lemma 1 applies to the functions yp 
for any 0 < p < 00 and to у log у for у > 0. (It does not apply to ey for у > 0).

Conditions like hypothesis (12) arises naturally from certain types of decompositions.

Lemma 2. Suppose that
G:=£>{ A*>2‘)S2,

ke z
for some non-negative functions X*,g2k E L°, к £ Z. If 0 < p < q and there is a number 
В > 0 such that

>(2&}|<
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holds for all к £ Z and t > 0, then

\{G>y,X’ <y}\<BC(p,q)y-’,

where
2q

C(P, я) — (2» _ l)g(29» - 1)

and s := (q-p)/(2q).

PROOF. Fix у > 0 and choose fco G Z such that

2*0™1 < y < 2k°.

Since %{A* < > 2*} = 0 for all к > k0, it is clear that

x{A* < y}G < Y.g2>»..
k< 0

Moreover, since
(2'-l)^2'* = l

k<o
for any s > 0, it is easy to see that

|{G > y,A* < y)\ < V|{g2,+.. > (2* - 1)2“2*»-‘}|
fc<0

= E|{»2h.. > ('^)2*<-1>2‘+‘°}|.

*<0 ' '

It follows from hypothesis, therefore, that

\{G >y,\m < y}\ < B2q{23 - l)-q2~pk° y2k^-qa-p).
k< 0

Since the choice of s implies q — qs — p = qs, we conclude from the choice of fc0 that 

l{G > y, A* < y}| < B(2«* - l)C(p, t)y-f Y, 2ig*
k< 0

= BC(p,q)y~p. I

For the next few pages, let N := N U {oo}. A function ç : [0,1) —► N is called a dyadic 
stopping time if

(18) {ç = n} := {z G [0,1) : ç(z) = n) G Лп

for all n G N. We shall use dyadic stopping times to construct decompositions which 
satisfy the hypotheses of Lemma 2.
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Notice that (18) is equivalent to the condition {ç < n} G An. Thus if ç and ? are dyadic 
stopping times then so are

Ç V ç := max{ç,ç}

and
Ç A Ç := min{ç, ?}.

In particular, the collection of dyadic stopping times forms a net.
We shall call a sequence (A„,n G N) adapted if each An is An measurable. Such a 

sequence generates a dyadic stopping time for each y G R by means of

(19) t(i) := min{n G N : An(i) > t/} (x G [0,1)).

Indeed, for each n G N we have

(20)

/ n —1

{r = nj = {An > yj P| Í (J {At < y) ] •
\fc=0

(In this section, we have adopted the convention that min 0 := oo.) 
Let (An,n G N) be adapted and suppose further that

A—2 •— 0 ^ Aq ^ A] ^ ....

Then it is easy to see that the dyadic stopping time r defined by (19) satisfies

(21)

' {T > n) = {An < y}, 
< iT < n) = {An > y}, 

{t < oo} — {A* > y)

for n G N, y G R where A* := limn—^ A„.
We shall use martingales to generate our decompositions. Suppose for a moment that 

(/n,n G N) is an a.e. convergent sequence of measurable functions defined on [0,1]. Set
/—l := 0,

/ := /oo := Um^ fn

and
dn '•= fn+1 — fn {n > —1).

For each dyadic stopping ç set

Л := 53 = n)/n-
n€N

Clearly, /ç(x) = /<(х)(а;) everywhere on the set {ç < oo} and a.e. on the set {ç = oo}. 
Moreover, it is easy to see that

n —1

5 у ^ k}dk — fçAn
Jfc=-1
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5 ] 5: k}dk — fn fç/\n
k= — 1

for n £ N. In particular, the series

53 dk = 53 xU > k}dk
-1 <k<ç k=-l

converges a.e. to /ç, and

53^= 53 *{<< k}dk
C<k k— — l

converges a.e. to / — /v
Suppose in addition that ç and ç are dyadic stopping times which satisfy ç < ç on [0,1). 

Consider the series

(22) 53 dk = 53 X{^ < к <ç}dk.
ç<k<ç k= — 1

Since

n —1 n—1 n —1
(23) 53 х{я <k < ç}dk = x{c > k}dk - 53 xk > k}dk

k= — l k= — 1 k= — 1

it is evident that (22) converges a.e. to /ç — /ç.
When the sequence (/„,n £ N) is a martingale we can say much more.

LEMMA 3. Let (/„, n £ N) be a dyadic martingale which converges to a function f a.e. 
on [0,1). Let ç and ç be dyadic stopping times which satisfy ç < ç and set

n — 1
0П := 53 xk - k < ?KA+1 - /*)»

Jk=-i

i/n := SUP \9mI (n e N).
m<n

Then (gn, n £ N) is a dyadic martingale, д := lim^oo#» exists a.e. and equals fc — /ç,

(24) ф 0} Ç {q < oo}, {g 7^ 0} Ç {ç < oo}, 

and

(25)

for all n,m £ N.

m } f-mÇn — 0
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Moreover, if (/„,n G N) is regular then g E L1, gn —> д as n —> oo in the norm of L1, 
and

(26) %{( = m}<fmg- = 0 (m G N).

PROOF. Since g and (22) coincide, we have already verified that g = Д — fç a.e. 
Condition (18) implies both {ç < fc} and {? > k} belong to Ak for к G N. Consequently, 

{ç < к < ?} G Ak and

£k(gk+\) — 9k = £k(gk+i — gk)

= £k (%{f < к < ?}(/*+! - /*))

= xk < к < s}£k(fk+1 - /*)

= 0.

In particular, (#&, G N) is a dyadic martingale.
Since gn vanishes identically on the set {ç = oo} for every n G N, it is clear that (24) 

holds.
To prove (25), observe by the definition of gn that

x{ç = m}gn = 0

for n < m. On the other hand, if n > m then

П — 1
x{ç = m}gn = ^2 %{; = m,ç > *}(/*+1 - /*)■

k—m

It follows from (2) and (6) in 3.1 that

n — 1
x{q = m}£myn = ^ Em (fk(x{< = rn,ç > &}(/&+] - /*))) = 0.

k=m

Suppose now that /„ = £„/ for n G N and some / G L1. By (2) and (5) in 3.1 we have

ll/ç — /<An||l = ^ [ \£mf — £nf\
mgN, m>n ^{ç=ml

and
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for m > n. It follows that

Dyadic martingales and Hardy spaces

ЦЛ -/<An||i < ^2 / \f - £nf\

<11/-Will-

In particular, /çAn —» /ç in L1 norm asn-+oo.
It follows from (23) that gn —► g in L1 norm as n -> oo. Hence g G L1 and Smgn —> 

everywhere, as n —► oo, for each m 6 N. Hence (25) implies (26) and the proof of the 
lemma is complete. |

Given a regular martingale (£„/, n G N) and an adapted sequence (A„,n G N), the 
stopping time (19) induces a decomposition of / by means of

/ = fr + (/ — /г)-

For a suitable choice of An’s, this decomposition is the classical one of Calderon-Zygmund.

Lemma 4. [The Calderon-Zygmund Decomposition] Let / G L1 and y > ||/||i. 
There exist non-overlapping dyadic intervals 7q, A, • • • and functions g, b such that

f = 9 + b,

IMloo < 2y,
{6f0}CO,

where ÍÍ := U^L0/jk,
N<i||/lli,

6 = 0,

У < 2% (&GN).

Proof. Let /„ := fn/,

An := sup fm|/| (n >-1),
m<n

and A* := supneN An. Clearly, fn —> f a.e. as n —> oo, (An, n G N) is adapted, and 
|/n| < Am for n G N.

Fix m G N and let r be defined by (19). It is easy to see that

(28) X{r = m}\fr\ < 2y.
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In fact, since
l/m| <S„\f\ <2£m_!

it is clear by (19) and (20) that

) I

I/I,

Х{т = m}\fr\ = x{r = m}|/m|
< 2Am_ix{r = m}
<2y,

and
X{r = oo)\ fTI = x{t = oo}|/| < y

hold a.e. Hence the function g := fr satisfies \\g\\oo < 2y.
Set b := limn_oo J2k=-ix{T < k)(fk+i ~ fk) and Í2 := {S*\f \ > y}. Apply Lemma 3 

to ç := oo and ç := r, noticing that b belongs to L1 and b = f — fT a.e. Thus it follows 
from (24) and (21) that

{b ф 0} Ç {r < oo} 

= ÍÍ.

Also, it follows from Corollary 1 in 3.1 that

N<-11/11.-
У

To see that ÍÍ is a union of non-overlapping dyadic intervals, notice that each set in An 
can be split into a finite union of dyadic intervals of length 2~n. But

fl = {r < oo} = ^_j {r = n},
n=0

and each {t = n} belongs to An. Thus ÍÍ can be written as a countable union of non- 
overlapping dyadic intervals J0, -Tt, • • •

Let m € N and I be a dyadic interval belonging to Am. By (26) we have

{t = m}£mb — 0.

Consequently
[ 6 = 0 ike N).

Jh

Moreover, the definition of r and (28) imply

y<^|/l<2ft-i|/| <2y

i
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on the set {t = k} for each к £ N. Since by construction each Ij is contained in some 
{r = k}, (27) follows at once. |

A sequence (/n, n £ N) of measurable functions is said to be predictable by a sequence 
Л = (A„,n £ N) if A is adapted, if An < An+1 and |/n+1| < An hold for n £ N, and if

A* := lim A„

is finite a.e. on [0,1).
It is important to notice that for each / £ L1 the regular martingale

fn := Snf (n £ N)

is predictable by the adapted sequence

Ад := inf (n £ N).

Indeed, by definition

\Sn+lf\ = I inf + rnfn(rn/)|
< sup (\imf\ + \im(rmf)\)

0<m<n

= inf,

and by Theorem 2 in 3.1
if = JimJínf

is a.e. finite.
A function / £ L1 is said to be of mean zero if /(0) = 0. Predictable sequences induce 

decompositions of functions of mean zero in the following way.

THEOREM 3. Let / £ L1 be of mean zero and suppose fn := inf,n £ N, is predictable 
by (An,n £ N). For each x £ [0,1) and each к £ Z, define dyadic stopping times by

Tk(x) := min{n £ N : An(z) > 2*}.

Then

and

IIAJoo<2‘,

frk + l - frk = ^2 < Am < 2k+ï }(/m+i — /m),
m6N

Г(/,.+1-/п)<2‘+2х{Л->2‘}

/ — + l /г. )
k£Z

hold for each h 6 Z, and

(29)
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holds a.e. on [0,1).
Moreover, if X* belongs to L1 then (29) converges in L1 norm and

Dl/n+1-/rJ|i<8||A’||,.
Jtez

PROOF. Set A_i := 0, fix к £ Z, let m < n, (m,n 6 N), and observe by the definition 
of г* that on the set {r* = m} we have

\frkAn\ = \frk\

— |/m|
— Am—1
< 2k.

Secondly, observe for n < m < oo that on the set {r& = m) we have

1/т*Лп| — \ fn\

5: Xm — i
< 2k.

Third of all, observe that on the set {r* = oo} we have

|/т*Лп| = |/n|

< lim Am 

= A*
< 2k.

It follows that

(30) l/r,A„| < 2* a.e..

In particular, we obtain \\fTk ||oo 
Let

< 2k by letting n 

N

OO.

Emn У1 (frk+1 frk) 
k= M

for -oo < M < N < oo. Then EMn = frN+l - frM, \\frM lloo < 2M, and /TN = / on 
the set {тдг = oo} = {A* < 2N). Since A* is a.e. finite it follows that Hmn —» / a.e. as 
M —► —oo and N —^ oo. Thus (29) converges a.e.

By Lemma 3 and (21), the series

Y *{n < m < n+l}(/m+l - fm)= Y X{2* < Am < 2*+1}(/m+l - /m )
m=0 m=0
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converges to fTk+1 — frk a.e. and in L1 norm. Consequently,

:= £n(frk+l — frk ) 
n-1

= 53 - m < T*+l }(/m+l - /m)
m=0

= /гк + 1Лп ~ /г*Лп-

Applying (24) we obtain

tó1’ И 0} c {n < oo} = {A* > 2‘}.

In particular, it follows from (30) that

n/r.+.-/r.)<2&+:x{A*>2&}.

It remains to see that (29) converges in L1 norm when A* G L1. But the inequality 
above implies

E II/-.+. - A 111 < 4|| E 2‘x{A* > 2*}||,.
*ez tez

Hence we have by Abel’s transformation that

E IIA+i - A 111 < 8|| E2‘x{2‘ <A*< 2t+1}lli < 8ЦА-Ц,.
*ez ke z

Thus (29) converges in L1 norm when A* belongs to L1. |

Corollary 3. [The Canonical Decomposition] If f g L1 has mean zero and

fW :=Е*{2‘<£./<2‘+1}Д„/,
n=0

where Д„/ := £n+1/ - £„/, then

£’(fw) < 2i+2x{£f > 2*}

for all к G Z and

/=Е/(‘)
kéz

a.e. on [0,1).
Moreover, if £* f G L1 then this series converges to / in L1 norm.

PROOF. Set An := £nf,fn '■= £nf for n G N, observe by (21) that 

%{т& < n < n+i) = x{2<: < A„ < 2k+1},

and apply Theorem 3. |
We shall use the canonical decomposition of / in the next section to prove certain 

classical inequalities, in 3.4 to study dyadic Hardy spaces, and in 3.7 to prove that the 
Walsh-Fourier series of an Lp function converges a.e. when p > 1.
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3.3 Martingale Transforms. In this section we introduce martingale transforms and 
use them to obtain several classical inequalities.

Let A denote the collection of sequences or = (a„,n G N) which satisfy ctn G L(An) for 
n G N and

INI := SUP ||«»||oo < oo.
n£ N

Observe that A is an algebra with identity (1,1,...) under the operations

a + ß := (on + ßn, n G N), 

a ß := (anßn,n G N),

and
an := (actn, n G N)

for a,ß G A and a G R. Also observe that || • || : A —* [0, oo) is a norm on A.
Given a G A and / G L1, the martingale transform is defined by

T(a)f := Y «пДп/,
n=0

where Anf := £n+if — £nf for n G N. The maximal martingale transform is defined by

T»Z := Г(Г(«)Я = sup
"eN t=i

And the square function is defined by

Qf~ (Ё|Д*/1!
1/2

■.k—Q

Notice that T(a)f and Qf are finite sums for any / G V since Дnf = 0 for 2n larger 
than the order of f. We shall use this and Theorem 2 in 3.1 to see that T(a)f and Qf 
converge a.e. on [0,1) for all / G L1 and a G A (see Theorem 4 below).

T(a)f is called a martingale transform because the sequence of partial sums

N—1
TN(a)f Y, (N 6 P)

n=0

forms a dyadic martingale. This fact follows immediately from the An measurability of 
each On-

Martingale transforms arise naturally in the study of partial sums of Walsh-Fourier 
series. Indeed, if n G N has binary coefficients (n*, к G N) then we have by Theorem 8 in
1.5 that

wn£>nf — ^ ^ пк A k{fwn\
k—0
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Therefore,

(31) IS./I = PT<«X/w„)|.

for / G L1, and a := (n0,ni(For a direct connection between Lp convergence of 
Walsh- Fourier series and martingale transforms, see Exercises 3.2 and 3.3.)

Let L denote the collection of linear maps from V into V. It is well known that L is 
an algebra with identity. Since Дп/ = 0 for / G V and n sufficiently large, it is clear 
that the map a —» T(a) takes the algebra A into the algebra L. This map is an algebra 
homomorphism. Indeed, for a, ß G A and a G R the identities

T(a + ß)=T(a)+T(ß)

and
T(aa) = aT(a)

are trivial. And, the identity
T(a • ß) = T(a) о T(ß)

follows from the fact that

z 4 . f a^A„ n = m
(32) anAn о CKmAm = <

(0 n/m.

(This fact follows easily from the orthogonality of the Walsh system and (6) in 3.1.)
The canonical decomposition introduced in the previous section is a sum of martingale 

transforms. To see this, let / G L1 and define G A for к G Z by

e™ := (x{2* < Snf < 2t+1),n € N).

In the notation of Corollary 3 in 3.2, we have

/(fc) =T(tfk))f (k G Z).

Therefore, the canonical decomposition of f has the form

f = £T(e<‘>)/. 
kez

It is easy to see that each martingale transform is an operator of type (2,2). Indeed, fix 
or G A / G L2 and observe by (32) that

M M

Il Y. «"Дп/112 = E КД"Л12
n—N n—N

M
< и2 E идп/iir

= IMI2II£m+i/ - ín/II2

/
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for M,N £ N and M > N. Hence (2) and (4) in 3.1 imply

M
II E «»An/lb < MllZ-Wh-

n—N

It follows that T(a)f converges in L2 norm and that

(33) ||r(«)/||2 < IHI ll/lb (« 6 A / e L2).

This simple observation can be used to show that the martingale transform of an L1 
function converges a.e. In fact, we will use it to prove the following.

THEOREM 4. There exists an absolute constant A such that

y|{g/>!/)i< лц/iii

and
y\{T*(a)f > y}\ < ЛИ ИЛЬ 

for all f £ L1, у > 0, and а £ A.

PROOF. Let Л represent either Q or T*(ar). We may suppose that ||«|| < 1. Since

Л/ = lim A(ENf)N—юо

and ||5a'/||i < ll/ll i for N £ N, we may also suppose that / is a Walsh polynomial.
Fix / £ V, у > 0 and set A* := Sf. Observe that

|{A/>y}|<|{A/>y,A'<y}|4.|{A*>!/}|.

Since by Corollary 1 in 3.1 we have

y|{A*>!/}|<2||/||i

it suffices to show
»ЦЛ/>», A* <„}|< ЛИЛЬ

for some absolute constant A.
Let f = represent the canonical decomposition of / and consider the functions

ft. := (к e Z).

Since Л is sublinear it is clear that

Л/ < 53^2*-
k€Z
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A/<G~^x{V>2‘}s2>.
Jtez

We shall apply Lemma 2 in 3.2. Fix к £ Z and t > 0 and notice that

|{g2* > <2fc}| < 11^2*111-

When A = Q we have
l|g2.||2 = lie/<‘>h = ll/(t,h.

When Л =T*(a) we have by Corollary 1 in 3.1 and (33) above that

Ik» lb = ||Г(«)(/<‘>)||2
= ||Г(Т(а)/<‘>)||2 

< 2||T(«)/<*>||2
<2||/W|b.

Therefore, in either case we have

(34) |{д2»><2‘}|<4(^)2||/(*)|||.

Recall from Theorem 3 in 3.2 that

|/(i,| < 2t+2x{A' > 2‘}.

Hence it follows from (34) and Corollary 1 in 3.1 that

|{g2» > <2*}| < 64<"2|{A* > 2*}| < 128||/||i<-32-‘

for к G Z and t > 0. Therefore, by Lemma 2 in 3.2, with p = 1 and q = 2, we have

»KA/>y, A* <»}|<128C(1,2)11/11,. I

By Theorem 4 and the Marcinkiewicz interpolation theorem, we have that the operators 
Q and T*(a) are of type (p, p) for 1 < p < oo. However, much more is true.

THEOREM 5. Let Ф be a continuous, non-decreasing function on [0, oo) which satisfies 
Ф(0) = 0 and Ф(2у) < СоФ(у) for all у > 0, where Cq is a positive constant independent 
of y. There exist positive constants A,B,C which depend only on Ф such that

Moreover, by Corollary 3 in 3.2 we have g2k = %{A* > 2k}g2k. Consequently,
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and

(35) Í Ф о Г* (а)/ < С [ ФоГ/ 
Jo Jo

for aii / € L1 and а 6 A with ||aj| < 1.

PROOF. Fix / G L1, set := /о := 0 and let /„ € L(An), n = 1,2,... be a sequence 
of Walsh polynomials which converges a.e. to / on [0,1). Let An G L(An) be an increasing 
sequence of functions (to be specified below) which satisfy

(36) l/n+i — fn I < An (n G N).

Set gn := maxm<„ |/m|, G := limn_oo^n, A_a := 0, and A := limn_>00 An. Fix y > 0, ß > 
1, N > I and consider the stopping times

V := min{n G N 
ç := min{n G N 
r := min{n G N

Уп > у},
Уп > ßy}, 
N\n > ßy}.

Set

F < к < T A s}{fk+1 - /*)
t=o

= frAq frAv

Clearly, if X G {G > ßy, A < ßy/N} = (ç < oo,r = oo), then

= /<;(*) - fv(x)
= Mx) - fv-l(x) - (fv(x) - fv-l(x)).

Hence (36) implies |F(z)| > ßy — y — Av_i(z) > y(ß — 1 — ß/N). In particular, we have 
proved

(37) {G > ßy,X < —} ç {|F| > y(ß — 1 — jj)}-

We apply these observations first to the case fn Enf and

1/2

А„:= РГ|Д*Л2] (n e N).
\fc=0

Thus G = E*f, A = Qf and F is a martingale transform. Set

Л := - k < ТКЛ* - xl-i)
k=0
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and observe that

But

and by construction

\\F\\l= Í ~k < T Лс}|Д*/|'
k=0

< / < к < r}|Afc/|2

k=0

=iл-
{Л ф 0} Ç {u < oo} = {G > y), 

л ^ Лг-1 < {^n) XÍG'> у}-

Therefore, it follows from (37) that
y\f)~ 1 - ~?\{G >ßy,\< ^}| < llflll < ЦЛЦ, < (~?\{G > „}|.

In particular,

for

\{£'f > ßy,Qf < ^}| < 6„|{Г/ > =z}|,

f>N := (^-1-^)2'
This inequality is similar to (12) in 3.2. Since —> 0 as N —* oo we can choose N so 

large that the hypotheses of Lemma 1 are satisfied. We conclude that there is an absolute 
constant A > 0 depending only on Ф such that

A f ФоГ/< Í Фоб/. Jo Jo
To obtain the inequality involving B, set fn := Ylk=o |A*/|2 and An := \Snf\2. In this 

case, G = |Q/|2, A = \£f\2 and the corresponding function F can be estimated by

l|F||, < f f^xiv < h < r)\Akf\2

J 0 I_nk=0 
rl oo

If= Í I < fc < t}A,
Jo k=0

< Í \£r/Kvf - £rf\2x{v < oo} 
Jo

<4 f |fr-i/|2x{v < oo}
Jo

- > y}i*
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If we set ß := y/ß, y y/ÿ, N := у/N and

4(/)/W)
(/? — !— ß/N)

then it follows from (37) that

HC/ > ßv,£f < S}| = |{G > ßy,\ < §}|
N M

< 6n\{G > y}\

= 6N\{Qf > y}\-

Thus Lemma 1 applies as before.
Finally, to verify (35) set fn := ££“,} ak(£k+if ~ £kf), К := £„/ and apply Lemma 1 

once more. We obtain

ßy|{Г(«)/ > < ^}| < ^|{Г(«)/ > p}|,

for
S*N :=

4(^/7V):
(^-1-^/ЛГ)2'

Specializing to the case Ф(у) := yp we obtain the following inequalities.

COROLLARY 4. For each 0 < p < oo there are positive constants Ap,Bp, Cp such that

(38) Лр||г/||р<цдл1р<Вр||гл|р,

I|r»/H, < О IMI WfWv
for all f € L1 and or 6 A.

The proof of Theorem 5 and evaluation of the constant

= :=(T=^)

which appears on the right side of (14), yields estimates for these constants Ap, Bp,Cp. 
Indeed, fix 0 < p < oo and set

/3 :=! + -, N:=^
p c

for some 0 < c < 1. Then e := 6^ = c2/( 1 — c)2,7 := ßp = (1 + l/p)p and p := (N / ß)p. If 
we choose c so small that 7e < 1 then we have

(1 - c)27 zp
(1 — c)2 — c27 Vc

©•xz> =
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Similarly, we obtain 6^ = 4c2/(l — c)2 and

_ (1 - c)27 (РУ
(1-c)2 -4c27U ‘

In particular,

л/ < c; =

holds for certain absolute constants A and c 
work.)

To estimate the constant Bp, set

ß := 1 + -, N := ß\y
P V c

and verify that
~ 4c 4c

N ~ (2 - c) + 1/p2 - 2 — c’

7 = (1 + 1 /p)p and г/ = (p/c)p/2. Consequently, in this case we have

ro< Jz£ÍL(7,!.

We conclude that

for some absolute constants A and c.
If we combine these estimates with Corollary 1 in 3.1 we obtain the following. 

COROLLARY 5. There is a positive constant A such that

(39) Â-^-WfW, < ||ß/||p < Aj^ß-j\\f\\p

and
||Г(а)/||, < À^ylHIU/ll, 

hold for alla G A, f G Lp, and 1 < p < oo.

Inequality (39) is called Paley’s inequality. An exponential version is given in Exercise
3.7. It fails to hold when p = 1 and p = oo (see Exercise 3.6).

In view of (31), Corollary 5 contains the following result.

. (For example, A = 7 and c = 1/12 will
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sup \\Snf\\p < Cp\\f\\p 
ne N

for all f G Lp.

This inequality and the Banach-Steinhaus theorem imply that the Walsh-Fourier series 
of any / G Lp, 1 < p < oo, converges to / in Lp norm (see Exercise 3.3).

Since the square function of a Rademacher series Yl'kLo c*r* ^ precisely (53bLo Icfcl2)1^2, 
Corollary 4 contains the following result.

Corollary 7. [Khintchin’s Inequality] For each 0 < p < oo there exist positive 
constants Ap,Bp such that

\ 1/p

CfcrjfcM < Bp\\c\\p

for all c=(ck,ke N) G f2.

Fix n G N, E G An, f G Lp and set gn := f — Snf. Observe that

Х(ЕР*(а)дп=Г(а)(х(Е)дп),

x(E)Qgn = Q(x(E)gn)-

Specializing to E := I(k,n) and applying Corollary 5 to / := gn, we obtain:

COROLLARY 8. There exists an absolute constant A such that

£„(|T»(7 - £„/)!») < fn(l/ - fn/n

and
£n(\Q(f - £„/)I”) < (~y),£«(I/ -

for 1 < p < oo, n G N, / 6 Lp, and a G A with ||a|| < 1.

We have seen that the map а —>• T(a) is an algebra homomorphism from A into L. We 
close this section with a slightly more general point of view.

Fix 1 < p < oo and let Cv represent the collection of linear operators which are bounded 
from Lp into itself. Since the operators T(a) : Lp —» Lp are bounded on the subspace V 
and this subspace is dense in Lp, it is clear that T(a) G Cv for every a G A. Moreover,

T(«-W = (T(«) O?(#)(/)

for a,ß G A and / G Lp, and the map a —* T(a) is an algebra homomorphism from A 
into D>.

COROLLARY 6. For each 1 < p < oo there is a positive constant Cp such that

\\C\\P SU'I
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3.4 Dyadic Hardy Spaces and BMO. For each / E L1 and 0 < p < oo set

(40) »/Иля := ЦГ/Ц,.

By Corollary 4 in 3.3, a function f satisfies ||/||яр < oo if and only if Qf belongs to Lp.
On the collection of Walsh polynomials V, the map f —* ||/||яр is a norm for 1 < p < oo 

and a quasi-norm for 0 < p < 1. Define the dyadic Hardy space Hp to be the closure of V 
in the (quasi-) norm || • ||я? for 0 < p < oo. Thus for 1 < p < oo, the space Hp is precisely 
the collection of functions / E L1 such that ||/||яр < oo. Notice also by Corollary 5 in 3.3 
that the spaces Hp and Lp are isomorphic for 1 < p < oo.

We shall denote H1 by H. Since ||/||i < ||/||jj an<i L1 is complete, it can be shown that 
H is complete. Moreover, it is easy to see that

(41) JSm ||s2./-/||H=o (/eH)
(see also Theorem 7 in 4.4).

The space H lies between the spaces Lp,p > 1, and the space L1. Indeed,

Lp = Hp C H C L1

for all p > 1 (see Exercise 3.14).
A function ß E L°° is called a (dyadic) atom if either ß = 1 or if there is a dyadic 

interval I Ç [0,1) such that

(42) {ßiVQ /,

(43) 11/311» < jjj,

and

(44) tß = 0.

Jo
If (42) and (43) hold, we shall say that ß is supported on I. Thus if ß is supported on / 
then

(45) l/?l<
1Л '

Moreover, its dyadic maximal operator satisfies 

(46) S*ß < 4P-

To see this, choose N E N such that |/| = 2 N and observe that £nß = 0 for 0 < n < N 
by (44), and that

IWI < 6:»
1Л

for n > N by (45).
Dyadic atoms characterize the dyadic Hardy space H.
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THEOREM 6. A function f E L1 belongs to H if and only if there exist dyadic atoms 
ßo, ßi,... and a sequence а = (ап, n E N) G f1 such ihat

(47) / — £«»/?»•
n=0

Furthermore, if
ß(f) := inf{

where the infímum is taken over all sequences а = (a„,n E N) E l1 such that (47) holds 
for some atoms /%, /3i,..., then

(48) ll/IlH < ?(/) < 2511/IIh

for aii / E H.

PROOF. Notice by (45) that (47) converges in L1 norm. Consequently, if (47) holds 
then

lir/ili <f>.|

n=0

In particular, such an f belongs to H and the left side of (48) is true.
Conversely, suppose / E H. Let X^i-eZ represent the canonical decomposition of 

f - 7(0). Thus := T(e^)/ where

:= (e^,n E N) := (%{2* < f*/ < 2^+4,^ G N) (h E Z).

By Corollary 3 in 3.2,
/-/(o) = E/<‘)

k£ 7

in L1 norm. Moreover, since S* f dominates |/|, it follows from Corollary 3 in 3.2 that 

(49) (&EZ).

Fix к E Z and write \{£f > 2fc} as a union of pairwise disjoint sets 

:= < 2"} (n E N),

with the convention that £-\f 0. Since E An for each n E N, we can split this set
into pairwise disjoint dyadic intervals, say

4*’ = U 1
ier<k)
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for some collection Tnfc* Ç An. Thus we can write fikï in the form

/(t) = Ê E x(/)/,‘).
n=0 j(k)

In particular, the canonical decomposition takes on the form

(so) / = /(°) + EE 53 a/^
tez n6N /e7n(*)

where for each I E we have defined

a7 := 2^+2>|/|, ßj := X(I)fw.

We shall show that (50) is an atomic decomposition of /, i.e., that each ßj is an atom and 
the sequence a := (a/, / 6 Tnk\ к E Z, n G N) belongs to l1.

Fix I E Xrifc). By construction, {/?/ ^ 0} Ç L Moreover, since m < n implies

= о,

it is clear by (49) that ||/?/||oo < |/|-1 and

x(!)fw = E ^’Дт/хСЛ-

It follows that Jj =0 and each ßj is a dyadic atom.
To compute ||a||7i, observe that

in,. = i/(o)i + E E E h
fcEZ nEN 7g

= |/(0)| + Е2‘+2|{£/>2‘}|.
ke z

By Abel’s transformation this second term can be written as

4 E(2‘+1 - 2‘)|{£f > 2‘}| = 4 E 2t|{2t"1 <£/<2‘}|< 8||£/||,.
*EZ JtEZ

We conclude by (7) in 3.1 that

Mo < 25||£Г*/||1. I

We shall measure the dyadic mean oscillation of a t/> E L2 by

IIV’IIbmo := sup II (6*1Ф - £пФ\2)1/2 Hoc-
nEN
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Observe that || • ||bmO *s a seminorm but IlV’lIßMO = ® f°r апУ constant ф. Thus we 
shall say that а ф E L2 is of bounded dyadic mean oscillation if ф satisfies IlV’lIßMO < 00 
and ф is of mean zero . The collection of all functions of bounded dyadic mean oscillation 
will be denoted by BMO. In particular, (BMO, || • HßMO) is a normed linear space.

In the next section we shall show that BMO is essentially the dual of H. It follows 
that BMO is a Banach space. Notice by definition that IlV’lIßMO — ^IIV’lloo- Since H lies 
between LP,p> 1, and L1, it also follows that

L°° C BMO С I/ (p< 00).

It is easy to see that these spaces are all distinct (see Exercise 3.15, for example).
We shall denote the collection of dyadic intervals in [0,1) by Xq and set

X := Jq U {0}.

Since

(W)(z)

for all / E 1Л,х E [0,1), and гг E N, it is evident that a function ф belongs to BMO if 
and only if ф is of mean zero and

Hence the term “bounded dyadic mean oscillation” is well chosen.
A function ф E BMO is said to be of vanishing dyadic mean oscillation if

nlimJ|.(£„|V-£„V>|2)1/2||« = 0.

The collection of functions of vanishing dyadic mean oscillation will be denoted by VMO. 
Clearly, VMO is a closed subspace of BMO.

The Walsh polynomials are dense in VMO. Indeed, let ф E VMO and notice by (2) in
3.1 that

£n|V-£nV'l2 = £n(f;|AtV’l2) (n e N).
k=n

Hence we can write

IIV’ - ^rV’IIbmo = sup IKM 1^|2))1/2||оо.
mGN L_____ ,____,

Now,
00 i

IKM E iAtv-i2))1/2n= =
fc=max { m, n }

<
fc=max{m,n

||(im(£m«{„,„)( E 1Д^|2)))1/2|| =
bmax{m,n}

Ê 1Д^|2)||^2.
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Consequently,
l№ - WllsMO ^ sup ii (em\ф - етФ\2)1/2 у«.

m>n

It follows that S2*ip —* ф in BMO norm as n —» oo for every ф E VMO. 

Theorem 7. [Fefferman’s Inequality] If f e H and ф e BMO then

I £т/£тФ\ < 25||/||н||^||вмо

for all m E N.

PROOF. Fix ф E BMO and let ß be a nontrivial dyadic atom supported on an interval 
I. Choose N E N such that |/| = 2~N. Since ß is of mean zero we have Snß = 0 for 
n < N. Hence

Ф£m\n {Nß — 0

for all m E N. It follows from (46) that

[ £mß£mФ\ — I Í {Smß){^l) — £мф)I
Jo Jo

i t\!^- £n*1
(m E N).

Thus

(51) ISmß£^\ < HV’IIbmo

for all m E N and all dyadic atoms ß.
Suppose / E H has atomic decomposition

/ = 53
n=0

We have by (51) that

/i ri
/ £т/£тФ I 5 52 |an| I / £^nßn£mФ\ 

n—0

< 53 la”l IIV’IIbMO (m E N).
n=0

Therefore Fefferman’s inequality follows from Theorem 6. |
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The product of an H function with a BMO function may not be integrable (see Exercise 
3.16). Nevertheless, we can define an inner product between these spaces by

(/, V’) := lim f SmfSmФ-
m->oo JQ

Notice by Holder’s inequality that

I f {£т{£тф - £п/£пФ)\ = I f £m(J - £п/)£тф\

^ 1Ж1вмо11/“£*Л1н>
for m > n > 0. Since this last factor converges to zero when / G H, it is evident that the 
inner product is defined for all / G H and ф G BMO. Since Fefferman’s inequality implies

I (/» I < 25||V>HbmoII/IIH’

the map (/, ф) —> (/, ф) is evidently a bounded, bilinear functional from H x BMO into 
R. In particular, the maps / —+ (/, ф) for each ф G BMO, and ф —> (/, ф) for each / G H 
are bounded linear functionals on H and BMO, respectively. In the next section we shall 
take up the converse of this statement.

Concerning the growth of Walsh-Fourier coefficients of functions in H and BMO, the 
following is true.

Theorem 8.
i) There is an absolute constant A such that

^1Щ1 
& & <ЖЛ1н

for all f Ç H.
ii) If (cfc, к G N) is a sequence of real numbers which satisfies

M sup
n£N

2" E |ct|=
1/2

k=2n
< OO

(in particular, if c& = 0(l/k) as к —► ooj, then there is a function ф G BMO such that
Ф(к) = ck for к G P and HV’lIßMO - M-

PROOF. Let ß ^ 1 be a dyadic atom supported on some f G To- Choose n G N such 
that |f| = 2~n and observe that ß(k) = 0 for 0 < к < 2n. Hence Bessel’s inequality and
(45) imply

(
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Suppose that / £ H with atomic decomposition

/ = 53
n=0

The inequality above implies

у l/WI

к k
< EwE

n=0 k=l

\jm\

к
< v^53|an|.

n=0

Thus i) follows from Theorem 6 with A = 25V2.
To prove ii) use the Riesz-Fischer theorem to choose ф £ L2 such that ф(к) = c& for 

к £ P and V>(0) = 0. Set

F,(n) ■.= 53 Í((2” + k)wt (leP.neN), 
k=0

and observe that
ф - Епф = 53 p[n)™t2n

t= 1

for n £ N. Since each belongs to L(An) and

for ^ ^ s, s £ P, it follows that

еп\ф-Епф\2 = ^\РеП)\2

t=\

< 2" E wmi2-
k=2n

By hypothesis we conclude that ф £ BMO and Ill’llBMO — I
Let г represent y/—l. In the classical case, each Hardy space consists of functions F, 

analytic on the unit disc, which satisfy

/ i ft* \ xl*
||F||«, := sup — / |F(re,,)|"<ti>) < oo.

0<г<1 \2тг Jq J

This condition is equivalent to Lp integrability of the non- tangential maximal function

F-,(e'e) := sup |F(z)|, 
гет.(в)
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where for each 0 < s < 1 and 9 G [0,2тг), Г5(0) represents the convex hull of the sets {e'9} 
and {z G C : \z\ < s} (see Garnet [1], for example). Thus the role that the non-tangential 
maximal function plays in the classical case is played by the dyadic maximal function £* f 
in the dyadic case. Besides this analogy, it is natural to ask whether there is a more direct 
connection between the classical Hardy spaces and the dyadic ones.

By taking real parts of the boundary functions

lim-F(re'9) (0 < в < 2x)

and identifying the boundary of the unit disc with the interval [0,1), one generates the 
classical real Hardy spaces 7YP, for 0 < p < oo. As in the dyadic case, hiv and Lp are 
isomorphic for 1 < p < oo, and hi := hi1 is a proper subspace of L1. Moreover, hi has an 
atomic characterization just like that given for H in Theorem 6 (see Coifman and Weiss [1] 
for details). The essential difference is that an atom for hi can be supported on non-dyadic 
intervals.

We see that every dyadic atom is an atom for hi but not conversely. Hence

HC hi.

On the other hand, almost every translate of an / G hi belongs to the dyadic space H:

THEOREM 9. Extend each f G hi from [0,1) to R by periodicity of period 1. For each 
9 G [0,1) set

fe{x) := f(x - 9) (x G [0,1)).

There is an absolute constant C > 0 such that

Jo Jo

for all f G hi.

PROOF. By the classical analogue of Theorem 6 it suffices to show

[ [ (€*fe)(x) dxd9 < 8
Jo Jo

for each atom / of 7i.
Let / be an atom of hi supported on an interval I. Choose N G N such that

2—(N+l) < |j| < 2~N'

(Remember, / is not necessarily dyadic). Let I := {e2,r,t : t G I}. For each 9 G [0,1) let 
Ie := e~2ir'eI and let Jg denote the arc in {е2ж,< : t G [0,1)} which has the same center as 
Ig but is three times larger. Set

2irit € Ig)Ig := {t G [0,1) : e'
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and
Je := {<б[0,1):сы6^

Suppose tv is a dyadic interval with |tv| = 2~n for some n € N. If n > N then the choice 
of N implies |tv| < |/|. Hence, if tv D I g ф 0 then tv C Je- It follows from the definition of 
atoms that

\(£nfe)(t)\ = prl / fe(x)dx\
' HI Ju>

< jjjx(J.)(0

for each t G tv. In particular,

/ / sup \(£nfg)(t)\dtd6 < Í ^ dO = 3.
Jo Jo n>N Jo U I

On the other hand, if n < N then tv = I(k,n) for some 0 < к < 2n, and |tv| > |/|. Since 
/w fg = 0 when tv ПI g = 0 or tv Э Iв we may suppose that tv Л Jy ^ 0 and is not a subset 
of tv. The fact that tv is a dyadic interval implies

|{# G [0,1) : tv D Ig ф 0 and Ig is not a subset of tv}| < 2|/|.

Moreover, the fact that fg is supported on Ig implies

|tv П Ig\f fe\ < 
J LJ 1Л

< 1.

It follows, therefore, that

LI rILm x(w)(t)dtde < 2\I\.

But

l£*/,l=S îrâ| L,J°(t)dt X(I(k,n)).

[ Í sup \(£nfg)(t)\dtde < V / [ \(£nfg)(t)\dtd6

Jo Jo n<N „_n Jo Jo

N л1 /-1

n=0

N
< Евдг-

<4|/|2N

Consequently,
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Since |/|2n < 1, the proof of the theorem is complete. |
In Chapter 5 we shall prove that as Banach spaces, 7i and H are isomorphic. To lay 

some foundations for this we introduce the sequence spaces h, h0, bmo, and vmo.
Index the Haar system h by 1 in the following way. Set h$ := 1. For I Elо let hj denote 

the Haar function hn which satisfies {hn ^ 0} — I. Denote the Haar-Fourier coefficients 
of an / G L1 by

// := f fhi (I € 1) 

Jo
fi

and the partial sums of the Haar-Fourier series of / by

m —1
SLf :=-Ш f(t)hk(t)dt hk

for m G P. By (42) in 1.4, S%nf = 52"/ for all n G N. Hence it is obvious that

" ,2 %(f)x(f)|A„/r = 1//Г 1Л
(7G%,|T| = 2-",nGN).

Therefore, the square function can be written in the form

(<2/)(*)= |/#|2+ E
M

1Л

and

II/IIbMO = fuP ( T7[ 53 

IeI° y 1 jei,jçi

1/2

1/2

for any / G L1 of mean zero.
These observations lead naturally to the following definitions. Define the square function 

of a sequence b = (bj, I G T), indexed by T, by

(Gb)(z):= |6,|=+ M
1Л

1/2

(z G [0,1)).
X le

Let h represent the collection of sequences b which satisfy

l|b||h := mi < oo,

let bmo denote the collection of sequences b which satisfy b$ = 0 and

1/2

bmo ’— SUp
/exo

< oo,
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let ho represent the collection of b G h which satisfy 6* = 0, and let vmo represent the 
collection of 6 € bmo which satisfy

(52) limm-o E M2
1/2

= 0.

Let Ho (respectively, TCq) represent the collection of functions in H (respectively, hi)

which are of mean zero. The definitions above imply that the map / —► / is a Banach 
tpace isomorphism from H onto h, Ho onto ho, BMO onto bmo, and VMO onto vmo. 
In 5.4 we shall carry out a similar program for the Franklin-Fourier coefficient map and the 
classical spaces 'H,'H0,BMO, and VMO. In particular (see Corollary 4 in 5.5), we will 
show that these classical spaces and their dyadic counterparts are isomorphic as Banach 
spaces.

3.5 Duality in Dyadic Hardy Spaces. Given a Banach space X, let X1 represent 
its dual, i.e., X' represents the collection of bounded linear functionals on X. Let ||F|| 
represent the functional norm of an F G X'. In this section we show that H(, is isometric 
and homeomorphic to BMO and VMO' is isometric and homeomorphic to Hq. It will 
follow that hg, bmo and vmo', ho are also isomorphic and homeomorphic pairs.

Theorem 10.
i) Let F : Ho —► R be a bounded linear functional. There exists a unique ip G BMO 

such that
Л/) = (/Л (/EHo)

and
^IMIbmo - IMI < 25||V>||bMO-

ii) Let F : VMO —> R be a bounded linear functional. There exists a unique f G Ho 
such that

Л^) = (/Л) (V»E VMO)

and
|ll/llH < Ill’ll < 2511/IIh-

PROOF. Fix F G Hq. Consider the 1-1 linear map A : H0 —> L1 (l2) defined by

А/ := (Д„/,n G N).

(See Appendix 0.2 for information on mixed norm spaces.) By Corollary 4 in 3.3, the map 
F о A-1 is a bounded linear functional on the subspace A(H0) of L^l2)).

Extend F о A-1 to L1^2) by the Hahn- Banach theorem and apply the Riesz represen­
tation theorem to this extension. Namely, choose a sequence Л = (An,n G N) G L°°(l2) 
such that

(53) ||F|| = ||Fo A 41 = ||A||Lo=(,2),
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and

(F о A-1)(<y) =

for all g = (grn, n E N) £ L1(^2). Specializing to 5 := А/ we obtain

nn =
In particular, by (3) in 3.1

F(f) =

for all / 6 H.
The series AnAn converges in L2 norm to a function ф which belongs to BMO.

To see this, notice by the conditional Hôlder inequality that

|AtAt|2<2(fH.1|At|2 + £t|AtH

holds for any A* £ L2,E N. Consequently,

(54) £„(|£>fcAt|2) = £,(jr |AtAt|2) < 4£,(£ |At|2)

k=n k—n k=n

for all integers 0 < s < n < m. Using (54) for s = 0 we see that the series in question 
converges in L2 norm, say to ф. Using (54) for s = n and letting m —» 00 we see that

i™(IV--£nV>l2)<4£„(f>*|2)

k=n
' 6 4||A||2oo(^).

Hence

(55) МвМ0<4И,

by (53).
To see that ф represents F, fix / E L(Aa ) and m > N in N. Then (3) in 3.1 implies

N ,1

л/) = E /
n=0 v'° 

z-1 rn
= / дЕл"л")

n=0

= / (£т/)(£тФ). 
Jo
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Let m —* oo. We obtain F(f) = (/, ф) for all / E V. Since V is dense in H, we conclude 
that ф represents F. In particular, by FefFerman’s inequality ||f|| < 25||V>||qmq an<^ ^he 
proof of i) is complete.

To prove ii), fix n E N and set Yn := Xn := L2. Define

Iliik. :=||(£„|i|2)1/2||oo
for £ E Xn and

l|A||y„ := ||(f„|A|2),/2||1
for Л E Yn. Notice for each pair £ E Xn, A E Yn that

I /V| = | /Ч(£А)|
J 0 J о

< IICI|xn||A||yn.
Thus it follows from the Riesz representation theorem on L2 that each bounded linear 
functional on Xn looks like

/(A ((EX*)
Jo

and has functional norm J|Aj|yn, for some Л E Yn. (See also Exercise 3.20.)
Let X := X0 x X\ x , and set

WC\\x := sup ||£n||x„
nGN

for £ = (£n, n E N) E X. Let

jim^||£»|^ =0}.

Then (see Appendix 0.0), each bounded linear functional Л E (X£°)' has the following 
form

Л(£) = T / 6»A, (( = (£», n E N) E

n=0

and satisfies
||Л|| = £||(£„|А„|2)1'2||,,

n=0

for some functions Л„ E L2.
Fix F E VMO' and consider the map

Yt/> := {Ф - £пф,п E N).

Clearly, Y : VMO —► X™ and IlV’lIßMO = for all ф E BMO. Thus F о Y_1 is a
bounded linear functional on the subspace Y(VMO) of X™.
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Extend F о Y 1 toJ“ by the Hahn-Banach theorem. Apply the representation theorem 
cited above to choose functions An G L2 such that

11Л1 = Цеот-'ц = ^||(f„|A«p)1/2||i
n=0

and oo -l
= К(Ф-£пФ) (V> e VMO).

n=0 J0
Since i

[ An(V> — £пф) = Í (An — SnXn)lp (n G N),
Vo Jo

the representation of F above can be rewritten as

oo -l
(56) F(V0 = T / (An - fnAn)^ (iA E VMO).

n=0Jo

We shall prove that the series £3^L0(An — SnA„) converges in L1 norm to a function / 
which satisfies

(57) II/IIh 5 3||i1|.

Indeed, the choice of the An’s implies

f>„A„ii, <

n=0

<ElK£"dA"l2))1/2ll>
n=0

= 11Л1-

Hence the series in question converges in L1 norm, say to /. The identity

m —1 m—1
Smf = 53 ^тЛп “ 53 ^пЛп (m 6 P)

n=0 n=0

implies

(58) £*f < 53sup i^’Ani + 53
n=0 -

Now, since SnA„ is an average of A„, we have

I|£bA„||1<||(£„(|A„|2))‘/2||1.
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Moreover, by Holder’s inequality and Corollary 1 in 3.1 (with p = 2), we have 

U sup |£mAn| ||i = Л £„(sup |£mA„|) ||i
m>n m>n

<2||(£„(|A„|2))V2||1

for each n E N. Therefore, it follows from (58) that

l|f*/l|i<3f>£„(|A„|2))1/2||1.

n=0

This verifies (57).
Finally, since V is dense in VMO it remains to show that

(59) =

for all ф E V. But (56) is finite when ф is a Walsh polynomial. Consequently,

m .
Р(ф)= hm V / (An - Еп\п)ф = (/,ф). I

771 —» OO /
n=0 ^

The proof of Theorem 10 contains the following information concerning the structure of 
H and BMO.

COROLLARY 9. Let / E Ho. There exist An E L2 for n € N such that

f = —
n=0

and
1 _°°. oo

57 E ll№.(l-U2))1/2lli < Il/Пн < 3E ll(f«(M2))1/2lli < <*>•
n=0 n=0

For the next several pages we shall use the notation А-i / := /(0).

Corollary 10. Let ф e L° with

IIV’IIbmo < °°-
There exists a sequence A = (A„,n E N) E L°°(l2) such that

Ф — ^ ^ A„_i An
n=0

and
^INL-(/2) < ЦтАИвмо - 4INU°°(/2)*
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(Note: If ip G BMO then since ip is of mean zero the function Aq above can be taken to 
be identically zero.)

We close this section with a few remarks about Hp for 0 < p < 1. Since these spaces are 
not used in subsequent chapters, the details are left to the reader.

A function ß G L°° is called a p-atom if ß = 1 or if there is a dyadic interval I such that

{ß?o}ci,

IM» < i/ri/p,
and

/9 = 0.

Straightforward modifications of the proof of Theorem 6 lead to the following atomic 
characterization of Hp for 0 < p < 1.

Theorem 11. Let 0 < p < 1. A function f belongs to Hp if and only if

f — У ^ anßn 
n=0

for some p-atoms ß0,ßi,... and a sequence а = (ап,п G N) G lp, where this series 
converges in the Lp quasi-norm.

For each а > 0 and each j G L1, let

H^IUtpa

and denote by Li pa the collection of functions д of mean zero which satisfy ||<7||i,ipa < oo. 
Notice that LipO is identical with BMO.

The argument of Theorem 7 can be used to show that there is an absolute constant C 
such that

I Í Smf£m9\<C\\f\\H>\\9\\uPa

JO

for f G Hp, g G Lipa, 0 < p < l,m G N, and a := (1/p) — 1. This inequality can be used
to extend Theorem 10. Namely, one can show that (Hp)' is essentially Lip((l/p) — 1).

3.6 Interpolation in Dyadic Hardy Spaces. In this section we prove an interpolation
theorem for dyadic Hardy spaces which will be used in Chapter 5 to study bases in L1.

For each 2 < q < oo let K9 denote the collection of functions g G L2 * * * * * * which can be 
represented as

OO

9 ~ У ^ An—i An
n=0

(60)
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for some sequence A = (An,n G N) G L9(l2). Notice that such a representation will 
converge in L2 norm and a.e. on [0,1) for each A G L9(l2). Hence K9 is a linear subspace
of L2.

For each g G К9, define
1Ык« := inf{||A||b,(/2)},

where this infimum is taken over all sequences A = (An,n G N) G L9(l2) which satisfy
(60). It is easy to check that this is a norm on K9 for each 2 < q < oo. By Corollary 10 in
3.5, this norm is equivalent to the BMO norm when q = oo. In particular, K°° and BMO 
are essentially isomorphic as Banach spaces.

When 2 < q < oo, the norms of K9 and H9 are equivalent. Indeed, if g G H9 then the 
sequence A = (An_iÿ, n G N) satisfies

Ildiig — ||*||l«(*»)-

Thus H9 Ç K9 and Ц^гЦл"« < ||ß</||9. On the other hand, if g G К9 and A satisfy (60) then 
by Corollary 2 in 3.1 we have

= 4g||A||L,(*2).

Hence К9 С H9 and \\Qg\\q < 4g||g||jc*.
We shall prove that one can interpolate for operators between any two of the spaces 

LP,HP, and Kp. So that our theorem can be stated in compact form, we temporarily 
introduce the following notation.

If X = L and 1 < p < oo, then Xp will represent Lp(f2, u) for some <7-finite measure 
space (Í2, v). If X = H and 1 < p < oo, then Xp will represent the dyadic Hardy space 
Hp. And, if X = К and 2 < p < oo, then Xp will represent the space Kp defined above. 
Thus given X G {L, H, K) and certain parameters p, we have defined Banach spaces Xp. 
We use this notation and the convention that l/oo = 0 in the following result.

Theorem 12. Let X,Y G {L, H, K). Suppose p0 ф pltq0 ф qlf (1 < p0, Pi, q0, qi < oo),

is a bounded linear operator with operator norm Mj for j = 0,1. If

- :=-------- 1-----and
P Po Pi

1 _ 1 -t t_ 1 1 - i t
Q Qo <7i

for some 0 < t < 1 then T is bounded from Xp to Yq with corresponding operator norm 
M which satisfies

M < CM^Ml
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for some absolute constant C.

PROOF. Let q' denote the index conjugate to q. Since both p and q' are finite, the 
collection of Walsh polynomials V is dense in Xp and Yq . Consequently, M is equivalent 
to

M := sup (I (Tf,g) \ : f,g e V, \\f\\x» < 1, |Ы|у,' < 1},

where {, ) represents the usual inner product or the one on H x BMO defined in 3.4. 
Therefore, it suffices to show

m < см$-*м{
for some absolute constant C. Our proof uses the complex method (see Appendix 0.2).

Denote the infinite vertical strip {z G C : 0 < Re(z) < 1} by S. For each z G S define 
functions pz,q'z by

Pz
1 — z z
--------- 1-----

Po Pi
and

1 1 — z z
Qz 9Ó + q'i ’

where each q'j is the index conjugate to qj for j = 0,1. Notice that pt — p and q't = q'.
Fix j = 0 or 1, y G R, and / G V П Хр with ||/||хр < 1. We shall introduce a family of 

functions (fz,z G E) which satisfies

(61) ft = f

and

(62) (yGR,;=0,l),

for some absolute constant C\ which depends neither on f nor y. (Here the symbol г 
represents y/—ï.)

If J\T = L set
fz ■= |/Ip/Pzsgn/ (z G E).

Clearly, ft = f. Moreover, for the case pj ф oo,

WfH.yWx’i < (Jn(\f\r/P’),i ‘

= n/irV/'

< i

by the choice of /. The same inequality holds for the case pj = oo. Consequently, (62) is 
valid when X = L.



122 Dyadic martingales and Hardy spaces

where f = Ylkez 13 the canonical decomposition of /. Clearly, ft = /, and

£’({,) < Y, I2*,/"I2-*£*(/<*>) (2 e E).
*6Z

But by Corollary 3 in 3.2,

£>(/<*)) < 2*«x{f/ > 2*} (it 6 Z).

Hence by Abel’s transformation we have

£•(/,+„)< 4 ^2‘"/'-Х{£/>2‘} 
t€Z

= i Е(2<‘+1)',/" - 2‘"/")х{£/ > 2‘}
1 *€Z 

кет,

Therefore, it follows from (7) in 3.1 that

ll/j+.y II H*j = ll**(WIIW
4 . ovlvi _ .

<0,11/11

Thus (62) holds for X = H.
If X = К set

/„ :=
n=0

where
«А := (^2 1Лп|2)1/2 

n=0

and A = (An,n G N) G Lp(l2) satisfies (60) for g := /. Clearly, ft — f. Moreover, for the 
case pj ф oo, the construction of A implies

11/,+.,11%', <

< 1.
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This inequality is nearly trivial when pj = oo. Consequently, (62) holds for X = K.
By a similar argument we can show that given g G V П Yq with ||gr||y,/ < 1, there is 

a family of functions (gz, z G E) and an absolute constant C2 which depends neither on g 
nor y such that gt = g and

(63) Il9j+«yll(y<;)' < C2

for j =0,1,1/ 6 R, and Y G {L, H, K}. Here (Yq)' represents the dual of Yq if 1 < q < 00, 
L1(i2, u) if q = 00 and Y = L, but H if q = 00 and Y = К.

For each z G E set
C(z):= (Tfg,g.) •

Observe by Holder’s inequality or Fefferman’s inequality that

|ф)|<С||ТА||у,Л19Л|(у„),

for j = 0,1 and zGS. Hence it follows from (62), (63), and hypothesis that

|((j+:y)|<CCiC2M,

for j =0,1 and y G R. But /, g are dyadic step functions so the function (is a finite sum 
of functions analytic on the interior of the strip E and continuous on its closure. It follows 
from the three lines theorem (see Appendix 0.2) that

icwi < cc.CíMJ-'m;.
Since ((<) = (Tf,g), we conclude from (61) that M < CCiCzMq ~*M[ as required. |

We close this section with some remarks concerning the complex method of interpolation 
due to Calderon (see Stein and Weiss [1], p. 210).

Let X be a Banach space and S denote the strip {z G C : 0 < Re(z) <!}. A map 
/ : Б —* X is called analytic on the interior E* of Z if Л о / : E —» C is analytic in the 
classical sense on S° for every functional A G X'.

Let X° ,Xl be fixed Banach spaces continuously embedded in some topological vector 
space such that X° ПХ1 ф {0}. Let ^(X0^1) be the set of functions / : E —* X° +X1 

which are analytic on E°, continuous on E with ||/||x°+JCl bounded on S, and such that
i) the map у —► f(j + ty) is continuous from R into X-7 , and
ii) the map у —> \\f(j + zt/)||x> is bounded on R for j = 0,1.

The collection T := Х(Х°,Xl) is a Banach space under the norm

Ц/ll := max {sup ||/(*y)||jr>, sup ||/(1 + iy)\\x' }•
»6R y€R

Let Mt := {/ G T : f(t) = 0}. Set Xt := F/Aft- Then Xt can be identified with the 
collection of elements f(t) G X° +X1 for / G T. Moreover, it is a Banach space under the 
usual quotient norm

x\\xt inf{||/||^ : / G T and f(t) = x}.
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The space Xt is called a space of interpolation between X° and X1 for the following 
reason. Let Jf°,.X‘1,Y0, and Y1 be Banach spaces andXt,Yt be defined as above. Suppose 
for each j = 0,1 that T is a bounded linear operator from X3 to Y3 which satisfies

\\Tx\\Yi < MjWxWjcs (xex3).
Then T is a bounded linear operator from Xt to Yt for every 0 < t < 1 and 

IITxllr, < Mj-M.'llxllx, (i6X,).

Thus Theorem 12 is part of a general theory of interpolation.
The collection 0 < t < 1, is called the collection of intermediate spaces between X° 

and X1. It is known (see Echandia [1]) that Hp, 1 < p < 2, is the collection of intermediate 
spaces between H and L2. In the classical case, it is well known that Wp, 1 < p < 2, is the 
collection of intermediate spaces between 7i and L2. Since 7ip = Hp = Lp for 1 < p < 2, 
the general interpolation theorem cited above contains the following result.

The Mixed Interpolation Theorem. IfT is a bounded linear operator from H toff 
and from L2 to L2, then T is a bounded linear operator from Lp to Lp for 1 < p < 2.

We shall use this result in 5.5 to show that the Haar and Franklin systems are equivalent 
bases in Lp for 1 < p < oo.

3.7 Martingale Trees and Almost Everywhere Convergence of Walsh-Fourier 
Series. In 3.1 we saw there is a close connection between a.e. convergence of a sequence of 
partial sums and weak inequalities for the corresponding maximal operator. For example, 
Snf converges a.e., as n —* oo, for every / 6 Lp if the maximal operator S* is of weak 
type (p, p). In 3.3, using martingale techniques, we obtained weak type (p,p) inequalities 
for the martingale transform which included the case of the dyadic maximal operator S*. 
It is natural to ask whether there exists a martingale structure which carries out the same 
program in the more demanding case of the maximal operator S*.

The purpose of this section is to define such a structure and obtain the necessary es­
timates. Specifically, we introduce a martingale structure, indexed by the tree-like set of 
integer intervals J instead of the linearly ordered set of integers, which we call a martingale 
tree. We form a martingale transform for martingale trees and obtain the corresponding 
martingale maximal inequality (compare Theorem 4 in 3.3 with Theorem 13 below). Our 
proof in this case is substantially the same. We use interpolation, replace £ by a predictor 
£* (compare the definition of S in 3.1 with (85) below), and use it to generate a canonical 
decomposition (see (90) below).

The collection J consists of the empty set together with sets of the form

I{k, -n) := [k2n,{k + 1)2") Í1N (Jfc,n € N).

For each I e J, let |/| represent the number of elements in I. For m,n G N, let /_n(m) 
denote the element I € J which contains m and satisfies |J| = 2n.

The collection J is partially ordered under set inclusion Ç. This partial order enjoys 
the following properties:

(64) {J 6 J" : 7 Ç J} is linearly ordered for each I G J, I ф 0,
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(65) {«7 £ i7 : J Ç 7} is a finite collection for each I € J, 

and, J is an upward directed set, i.e.,

(66) given 7, J £ J there is a К £ J such that 7, J С К.

We shall call the map n —► 7(0, —n) the natural embedding of N in J. It is clear that 
the natural embedding is order preserving, i.e., n < m implies 7(0, —n) Ç 7(0, —m).

Define a cr-algebra A1 for each 7 £ J as follows. If 7 = 0 set Д* := {0, [0,1)}. If |7| = 2” 
for some n £ N set A1 := An. Notice that this collection is increasing, i.e., 7 Ç J implies 
A1 Ç AJ.

Extend the operator sequence (Sn,n £ N) from the linearly ordered index set N to the 
non-lineaxly ordered index set J by

(67) Sif := ^Tf(k)wk
kei

for 7 £ J and / £ L1, where the empty sum is defined to be zero. Notice for n,m £ N 
and 7 = 7_n(m) that

2n —1
^ ^ wk — 'У ^ wm(Bs — tVrnD2n •
k£l s=0

Consequently,

(68) Sif = f * (WmD2r> ) = WmSn(Wmf)

for 7 = 7_„(m) and any / £ L1.
The operators Si behave as the operators Sn did. Specifically, by (68) above and (2) 

through (6) in 3.1, it is clear that each \Sjf\ is A1 measurable,

(69) Si о Sj = Sinj (I, J € J), 

each Si is self-adjoint in L2,

(70) \\Sjf\\p < 11/11, (l<P<oo),

and

(71) f/(A/) = Af;/

for / £ L1, 7 £ J7, and each A1 measurable function A. The operator

(72) £'f := sup \£,f\ (/€ L1)
I€J

plays the role that £* did in 3.3. (Compare with (8) in 3.1).
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To define Д/, fix I G J, f G L1, and let /+ denote the double of /, i.e., let be the 
unique element J G J which satisfies |J| = 1\I\ and I C J- (Here as elsewhere, I C J 
means I Ç J but I J.) Set

(73) A// := SI+f - Sjf.

Also define ^
Qif := ^53 |Aj/|2j

and
Q*f := sup Qjf. 

iej
Let A denote the collection of elements of the form a = (a/,/ G J), where each aj is 

./^-measurable, real valued, and

||a|| := sup |o/| < oo. 
iej

For each or G A, / G L1, and I E J, set

(74) T,(a)f := ^ ajAjf,
JDI

(75) T}(a)f := sup I QJAjfl
™ IÇJCK

and
T»/ := suPTJ(o)/.

I£J
It is important to realize that each T£(ct)/ is a linear maximal martingale transform, 

i.e., one of the type considered in 3.3. Indeed, if I = for some m,n G N then

{J G J : J 2 7} = {/_*(m) : к > n}.

Consequently, it is obvious by (68) that

(76) wmT](a)f = 'y ^ Afc(/tom)
k=n

for / = 7_n(m). In particular, this series converges a.e. and the index set is linear as 
promised. Similarly, each Qjf is a linear square function with
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for 7 = 7_n(m). Thus the inequalities obtained in 3.3 hold for each Tj(a)f and each Qif.
The non-linear maximal martingale transform T* (a)/ can be used to estimate the max­

imal function S*f. Indeed, let m € N, / G L1, and let (m,j,j G N) represent the binary 
coefficients of m. Given 7 G J with 7 = 7_n(m) set olj mn, and consider the function 
sequence

a := (of/,7 G J7).

The element a is well defined, for if 7_n(m) = 7_n(fc) for some fc G N with binary coeffi­
cients (fcj, j G N), then mn = fcn. It is also clear that a G A. And, by Theorem 8 in 1.5 
we have

Smf — 5 ^ mkWm(Sk+i Ë'k'ÿiflVm) 
k—0

= 53 atAIf-
ID{m)

Therefore, given m G N there is an or G A such that

(77) |Sra/|<TJm)(e)/.

Thus the maximal function S*f is controlled by the non-linear maximal martingale trans­
form T* (a)/.

We shall prove that T* (a)f is of weak type (p, p) for 1 < p < oo (see Theorem 13 below). 
To this end, recall that the Marcinkiewicz quasi-norm of an h G L° is defined by

\\h\\Mr := supt/|{|/i| > y}|1/p (0 < p < oo).
ÿ>0

We extend this quasi-norm to function sequences as follows. If / = (/„,n G N) is a 
sequence of measurable functions and 0 < p < oo then

(78) ||/||мг := supy ( V |{|/n| > y, |/fc| < y for all к < n }|
У>° \^o

Notice that this extends the classical Marcinkiewicz quasi-norm if we identify a function 
h with the function sequence (hn := h,n G N).

We shall denote the collection of function sequences f = (fn,n 6 N) which satisfy 
ll/llMp < oo and fn G L°, n G N, by Mp for each 0 < p < oo. Define a maximal function 
for such a sequence by

/* := sup |/n|.
nGN

It is easy to see that f is of finite Mp quasi-norm (as a sequence) if and only if f* is of 
finite Mp quasi-norm (as a function). Indeed, since

OO

{/* > y] = U {|/»| > y, |/fc| < у for all к < n }
n=0
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ll/llMP = supy|{/* > y}|1/p = ||/1mp. 
y>0

The inequalities of Corollary 1 in 3.1 can be reformulated using the quasi-norm (78):

and the sets on the right side of this identity are pairwise disjoint, we have

||(i„/,nGN)||M, < ||/||b

(79) ||(f„/,n 6 N)||„. <211/11,

and
||(4/,neN)||„, <11/11,.

It is these inequalities which we will generalize to martingale trees. 
First, for 0 < p, q < oo and g = (у/, I E J) with у/ G L°, let

IIsIImp« := sup y i / (V х{Ы > У, Ы < У for all J С 1})р/ч 
у>о \Jo Iej

i/p

Denote the collection of such non-linearly ordered sequences g which satisfy ||д||мм < oo 
by MP9. Abusing the notation slightly, set Mp := Mpp. Analogous to (78) we have

i/p
(80) ЖМГ = sup у

y>0
53 lil^l > y^J\ - У for all J С /}|

<I€J

but here the sets on the right side are not in general pairwise disjoint.
Notice for each fixed function sequence g that the numbers ||#|| mpi decrease as q increases. 

Hence we define
||$г||л*р°° := ^lim^ ||<у||мп-

Clearly, the maximal function
g* := sup Iу/1 

ieJ

satisfies
IW|a#p~ = ||y*||AfP (0 < P < oo).

To describe the analogue of (79) for the non-linear case we introduce more notation. For 
each I G J with |/| > 2 let I' denote the left half of I and I" denote the right half of I. 
In the case |/| = 1 set Г := I and I" := 0.
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Lemma 5. Let A be the interior in R2 of the triangle with vertices (0,0), (1/2,1/2), and 
(1,0). Let 1 < p,q < oo satisfy (l/p, l/g) G A. Then there is a constant A(p, q) depending 
only on p and q such that

(81) ||(|£/'/| + \£i»f\,ie J)\\M„ < A(p,9)11/11,

for all f € Lp.

PROOF. Fix (l/p, l/g) G A and y > 0. For each I € J set

91 := |£/'/| + |£/"/|

and
ßl := XÍ0/ > y,9J <У for all J C /}.

We first show that (ßi£i,I G <7) is a collection of pairwise orthogonal projections on 
L2. Indeed, fix h G L2 and Observe by construction that

ßlßj = 0

when I C J or J C f. Thus for the case / C J we have by ^-measurability of ßj that

ßiSi(ßjSjh) = Si(ßißjSjh) = 0.

For the case J Ç / we have

ßiSi(ßjEjh) = ßißjEj(£jh) - j ^ 7 ^ c ^

Finally, for the case IП J = 0 we have by (69) and (71) that

ßiElißjEjh) = ßi£i(£j(ßj£jh)) = 0.

Thus the ßi£ßs are pairwise orthogonal projections.
Apply Bessel’s inequality to these projections (see Theorem 1 in Appendix 0.1) to verify

£ HMFIIl < Fill (ft s L2).
ieJ

Since each ßj is A1 -measurable it is clear that ßj£jih and ßj£i"h are orthogonal in L2. 
It follows that

(82) £ (llfti/'ftlll + IIM/»ft||i) < Fill
ieJ

for each h G L2. 
Consider the map

Th := {ßiErKßjEjnhJeJ)
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defined for each h G L1. By (82) the map T is of type (L2, L2(l2)). By (72) and Corol­
lary 1 in 3.1 T is of type (1Д 1/(1°°)). Indeed,

II sup (max{ßi\£i>h\,ßi\£i»h\}) ||, < \\Skh\\e 
I€J

< rhw

for 1 < s < oo and h G Ls. It follows by interpolation (see Corollary 2 in Appendix 0.2) 
that

(83)

for each h G L* where

(р-я)'

\\Th\\Lr(i4) < j—j

s := s(p, q) := ^

By the definition of || • Цд/p» we have

(84)

By construction

\\{gi,l 6 J)\\mp< = snpy Í [ (53 ßi)P,q\
y>0 \J о Iej J

ß,(\£rf\" + \£i"f\q) > + \£,,.f\y
> 2l-qyqß, (I 6 J).

i/p

Consequently,

у Í/1(Ea),/’) 5 Ц'(ЕMif/'/i*+if/"/i,)),/g

We conclude by (83) and (84) that

ll(9,,/ej)||„„<21-v«(-^l:) ii/ii,

where s = s(p, ç). In particular,

i/p

A(p,?) := рг1-1'* ■ -

For each I £ J with |J| = 2” set A1- := An-1. A sequence (//,/ G *7) of measurable 
functions is said to be predictable by a sequence A = (А/, / G J") if A increases in /, if each 
А/ is A1- -measurable, and

I//I < А/ (lej).
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For each I G J set

(85) S\f := sup(|£j,/| + \£j»f\).
JÇI

Clearly for each / G L1 the sequence (£//, I € J) is predictable by (£*, I G J). Also, if

(86) £*/ := sup £\f
l€J

then it is evident that

(87) £*/ < £'f < 2£*/

for all / G L1.
Notice by definition that

11(4/, Je J)Um« = ||(|£/./| +1£i-f\,ie J)||M>.

for all 0 < p < oo, 0 < q < oo, and / G L1. Hence by Lemma 5 we have for each 
(1/p, l/q) G A there is a constant A(p,q) such that

(88) e < A(p,q)\\f\\r

for / G Lp.
Predictability can be used to estimate certain kinds of martingale trees.

LEMMA 6. Let a G A with ||a|| < 1. Suppose that A = (A/,/ G J) is a prediction of 
(£jf, I G J) for some / G L1. If 1 < p < oo and q > p then there is an absolute constemt 
B(p, </), depending only on p and q, such that

||Г(а)/||мр <B(p,9)||A||mm

and
\\Q*f\\M, <B(p,q)\\\\\M><.

PROOF. Using (69) and (75) it is easy to see that the sequence (T*(<*)(£„/), n G N) 
is increasing and everywhere convergent to T*(a)f. A similar statement holds for £?*/. 
Therefore, it is enough to prove the lemma for a Walsh polynomial f. For simplicity we 
deal only with T*(a). A similar argument works for Q*. For this case we provide the facts 
but not the details.

The proof proceeds in three steps. First we generate a canonical decomposition for the 
non-linear case. Next we use it to show the non-linear maximal martingale transform and 
non-linear square function can be estimated by a supremum of their linear counterparts (see 
(94) and (97) below). Finally, we combine this estimate with linear martingale inequalities 
derived earlier to finish the proof.
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For a canonical decomposition set 

(89) e{:=X{2‘<A/+<2‘+1} (f€J)

and
ek-.= (eî.iej) (te Z).

Observe by predictability that for each I E J we have

E 6W/ = X{^/+ > 0}Д// = A//. 
kez

Thus
53 ofjAj/ = e E eJaJAjf

IÇJCK jbGZ IÇJCK

for all I C K,I,K E J. Consequently,

(90) r(a)f
*GZ

For £2* the facts are

е/(«‘)/ = (£<‘1ллЛ2)1/г (/ e j),
JDI

Q\S)f = sup Q,(Jf) (t G Z), 
I6J

and

(91) Q’f < 53 ßW-
kez

This completes step 1.
Next, fixfceZ and for each J E J set

(92) ' 7; :=x(A/>2‘}

and

(93) := %{A; > 2\ A^ < 2& for all К C J}. 

We claim that

T>e*)/ < 2 sup ßiT}(a^)f + 2fc+2X{A* > 2k} 
IÇJ

(94)
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Sik(x)-.= Y.
IÇJCK

and observe by (75) that (94) will follow from

(95) \Z,k(x)\ < 2 sup(ßjT*j(aek)f)(x) + 2t+2X{A* > 2*}(s).
J£J

To prove (95) notice by construction that

6J = 7j+eJ (J G J)-

Consequently, if the set

{JeJ:ICJcK and 7j+(x) = 1}

is empty then F/a'(x) = 0 and (95) is trivial. If this set is non-empty, denote one of its 
intervals of minimal length by 7°. Let

Jo := {M € J : M Ç 7° and 7 m(x) = 1}

and let 71 be an interval of Jo of minimal length. Then 71 Ç 7° and 7*1 (x) = 1 but 
7*(x) = 0 for every L С 71. By comparing (92) and (93) we have /3p(x) = 1. Thus by 
minimality of 7° and 71,

Eik{x) = £i°k(x)
= (o/oejo A/о/) (x) + F/о/Jx)

= (ot/oefoA/o/) (x) + /3*i(x) (Ецк^х) - Г/г/о (x))

:= Fi(x) + F2(x).

Now (89) implies

(96) X{A" > 2*}4 = €j (J € J).

Consequently by predictability we have

|ВД|<2-2‘+1Х{А*>2*}(*).

for A* := supjGj A j. Fix x 6 [0,1) and a pair I, K G J which satisfy 7 С K. Set

By definition we have
№(*)! < 2|A1,(x)|(T-/,(o<‘)/)(I).

This establishes (95) and the proof of (94) is complete. For the case Q* it turns out that

(97) eV) < supß)Q,(^f) + 2fc+3x{A* > 2*}.
iej
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This completes step 2.
For step 3 set

gÿ := 2‘x{A- > 2*}, gÿ> := sup
iej

and suppose for a moment that there are constants B^ := B^(p, q) depending only on p 
and q such that

(98) UsJ? > <2*}| < В<0*-«2-'*р||Ъ„

for all к G Z, t > 0, and i — 1,2. Notice by (94) that

r>€i)/<4(9<:, + s<2.)) (tez).

Also notice by definition and (96) that

4?x{A* > 2‘} = gÿ (t € Z,i = 1,2).

Hence by Lemma 2 in 3.2 and (98) we have

y”\{T-(c.)f > y,A‘ < y}| < 8"(В<‘> + B(2))C(p,g)NPM„

for all у > 0. Since
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Moreover, use predictability and Theorem 3 in 3.2 to see that

< 2&+:%{A' > 2&} (A E Z,7 6 J).

Consequently, if SÇhlA1) represents the conditional expectation of an h £ L1 with respect 
to A1, we have by the ^-measurability 0f ß>j and Corollary 8 in 3.3 that

I A') < (j^-) Í(í8‘|T/(í*)/|' I A')

< V s-1 ) ßi

for every A £ Z, / £ J, 1 < 5 < oo, and some absolute constant A. Combining this 
inequality for s > q with the definition of g^k\ it follows from Corollary 2 in 3.1 that

n4? > <2‘}l < «-«2-*« /1(X>№(o-t*)/rr/'
/GJ

< 4t-"2-^ / (V/?*£(|TK«e*)/r I A7))9/e
*^° /GJ

for A E Z and t > 0. Finally, let s := g2/p. By the definition of || • ||м>» we conclude that

Híg’ > <2‘}| < B<2)<-’2-'’1||A||î,„,

for some constant depending only on p and q. |
Since (£//, / E J) is predictable by (fj!/, I E J"), Lemma 6 and (88) combine to establish 

the following result.

THEOREM 13. Let 1 < p < oo. There is a constant Cp depending only on p such that

I|T»/||mp < <7,11/11,

and
llßVIlAfP < C,H/Ц,

for all / E Lp and all а £ A with ||a|| < 1.

In particular, we have shown that the non-linear maximal operator T* (a) is of weak type 
(p,p) for all 1 < p < oo, and а £ A with ||a|| < 1. Thus by Theorem 2 in 3.1 and (77) 
above, we have proved the following convergence theorem.

THEOREM 14. If f £ Lp for some p > 1 then Snf —» / a.e. on [0,1) as n —► oo.

We have also proved that S* is of weak type (p, p) for all 1 < p < oo. Thus it follows 
from the Marcinkiewicz interpolation theorem (see Appendix 0.2)

COROLLARY 11. The maximal operator S* is of type (p,p) for all 1 < p < oo.
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Exercises

3.1 Show the dyadic maximal operator £* is of weak type (1,1).
3.2 Let 1 < p < oo and suppose the maximal operator S* is of type (p,p). Prove that

Snf —» /, as n -* oo, in Lp norm and a.e. on [0,1).
3.3 Let n = 2"1 + 2"2 + • • • + 2n< where ni > n.2 > • • • > ne > 0 are integers and t G P.
a) Show

t 2"j+i -1
wnDn = ^2 Wk-

b) Let g := fwn for / G L1 and prove

c) Use Paley’s inequality to show there is a constant Cp for each 1 < p < oo such that

IlSn/ll, < Cpll/lt\p
for n Ç N and f G Lp.

d) Show the inequality in c) holds if and only if Snf —> f in Lp norm as n —* oo for all 
fe LP.

3.4 Prove there is a constant c > 0 such that

\{Snf > y}l < ^

for all / G L1, n G N, and y > 0.
3.5 Use 3.4 to show there exist constants cp > 0 for 0 < p < 1 such that

and
\\snf\\p <cp\\f\U (0 < P < 1)

both hold for all / G L1 and n G N.
3.6 Let

Show that f G L°° but Qf £ L°°.
Hint: Is Qf > y/n on [2-n,2_n+1) for some n G P?
3.7 a) Using the fact that the constant Cp in Corollary 4 is O(p), as p —> oo, prove
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for y > 0,a 6 A, ||or|| < 1, and / € L1. Неге

'~h *

b) Show that

i:■’S“
for a G A, ||a|| < 1, and / 6 L°°.

c) Prove there exists an absolute constant B such that

i: К2Я
о ЗЦ/Цоо

< в

for all / G L°°.
3.8 For each a G A and 0 < p < oo define the p-norm of the martingale transform T(o)

by
||T(«)||p := sup \\T(a)f\\p. 

fev,\\f\\p<i

Prove
imii, =

for all 1 < p < oo, where 1/p + l/q = 1.
3.9 Let / G BMO and y > 0. Show there exist absolute constants A, В > 0 such that

\{\f\ > У}\< Aexp(-Bt//||/||BM0).

[John and Nirenberg [1]]
3.10 a) Show Llog+ L Ç H.
b) Show that if / G H and f > 0 then f G Llog+ L.
c) Let

/(*) := (-1)"^, (x e (2-",2-"+1),n e P).

Prove / G H but / ^ L log+ L.
Hint: Show |Q/|2x(2-n, 2-n+1) < 22n k~4 f°r w G P.
3.11 Suppose 1 < p < 2 and / G Hp. Prove there is an absolute constant C such that

h k^r ) < C||/||h..

Hint: Let Т/ := (nf(n),n G P),% := L*(P, v), where i/({n}) := 1/n2 for n G P, and 
use interpolation (see Theorem 12 in 3.6).
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3.12 Let 2 < q < oo and let Kq denote the collection of / 6 L2 for which there exists a 
7 E L9 such that

(97) í„|/-£„/P<í„(72),

for n 6 N. Define a norm on K4 by

ll/ll :=mf UtII?,

where this infimum is taken over all 7 E L9 such that (97) holds. Prove that Kq and the 
space K9 introduced in 3.6 are equivalent Banach spaces for each 2 < q < 00.

3.13 a) Let F :V —> R be a linear functional and set

„(/):= F(x(f)) (fe%).

Prove that и is a quasi-measure and

for every / E V.
b) Show that to each linear map F : V —> R there is a dyadic martingale {gn,n E N) 

such that
F(f) = lim Í gnf 

0
for every / E V.

c) Using b), prove that (Lp)' = L9 for 1 < p < 00 where p and q are conjugate indices.
3.14 Prove

I2“".2""“)

belongs to L1 but does not belong to H.
3.15 Prove

V>:=^nX[2-”,2-"+l)
n=l

belongs to BMO but does not belong to L°°.
3.16 Show there exist functions / E H and ф E BMO such that /ф £ L1.
3.17 Prove BMO is closed under square roots, and

IIv^IIbmo - 4\/WbmÖ

for ф > 0, ф E BMO.
3.18 Prove

11/*у11вмо ^ ll/lb IMIbmo
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for all / G L1 and g G ВМО.
3.19 Use the martingale maximal theorem (Corollary 1 in 3.1) and Fubini’s theorem to 

prove that a non-negative / G L1 belongs to H if and only if / G L log+ L.
3.20 Let (Xn, II • ||n), n G N be a sequence of Banach spaces. Set

X := Xq X X\ x ...,

11(11/- := sup HCnlln,
n€N

and / oo \ Vp
11(11" := (£ IKnllSj

for 1 < p < oo and ( := (Со Ль ... ) G X.
a) P rove

Xp:= Udi,P<oo}

is a Banach space for 1 < p < oo.
b) Let 1 < p < oo and p' be the index conjugate to p. Denote the dual of Xn by Yn, let

Y :=Y0 xYi X ...

and form Yp as Xp was formed above. Prove that A G (Xp)' if and only if there is a 
Ф = (Фп,n gN)gP such that

ЦЛ|| = ||Ф||у,'

and
Л(() = £ф„((„)

n=0

for all ( = ((„, n G N) G Xp.
3.21 Suppose fn G L°° for n G N and

n=0

a) Show

b) Let

Ml ££n/„l2)<2 (m e N).

Ф ^ ^ £nfn- 
n=0

Prove ф G BMO and
IIV’IIbmo ^ ^2-
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3.22 Let X C L^l00) be the collection of sequences / = (/„, n G N) such that /„+1 = /„ 
for n sufficiently large. Set /00 := lim„_>oo/n- For n,N G N, let €n := (6nk,k G N) and 
e(N) (0,0,..., 0,1,1,... ) where the first 1 in starts at the iV-th coordinate,

a) Verify that / G X implies there is an N G N such that

N-1

/ = 53 /"6n +/ooC(N).
n=0

b) Show that any F G X' has the form

W) = E K'A) + (-îw,/«o) (/ ex)
n=0

where Yjh=o len| + < ||-F’||,77e7V) = eN + г7(лг+1), and N depends on f and is given
by a).

c) Prove that given F G X' there exist 77, e* G L°° for к G N such that

Я/) = Е(€‘-А) + к/«> (/ex)
к=0

and

ш+£ыи»<1И1-
к—0

3.23 Let X represent the space introduced in Exercise 3.22. By considering the map 
from H into X defined by

/ -» (£n/,n G N),

prove that every ф G BMO can be written in the form

ф = V +
k—0

where 77, e* G L°° for к G N, and

Il M + 5Zl€fcl ll°° - IIV’IIbmo-
k=0

3.24 Let (an,n G P) be a sequence of positive numbers which satisfy
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Prove there is a constant К such that

5>tl/WI < JV||/IIh
Jt=l

for all / G H.
3.25 a) Show

*,(«):= i+£;h£1

*=i

converges for x G (0,1) and belongs to Lip(l, L1).
b) Show Lip(l, L1) С BMO but Lip(l, L1) is not contained in L°°.
[Ladhawala [1]]
3.26 Let Z be the collection of intervals which are the union of any pair of adjacent 

dyadic intervals of the same size. Call ß G L°° an Z-atom if ß := 1 or if ß is of mean zero, 
and satisfies

W0}c /,

Halloo < jjj>
for some interval /GÎ. Set

II/II-H := inf{ IM<'}.
where the infimum is taken over all sequences a := (an,n G N) G l1 which satisfy f = 

anßn for some Z-atoms ß0,ßi,.... Similarly define atomic Ti and BMO norms 
where Z is replaced by the entire collection of subintervals of [0,1).

a) Prove
ll/ll* < ll/ll* < 411/11*.

b) Show / G BMO if and only if there is a constant c such that

M:=sjGMlz™c|2) ' <o°’

in which case \\f\\^0 < 2M.
c) Prove

У\\вмЪ - WfÏÏMO < 811/HßT^,.
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CONVERGENCE IN NORM

4.1 Lp Convergence of Walsh-Fourier Series. We have seen that the Walsh-Fourier
series of any / G Lp,p > 1, converges to / a.e. It is natural to ask if Sf converges also in 
Lp norm.

THEOREM 1. If 1 < p < oo and / G Lp then Snf —► /, as n —► oo, in Lp norm.

PROOF. Let e > 0 and choose a Walsh polynomial P such that Ц/ — P\\p < e. Since 
SnP = P for n large, it is clear that

ll/-5„/||,<||/-P||, + ||S„P-5„/||,.

Thus Corollary 6 in 3.3 implies

lira sup [J/ - Snf\\p < 2Cpe. I

Since L°° is not separable, Theorem 1 fails for p = oo. It also fails for p = 1 (see Theorem
2 below). However, the situation changes if we pass to 2n-th partial sums. Indeed, since

l|Sj»/||, = 11^2» *f\\,

< Ip2-ll.il/ll V

= WfWr

for all n G N, the proof of Theorem 1 establishes that 62» —► /, as n —> 00, in Lp norm 
for all 1 < p < 00 and f G Lp.

Much more is true. Let Ф : [0,00) —► [0,00) be an increasing, continuous, convex function 
such that Ф(0) = 0 and Ф(2х) < СФ(х) for x > 0 and some absolute constant C > 0. We 
shall show that

(1)

for any / G L° which satisfies

First, apply the conditional Jensen inequality Ф(£„|/|) < £„(Ф(|/|)) to verify that f is 
integrable and thus that S^nf /, as n —♦ 00, a.e. and in L1 norm.



4-1 Lp convergence 143

Next, fix к E P and choose by Egoroff’s theorem a measurable set Ek Ç [0,1) such that 
|Ejt| < 1 /к and S2»/ —► f uniformly as n —► oo on Ek := [0,1) \ Ek. Write

/ ф(|5,./-Л)= / *(|Sa-/-/l)+ L Ф(|52-/-/|)
V 0 V Ejk V Ek'Eh

:=/Г + ^2П

for each n E N. Since Ф(0) = 0 it is clear that f2n -* 0 as n -+ oo. On the other hand, the 
condition on Ф implies

Moreover,

I?<CÍ Ф(52п|/|) + C Í Ф(|/|). 
JEk J Ei,

/ ф(22.|Л)</
J El JEl'Ek JEk

by the conditional Jensen inequality, and

/ %.(Ф(1Л)М / Ф(1Л)
JEk JEk

as n —> oo

since Ф(|/|) e L1. It follows that

limsupj" < 2C Í Ф(|/|) 
n—юо J Ek

which verifies (1).
The following result gives a sufficient condition for convergence in L1 norm of the full 

sequence of partial sums Snf .

Theorem 2. If f e L1 and

(2) tu(1)(/,^) = о ^log ^ as 6 -*■ 0

then Snf —> f in L1 norm as n —► oo. However, there exists an F E L1 with

ív(1^(F, 6) = О ^log as 8 —► 0

such that SF does not converge in L1 norm.

PROOF. Suppose / E L1 satisfies (2). For each n E N write

n = 2k+e (0 < l< 2fc)



Z

and recall that
Snf = S2kf + / * (rkDe)

(see Theorem 8 in 1.5). Since 52* / —> / in L1 norm it suffices to show

(3) sup К/ * (rjfcD/)||i -4 0 as к —> oo.
o<e<2k

Toward this, fix 0 < i < 2k and use the fact that г*(2-*-1) = —1 to write

(rkD,)(t) = -(nD,)(t + 2-*-1)

for t 6 [0,1). By Fubini’s theorem we have

||/»(r*z>/)||i <\j' [ \m - fit + г-1"1)! \D,(x + <)l dtdx

= \\rnu f J' im - /(<+2-‘-')|di.
Since, ||D^||i = O(logl) as i —» oo (see the remarks following Theorem 9 in 1.6), it follows 
that

|l/*(riDi)||, <СЫ»>(/,2-‘)

for Á: E N and some absolute constant C. Consequently, (2) implies (3), and the proof 
that Sf converges in L1 norm is complete.

To construct the function F, set nm := 2m,

Mm := 53 (m G N),
k<m/2

and
F := £2-ЧЛп* .

fc=0

Since ||Z?2m||i = 1, it is clear that the series defining F converges in L1 norm, and conse­
quently is the Walsh-Fourier series of F. Hence by Theorem 9 in 1.6,

= 2-‘||Sm„„№".)|Ii

= 2-‘||Dm„, II,

>Ci >0

for к Ç. N. In particular, the Walsh-Fourier series of F does not converge in L1 norm.
To estimate a/^(F,£), fix 0 < S < 1, choose m E N so that

144 Convergence in norm

2-nm+i < S < 2~n'
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and observe that

\F(X + y) — ^(z)| < ^2 2 k(D2nk (x) + D2nk (x + y))

for every 0 < y < 8. Therefore,

< 4-2~m

4

= 0 ЫГ
as 6 —> 0. I

4.2 Uniform Convergence of Walsh-Fourier Series. By Corollary 4 in 2.4, functions 
of bounded fluctuation which belong to Lip(a, G) for some a > 0 have uniformly con­
vergent Walsh-Fourier series. We shall see presently that the Lipschitz condition can be 
relaxed considerably.

Several times in this chapter we shall use the following notation. If j is an integer of the 
form

a=0

where к G P and je = 0 or 1, then elements of G are defined by

X j . Ofc—lijfc—2> • • • 0, . . . ).

(This is simply the group analogue of bit-reversal introduced in 1.4.) For each f defined 
on G and x 6 G, the numbers

o*

give an indication of how much / wiggles near x. (Here, (e*, fc G N) is the usual closed
system in G introduced in 1.2).

THEOREM 3. If f G C(G) and ||[/&||ос —* 0 as —► oo, then Sf converges uniformly on 
G.

PROOF. Fix & G N and 0 < n < 2k. Set N := 2k + n and recall that S^f — 
S2kf + f * pkDn■ Since S2kf —> f uniformly on G as t —» oo, it suffices to prove

fc—юо0<n<2fc
lim max Ц/* (/9jfcDn)||oo = 0.
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To show this fix X G G, к £ N, 0 < n < 2k and write

(/ * (pkDn))(x) - Í f(x + t)pk(t)Dn(t) dp(t)
JG'G
2* —1 1

= /пи f(x+t)pk{t)Dn(t)dp(t)
j=0 i=0 ^z> +*e* + /* + i(0)

= Dn(0) / Y7-l)‘/(* + î'et + t) d.p{t)
•"*+i(o) ä

. 2* —1 1
+ / У] Dn(x\k^) y^(—1)*/(д + Д;** + + Qcfyi(Q

Jlk + i(0) j=1 i=o

—: J i + J?.

Since Dn(0) = n < 2k and /i(/*+1(0)) = 2 * 1, it is clear that

Since / is continuous, it follows that

lim max ||Л ||oo = 0.
k->oo 0<n<2*

To estimate J2, observe by definition that given 0 < j <2k there is an integer lo such 
that x(jk) 6 Jy0 \ //0+i and j < 2k~e°. Consequently, Theorem 8 of 1.5 implies

\Яп(х]к))\ = I J2nt(ptD2')(x(jk))\
e=o

= I ^Гпере(х(к))2е\ 
e=o

< X>*
/=o

< 2/o+1
2k+i

< ——.
3

It follows that
, 2*-l

ш< ijD"(x>fc))i i/(z++o - л*+4fc) + ek+oi ^(o
J lk + l(0) y- j

, 2*-l
< 2fc+1 / t |/(z + ZjO +1) — /(x + ZjO + ejfc + 01 dp(i).

Jh+m fri 3
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In particular, the hypothesis implies

lim max ||J2||oo < hm ||С7*||оо = 0. |k—*oo 0<n<2k fc—► oo

COROLLARY 1. If f G C(G) is of bounded fluctuation, then Sf converges uniformly 
on G.

PROOF. Since u>(/, 2~k) —> 0 as к —> oo, we may choose integers mo,mi,... such that 
mk < 2k — 1, rrik —> oo as к —> oo, and

lim cv(/, 2-Á:) logm* = 0.
fc—+ oo

Observe by definition that

i 2* —1 -
\Uk(x)\ - u(f,2 k) + ^2 ~w(f,x + Ekj)

j= 1 J J = + 1 ^
2* —1

< (1 + \ogmk)u(f,2~k) +-----—
m* + 1 У

for z G G, & G N, and Ekj := + fjk(0). In view of Theorem 3, it suffices to show that
the sum

2* —1
A := ^2 u(f,Ekj) 

j=о
is uniformly bounded in k. However, under the identification of G with [0,1), the elements 
z^, 0 < j <2k, correspond to the dyadic rationale p/2k,0 < p < 2k. Consequently,

2* — 1
a< Y “U,hpM-

p—Q

This sequence is bounded in к because / is of bounded fluctuation. |
By itself, continuity of f is not sufficient to conclude that Sf converges uniformly on G. 

Indeed, fix x G G and consider the functionals

An/==(^/)(z) (nGN,/GC(G)).

Each An is linear. Moreover, we have by (49) in 1.5 that

|A»/I < 11/lleollA.lli.
In particular, each An is a bounded linear functional on C(G) with functional norm sat­
isfying

ЦЛ.11 < ||D„||,.
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This inequality is an equality. Indeed, Dn is a dyadic step function and so is g : = 
sgn{rxDn). Thus g G C(G). Evaluation of Л„ at g shows ||An|| = ||Dn||i for all n G N. 
But supn£N ||Dn||i = oo. Therefore, it follows from the Banach- Steinhaus theorem that

sup |Л„/| = oo 
n€N

for all / belonging to a dense Qs set in C(G). In particular, given x G G there is an 
f G C(G) such that (5n/)(z) does not converge, as n —* oo.

Such a function cannot be found if its modulus of continuity decays rapidly enough. 
(Compare with Theorem 2 in 4.1.)

THEOREM 4. Let f G C(G) and suppose that

w(f,6) = ofl°g^ as 8 -» 0.

Then Snf converges to f uniformly on G, as n —► oo.

PROOF. Let n G N and choose integers fc G N and 0 < Í < 2k such that n = 2k + & 
Then

Snf = S2kf + Sk,tf,

where
Sk,tf := / * (^2kDt)

for 0 < Í < 2fc, A: G N. Since 52*/ converges to / uniformly on G it suffices to show

(4) Hm max ||S*,//||oo = 0.
k-*oo 0<f<2k

Toward (4), fix z G G and recall that xp2k(ek) = —1 but tpj(ek) = 1 for 0 < j < 2k. 
Thus it is evident that

Sk,if(x)= f (x + t)Dt(x + t) dp(t)
J G

= — Í f(t)x/>2k (x + t + ek)D([x -f t + ejt) dp(t).
J G

Since /i is translation invariant, this identity implies

2||SW|U < вир / |/-те,/||т,Д,|*<ы(/,2-‘)||Вг||1- 
i€G J G

In particular, (4) follows from hypothesis and the fact that

ll-D^lli = O(logl) = O(log2<:) as к —► oo. |

This result is called the Dini-Lipschitz theorem. We shall show (Theorem 6 in 4.3) that 
“o” cannot be replaced by “0”.
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In view of the fact that the Walsh-Fourier series of a continuous / may diverge at a point, 
it is natural to ask whether uniform estimates for the partial sums Snf can be obtained.

Il'S'n/lloo = \\Dn * /IIoo < ||£>n||l||/||oo
and ||Z?n||i = O(logn) as n —> oo, an immediate answer to this question is

11 Sn /11 oo — ^(lo§ n) as n —► oo.

Thus the operators
^.:C(GMC(G) (»>2)

are uniformly bounded. Since the collection of Walsh polynomials is dense in C(G) and

n ►oo log n

for all P e V, it follows from the Banach-Steinhaus theorem that

Snf = o(log n) as гг —> oo

uniformly on G for each / 6 C(G). We shall see (Theorem 6 in 4.3) that this estimate 
cannot be improved.

Although the Walsh-Fourier series of a continuous function need not converge at every 
point, it is always uniformly Cesàro summable on G. Indeed, since the Walsh polynomials 
are dense in C(G), ||Ä'n||a < 2 for n 6 N (see Theorem 16 in 1.8), and anP - P uniformly 
on G, as n —> oo, for any P 6 V, it is easy to see that

H*7«/ - fWoc - 0

for every f G C(G). (See also Exercise 2.10.)

4.3 Walsh-Feje'r Polynomials. These are the functions Qq,Qx... defined by

22n-l

Qn ■■= Фмп CkXt’k (n e N)>
k= 0

where Nn := ^ for n € N, c0 := 0, and

c2k+l •— ( — 1)^2 k

for 0 < i < 2k, к G N.
The Walsh-Fejér polynomials enjoy a number of useful properties.
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Theorem 5

i) ||S*Qn||oo < 2n (fc,n € N),

ii) Q„(0) = 0 and HQnlloo <2 (n G N),

iii) |(S*Q„)(x)| <4m (x t Im{0), € N, m, n > 2),

iv) (‘^N„Qn)(0) —n (ti Ç. N).

PROOF. To prove i) observe by definition that

2n-l 2i+1-l

iisto„iioo < E E ic‘i
j=0 k—7>

2n —1
= E1

j=o 
= 2n

for fc,n G N.
To prove ii), fix n G N, set Ik ■= A-(0) and «7jt '■= Ik \ Ik+i f°r ^ G N. Use the Paley 

lemma to see that
1 x G /jfc+i

2 kpk(x)D2k(x) = < — 1 x G Л 
0 x £ Z*

holds for fc G N. Thus for j < 2n and x G Jj we have

22n-l
|Qn(z)| =| 53 C*^(X) I

k=0

=| ^(-l)"2-^t(z)D2.(z) j

k=0

=1 E(-d‘+(-1)’+11
k=0

<2.

On the other hand, Qn(x) = — ® ^or x ^ ^2n‘
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To prove iii), fix X ^ Im, m,n > 2, к E N, and choose jo E N so that x E Jj0. Then 
jo < m and by i) we may suppose that m < 2n. Decompose Qn = Qn + Q2 where

Qn := (1 — x(Jjo ))Qn and Qn x{Jjo )Qn- 
Recall (see Theorem 8 in 1.5) that

л 00
(‘S'ikQnX^) = / QKWkix +i)^2^j(pjD2j)(x + t)dfi(t).

Jg j=o
Since Q\(t)D2i (x + t) = 0 for j > j0, < E G, it follows that

КЗДЬ(*)|< / £l<?i(<)l-D2j(x+ <)*(<).
v/° j=0

Consequently, ii) and ||J92,- ||i = 1 imply

< 2(jo + 1).
On the other hand, since Q2n = CLij;^nx(Jj0) for a = — 1 or 2, we have for any <eG that 

02„(i) = a2-(j"+1>V.N„(f)B2/o-H(t + e,„)

= <,2-(«+1>Vw„(i) 53 + <=»)•
j=o

It follows that

l(St<92„)(x)|<2.2-(>«+1) 5] 1 = 2.
j=0

Combining this estimate with the earlier one, we conclude that

|(-S’fcQn)(;r)| < 2(j0 + 1)4-2 
< 2m + 4
< 4m.

To prove iv) observe by Theorem 3 in 1.2 and the definition of Nn that
П —1

{0,1,2,..., iVn — 1} = Nn ® A2k
k=о

where A2Jt := {£ E N : 22k < l < 22fc+1} for к £ N. Thus by the definition of the c/s we 
have

(SW„Qn)(0) = 53 53 Q 
*=0 <GA2t 

n-l -,

*=0 £€Aik 

— П. I
These polynomials can be used to construct functions / E C(G) with divergent Walsh- 

Fourier series.
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Theorem 6
i) There is a function f G C(G) and a set E C G such that (Snf, n G N) is uniformly 

bounded, E П /*(x) is uncountable for all x G G and к G N, but 5/ diverges on E.
ii) There is a function f G C(G) whose Walsh-Fourier series is everywhere convergent, 

but not uniformly convergent.
Hi) Given any sequence (An, n G N) which satisfies An = o(log n) as n —» oo, there is a 

function f G C(G) such that

lim sup
\щщ

= oo.

iv) There is a function f G C(G) whose Walsh-Fourier series diverges at some point in 
G, but whose modulus of continuity satisfies

as 6 —► 0.

PROOF. Let (а*, к G P) belong to l1, (nk,k G P) be a strictly increasing sequence of 
positive integers, and (xk ,k G P) be a sequence of points in G. Consider the function

(5) f(x) := ^akp2nk(x)Qnk(x + xk) (i G G).
*=i

By Theorem 5 ii), it is clear that / G C(G). Moreover, since (5) converges uniformly and 
the spectrum of each term satisfies

(6) sp(,>2„.Q„l)Ç[22"\22"‘+1),

it is clear that (5) represents the Walsh-Fourier series of /. Hence, if for any к G P and 
x G G we denote

(522nt+Nt/)(z) — (522n* /)(x)

by skf(x), then

(7) l<t/(z)l = |ai||(SN„l0„.)(x + x1)|.

To prove i), let ak := 2~k,nk := 2k for к G P, and let (xk,k G P) represent a sequence 
of points in G to be specified below. By (6) it is clear that given any n G N there is an 
index к G P such that

*-1 1
(Snf)(x) = V ;r7/>2j+i(x)Q2,(x + xJ) + a*p2*+i(x)fí(x), 

i= i 2

where R is a partial sum of the polynomial TxkQnk. It follows from Theorem 5 i) and ii) 
that

\\Snf\\oo < 2 —: + -j^2 • 2k < 4.
j-1
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Therefore, the partial sums of Sf are uniformly bounded. Furthermore, by (7) and Theo­
rem 5 iv) it is clear that

(8) |4/(i‘)l >1 (is P).

In particular, given any к G P there is an integer m* so large that

IWMI > 1 (Хб/Го1(х‘)).

Hence the Walsh-Fourier series of / diverges on the set

e ■■= fl U
j=1h—j

Now, given integers mk one can choose points xk G G so that the sets Imic(xk) “fill up” 
G. In particular, the points xk G G can be chosen so that each E П 7f(z) is uncountable 
for all X G G. (Compare this with the construction of Cantor sets in 2.3.) This verifies i).

To prove ii) set n* := 2*,а* := 2~k, and xk := e* for к G P. By (8), the series Sf 
cannot be uniformly convergent. To see that Sf is everywhere convergent, fix z G G, set

0jt := sup |(SmQ„J(z +xk)\
m£N

for к G P, and observe that it is enough to show that 2~kQk —> 0 as к —> oo. If z = 0 then 
Theorem 5 iii) and the fact that xk ^ /*+2(0) imply

0fc <4(fc + 2) (k 6 P).

If z ^ 0 then since xk —> 0 as к —> oo, there are integers £0, k0 G P such that z + zfc ^ Ifo(0) 
for к > k0. Hence by Theorem 5 iii),

Ofc < 4^o-

In either case, then, 2—► 0 as Д; —► oo.
To prove iii) we may assume that An = en log n for n G P, where both £n j 0 and 

A„ —* oo as n —> oo. Choose positive integers Ui, П2,... so that

ХЛ"* < °°-
k=l

Choose qk | 00 so that

£ := ^£пЛ* < 00
fc=i
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> aknk - 2e.

Since en/\n —► 0 as n —* oo, it follows that

> - limsup qk = oo.
2 k—►OO

To prove iv) let nk := 2k,ak := 2-*, and xk := 0 for к E P. The proof of i) above 
verifies that (5/)(0) diverges. To show that the modulus of continuity of / grows as it 
should, set n0 := 0 and choose an integer j(y), depending on y E G \ {0}, which satisfies

Let
7 ( У ) — 1

/2О) := ^2 akP2nk(x)Qnk(x + xk) (x E G),
b=i(y)

and observe that fi(x + y) = fi(x) for z E G, and that / = /1 + /2. But Theorem 5 ii) 
implies

for all x, y E G. Consequently,

<*>(/, <5) < sup ------
|y|<<5 7Ъ'(У)

4.4 Summability of Walsh-Fourier Series in Homogeneous Banach Spaces. We
have seen that the Walsh-Fourier series of a function / E C(G) is uniformly Cesàro 
summable on G. In this section, we shall investigate the norm convergence of certain 
sequences of dyadic convolution operators (see Theorem 7 below).

Let X be a Banach space with norm || • ||. The space X is called a homogeneous Banach 
space ÏÎVÇXÇ L^(G) and if the following three properties hold:
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(i) ll/lli < ll/ll (/€*),

(ii) rxf ex, \\rxf\\ = ll/ll (xgG,/gX),

and, given f EX there is a sequence of Walsh polynomials (Pn,n G N) such that

(iii) Jiirn^ IIP„ - /II = 0.

It is clear that I/(G), dyadic Hp, 1 < p < oo, and C(G) are homogeneous Banach 
spaces.

The familiar inequality Ц/ * g\\p < ||/||i||flf||p holds for any homogeneous Banach space: 

LEMMA 1. If X is a homogeneous Banach space, if f € L^G) and g,h £X, then

II f*g~h f f dp У < Í \\rtg - h\\\f{t)\dp(t).
J G J G

In particular,
II/* S'il < \\f\\i\\g\\

for all f G L^(G) and g EX.

Proof. Fix f G Ь*(С), h G X, and suppose for a moment that g = P is a Walsh 
polynomial of order 2n. For each 0 < к < 2n with binary coefficients (kj,j G N) define a 
point xk G G by

X , k\,kn—1,0,0,...).

Since
2" —1

G= (J /„(**)
k=0

we can choose real numbers c* such that

P= CkX(In(xh))-

k-0

Fix X G G and observe that

(/ * P)(x) - h(x) Í fdp= f f(t)(P(x+t) - h(x))dp(t)
Jg J g

2n-l »
= V / m(rtp(x)-h(x))dp(t).
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In particular, it follows from the choice of the c*’s that

II f*P-h [ fM\ = II ^(rz*P-/l) f

2" —1 .
< £ K‘-p-'iii /

t=0 "■<«*)

fM\

\f\dfi

\\r*P - ЛЦ \f\dfi(t)

= Í \\rtP - h\\\f\dn(t).
JQ

Hence the lemma is true when g = P is a Walsh polynomial.
Suppose now that g £ X. By condition (iii) we can choose Walsh polynomials Pn, for 

n G N, such that ||gi — Pn|| —► 0 as n —► oo. It follows from the case already considered 
that for all m, n £ N

ll/*P„-/*Pm||< [ ||t,(P„-P„)|||/(<)|Ф(<)
Jg

= IIP- - Pm|| H/Ц,.
Hence (/*Pn,n £ N) is Cauchy in A". Since X is a Banach space and satisfies (i), it follows 
that f * Pn converges in L!(G) norm. But

H/*P»-/**||l <||/||l||Pn-^||l

<\\fh\\Pn-g\\,

for all n £ N, so / * Pn —> / * g in X as n —» oo. Consequently,

IIf*g-hí fdn\\ = lim ||/*P„ — h f fd[i||
Jg п-юо jG

< lim f \\rtPn-h\\\f(t)\dn(t).
n-+oo JG

In particular, an easy calculation verifies the inequalities. |
A sequence (P„, n £ N) of functions in C(G) is called an approximate identity (for 

dyadic convolution) if

(9) ||Pn||i = 0(1) as n —f oo,

(10)

and

(" E N),

(11) lim [ \Pn\dpL = 0
n^°° Jo\ik(o)

for each igN.
It is clear by the Paley lemma that (£)2п>п E N) is an approximate identity. The Fejér 

kernels also form an approximate identity:
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LEMMA 2. The sequence
K„ = -^2Di (П6Р)

n 1—f1=1

is an approximate identity.

PROOF. By Theorem 16 v) in 1.8, ||Ä"„||i < 2 for n € P. Hence (9) is satisfied.
Since fG Dn dp — 1 for n G P, it is clear that (10) is satisfied.
To verify (11), recall that D2> = 0 on G \ /*(0) for j > k. Hence by Theorem 16 iv) in

1.8, if n G P and 2n_1 < m < 2" then

•— J i 4" T2.

Since к is fixed and n —► oo as m ► oo, it is clear that

lim J\ = 0.

To estimate J2, observe that

(G \ /jt(0)) П Ij(ei) = 0

when min{i,j } > k. Consequently,

k — l

Since n2 n —> 0 as n —> oo, it follows that

lim J2 = 0.

The following result shows that in any homogeneous Banach space, S2nf and onf con­
verge to f in norm as n —> oo.
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THEOREM 7. Let (Pn,n € N) be an approximate identity, and X be a homogeneous 
Banach space. Then

Hm ||Pn */-/||=0

for all f EX.

PROOF. For each n E N set
An/ := P„ * /•

By Lemma 1 the linear operators A„ : X —♦ X are uniformly bounded for n E P. Moreover, 
the collection {rxD2k : x E G and к E N} is closed in X and by (ii) satisfies

||Pn *TxD2k -TxD2k\\ = IlTx(Pn * D2k - D2k)II

= ||Pn * D2k — D2k У (n, к E N).

Hence by the Banach-Steinhaus theorem we need only consider the special case / := D2k 
for some fixed к E IS.

Using the notation introduced in 4.2, let

G к := {y E G : y = for some 0 < j < 2k}.

Fix n G N and write

A(n) := \\Pn * D2k - D2k\\ = \\ \ TyD2k Í Pndp-D2k\\.
y€G* Jlk(y)

By (10) we have
A(n) = Il 53 (ту-°2* -£>2*) / Pn

y€Gfc "»(»)

Separating the term у = 0 from other y's in Gjt, and using translation invariance of the 
norm of X, we obtain the following estimate:

A(n) < 53 \\тУ°1к * D2k II / |P«|<fc
yGGt.y^o A(y)

<2||ад/ IPnid/z.
Jo\ik(.o)

Therefore, (11) implies that A(n) —► 0 as n —> oo. |
We shall denote the Cesàro means of a Walsh series S := акФк by

an := ~ 535jk (n G P)>
k= 1

where for each к E P
Jk-i

-S'* :=
>=o

We close this section with a characterization, in terms of on, of Walsh-Fourier series and 
Walsh-Fourier-Stieltjes series.



4-4 Homogeneous Banach spaces 159

THEOREM 8. Let S = be a Walsh series and X be a homogeneous Banach
space. Then

i) S is the Walsh-Fourier series of a function f E X if and only if crn converges in X as 
n —► CO.

ii) S is the Walsh-Fourier series of a function f E L°°(G) if and only if there exists a 
constant M such that

(12) Kll» <M<oo (n 6 N).

iii) S is the Walsh-Fourier-Stieltjes series of a finite Borei measure и on G if and only if 
there exists a constant M such that

(13) Kill <M <oo (n E N).

PROOF. To prove i), observe by Theorem 7 that if S = Sf for some / E X then 
limn_»oo crn = f in the norm of X. Conversely, if crn converges in X, as n —► oo, let f 
denote its limit. Then / E X and <7n —> / in L1 norm. In particular, for each j E N we 
have by orthogonality that

To prove ii), observe that if S = Sf for some f E L°°(G) then

К/ll» = \\Kn * /11=0 < llJf.lllll/lloo (n 6 P).

In particular, (12) holds with M = 2||/||oo by Theorem 16 in 1.8. Conversely, if (12) holds 
then for each integer N < n we have

í>f(i-i)2<X>i2(i-i)2
j—0 j—0

= f К12 dp
J G

< M2.

Let n —> oo and then N —► oo. We obtain

Eia,f<M2.
j=о
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In particular, by the Riesz-Fischer theorem (see Appendix 0.1), S is the Walsh-Fourier 
series of some function / G L2(G). By Theorem 7, <7n —> / in L2(G), as n —* oo. Thus 
there exists a subsequence of integers n\ < ro2 < ... such that аПк —► / a.e. as fc —♦ oo. 
Therefore, it follows from (12) that / G L°°(G).

To prove iii), observe that if S is the Walsh-Fourier-Stieltjes series of a finite Borel 
measure v of total variation ||z/||, then by definition and Fubini’s theorem we have for 
n G P that

Kill = / Í Kn(x+y)du(y) 
Jg Mg

dn(x)

< Í \ \Kn(x+ y)\dn(x)dv(y). 
Jg Jg

Since Ц is translation invariant and ||Ffn||1 < 2, it follows that (13) holds with M = 2||i/||. 
Conversely, suppose (13) holds. The functionals

An/:= / fend» (nGPJe C(G)) 
Jg

are bounded and linear on C(G). In fact, by (13) they satisfy

|An/| < МЦ/lloo

for all n G P and f G C(G). It follows from the Banach- Alaoglu theorem (Appendix 0.0) 
that there is a subsequence of integers щ, n2,... and a finite Borel measure v on G such 
that

/ f du = lim / fank dy,
Jg fc->0° Jg

for all f G C(G). Applying this identity to / = ipj yields u(j) — a,j for all j G N. |
The important thing in Theorem 8 is that the Fejér kernels are uniformly L1 bounded. 

Thus Theorem 8 also holds for 2n-th partial sums of Walsh series (see Exercises 4.6 through 
4.8).

4.5 Sets of Divergence. Let X be a homogeneous Banach space. A set £ Ç Gis called a 
set of divergence for X if there exists a function / G X whose Walsh-Fourier series diverges 
on E.

Recall that the maximal function of an / G L!(G) is defined by

S*f := sup \Snf\.
nGP

It is clear that 5* is a sublinear map from L1(G) into the collection of measurable functions 
on [0,1), that S*f = 0 if only if / = 0 a.e. on [0,1), and that the Walsh-Fourier series of / 
diverges at an i G G whenever (S* f)(x) = oo.

Sets of divergence for homogeneous Banach spaces can be characterized by using the 
maximal operator S*.
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THEOREM 9. If X is a homogeneous Banach space and if E is a set of divergence for X 
then there is a function f G X such that S* f = oo on E.

PROOF. We claim that given any g G X, there is an unbounded monotone increasing 
sequence Л = (Лj,j G N) of positive real numbers and a function / G X such that

(14) fU) = AjSU) U e N).

To prove this claim use Theorem 7 to choose a strictly increasing sequence of positive 
integers П\, n2,... such that

(15) <2-* (JfceP).

Consider the function / defined by

/ := 9 + ^2(g - S2nkg).
k= 1

By (15), this series converges in the norm of X, hence in L!(G) norm as well. In particular, 
/ belongs to X and

fU) = 9Ü) + 53 / (S' “ S*»*д)Фз dp
Jfc=l JG

for j G N. Therefore, the claim follows from orthogonality if we set

A, := 1 + 1 0' e N).
2"*<J

To prove the theorem, suppose that g G X is a function whose Walsh-Fourier series 
diverges on E. Use the claim to choose a monotone increasing, unbounded sequence Л 
which satisfies (14). By Abel’s transformation,

П —1
Sng — Smg — У3(5>-ц/ - Sjf) —

j — m

S»/ Sm/
^n —1 A, J = m+1

for any integers n, m G N with n > m. Since A is increasing, it follows that
2

\Sng - Smflfl - T—S*f (n, m G N, n > m).

Since A is unbounded, it follows that Sg converges at x when S*f(x) is finite. In particular, 
(S*f)(x) = oo for all x G E. |

A homogeneous Banach space X is called shift invariant if

Wgx, Ш\\ = H/ll

for all / G X and n G N. Notice that the dyadic Hardy space H is not shift invariant. 
However, C(G) and LP(G) are all shift invariant for 1 < p < oo. Sets of divergence in 
shift invariant homogeneous Banach spaces have the following useful characterization.
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THEOREM 10. Let X be a shift invariant, homogeneous Banach space. A set E Ç G is a 
set of divergence for X if and only if there exist Walsh polynomials Pi, P?,... such that

(i6)
i=i

and

(17) sup S*Pj(x) = oo (x G E).
je P

PROOF. Suppose first that E is a set of divergence for X. Let д & X be a function 
whose Walsh-Fourier series diverges on E. By repeating the proof of Theorem 9, we can 
choose an unbounded, monotone increasing positive sequence (Лj,j G N) and a function 
/ G X such that

Sng - Smg = Snf
An —1

for all integers n,m G N,m < n. In particular, if (tv,, j G N) is any sequence of positive 
numbers which satisfies u>j = o(A;) as j —> oo, and

T—H' < °°i 
aj+i

then |(5j/)(x)| ^ O(uij) as j —» oo, for any x e E. Consequently, we can choose an 
unbounded, monotone increasing sequence (cvn,n G N) such that for each x E E, the 
inequality

(18) |(&,/)(i)|>w„

holds for infinitely many integers n G N.
Use Theorem 7 to choose strictly increasing sequences of positive integers (nj, j G N) 

and (mj,j G N) which satisfy nj < rrij + 1,

(19) ||/-52n,/||<2->,
and

(20) ||s*(s2-j/)||00<^ U e N).

Consider the functions defined by

Pj :=S2™j+, (j 6 P).
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Clearly, these functions are Walsh polynomials. We will show that they satisfy (16) and 
(17). Since ||S2«flf|| < H<7H for n 6 N and g £ X, (16) is a direct consequence of (19). To
verify (17), fix X £ E and choose an n £ N satisfying (18) which is large enough that 
rrij < n < rrij+i for some j £ P. Since the definition of Pj implies

S„P, = S„/-S„(S2n,/),

we have by (18) and (20) that

l(S„P>)(x)| > |(5„/)(x)| - > \шт,

Hence (17) follows from the fact that ivm —> oo as m —> oc.
Conversely, suppose that

is a sequence of Walsh polynomials which satisfies (16) and (17). Let n\ := m\ and for 
j > 1 set rij := 1 + max{nj_i,mj}. Then (nj, j £ N) is a strictly increasing sequence of 
integers and it is easy to see that

(21) 2n>+1 0 kx > 2n> 0 k0

for any choice of integers ki and k0 which satisfy 0 < k0 < 2m>, 0 < ki < 2m>+1 and j £ N.
Let

/ := 53 ^2",

and observe by (16) that / £ X. Since the norm of X dominates the L1 norm, it is
clear that the series defining f converges in L1(G) norm. Consequently, this series is the 
Walsh-Fourier series of f. Moreover, (21) can be used to see that

Si”j+kf - f = V>2"j SkPj

for 0 < к < 2n'+1 — 2nj, j £ P. In particular, (17) implies the Walsh-Fourier series of f 
diverges at each x £ E. |

COROLLARY 2. If X is a shift invariant, homogeneous Banach space, and E\,E2,... are 
sets of divergence forX, then E := (J^_1 En is a set of divergence forX.

PROOF. Apply Theorem 10 to choose Walsh polynomials P^n\ P2n\ .

ЕИп)и<~

.. such that
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and

(22) sup(S*Pjn))(x) = oo (x E P„, n E P).
J6P

Thus there exist integers mi < m2 < ... such that

00 1E llffll < ÿ (»eP).
j=mn

Let (Qj,j e P) be any enumeration of the polynomials {Pjn^ : j > mn,n = 1,2,...}, 
e.g., Qi := Pmi, Q2 := Pm], Qz := P^V+i» • • • • Each Qj is a Walsh polynomial and

00 00 1

j=1 n=l

In particular, by Theorem 10 it suffices to show that

sup(5*Q_,)(z) = 00 
>€P

for X e E. But this follows from the construction and from (22) since every x 6 E 
necessarily belongs to some En. |

We turn our attention to specific homogeneous Banach spaces.

THEOREM 11. If 1 < p < 00 and E Ç G is a set of Haar measure zero then E is a set of 
divergence for LP(G).

PROOF. We begin with a general remark. If A Ç G is a finite union of dyadic intervals 
/1, /2,..., In for some ne P, and if N is any non-negative integer, then there exists a Walsh 
polynomial

2M-1

P = Ck^k 

k= 2n

for some M E N such that
|P(x)| = 1 (x E A),

and
/ |P|pd/, = XA). 

Jg

Indeed, if := max{2N, 1 /n(Ij) : 1 < j < n}, then

P := x(A)V%

is such a polynomial.
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To prove the theorem, suppose E Ç G satisfies p(E) = 0. Cover E with dyadic intervals 
(Ik, к G N) such that

£XA)<1

and each x G E belongs to infinitely many of the sets Ik- Set no := 0 and choose integers 
no < ni < n2 ... such that

£ Klj) < 2-'" U 6 N).

Apply the general remark above successively to the sets

- U h U e N)

to generate integers mo := 0 < mi < m2 < and Walsh polynomials Pq, Pi, ... such that

(23) ap(P,) C [2%2™'+'),

(24)

and

\Pj(x)\ = 1 (x G A,)(25)

for j G N.
Set

observing by (24) that this series converges in LP(G) norm. Hence / G LP(G) and this 
series is the Walsh-Fourier series of /. Moreover, since the spectra of the polynomials Pj 
are pairwise disjoint, we have

*$2т1+1 f — Simi f — Pj (j G N).

Since every x G E belongs to infinitely many of the sets Aj, it follows from (25) that the 
Walsh-Fourier series of f diverges at every point x G E. |

This theorem cannot be improved for 1 < p < oo. Indeed, in this case the Walsh-Fourier 
series of an / G Lp converges a.e. (see Theorem 14 in 3.7).

It can be improved considerably for p = 1.
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THEOREM 12. There is a function f E L*(G) whose Walsh-Fourier series diverges every­
where.

PROOF. Fix n E P and use the remarks preceding Theorem 10 in 1.6 to choose a number 
C > 0 and an integer mn E [2n-1,2") such that

m„ —1

II 53 ^fclli > Cn.
k—0

The constant C does not depend on n.
Consider the function

m„ —1 \

E4
Jfc=0 /

It is constant on any set of the form I(k, n),0 < к < 2n. Hence gn is a Walsh polynomial 
of order at most 2”. Moreover, by the choice of mn we have

(Smngn)(x) > Cn (x E /„(0)).

Set
2" —1

Qn := J| (1 4" Pn-\-kTx(n)Qn)

k=0

where the points x^n) E G, 0 < к < 2n were defined in 4.2. Clearly, Qn is a Walsh 
polynomial of order at most 22"+n, and Qn > 0.

By expanding the product used to define Qn, it is easy to see for fc = 0,1, ...,2" — 1 that

^2n + * + mn Qn ~ S?, n+kQn — Рп+к$т„ (Tz<>)i7n)'

The choice of the integers mn therefore imply

(26) l(Sj.+.+„.<?»K*)-№•+•<?»)(*)! >C" (x e /„(4"1))-

Moreover, since the terms of the expanded product have pairwise disjoint spectra, it follows 
that

(27) ||0«||, = 1.

Let n\ < П2 < ... be positive integers chosen so that

V' 1£^<0°’

pr.=
and set

U e p).
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By (27) it is evident that

Elinni < °°-
j=i

Moreover, for a fixed z G G it is possible to choose integers 0 < k(j) < 2n> such that

«еД,(4м) ti e П

Hence (26) implies
(smPj)(x) > |v%7

for j G P, and z G G. Consequently, G is a set of divergence for L1 (G) by Theorem 10. | 
What about sets of divergence for C(G)? We saw in 4.3 that every singleton is a set of 

divergence for C(G). Hence it follows from Corollary 2 above that every countable subset 
of G is a set of divergence for C(G). On the other hand, no set of divergence for C(G) 
can be of positive p measure (see Theorem 14 in 3.7). It is an open question whether every 
subset of G of p zero is a set of divergence for C(G). A partial answer to this question is 
given by the following result.

THEOREM 13. If E Ç G is compact and p(E) = 0, then E is a set of divergence for C(G).

PROOF. By Theorem 10 we need to show there exist Walsh polynomials Pi, P2,... such 
that

£ra°o<°°
j=i

and
sup (S*Pj)(x) = oo 
j€ P

for all X G E. If we can construct Walsh polynomials P%, Pg,... such that ||P/||oo < 1 and

(S'H,)(x) >e-

for X G E and t G P then the proof will be complete. Indeed, set

Pi ■■= j,Rv 0' e P)

and verify that these Pj's satisfy the required properties.
The construction of the polynomials Rt will be presented in three steps.
For the first step, suppose for i = 0 and 1, that A, is a finite union of pairwise disjoint 

dyadic intervals of length 2""*' for some k, G N with fc0 < &i- For example,

M
A, := (J Ij (M € P)

-7=1
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with fi(Ij) = 2 k°. Suppose further that Aq D A\ and that

(28) n{Ij П Aj ) < p( J> \ A\ ),

for 1 < j < M. We claim that given any Walsh polynomial R of order less than 2k° which 
satisfies ЦДЦоо < 1, R = 0 on A0, and

(29) l(SmÄ)(*)| > \

for some integers m,l 6 N and all x 6 Aq, there exists a Walsh polynomial Q of order less 
than 2*1 which satisfies ||Q||oo < 1, |Q| < 1/2 on Aq, and

|(sm+,<?)(*)| > ^

for all X G Ai, where q := 2fcl — 2*°.
To prove this claim set

(&*#)(%) > 0 
(^Д)(х) < 0,

gdfj. (l<j< M),

and define a function / on G by

{
g(x) X e Ax

aj X G Ij \ Ai, 1 < j < M

0 X 6 [0, 1) \ Aq.

By the definition of the o/s, it is clear that

for 1 < j < M. Since f vanishes off A0, it follows that f is of mean zero on I(p,k0) for 
all 0 < p < 2*°. Consequently, f(j) = 0 for 0 < j < 2k°. On the other hand, since / 
is constant on all intervals of the form /(p, &i),0 < p < 2fcl, it is clear that f(j) = 0 for 
j > 2kl. Hence / is a Walsh polynomial and

2*1 -1

/= Y, fWr
>=2*o

The choice of q implies j ® q < q for 2k° < j < 2kl. In particular, it follows from (46) in
1.5 that
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By assumption, R(j) = 0 for j > 2k°. Since the choice of q implies ф^фд = ipj+q for 
0 < j < 2k°, we have

^qR = ftjWi+i-
j=о

Therefore,
Sm+q(rpqR) = tpqSm(R).

Consequently, if Q := (/ + R)ipq then

To see that Q enjoys the promised properties, let x G A\ and suppose that (SmR)(x) ф 0. 
The identity above, the definition of /, and (29) imply

|(^Р)(т)| = |/(т) + (^Д)М1
= l^sg n(SmR)(x) + (5тЛ)(х)|

= \ + |(5„Д)(х)|

> e + i

On the other hand, if (Smi2)(x) = 0, then (29) implies that 1 = 0. Hence

|(^+,Р)(х)| = |/(х) + (^Я)(%)|

= 5 + 0 

^+1

Thus |5m+gQ| > (£ + l)/2 on Ax.
To obtain bounds for Q, observe that the supports of / and R are disjoint by definition. 

Since both f and R are dominated by 1, it follows that ||Q||oo < 1. Moreover, (28) implies 
that I/I < 1/2 on A0. Since R vanishes on A0, we see that |Q| < 1/2 on A0. Finally, by 
construction Q is a Walsh polynomial of order less than 2kl. This completes the first step. 

For the second step, use the fact that E is compact to choose sets

such that

E0 := G D Ei D ...

E Ç f| Et, 
1=1

and such that each E( is a finite union of dyadic intervals of length 2 к^\ say
M(t)

E' ■= U V-
J=1

\
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Since n(E) = 0 we may suppose that k(£) < k(£ + 1) and when constructing £/+i from Ее 
that each interval ij^ has been diminished by at least half, i.e.,

(30) x4"n%+,)<x;j"\A+,)

for 1 < j < M{£) and l G N. This completes the second step.
For the third step we show that to each £ G N there correspond a Walsh polynomial 

Re and an integer m{£) such that ЦД/Н«, < l, Re = 0 on £2/, and

|(S„(„fi,)(z)| > e-

for all z G £2/.
Set R0 := 0 and suppose that such Re and m(£) have been chosen. Apply the claim to 

Aq := E2e, Ai := £2/4.1, M := M(2£), ko := k(2£), k\ := k(2£+l), m := m(l) and R := Re. 
Thus choose a Walsh polynomial Q such that ||Q||oo < 1, \Q\ < 1/2 on £2/, and

|(Sm+,Q)(x)| >

for all z G E2e+\ where
g :== - 2^^.

Let
01 /<(/(2'+1)\Я2,+2) Qdß

for 1 < j < M(2£ + 1) and define h on G by

( —Q(x) X G £*2/+2
h(x) := j ft X s jf <+1> \ E2,+2> 1 < j < M(2t + 1)

i 0 X G [0,1) \ £2/4-1.

Finally, set Re+i := h 4- Q and m(l + 1) :=m + g.
Let X G E2e and observe by (30) and the choice of Q that |/i(z)| < 1/2. Hence

|£(+i(z)l 6 \h(x)\ + |Q(x)| < - +

On the other hand, if x G [0,1) \ E2e then

|£f+i(z)l = IQMI < i-

Consequently, ЦЛ^-иЦоо < 1.
Let x G £2/4-2- By construction /i(z) = — Q(z). Hence it is clear that Re+i vanishes on 

£2/4-2-

Z
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Finally, observe that h is of mean zero on 7(p, k(2£ + 1)) for each 0 < p < 2fc(2/+1\ and 
h is constant on 7(p, k(21 + 2)) for each 0 < p < 2*(2'+2). Therefore,

2t(2/ + l)_1 2*(2/ + 2)_1
-R/+1 = 53 QU№ + 53

j=0 J=2*(«+1)

Since m(l + 1) < 2fc^2,+1\ we conclude from the choice of Q that

l(Sm(,+i,fi,+,)(i)| = |(5m+,Q)(x)| > ~

for all X G E2e+i. I
By combining this result with Corollary 2 we see that every Ta set in G of Haar measure 

zero is a set of divergence for C(G).

4.6 Adjustment of Functions. We have seen that the Walsh-Fourier series of an / G L1 
may diverge everywhere on [0,1). Nevertheless, it is always possible to adjust /, by 
changing its values on a set of small measure, to obtain a new function whose Walsh- 
Fourier series converges uniformly (see Theorem 14 below).

We begin with a technical result concerning polynomial approximations on dyadic in­
tervals.

LEMMA 3. Let 0 < p < 2n, m > n, and l > 0 be integers. If h is the characteristic function 
of I(p, n), then there exists a Walsh polynomial

2m+<-i

9= 53 c,Wt
i=2m

which vanishes off I(p,n) such that

(31) Ks ф л}| < 2~n-‘,

W*)l < 2',

and
|<Sjv0(a:)| < 2<

for X G [0,1) and N G N.

PROOF. Denote the dyadic expansion of x G [0,1) by YlkLо xk/2k+1- For each pair of 
integers m,f G P let E(m,f) denote the set of points x G [0,1) which satisfy xm+j = 0 for 
0<j<i. Then E(m,£) is a union of 2m dyadic intervals of length 2~m~e. In particular,

Let

\1(р,п)ПЕ(т,£)\ = 2~n~e.

g(x) := <
0
1-2'
1

x G [0,1) \ I(p,n) 
x G f(p, n) П E(m,£) 
otherwise.
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Then g satisfies (31), vanishes off I(p, n), and is dominated by 2l. Also, if % represents the 
characteristic function of E(m,t) then

(32) 9 = ( 1 - 2'%)&.

Both h and % can be represented in product form. Indeed, the definition of Rademacher 
functions implies that

2 Xk — Ук1 + rk(x)rk(y) =■ 0 Xk ± yk,

for к E N and i, t/G [0,1). Hence for any fixed у E /(p, n) we have

П —1
& = 2-n fj(l + rkrk(y)).

k= 0

Since Walsh functions are products of Rademacher functions, this product when expanded 
yields

(33)

Similarly,

(34)

which when expanded yields

2n —1

h = 2~n ^2 wjwj(y)-
j=о

m+t—l
X = 2-' П <1 + r‘)

k—m

X = 2-'(l + Г),
where E represents the sum of all Walsh functions whose indices have the form

2*1 + ••• + 2k<

for i < i and m < k\ < • • • < fcj < m +1. It follows from (32) and (34) that g = -h-E. 
Thus by (33), y is a Walsh polynomial of the form

2m+< —1
g = 2~n ciwh

j=2m

where Cj = ±1 for exactly 2n+* — 2n values of j, and Cj = 0 otherwise. Therefore, if N E N 
and X E [0,1), then

2m+/_i

I№v9)(*)l < 2-“ £ |c,|
2m

< 2-n(2n+< -
= 2# - 1.

2n)
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THEOREM 14. If P\ < q\ < p? < q-i < ... are positive integers with (qk/pk,k G P) 
unbounded, if f belongs to L°, and if e > 0, then there is a function д whose Walsh- 
Fourier series converges uniformly, whose Walsh-Fourier coefficients satisfy g(j) ^0 only 
when pie < j < g*, к = 1,2,..., such that

I{/ Ф g} I < c.

PROOF. By Lusin’s theorem, we may suppose that f is continuous and ||/||oo < 1- Write 
/ as a uniformly convergent sum of dyadic step functions. Specifically, let

f=Y,si
j=о

where each Sj is constant on dyadic intervals of the form I(k, nj) for 0 < к < 2nj and some 
rij E N. Since f is continuous we may choose (rij,j E N) increasing so rapidly that

(35) M < 2"2> (j e N).

Arrange the intervals I(k,rij), 0 < к < 2n>, j > 0, into a sequence by the following 
process. Let V-i := 0,

*г-=±Г',

/=0
and set

Ji . — I(k, nj)

for i = Vj- \ +k < Vj, j E N. Thus if /j represents the characteristic function of the interval 
Ji, then there exist constants a0,«i,... such that

/ — ^2 a,^‘- 
i=0

By the choice of the functions Sj, this series converges uniformly. And in view of (35), we 
also have

(36) H < 2-2j 

for Vj-i < i < Vj and j E N.
We shall use Lemma 3 to adjust each First, choose jo so large that

Ê2_i <£-

j=jo

Next, suppose Vj-\ < i < vj is fixed and use the fact that (qh/Pk, G P) is unbounded to 
choose an index k{ and an integer m, such that

Phi < 2m< < 2m<+J+JO < qk{ and m,-! + j + j0 < mt.
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Apply Lemma 3 to h := fi, £ := j + jo, n := nj, and m := m,. Thus choose a function gi 
which is a linear combination of Walsh functions whose indices t satisfy 2m< <t< 2m,+J+-70 
such that gi = 0 on [0,1) \ Л, |gi| < 2J"*"-70, |S'jv<7»| < 2J+J0 for TV G N, and g, = except 
on a set E{ of measure 2_n> .

Set

(37) g :=
i=0

This series converges uniformly. Indeed, if z G [0,1) and j G N are fixed then there is only 
one index i which satisfies gi(x) ф 0 and Vj-\ < i < Vj. Hence it follows from (36) and 
the inequality |gr, | < 2-7+j0 that

|a^i(z)| < 2~2j 2j+jo = 2jo~j.

In particular, (37) converges uniformly by the Weierstrass M-test.
Set

E := [J Ei
i=0

and observe by construction that f = g except on the set E. But the choice of jo and the 
choice of the sets Ei imply that

oo Vj —1

|я| = £ £ IS,i
7=0 i—vj _ i

_ 2n> 2~nj ~j~j°
7=0

= Ё2~'<£-

7=7o

Consequently, g differs from f only on a set of measure less than e .
It remains to verify that the Walsh-Fourier series of g converges uniformly on [0,1). Let 

N > 0 be an integer and use uniform convergence of (37) to write

$N9 — 'У ] QiSn9í-
t=0

By the choice of gi,

Sn9í = { 0

9i
N < 2m<
N > 2m<+1.

Since for each TV > 0 it is possible to choose an integer £ such that 2m< < N < 2m<+1, it 
follows that

t-1
Sn9 = ai9i + atSNgt.(38)
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But Vj-1 < t < Vj for some integer j. Hence by (36) and the fact that |Sjv<7<| < 2J+jio. we 
have

\ae(SNge)\ < 2-'+".

Since j —» oo as i —► oo, it follows that a/(Sjvy*) —» 0 uniformly as t —► oo. Hence by (38) 
and the fact that TV—►ooasl—>oowe conclude that

Sn9 -*■ 5

uniformly on [0,1) as TV —> oo. |
Theorem 14 is not true if “converges uniformly” is replaced by “converges absolutely.” 

To verify this we need several preliminary results.
For the next few pages let G* represent the subgroups introduced in 1.4, i.e.,

Gfc := {x = (z0, zi,... ) € G : zn = 0 for n > k}

for к G N. Notice each G& is a subgroup of G of order 2k. The discrete Walsh-Fourier 
transform of an / 6 L*(G) on G* is defined by

(39) /(m;Gfc) := 2~k ^ /(y)V’m(y)
j/GG*

for 0 < m < 2k and к 6 N. Since

2* —1
(40) Фт(у)Фт№ = -ö2*(y + t) = Sy t2k

m=0

for y,t E Gjt, к E N (where Syt is the Kronecker delta), we have an inversion formula for 
this discrete Walsh- Fourier transform. Indeed, by definition and (40),

2*-l
(41) f(y) = ^2 f(rn;Gk)tpm(y)

for y E G* and к E N.
The discrete Walsh-Fourier transform of the translate of a function is essentially a Walsh 

series (see (45) below). First notice that if / is a Walsh polynomial whose spectrum satisfies 
sp(/) < 2k then

(42) 7(m; Gk) = f(m)

for 0 < m < 2k. Next, verify the orthogonality relation
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for i G N and 0 < m,s < 2k. Use this to see that

(44) Tz/(m; G*) = 52 /(^2fc + m)xj>(2k+m(x)
1=0

for / G A(G), X G G, к G N, and 0 < m < 2*. Finally, observe that the Walsh series on 
the right side of (44) is the Walsh-Fourier series of the function

r*/(m;G*) (iGG)

(see Exercise 4.12). Consequently, the 2n-th partial sums of this Walsh series converge a.e. 
[//] when / G IA(G) and uniformly when / G C(G). In particular,

2n —1
(45) rz/(m; Gk) = Jim^ 52 f(£2k + m)rpt2k+Tn(x)

e=o

for a.e. [//] X G G when / G L*(G) and for all x G G when / G C(G).
These observations will be used in the next two lemmas.

Lemma 4. If f G A(G), к G N, and g is a function defined on G*, then

(46) 2~*| 52 Яу)у(у) I < ll/ll A max^ |y(m;G&)|.
!/£Gt 0<m<2

Proof. By inversion and orthogonality (i.e., (41) and (43)) we have

2fc — 1
53 f(y)y(y) = 52 7(m;Gt)?(m;G&).

yGG* m=0

Consequently, it follows from (44) that

2 * — 1 oo
2-‘i E /(y)s(i/)i < E Ei/(i2‘+m)n»(m;Gt)i

y£Gk m=0 <=0
< ll/ll A max \g(m-,Gk)\. ■

0<m<2'=

LEMMA 5. Let A Ç G be measurable and e > 0. Then for every к G N there is an 
x G Ljfc(0) such that

(47) 2-‘ E x(A)(x + !/)>,,(A)-£.
y€Gt

PROOF. Fix IGG, set / := x(A) and observe by inversion and orthogonality that 

2~h 52 х(Л)(х + y) = 2~k 52 1(Т*/)(У)|2
3/GGfc 3/GGt

2* — 1
= 52 lTr/(m;Gfc)|2
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for every к G N.
Suppose the lemma is false. Then there is a A; G N such that

2-1
53 IG*)l2 < KA) -£

for all X G /*(0). Since the left side of (47) is invariant under translation by elements of 
G* it follows that this inequality holds for all x G G. In particular,

, 2-1 __
fx(A)-6> / V |rr/(m;G*)|2^(z).

V'G m=0

Consequently, by Parseval’s identity

2-1 л
KA) -E > 53 yG 53 7(^2fc + т)ф(2к + m dfi(x)

m=0 ',уя 1=0

= Wf\\i
= f \f\2dfi

J G

= KA)

which is a contradiction. |
A local variant of the А-norm proves useful in this context. For each dyadic interval I 

and / G A set

We shall show that

(48)

and consequently that

(49)

II/IIÁ 11x00 (f - ^(7) J, 0 d>1) Ha-

ii/iiÁ < E i/(m)i
m=l/n(I)

for every / G A and x G G.
To prove (48) fix a dyadic interval 7, fix x G 7, and choose n G N such that /i(7) = 2~n. 

Set

x(0
/40

— ГХТ)2П

Since by Paley’s lemma
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it is clear that g{m) = %(7)/(m) for any m > 2n. Moreover, by definition,

x(/)/(m) = [ 2~nD2n(x + dfx(t)
Jo

2" —1 .
= 2_n 53 M*) / /WmwWW

f=0 */G
2" — 1

= 2 n 53 Фе(х)/(т ®£).
e=o

Consequently,
2" —1

(m)| < 2- 53 |/(m®<)|
/=0

for every m > 2n. On the other hand, it is clear since //(/) = 2 n that g(m) = 0 for 
0 < m < 2n. We conclude that

oo 2" —1
HsIIa < 2~" E E |7(т®<)|

m=2n (—0

= 53
m=2r

This completes the proof of (48).
Finally we introduce a sequence of Walsh polynomials whose C(G) norm is uniformly 

bounded, whose A(G) norm is not, and such that if a function / is close to one of these 
polynomials on a certain discrete set then the A(G) norm of f must be large (see Lemma 
6 below).

To this end, use the isomorphism introduced by (15) in 1.2 to identify each

P=5>‘2*eN
k-0

with the element
P ■= (Po,Pi,...) € G.

For each n E P set
2n —1

Pn 2 53 rl;P‘2nTpP'2n •
p=l

Notice that the terms of this sum have pairwise disjoint spectra and non-overlapping 
supports. Consequently, we have

(50) 11 Pn 11 OO — 1
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(51) ||Pn||A = 2n - 1
/

and

(52) max |Pn(m)| = 2_n.

Furthermore, it is clear by construction that

(53) sp(P„)Ç[2",22").

(These polynomials will be used in 7.4 to construct null series with non-negative partial 
sums).

For the following, if A is a discrete set then |A| represents the number of elements in A.

LEMMA 6. Let g G A(G), I be a dyadic interval with p(I) = 2~k and suppose A is a 
subset of G4fc П I. If

(54) \A\ > -|G4i П I\ = -23k

and

(55) l(#-At)x(A)|<l

then

(56) llx(/)sllA>5(t-3).

Proof. Set
G(x) := sin (g(x)) (x G G),

and suppose for a moment that G G A(G). Notice by (55) that |C?(y)| > 1/2 and

sgn G(y) = Sgn P2k(y) = P2k(y)

for every y G A. Hence the number of points in A can be estimated by

i|A|<^G(y)P„(y)< Y, G(y)P2i(y) + |(G4* П 7) \ Л|.
y G A yGG-jj, ni

Therefore, (54) and (46) imply

g23‘ < 2“ |P21(m; G4t)| ||X(/)G||A.

Consequently, we have by (42) that

|2* < ||x(/)G|Ia-(57)
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On the other hand, since G(x) = sin (g(x)) can be expanded in a Taylor series and since 
A(G) is a Banach algebra (see 2.4), it is obvious that

IIx(/)G||a < Y,
n=l

llx(^H2An+1
(2 n + 1)!

<exp||x(/)flf|lA-

We conclude from (57) that

2* 3 < exp||x(/)5f||A- I

We axe now prepared to show that there exist continuous functions which cannot be 
adjusted on a set of positive measure to have absolutely convergent Walsh-Fourier series.

THEOREM 15. There is an F E C(G) such that if f E A(G) then

KiF = /}) = o.

Proof. Set
F:= Y, 2"4nP24n+i

n=0

and observe by (50) that this series converges uniformly on G. Thus F E C(G). Moreover, 
this series is the Walsh-Fourier series of F since by (53) its terms have pairwise disjoint 
spectra.

Suppose the theorem is false, i.e., that there exists an / E A(G) such that E := {F = /} 
is of positive fi measure. Let x° E E be a point of density for E, i.e.,

(58) lim
(^mX(E))(z«)

2~m
lim XW^)nE)

m—<• oo 2-m
= 1.

For each n E P set kn := 24n 2, and

E0 := /*„(х°) П E.

Choose N E P by (58) so that n > N implies

fi(E0)> j2-4

Choose by Lemma 5 an xn E 74*n(0) such that 

(59) 2-“”|G«„ Пт,•,£„!>

Finally set
9n •— 4кптхп (y S^kn F').
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Fix an integer n > N. We will show that the hypotheses of Lemma 6 are satisfied by 
9 — 9m к — kn, I := /*„(* ), and

A = G4tn П тхпЕ0.

First notice that g E A(G) because f E A(G). Next notice by (59) that hypothesis (54) 
is satisfied. To see that hypothesis (55) also holds break P into three pieces:

P= 2-4,P24,+, + 2"4nP24„+i + 2-4'P24,+i
i=0 i=n+l

= : ^n + J7—P2Jkn + Rn-

Clearly, Fn = S2*„ F. Moreover, since xn E hkn(0) we have rznP2Jfcn = P2*n. Conse­
quently, it follows from the definition of A that

x(лу,. (/ - S2.„ P) = x(Л)т,. (P - ^2.. P)
= ^-x(A)P2jk„ + x{A)rxnRn.

Consequently, (50) implies

oo
\Í9n - Р2<:„)х(А)| < 4kn У — — 

;---. i Ki 15'

In particular, we have by Lemma 6 that

Их№„(*°)Ы1а^№.-3)

for all n E N and n > N. Since xn E /^„(O) C /*„(0) and the || • Цд-norm is translation 
invariant, we have by the definition of gn that

(60) - 3) < 4fc„||x(A„(x>„4/ - S2.„F)||a 

= 4fcn||x(A„(T0)((S2.„F)(i0) - /)||A.

Set

By definition

En • — 2‘" / fdv -(S2,„F)(x°)

II/IIa"'’0’ > ll((S2l.i’)(^)-/)x(A„(x"))||A-e„||x(71„(^))llA-
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Moreover, we have by (60) that

||((S2,„F)(*°) - /)х(Ы*°))На 2: g-

It follows, therefore, that

(61) ll/lß“(*0)>g-e„

for n > N. However by construction

£„<2*-/ \F-f\dp 

= 2*" f \F-f\df,

<(11Л1«. + 11/11оо)2*"/.(Л.(*°)\Я).

This last sequence converges to zero as n —► oo by (58). In particular, (61) contradicts 
(49). I

Exercises

4.1 Let 1 < p < oo. Prove that Snf —> / in Lp norm as n —» oo for all / G Lp if and 
only if there is a constant M < oo such that

sup \\Snf\\p < M\\f\\p
n£N

for f G Lp.
4.2 Suppose do > cti > ct2 > • • ■ > at —► 0 as fc —► oo, and let

5 := ^2 abitit.

t=o

Show that S converges uniformly on compact subsets of (0,1), and that S converges on 
[0,1) if and only if S is absolutely convergent.

4.3 Let ф : [0, oo) —► R be a continuous, monotone increasing, unbounded function which 
satisfies V>(0) = 0, and let Ф, Ф be the corresponding Young’s function pair, i.e.,

tT1

for X G [0, oo). A function f G L°(G) is said to be of generalized bounded Ф-fluctuation if

sup
n€P

2” —1
E *(«(/, к*,»)))
t=o

< oo.
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Show that the Walsh-Fourier series of any continuous function of generalized bounded 
Ф-fluctuation converges uniformly on G when

E*
k=i

< oo.

[Onneweer and Waterman [2]]
4.4 Suppose / E C(G) and its modulus of continuity satisfies

uj(f,2~k) = о , as к —► oo.

Prove Sf converges uniformly on G.
4.5 a) For each 0 < r < 1 let

Pr :=
fc=0

Show [I fr||i = 0(1) as г I 1,

Í Pr d/л = 1 (0 < r < 1),
J G

and
lim [ |Pr| dpi = 0
rT1 Jo\Ik(0)

for leN.
b) Let X be any homogeneous Banach space. Show that the Abel means

^2rkf(k)ipk 
k= 0

of the Walsh-Fourier series of / converge to f in the norm of X as r | 1, for every f EX.
4.6 Let S — YlT=o ак'Фк be a Walsh series.
a) Show S is the Walsh-Fourier series of an / 6 L°° if and only if || supn€N 62» ||oo < oo.
b) Let X be any homogeneous Banach space. Show S is the Walsh-Fourier series of an 

/ E X if and only if (52", n E N) converges in the X norm.
4.7 For each Walsh series 5 = Y^'kLo ак~Фк let

(» G P).

Show 5 is the Walsh-Fourier-Stieltjes series of some finite Borel measure on G if and only 
if
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What is the corresponding characterization of Walsh-Fourier- Stieltjes series on [0,1]? 
Hint: If S is the Walsh-Fourier-Stieltjes series of some finite Borel measure on [0,1] does

lim — Sn(x—) = 0n—>oo n
for every z E Q?

[Fine[3]]
4.8 A Borel measure и on G is called non-atomic if z/({z}) = 0 for all z E G. Prove that 

a Walsh series S is the Walsh-Fourier series of a non-atomic measure if and only if
SUp ||<7n||i < OO 
n£N

for n E N in which case
lim -Sn = 0n—► OO П

uniformly on G.
[Fine[3]]
4.9 Show that the function g in Theorem 14 can be chosen so that the following conditions 

are satisfied. Given any non-decreasing function u> on [0, oo) which satisfies u>(<5) —> 0 as 
6 J. 0, and given e > 0 there is a set E (depending only on e and w such that \E\ < e, g = f 
except on E, and Sg converges uniformly for any / whose modulus of continuity satisfies

w(/,6) < w(6)
for 6 > 0.

[Price[4]]
4.10 Prove that if f is measurable, a.e. finite function on [0,1) then there is a Walsh 

series S which converges to f in measure on [0,1).
4.11 Define тгп on G by

7Г (zo, Zi,...) . (zn,Zn-|-i,...)
i) Prove

Фт О 7ГП = фт2п
for m, n E N.

ii) Show 7ГП is measure preserving, i.e.,

/ g о 7Tn dg.
Jg

for n E N and g E L1(G).
iii) Prove

f о 7Tn(2nk + s) = I

for n, k,s E N, 0 < s < 2n, and f E L^G).
4.12 Prove that the Walsh-Fourier series of the function

G») = 2"* J2 /(* + У)<Рш(У) (/ £ L‘(G), x 6 G)
yGG*

is the Walsh series on the right side of (44).
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APPROXIMATION AND BASES

5.1 Approximation by Walsh Polynomials. For each n 6 P let

V„:= {/ € C(G) : sp(f) Ç [0, n)}.

Thus Vn is the collection of Walsh polynomials of order less than n and in the notation of 
3.1, 'Ргт = L(Am) for m G N.

Throughout this section let (X, ||.||x) be a homogeneous Banach space over G. Given 
an operator T on X we shall denote its operator norm by

Их := sup ЦТ/Hx.
/€Х,||/||х<1

In the case that X = LP(G) we shall abbreviate ||T||x by ||T||p.
Notice that each Vn is an n-dimensional subspace of X and that the partial sum operator 

Sn is a projection of X" onto Vn, i.e., SnP = P for all P G Vn, and Snf E Vn for all / G X. 
This projection is minimal in the following sense:

THEOREM 1. Let n G P and Tn : X —► Vn be a projection. Then the operator norms of 
Sn and Tn are related by

IlSnlbt < ||r„||x.
PROOF. We shall establish the formula

for / G X and n G N. If this formula holds then Lemma 1 of 4.4 implies

= l|T„||xll/llx

and the proof of the theorem will be complete.
The Walsh polynomials are dense in X (see (iii) at the beginning of 4.4). Hence we 

need only verify the formula for / = G N fixed. Suppose first that n > k. Then
Snipк — Фк- Moreover,"since Tn is a projection we have for every y G G that

Тп(ту1рк) = Тп(гРкШк) = Фк(у)Фк■
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Consequently,

/ тУТптуфк dfx(y) = фк / Фк(у) d[í(y) 
J G JG

= Фк 
= Зпфк

for n > к. On the other hand, if n < к then

ТпТуфк = Фк{у)Тпфк

= Фк{у)^2с[п)фе

<=o

for a suitable choice of the coefficients 6 R. It follows from orthogonality that

r r
/ туТпТуфк dfj,(y) = / фк(у)У2с{еп)фе(у)ф1<1ц(у)

Jg J g t=Q
= 0
= Зпфк

for n < k. We conclude the formula holds for f = фк. |
To measure of the rate of approximation of an / G X by polynomials in Vn, define

E„(/,X) ||/-P||x.

Since each Vn is a finite dimensional subspace of X, it is clear that for every / G X there 
is at least one polynomial Pn G Vn such that

E„(/,X) = II/ - PnWx,

i.e., the infimum above is attained.
Such a polynomial Pn will be called a best approximation of f in Vn. It need not be 

unique. Indeed, consider the case X := C(G). Fix / G C(G), n G N, and let

p(l) := 5 (< ”“ >/(i) + Ä>m) (x 6 G)'

Then P G 7^2" and it is easy to check that

E2*(/,JQ = II/--P||x.

In particular, P is a best approximation to / in However, let

:= \ ,/(*) + ,á»l) -
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0(n) := max в(к,п), v ’ 0<*<2" 4 ’ n

and suppose R is any Walsh polynomial in which satisfies

\R(x)\ < в(п) - в(к,п)

for X G I(k,n) and 0 < к < 2". Then P + Д is also a best approximation of / in P2n • It 
follows that if 0(k,n) ^ #(n) for some integer к G [0,2") then / has infinitely many best 
approximations in pz" with respect to the norm of C(G).

It is obvious that
E„(/,X) < II/ - Sn/llx

for / G X and n G N. Conversely, for each n G N and f dX it is clear that

II/ - snf\\x < II/ - Pnllx + ||S„(/ - Pn)||x

for any polynomial Pn G Vn. Therefore,

(1) ||/-5n/||x<(l + ||5n||x)En(/,X).

Notice that
l|S„||x < ||B„||, =Ln (ne N)

and that this inequality is sharp when X = C(G) (see 4.2). Thus Theorem 9 in 1.6 and
(1) above imply

(2) II/ - S„/||x < (1 + V(n))E„(f,X)

for f d X. n d N, and V(n) the variation of n.
A sharper estimate can be obtained for X := LP(G), 1 < p < oo. Indeed, for each such 

p there exists a constant Cp (depending only on p) such that

I|S„||P<CP (neN)

(see Corollary 6 in 3.3). Consequently, (1) implies

||/-^/||p<(l+C,)E,(/,Lp(G))

for / G LP(G), n d N, and 1 < p < oo. Thus for a given / G LP(G), 1 < p < oo, the rate of 
approximation by Walsh polynomial of order n is no better than that of the Walsh-Fourier 
partial sum Snf.

Define the modulus of continuity in X of an / G X by

wW(/,<5) := sup \\f -TyfWx (6 > 0).
|y|<6

This modulus of continuity gives sharp estimates for the rate of approximation by Walsh 
polynomials of order 2n :
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Theorem 2. Let f eX and n e N. Then

i«<x>(/,2-") < II/ - S,./||x <«<*>(/,2-)

and
iu,<x»(/,2-") <E2.(/,X) < «**>(/, 2-”).

PROOF. Fix / G X, n E N and observe for every t E /n(0) and P E P2« that

Tt/-/=r,(/-P) + (/-P).

Since % is a homogeneous Banach space, we have

||t(/-/||x<2||/-P||x.

Consequently,
u.<x)(/,2-")<2||/-P||x,

for any P E P2". It follows that 2_n) is dominated by 2||/ — S"2n/||x and by
2P2"(/,X).

On the other hand, we know that

S2nf-f= [ (rtf - f)D2n(t)dfi(t).

Jg

Consequently, Lemma 1 in 4.4 implies

||S2n/-/||x< / Wtf - f\\XD2n(t)dn(t)

Jg
= 2" [ \\rtf - fWxd^t)

Jin{ 0)
<«<x>(/,2—).

Since P2n(/,X) < ||52n/ - /||x we also have

This final inequality is the Walsh analogue of the classical Jackson inequality. The other 
inequalities in Theorem 2 have no trigonometric analogue.

For each а > 0, Lipschitz classes in X can be defined by

Lip(o,JQ :={f eX : u/(x)(/,6) = 0(6°) as 6 —► 0}.

Unlike the classical case, Lip(a,X) is not trivial when a > 1. For example, the function 
/ := V’o + Ф\ belongs to Lip(a,X) for all а > 0 since

(3) w<x>(/,<) = 0

when 0 < 6 < 1/2.
The following result shows that these Lipschitz classes can be used to characterize func­

tions by their rate of approximation by Walsh polynomials of order n and of order 2n.
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THEOREM 3. Let f G X and а > 0. Then the following five conditions are equivalent :
a) f e Lip(a,X),
b) \\f - S2n/||x = 0(2~an) as n —> oo,
c) E2n(/,X) = 0(2~Qn) as n —► oo,
d) En(f,X) = 0(n~a) as n —► oo,
e) 2~n) = 0(2~Qn) as n —> oo.

PROOF. By the Banach-Steinhaus theorem, a homogeneous Banach space satisfies

Ijm ||/-T!z/||jr = 0.

Consequently,

(4) limtv^ (/,<$) = 0

for all / G X.
By Theorem 2, a) implies b).
Since

E2.(/,X)<||/-S2./||x
for / G X, n G N, it is clear that b) implies c).

By definition, Ejt(/,X) < Ej(f,X) for f EX and к > j. Consequently,

E2m+i(/,X) < ЕД/,Х) < E2n.(/,%)

for / G X, 2m < n < 2m+1, and m G N. Hence it is evident that c) implies d).
By Theorem 2, d) implies e).
Finally, the fact that oj(x\f,6) decreases as 6 decreases shows that e) implies a). |
The following result estimates approximation of Lip(o,X) functions by Cesàro means of 

Walsh-Fourier series.

THEOREM 4. Suppose f G Lip(a,X) and а > 0. Then

\Wnf - f\\x < О (log n/n)

Л(1/п)

0 < а < 1 
0=1 

а > 1,

as n —> oo.

PROOF. Let n G P and choose s G N such that 29 < n < 2S+1. Set

3 — 1

A(s) := 2~sa + 2~s 2fc(1-or).
k=о

We will show that

(5) <72-/ - /||x = 0(A(s)), as s oo .
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Suppose for a moment that (5) holds. Set P := S2»/ and observe that 

anf — f — &n(f — P) + (P — f) + (<xnP — P).

Since
crnP-P=^ £(S,/ - %'/) = - P)

1=1

it follows from Theorem 2, Theorem 16 v) in 1.8, and Lemma 1 in 4.4 that

IK/- /II, < IK/ -P)*KnII, + 11/-p||, + IK.P-PII,
<3u,<x>(/,2-’) + ||CT2.P-P||,.

Since
\\a2-P - P\\x = 11(/ * K2> - /) * D2.\\x < ||cr2-/ — f\\x 

we see by (5) that ||crn/ — /||x can be estimated by A(s). But for 0 < a <

A(s) = О (2~за + 2_s2i(1_Qf))

= 0(2-'")
= 0(n~") as n —► 00.

For a > 1 we have

5 — 1

A(s) = 2"'" + 2"s 2k{1~a)
fc=0

= 0 n"° +

= 0 as n —> 00.

And, for о = 1 we have

A(s) = 0(2"' +s2"')

= °0

It remains to establish (5).
Recall that

(6) <W-/= / (/EL'(G)),
J G

О
logn

we have
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and that
K2. = i L-D2. +'pV-T,iD2.J

for s G N (see Theorem 16 iii) in 1.8). Consequently, x G /ДО) implies

l#2'(z)|<2'.

Since
G = /.(0)U( Q(/t(0)\A+1(0))

\k—0

is a disjoint decomposition of G, it follows from (6) that

1И* / - f\\x < 2* / II rtf - f\\x dn(t)

Jl.(o)
s-l .

+£2i'l
'/*(o)Vt+,(o)

< w^(/, 2") + ^ 2^'w^(/, 2-^),

lh/ - f\\xD2‘{t + ek)dfi(t)

k=o

3-1

k= 0

for n G P. Consequently, (5) holds for all / G Lip(o:,AT). |
The rate of approximation by Cesàro means is not necessarily improved as a increases 

beyond 1. Indeed, the function / which satisfied (3) also satisfies

ii/ - °nf\\x = -и Y,(f - st/)iix=^m\x
k—1

for n > 2.
In addition, the following is true.

Theorem 5. If

11^2" / - f\\x = o( 2_n) as n-»oo 

for some f G X then f is constant.

PROOF. Since E2n(f,X) < ||er2" f — f\\x we have by hypothesis and Theorem 2 that 

\\S2nf - f\\x = o(2-n) as n ► 00.

2"-l z ,4 2n — 1
*«•/■=£ (1-2Д/(&№ = %./-2- E

fc=0 ' ' Jt=0

Moreover,
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Consequently,

II £ t/WiMIx = 2nlb-/ - s2./||,
Jfc=0

< 2n||<72n/ — /||х + 2n||52n/ - /||х-

Since these last two terms tend to zero as n —► oo and || • |ji < || • ||x it follows that

1 2" —1
V’jC fc/(W*)i

k=0
2n —1

< lim sup II V */(fc)V»*||jr 
n^°° Jfc=0

= 0

for all j G P. We conclude that f(j) = 0 for j G P and therefore / is constant. |
By Theorem 4, the rate of approximation by anf is as good as that by 52«/ for a < 1. 

However, the <7n’s are not projections from X onto Vn. These two important properties 
are reunited by the de la Valée Poussin means

Vn := 2 <r2n - <J„ (ne N).

Indeed, by definition VnP = P for all P G Vn, and consequently,

11%./ - f\\x < 11%./ - P|lx + IIP - f\\x < (1 + IIV.llx) E„(/,X) 

holds for f eX,n e P and P a best approximation of / in Vn. Moreover, 

||%.||x<P4i+2||X2l>||, (n e P).

Since ||A^m||i < 2 for m G P it follows that

||K/-/||x<7En(/,X)

\jf(j)\ = lim I f 
n—°0 Jo

for f ex,n e P.
5.2 The Strong Derivative and Approximation. A homogeneous Banach space sat­
isfies conditions (71), (72), and (73) in 1.7 (see Lemma 1 in 4.4). Thus the operators

d„/:= ^2-’-I(/-r.j/) (neN,/eX) 
j=0

can be used to define the strong dyadic derivative for any homogeneous Banach space X.
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We summarize the situation. A function f EX is (strongly) differentiable in X if there 
is a function dW/ := df E X such that

||dn/ - d/||x = 0.

If / has a derivative in X of order r and if /(0) = 0, then

d%6) =

for r G P and к E N. The strong antiderivative operator (see Theorem 14 in 1.7) satisfies

(7) lM(dM/) = / (r 6 P, /(0) = 0).

And, if f is differentiable in X then

(8) \im°dnf(k) = df(k) (к E N)

(see Theorem 13 in 1.7).
Clearly, (7) is half of a fundamental theorem of dyadic calculus. To establish the other 

half, fix r G P and recall that I= Wr * f for some Wr E L2. Thus, by Lemma 1 in 4.4 
I is defined and belongs to X for every f EX.

Theorem 6. If f EX and /(0) = 0 then

dW(iW/) = f (re P).

PROOF. We may suppose r = 1. The proof of Theorem 17 in 1.8 shows that

I V %<7-2-" (n e P).

k= 2"

In particular, the definition of dn implies

и- ( E Фк_
к

n—1 oo
фкI-sE^IIEt"1

\k=2n / J=0 k=2n
n —1

< 7 2J-n
j=0

<7 (n G P).

Recall (Theorem 7 in 4.4) that 

(9) lim ||S2-/-/llx = 0
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for any / E X. Fix n E P and / E X. Since If := IШ/ € X, we can write

2m —1
dn(I/)= Um 53 fc’

m—>oo ' /Ct=l

where this series converges a.e. and in the norm of X. Since dnV’jt = кфь for к < 2” and

П —1
dnV’fc =

j=0

for к > 2n (see (70) in 1.7), we can also write

2E^d„*=s2./+

fc=l *=2"

Hence it follows from (45) in 1.5 that

53 кз^Фк I (m > n).
j=0 /

d„(I/) = S2-/ + JimJ/- S2./) » ( d„( Y, x) ) '
2m —1

k=2n

Therefore, the estimate above implies

||d„(I/)-/||x<8||52n/-/||x.

We conclude by (9) that d(I/) = /. |
The operator I plays the role of indefinite dyadic integration. Theorem 6 and identity 

(7) can be interpreted as a fundamental theorem of calculus. Unlike the classical case, I/ 
is not always continuous (see Exercises 5.6, 5.8, and 5.9).

Theorem 6 contains two corollaries which will be used in the sequel.

COROLLARY 1. Let f EX. Then f is differentiable in X if and only if there is a function 
g E X which satisfies

(10) №) = t/(t) (t € N),

in which case g = df.

Proof. Necessity was proved in Theorem 13 in 1.7.
To prove sufficiency suppose (10) holds for some g E X. Then (45) in 1.5 and the 

definition of I imply I g and f — /( 0) have the same Walsh-Fourier coefficients. Since the 
Walsh system is complete, it follows that

i» = /- 7(0).
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Therefore, we have by Theorem 6 that / is differentiable in X and

d / = d(Igr + /(0)) = g. I

COROLLARY 2. Let 'D C X denote the collection of functions f £ X which are differentiable 
in X. Then the differential operator d :T> —* X is closed.

PROOF. Let /„ G P,/n -> / in X, and d/n —► g in X, as n —> oo. By Corollary 1, it 
suffices to show (10) holds. Since

№)| < M*

for each к £ N and h £ X, the assumptions imply fn{k) —► f(k) and dfn(k) —► g(k) as 
n —► oo. We conclude by Corollary 1 that

g(k) = lirn^d fn(k)

= lim kfn(k)
n —►OO

= kf(k). I
A simple relationship occurs between the moduli of continuity of a function and its 

strong derivative.

Lemma 1. Let f £ X be differentiable in X of order r for some r £ P. Then 

w<*>(/, 6) = 0(6ru><*>(dM/, 6)) as 6 -> 0.

PROOF. We may suppose r = 1. Fix n £ N, let

r(n) V* tlW<"> := 53
k=2n

and recall from Theorem 17 in 1.8 that
(11) \\Wln)\\i =0(2~n) as n —> oo.

Let y £ /n(0) and / £ X. By comparing the Walsh- Fourier coefficients of both sides, 
observe that

f-r,f = win) * df-T,(WÍn) * d/).
Since 

we obtain 

Consequently,

Т„(И>> * d/) = * (r,d/)
f-r,f = W,1"1 » (d/ - T„d/).

ll/-r»/||x<||W1(",||,||d/-T„d/||x.
In particular, if we choose 2-n_1 < S < 2-n, then (11) implies

^(X)(/,<) = 0(2-Vx>(d/,6))
= 0(&v(x)(d/,<)) as 6-»0. I

Differentiability plays a role in the rate of approximation by Walsh polynomials.
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THEOREM 7. Let r, nÇP. If / £ X is differentiable in X of order r, then

E„(/,X) < Cn-||dM/||x

where C is a constant which depends only on r.

PROOF. We may suppose that r = 1. Let 23 < n < 2a+1. By Theorem 2 in 5.1,

E„(/,X) < E2.(/,X) <

Moreover, by Lemma 1 we have

Consequently,

Jx\f,2~s) = О (2-'wW(d/,2-'))

= 0(2-3||d/||x) as s —> oo. 

E„(/,X) = 0 ß||d/||x) as n —* oo. I

We shall see (Theorem 8) that the rate of approximation by Walsh polynomials char­
acterizes the collection of functions whose strong derivatives belong to Lip(c*,X) for some 
a > 0. First, we prove the following.

LEMMA 2. For every r, n £ P and every polynomial P £ Vn,

l|dHp||x<2V||P||x.

Proof. We may suppose r = 1. Fix n £ N with binary expansion

9 — 1
n = 2s + rtj2*.

t=0

Observe since Vn Ç 'P2*+1 that

“ l|dP||x = h|£2j-1(P-rejP)||x
n n j=o n j=0

holds for any P £ Vn. Since 2s+1/n <2 we conclude that

||dP||x < 2n||P||x. I

THEOREM 8. Let f £ X,» > 0, and r £ P. Then the following four conditions are 
equivalent:

a) dirl/ exists in X and belongs to Lip(c*,X),
b) did/ exists inX and l/n) = 0(n~Q) as n —> oo,
c) En(/,X) — 0(n~r~Q) as n —► oo,
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d) dlJl/ exists in X for j < r and

||dW/ - dWp„||x = 0(n-r-“+>)

as n —► oo, for each best approximation Pn of f in Vn and each 0 < j< r.

PROOF. By definition, a) implies b).
For n, s € P satisfying 23 < n < 2S+1, we have by Theorem 2 in 5.1 that 

E„(/,X) < E2.(/,X) < u,W(/,2-).

Moreover, Lemma 1 and condition b) imply

Jx\f,2~3) = O (2-raJx\dWf,2-sŸ)

= 0(2~гз2~за)
= 0(п~г~а) as n —► oo.

Thus b) implies с).
To prove с) implies d), fix 0 < j < г, set U\ := P* and 

(12) Uk := P2k - P2k-x (кеР,к>2).

It is evident that oo
/ = £>'

к= 1

and this series converges in the norm of X. Moreover, condition c) together with Lemma 
2 imply that

\\d^Uk\\x = 0(2kj\\Uk\\x) = 0(2kj2~k^r+Q))

as к —► oo. Since each operator is closed (see Corollary 2), it follows that

k= i
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and
||dbl/-dM(P2m)||x = || f; dbliZt||x = 0(2mb-<.-r)) 

i=m+l
as m —► oo. In particular, condition d) is verified when n = 2m.

For arbitrary n 6 N, let n = 2m + i where 0 < i < 2m and observe that

||dW/ - dbJp„||x < ||dbl/ - db1(P2„/)||x + ||db1(P„/ - P2™/)||x.
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By Lemma 2 and the case already considered, we continue this estimate as follows:

||dW/ - dWp„||x = + 0(n>\\P„f - P2m/||x)

as n —> oo. Consequently, c) implies d).
Finally, to show d) implies a) let n := 2m + г, 0 < г < 2m be integers and use Theorem 

2 in 5.1 to obtain

uW(dW/, 1) < u,(x>(dIrl/,2-”‘)
<2||dM/-52™(dW/)||x.

Since 52m(dtrl/) = d^S2mf (see Corollary 1 above), it follows that

w<*>(dM/, i) < 2||dM/ - dM(p2„)||x + 2||dM(P2„ - S2m/)||x

= 2||dM/ - dM(P2„)||x + 2||S2m (dM(p2„)- did/) ||x

In particular, d) implies
w(x)(dМ/, -) = 0(2m(r-r-a))

as n —» oo. By definition, then, d^l/ belongs to Lip(o,X). |
This result shows there is a diiference between approximation properties of the trigono­

metric and the Walsh systems. For example, in the trigonometric case the class of functions 
whose rate of approximation by polynomials of order n is 0(l/n) is characterized only by a 
higher order modulus of continuity. Hence the equivalence of b) and c) in the trigonometric 
case does not hold.

The following result estimates the approximation order of the partial sums of a Walsh- 
Fourier series when the function in question is strongly differentiable.

THEOREM 9. Let f EX be differentiable in X of order r for some r £ P. Then

II/ - S„/I|x = 0(n-Oogn)a-<x>(dM/, 1)
as n —* oo. In particular, if d^/ belongs to Lip(a,X) for some а > 0 then

as n —> oo.

PROOF. By (2) in 5.1, it is clear that

II/-W||x = 0(logn)E,(/,%)
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as n —+ oo. Moreover, if n = 2m + i where 0 < i < 2m, then Theorem 2 implies 

E„(/,X) < E2™(/,X) < «<*>(/, 2~™).

It follows, therefore, from Lemma 1 that

II/ - S„f\\x = 0(logn)u.W(/,2-'")

= 0(n~r log n)iv^(d^rl/, — )

as n —* oo. I
It is interesting to compare this result for r = 0 with Theorem 4. Apparently, the rate 

of approximation of an / G Lip(a,X) by the Cesàro means anf, compared to the rate of 
approximation by the partial sums Snf, is better for 0 < a < 1, the same for a = 1, but 
worse for a > 1.

This same phenomenon occurs when a derivative of / belongs to Lip(a, X), but the index 
which marks the change from better to worse is shifted by the order of differentiablity. 
Specifically, the following estimates hold:

THEOREM 10. Suppose d^f exists in X and belongs 
а > 0. Then

\\°nf - f\\x = <
Off!-"-*) 
O(logn/n) 
0(1/n)

to Lip(a,X) for some r G P and

a + r < 1, 
a + r = 1, 
a + r > 1.

PROOF. Fix r G P and a > 0. If d^/ exists in % and belongs to Lip(a,X) then by The­
orem 3 in 5.1 and Lemma 1 above we have that f belongs to Lip(r + a,X). Consequently, 
the order growth conditions follow immediately from Theorem 4 in 5.1. I

5.3 The Haar, Walsh, and Faber-Schauder Systems as Bases. Let (ЛГ, ||.||x) be a 
Banach space. A sequence e = (e„, n G N) in X is called a (Schauder) basis in X if to each 
X £ X there corresponds a unique sequence of numbers (z&, к G N), called the coordinates 
of X (with respect to e), such that

(13) X = У^ XkCk

k=0

in JC, i.e., the sequence of partial sums

71 — 1

S<nX •“ 'У ^ xk^k
k=0

converges to x in the norm of X as n —» oo.
In the next three sections we shall identify! for each of the systems Haar, Walsh, Faber- 

Schauder, Franklin, and Ciesielski, subspaces of L1 in which the given system is a basis. 
A summary of these results is located at the end of 5.5.
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We begin with several elementary observations of a general nature.
A basis in X is always a closed system in X.
Given a basis e = (en, n G N) in X, coordinate functionals e'n G X' can be defined by

e'n(x) := xn (z eX,n G N),

where the zn’s are the coordinates of x with respect to e Using the notation (z, x') for 
x'(x) when x EX and x' G X', observe by definition that

(14) (n,m G N),

where 6nm is the Kronecker delta. Thus the systems e and e7 := (e'n,n G N) are biorthog- 
onal.

For every closed system e = (en, n G N) in X there is at most one system e7 = (e'n, n G N) 
in X' such that e and e7 are biorthogonal, i.e., satisfy (14). If c and e7 are biorthogonal, 
then the biorthogonal expansion of x G X is given by

(15)

Clearly, if a series of the form (13) converges to x in the norm of X, then biorthogonality 
implies xn = (z, e'n) for n G N. Consequently, the partial sums of (15) will also be denoted 
by Senx for n G N.

The Banach-Steinhaus theorem (see Appendix 0.0) gives a simple characterization of
bases. A closed system e = (e„,n G N) in X is a basis in X if and only if there is a system 
e7 = (e'n, n G N) in X' biorthogonal to e such that

sup ||S^||x < oo.(16)
n€N

For any system e = (en, n G N) in a vector space X, let L(e) represent the linear hull of 
c. Thus given x G L(e) there is an iV G N and numbers bo, b\,..., bjv such that

N

n=0

When X is a normed linear space we shall denote the closure of L(e) in X by CL(e). Thus 
for X := L2 and e the Walsh system we have L(c) = V and CL(e) = L2.

We shall show that the coordinate functional system e7 generated by a basis ein a Banach 
space X is a basis in CL(e7). Indeed, recall that

x(x') := (z, x') (z G -X", z7 G X') 

isometrically embeds X in X". In particular,

||z||x= sup I (z,z7) J (x eX),
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and the series

(I?) 4
n=0

can be viewed as the biorthogonal expansion of x' G X' with respect to the system é. 
Denote the partial sums of (17) by S\x'. By definition,

(* ’S^x'j = YJ{ek,x')(x,e'k) 
k—0

for n G N and x G X. Consequently,

»

sup
l|x||x<l

= sup I (S^x, x) I 
l|x||x<l

< sup ||5^x||x llx'llx- 
IWIx<l

= №11*%

for x' G X' and n G N. It follows that ||5* ||x' < ||5^||х for n G N. A similar argument 
establishes the reverse inequality. Therefore,

(18) IISÍII,- = IIS-Jx (n 6 N).

In view of (16), we conclude that e' is a basis in CL(e').
For specific situations, the following result will be used to estimate the operator norm

of%.

LEMMA 3. Let [0, l)2 := [0,1) x [0,1). Suppose K G L°°([0, l)2) and that the numbers

11^11(1,00] := sup Í \K(x,t)\dx<€[o,i] Jo
and

||^||[оо,1] := sup [ \K(x,t)\dt 
x€[o,i] Jo

are finite. If 1 < p < oo, p' is the index conjugate to p, and

(Kf)(x) := /’ K(x,t)f(t)dt (feL\xe [o,i)),

Jo

sup
ll/llp<l

F/ll, <
then



202 Approximation and bases

PROOF. For p = 1 or p = oo the inequality is trivial. 
For 1 < p < oo observe that

+ KV6R).

Ip < 1 and |p/ < 1 thenConsequently, if

I J {KfW = I J J K(x,t)f(t)rJ>(x)dxdt\

s I! T Gf №’t)|dz) it+I!^ (jf№<)| *)
< - ||^||[l,oo] + —11^11(00,1].

Therefore, the proof of this lemma is completed by taking the supremum of this inequality 
over all functions ф which satisfy ||V>||p' < 1. I

All Banach spaces considered in the remainder of this chapter will be subspaces X of L1 
which satisfy

(i9) ll/lli < ll/llx (/a).

This allows L°° to be viewed as a subspace of X'. Indeed, the L2 inner product of / G X 
with ф € L°° satisfies

|(/»|<Moo||/||l<Moo||/||x

and thus the map / —> (/, is a bounded linear functional on X for each ф 6 L°°.
Let X be a Banach space which satisfies (19). Any orthonormal system g = (ÿn, n 6 N) 

in L2 whose elements gn belong to X D L°° can be considered a biorthonormal system with 
g'n 9n for n G N. Moreover, the biorthogonal expansion of an / G L1 is the Fourier 
series of / with respect to the system g. In particular, if we define Dirichlet kernels with 
respect to g by

П — 1
D9n(x, t) := gk(x)gk(t) (x, t G [0,1), n G N)

k-0

then the biorthogonal expansion of an integrable / satisfies

(S'/)(x)= f D>(x,i)f(t)dt 

Jo

for X G [0,1) and n G N. Moreover, it is clear that D®(x,t) = D*(t,x). Therefore, it 
follows from Lemma 3 that the operator norm of 5*(x, t) : Lp —> Lp satisfies

I№|lp < sup L»(x)
*6(0,1)
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for 1 < p < oo, n G N, where Un represents the Lebesgue functions associated with g, i.e.,

(x 6 [0,1), n G N).

In particular, if the Lebesgue functions associated with an orthonormal system g are uni­
formly bounded then for each 1 < p < oo the system g is a basis in the closed subspace of 
Lp generated by g.

We apply these observations first to the Haar system h and the Walsh system to. By 
(42) in 1.4 we have that S2n = $2n f°r n E N. Hence h is a closed system in Civ, and in 
Lp for 1 < p < oo, and

JD*n(x,<) = = D2n(x 4-1)

for x, < G [0,1), n G N. Moreover, the definition of the Haar system implies

D*n+1(x,t) x,t<E[0,k/2n)

otherwise,

for 0 < к < 2n. Hence the Lebesgue functions associated with h satisfy

Lm(x) = 1 (m G N, x G [0,1)).

Therefore, h is a basis in Cw and in Lp for 1 < p < oo.
The Haar system is also a basis in the dyadic Hardy space H. Indeed, since

r(s;/) < Г/ (/eL\neN),

it follows by definition that |j5*/|jjj < for n G N.
For the space VMO, notice first that

/ /йф = [ ф5j/ (/,V€ L'.neN).
Jo Jo

Consequently, Theorem 10 in 3.5 implies

ll5£llVMO - 2С115111н

for some absolute constant C > 0. Next, notice that the Haar function ho £ BMO since 
all functions in BMO are of mean zero. Finally, observe since = S'” that the Haar 
system is closed in VMO. It follows that the shifted Haar system (hn,n G P) is a basis in 
VMO.

The situation is different for the Walsh system. We shall prove that id is a basis in Lp 
for 1 < p < oo but not a basis in L1, in Cw, in H, or in VMO.

For H and VMO, fix m G N, let f := rmD2m and set n := 2m -f к for some 0 < к < 2m. 
Then ||/||H = 1 and

ST/ = Snf = rmDk.
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Since 2m < n < 2m+1 implies £m+i(Snf) = Snf, it follows that

\\£4Snf)\\x >p>*||,.

Since limsupi_00 ||Dt||i = oo (see Theorem 9 in 1.6), we conclude that 

sup{||S„/||H : ||/||h < l,n € N} = oo.

Therefore, w is not a basis in H or in VMO.
For Cw recall from the paragraph preceding Theorem 4 in 4.2 that the operators Sn : 

V —> L°° have operator norms which satisfy

limsup HSnlloo = limsup ||Dn||i = oo.

Therefore, w is not a basis in Ciy.
For Lp, 1 < p < oo, see Theorem 1 and Theorem 2 in 4.1.
It is interesting to note that the Walsh system remains a basis in Lp, 1 < p < oo, under 

any piecewise linear rearrangement; hence the Walsh-Kaczmarz system and the original 
Walsh system are both bases in Lp for 1 < p < oo. To see this, first suppose that T : N —► N 
is linear and consider the linear rearrangement

Tw := (wT(n) ,n G N).

Choose by Theorem 7 in 1.4 a 1 — 1, measure preserving transformation T' : [0,1) —» [0,1) 
such that

toT(n)(z) = wn(T\x)) (x G [0, l),n G N).

Hence if T* represents the inverse of T', the Tw- Fourier coefficients of an / G L1 are given
by

= (/oT*)(n) (nGN).

Consequently, the partial sums of the Tty-Fourier series of / satisfy

П — 1
(5j”/)(x) = £(/ о T-)(k)wk(T'(x))
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for 1 < p < oo. In particular, Tw is a basis in Lp for some 1 < p < oo if and only if w is. 
Next, suppose R : N —► N is piecewise linear. Consider the rearrangement

Rw := (lüfi(n), n 6 N).

By (35) in 1.4 it is easy to see that

Sgrf = S,,f

(S$r+if - Sfrf)(x) = r„(x)St(r„A„f O K)(K(*))

for 0 < к < 2n, n E N, and x E [0,1). Consequently,

IIS^/ll, < 2 sup (|Sm/||p
m£N

for 1 < p < oo and n, fc E N. We conclude that Rw is a basis in Lp for 1 < p < oo.
Finally, we consider the space C[0,1] of classically continuous functions on [0,1] and the 

Faber-Schauder system £ = ((„,n E N). This system is defined by (o := 1 and

C„(x) := [ /in_i (iE[0,l],nEP).
Jo

Thus (o is constant on [0, l],Ci is linear, and for 2m < n < 2m+1, m E N, the function (n 
is continuous, piecewise linear, supported on I := I(n — 2m — 1, m), increasing on the left 
half of /, and decreasing on the right half of I.

The Faber-Schauder system is essentially biorthogonal to the Haar system. Indeed, by 
the Riesz representation theorem every functional Л on C[0,1] can be written in the form

kg = Í gdh (g E C[0,1])
Jo

for some function h of bounded variation which satisfies ||A|| = Var(h). Thus each Haar 
function can be viewed as a functional on C[0,1]. If we set

h-o(x) :—
-1
0

x = 0 
0 < x < 1,

0 < x < 1 
x = 0 or 1,

and
hn(x) hn—\(x)

for x E [0,1] and n > 2, then it follows from definition that

Г.
gdh0 = g(0)
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and

Í gdhi = $r(l) -g(0).
Jo

Moreover, if n > 2 and g is absolutely continuous with g(0) = g( 1) = 0, then integration 
by parts yields

yi ^ d
j g(x)dhn(x) = J —g{x)hn-x(x). 

Since the Haar system is orthogonal, we conclude that

Cm dhn — <§mn

for m,n G N.
Partial sums of the biorthogonal expansion of an / 6 C[0,1] with respect to the Faber- 

Schauder system are thus given by

2" + fc

(20) 5<„+t+1/= Y, Cm(/)(m
m=0

for 0 < A; < 2”, where

(21) cm(/) := f fdhm (me N).
Jo

Notice that the partial sum (20) is piecewise linear with knots at the points

Щ : 0 < t < 2k) U{|r :*<«<2”)

for each 0 < к < 2n,n E N. Thus (23) below shows that 5|п+*+1 can be used to linearly 
interpolate over the points in B%.

The classical derivative of a biorthogonal Faber-Schauder expansion is a Haar-Fourier 
series. Indeed, if

F(x) := íf (x e [0,1])
Jo

for some continuous /, then integration by parts yields

Ck(F) = - f hk dF = / f hk-1 
Jo Jo

for fc > 1. Hence by definition,
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when this derivative exists. In particular,
(22) £(5<F)(x) = £_,/(*)

for n 6 P, and X G [0,1) \ Q.
For the next two sections let Q denote the classical local modulus of continuity, i.e.,

ft(fJ) := sup |/(x) - f(y) I 
z,yE/

for / G C[0,1], and / any subinterval of [0,1].
Recall that X0 represents the collection of dyadic intervals in [0,1) and I := Xq U {0}. 

The following result shows the Faber-Schauder system is a basis C\0,1].

Theorem 11. Let f 6 C[0, l],n G N, and 0 < к < 2n. Then

(23) (4+*+i/)M = /М (* 6 B?)
and

||sf„+fc+1/ - /Hoc < 2sup{f?(/, /) : |7| = 2"n and I G T0}.

PROOF. The interpolating property (23) is proved by induction on n.
Since (22) implies c0(/) = /(0) and cx(/) = /(1) — /(0), it is clear that (23) holds for 

n = 0.
Suppose, (23) holds for n — 1 and every 0 < к < 2n_1. Fix 1 < 7 < 2” and observe by 

(21) that

(24) <*•+«(/) = 2”/2 (2Кф) - /ф) ■

By definition vanishes off I := 7(1 — l,n), and at the midpoint of I satisfies
C2-+i(^^) = 2-"/2-1.

It follows, therefore, from the inductive hypothesis that
(sf.+t+1/)(^^) = I (W.+./X^b + ^+./X^))

+ 2-„/2-l2»/2 (2/(Í^)-/(^l)-/(7)

7-1/2
= /( 2n

)

for 7 < к < 2". In particular, (23) holds for all n G N.
Fix n G N,0 < к < 2", and I = [a,/9) G X such that |/| = 2~". Clearly, (23) implies

1(4.+*+./)« - /Ml < l(4+*+./)M - (4+*+./)(»)! + !/(«) - /(%)!
<l/(^)-/H+ !/(«)-/Ml

<2 «(/,/),
for all X G [о-, (о- + ß)/2). Similarly,

K4+*+./)M-/Mi<2ß(/,/),
for all X G [(a + ß)/2,ß). Consequently, the proof of the theorem is complete. |
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5.4 The Franklin System. The Faber-Schauder system £ is linearly independent but 
not orthogonal on [0,1]. Let f = (fn, n G N) be the system obtained from £ by the Gram- 
Schmidt orthogonalization process. Thus there is a uniquely determined triangular matrix 
(A/m) whose diagonal entries are positive such that

fm - У AimCe (m G N).
e=o

In particular, each fm is piecewise linear having m knots on [0,1), each of which is located 
over a dyadic rational.

The system f is called the Franklin system. By construction it is complete and orthonor­
mal on [0,1].

It is convenient to index the Franklin system by dyadic intervals. Set f@ := f0 and 
f[o,i) := fi. For each I G 1 with 0 < |I| < 1 set

f/ := f2"+Jk

where I = I(k — 1, n) =: [o1, ß1) for some 1 < к < 2n and n G N. Denote the collection of 
knots of each f/ by B1 := B£, where I = I(k — l,n), 1 < к < 2n,n G P, and denote the 
points in B1 by

0 = tg <<{<••• < t^r,+k = 1.

Our discussion of the Franklin system is not self contained. In addition to certain 
properties of classical Hardy spaces (see the material preceding the proof of Lemma 4 
below), we have elected to use without proof the following facts: for every / GÎ satisfying 
0 < |/| < 1

(25)

(26)

(27)

(28)

and

(29)

llf/lll < 6v/3|/r‘/2

Il Z){jei:|J|=|/|î IM IIoo < 32>/3|/| ^2,

^1Л'1/2 < f, (~r-) < 2V3|/|-/t,

3vS 1Л"1/2 < < vWl'1/2,

cosh(fÄt^)= (-1)" , Л ) (0 < ti < «^),
cosh( jÿjcr )

WÎ) = H)‘3lî^SïïW')
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where 7 := log(2 + >/3), i.e., cosh(7) = 2. Moreover, the Franklin-Dirichlet kernels satisfy 

(30) |«t,x)| <

for m 6 P and t,x G [0,1), where C is an absolute constant and q 2 — \/Z. Proofs of 
these facts can be found in Ciesielski [1] and [2].

Properties (25) through (29) are precise. For most purposes we shall use the less demand­
ing properties (31) through (34) below. They show that the Franklin system is analogous 
to the Haar system in the following sense. As the Haar function hi is supported on I 
and determined by its values at the end points of I for each / G Io, even so, the same 
is nearly true for the Franklin function f/. We shall develop this analogy further in the 
following section by showing that the Franklin and Haar systems are equivalent bases in 
many spaces.

For each pair I, J 6 To and t G [0,1], set

r(i,7) :=
dist (i,/)

and
r(J,7) :=

dist( J, I)
~Mf-

Properties (26) through (29), together with the well-known inequalities

-e* < cosh(i) < e* (;>o)

can be used to show there exist constants C > 0 and q — 2 — \/3 such that

(31) |f/(t)l < с|/г1/У<<’/),

(32) sup |f,(i,)-f,(i2)| < C\I\-3'2\J\qrW\

(33)

and

< C|/|1/29r(t’J),

(34) Var(fi) < C\I\~1'2

for all t G [0,1] and I, J G To-
We shall establish certain fundamental inequalities (see (41) and (42) below) concerning 

Franklin-Fourier coefficients, and identify subspaces of L1 in which the Franklin system is 
a basis. Even with the assumptions made above, our program is not an easy one.
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At the end of 3.4, we showed that Haar-Fourier coefficients induce an isomorphism 
between H and h, and between BMO and bmo. To establish an analogous isomorphism 
for Franklin-Fourier coefficients between classical H and h and classical BMO and bmo, 
we need the following facts.

First, H can be characterized by atoms in the same way H is. The main difference is 
that the atoms for H can be supported on any interval, not just dyadic ones. This was 
mentioned in 3.4 and will be used in the proof of the next lemma.

Secondly, a function / G L2 of mean zero is said to belong to BMO if

( 2\ 1/2

illrïïiJA )
is finite. Here, the supremum is taken over all subintervals of [0,1) not just the dyadic 
ones. Clearly, BMO C BMO.

Third of all, the dual of H is BMO and there exists an inner product, generalizing the 
L2 inner product, which satisfies

(35) 1(/^)1<С||/ЫН|.

where C is an absolute constant independent of / G H and t/> G BMO.
Finally, if VMO represents the collection of / G BMO which satisfy

№°w\ L\f~ IÀ =0’
and Ho := {/ G H : / is of mean zero }, then the dual of VMO is isomorphic to Ho, and 
the dual of Hq is isomorphic to BMO. Moreover, VMO is the closure of C[0,1] in the 
BMO norm. Proofs of these facts can be found in Coifman and Weiss [lj.

LEMMA 4. There exist positive constants A, В, C, and an integer nо G N such that

(36) 2"/2||f3.+t||« < A (1<* <2",neN),

(37) 2"/2||f2-+2»-.+1||H > Bn (n > n0),

and

(38)
i i'
/ f2"+2n-I + 1^2n+1+2" 

\Jo
>C (n > n0).

PROOF. Fix 1 < к < 2n, к G N, set I := I(k — 1, n) and observe that fj = f2«+*. By 
duality, (36) will follow if we show there is an absolute constant A\ such that

< A,|/|1/2H
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for all f G BMC.
Since fi is orthogonal to f@, we can write

1^=1{,(9~т J,v)

=,eJh~ //' (v~ à //)+Lu (ш //- ш I'*)
=: Í7i + 17г.

By (31), U\ can be estimated by

\щ<с y i/r1/2îr<J'/)i/iimi.
jer,И=2-"

< ci/i,/2ii»,||. y irW)
\J\—2~n

< С,|/|‘/=М|.

for some absolute constant C\ > 0. On the other hand, if К is the smallest interval 
containing I and J then

1 f 1 /12 /1 i f i
1Л ■ 1Л m

А, Г

<4(r(J,-0 + 1)11*.

Consequently, we have by (31) that

m < 4c\i\ и. y ij\-i/2r(jj)4rW)
jer,|j|=2-”

<C2|/|1/2||v||.

for some absolute constant C2 > 0. This completes the proof of (36).
To prove (37) fix an integer n > 6, set J := [1/2,1/2 + 2~n), Is = [1/2,1/2 + 2”3) for 

2 < s < n/2,
9n := 2n/2f2n+2"-i+i = IJ|_1/2fj,

and observe that it suffices to show there is an absolute constant Bi > 0 and an integer 
n0 such that n > n0 implies

(39) I/ (2<6<n/2).
I J/* I

Indeed, if (39) were true then

(£*«»)(*)> J3.2 (i s I„2 < s < n/2).
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Consequently, we would have

for n > n0.
To establish (39) we construct polygonals which approximate %(/'). Specifically, let

p(x) := p"(x) := i
'0 re i [1/2- 2-”-1,1/2 + 2“' + 2"n] 

1 X £ Is
linear otherwise on [0,1],

and fix 2 < s < n/2. Notice by (21) and (24) that

i: P, dhm = 0

for m > 2n + 2" . Thus each function p" is a linear combination of Franklin functions of
order no greater than 2” + 2n_1. Since is a Franklin function of order 2n + 2n_1 + 1 we 
have

I Ps9n — 0.

Consequently,

(40)
/* Г1/2 ri/i-r*

I 9n = - I P9n - I

Jj, Jl/2-2-"-i ^1/2+2-*

l/2+2-'+2-n
PPn-

We consider terms on the right side of (40) separately. By (31), the second term is of 
order q2 = o(l) asn-юо since s < n/2. By linearity of gn on [1/2 — 2“^n+1\ 1/2], the 
function pgn is quadratic on this interval. Therefore, Simpson’s rule implies

Г
J1/2-

P9n
1/2-2-"-!

^|5„(l/2-2-"-1)+2g„(l/2)| 

fj(l/2-2-"-‘)

3 • 2n+2
IO(<*7)|_ f\îj(gJ)\\

\12 • 2n/2 ) 2 +
f j(aJ)

|0(<*J)|
Moreover, (27) and (28) imply
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and

fj(l/2 -2-"-i) = _ cosh7(2" - 1) 
f j(aJ) n—>oo cosh 72n

= —e-7

= —g := л/3 — 2.

It follows, therefore, that
Г
J1/2-2-"-1

> C > 0

for n sufficiently large where c is an absolute constant. These estimates verify (39). This 
completes the proof of (37).

To establish (38), observe for any function /, linear on a dyadic interval / G To, that

f1 |f|i/2 . ./h; = LL-(/(^)-/(/)).

Hence (38) follows from (26) and (27) if we set

/ f2n+2n~1+i • 1

The following observation is both useful and interesting. The facts for classical Hardy 
spaces do not change if we replace the collection of all subintervals of [0,1) by a class only 
slightly larger than the dyadic ones. Indeed, let T0 denote the collection of intervals formed 
by taking the union of any two adjacent dyadic intervals of the same size. For example, 
[1/4,3/4) belongs to T0. Clearly, T0 C T0 and given any subinterval J of [0,1) there exists 
an I G To such that J Ç I and |J| < |T| < 4|J|. From this it follows (see Exercise 3.26) 
that the atomic Ti norm generated by atoms supported on intervals in T0 and the classical 
'H norm are equivalent. Moreover, the norm defined by

is equivalent to the classical В MO norm. Therefore, the embeddings H С 'H and В MO C 
BMO are continuous.

Denote the Franklin-Fourier coefficients of a function g G L1 by

ri
gi := gfi (7 G T),

Jo

Let BMOq represent the collection of functions g G BMO which satisfy g[o,i) = 0. Thus 
any function in BMOq has both a zero constant coefficient and a zero linear coefficient.
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Let X and Y be Banach spaces, let Xq Ç AT, and suppose Л : X —» Y is a function. If 
there exist absolute positive constants A and В such that

A\\x\\x < ||Лх||у < B||x||x

for all X E X0, we shall write ||Лх||у ~ ||x||x (x E X0).
Clearly, if Л : JÜT —> У is a 1 — 1, linear map which satisfies ||Лх||у ~ ||æ||x for all x E X, 

then Л is a Banach space isomorphism of X onto Л(Х). Therefore, the following result 
shows that BMOq is isomorphic to bmo. Since by definition BMO is isomorphic to bmo, 
it follows that BMO and BMOq are isomorphic Banach spaces.

THEOREM 12. The map g —► g is a 1 — 1, linear map from BMOq onto bmo which 
satisfies

IMIs-MO ~ 1Ы1 bmo (g 6 BMOq).

PROOF. It is obvious that g —+ g is linear. Moreover, since bmo is a subspace of the 
sequence space l2(T), the Riesz-Fischer theorem implies that given b E bmo there is a 
g E L2 such that g = b. Hence it suffices to show there exist absolute constants A and В 
such that

(41) \\g\\ bmo < A||flr||* 

and

(42) llsll. < Bllffll bm„ 

hold for all g E BMOq.
The proof of these inequalities rests on three preliminary sets of estimates.
First we show there exist absolute constants A1; A3, A4, A5, and a positive function 

A2(t), which depends only on í E (0,00), such that for any nonempty interval J Ç [0,1), 
dyadic or not, the following inequalities hold:

(43) jr
там

(44) Y, И‘д‘г(л,) <A2(i)|J|‘ (ie(o.oo)),
|/|<PI,/n/=e

(45) E qr(JJ) < A3
|/|<|J|,dist(J,/)>|J|

jí If/12 < A,fW)(46) (I e To)
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(47) / |f/|<A5|/|,%'<",’,)+5'<*''',)) (/eZo./CJ).

i

Here denotes summation over / G То-
То prove these inequalities fix J and choose N G N such that 2-лГ < | J\ < 2~N+1. Since

N
£ т~Ул,)<£2‘ £ irW)

|/|>1Л 1=0 |/|=2-< 

9 N

2 T^l^l"1-

(43) evidently holds. Similarly,

and

£ mvrw) < £ 2-“ £ q«3-/)
|/|<|J|,/nJ=0 k=N—l |/|=2-*,/nJ=0

9 00

21+<<

E 9^<2A^ 2]
|/|<|J|,dist(J,/)>|J| fc=N <=2*-N

2A

fc=N

< 2A
(1-9):

for some constant A. Thus (44) and (45) hold.
Since (46) holds for r(J, I) < 1 (with A4 = 1/q), suppose that r(J, /) > 1. Then (31) 

implies
jf,(i)|2 < C2\r\-Iqr(tJ)qr<J',>

J \h? <C2qriJ’,) Г q‘dt.

for all i G J. In particular,
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Therefore, (46) holds for all I £ Xq. Moreover, (31) also implies

|f/(t)| < C\I\-1/2q(t-ßI)/W 

for any I € T0,1 Ç J and ßJ < t < 1. Consequently,

<
log(l/?)

1Л 1 /2nr(ßJ,I)

Since a similar estimate holds for the integral over [0, of7), we conclude that (47) holds. 
Next, we observe there is an absolute constant A$ such that

(48) Is,I < A6\I\1!2

for all I € 1q and all functions g 6 BMO which satisfy either ||#||* < 1 or ||g|| bmo < 1. 
Indeed, (48) holds for ||^|| bmo < 1 with = 1 by the definition of the bmo norm. On 
the other hand, if ||gr||* < 1 then Fefferman’s inequality, (35), and (36) imply

\gi\ = I Wf)l 

<c||izlU||f/lb 
< A6|/|1/2.

Our third set of preliminary estimates involves a decomposition for ||<7||sxo < 1, namely,

g = ^2 hu + giii + 53 giii
|/|>|J| /nj=0,|/|<|j| /СЛ|/|<01

=: G\ + (?2 + G$

where J is a fixed interval in Xq. To estimate the classical local modulus of continuity of 
Gi, use (3%), (48), and (43) to obtain

ß(G„/)< Y 1;лж,л
1Л>И

< ca« i л y i/rvu'1
т>и

^ G Ai A,.

Thus there is an absolute constant A[ such that

(49) Í?(G,,J)<A'1.



To estimate G2, use the triangle inequality, (48), (46) and (44) with t = 1/2 to obtain

(/|G2|2),/2< E Is/|(/m2)V2

< A^A« ^ |/;i/2gr(j,/)/2
InJ=9,\I\<\J\

^ A2{-^)A\/2Ab\J\X/2-

Thus there is an absolute constant A'2 such that
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(50) GH102'2)
1/2

We obtain two estimates for G3. First observe that

[ f/ = 0 (I e Jo) 
Jo

and (47) imply for I Ç J that

J[0,1)\J 4 J

Therefore, if |J| = 2~N it follows from (48) that

G,l-P,ll//,l
<A5A6Em(»r<v',,+gr<#,',))

ICJ

< A5Ae Ë 2-* E (ir(a,Jj)+gr(ßJ’I))

k=N |/|=2~fc

2A5A6 9

" h
14

-k

1-9

Thus there is an absolute constant A'3 such that

<4.(51)
И
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1/2

For the second estimate of G3, use Parseval’s identity and the triangle inequality to 
verify

(giU-/,|G’12) ={lwwj

Moreover, observe by applying (46) to the components [0,1) \ J =: J' U J" that

( / l/,|2) +
Vto.DV / 4 У

It follows, therefore, from (48) that

E li/l ( Í I//I2)12 < Ai/2A6 E1Л1/2 UriAr)/2 +я^"’,),г)

fçj \Ло,1)\-Г / fçj V y
< Ai/2A6 Ê 2"t/2 E (ir<r',)/2 + ir(J"',)/2)

Jk=N JÇ J,|/|=2~*
2A‘/;A6 y. 9_t/2 

- &

8аУ2А6 1/2
< i-Vî1 ' '

Thus there is an absolute constant A4 such that

(52)
0-~{mllG3?)+'^/9,'2-A'4

This is the last of our third set of preliminary estimates.
By definition of the bmo norm, to establish (41) it suffices to show there is an absolute 

constant such that

(53) Ei^ah

ICJ

for every nonempty Jel and every ||g||, < 1. But (51) and (52) imply

У1 19i\2 < A-WA + [ \Gz\2
ICJ

-2l\Gi~W\lCr3
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Moreover, since G\ is continuous, (49) and (50) imply

w\IM -3L\g~w\JA +4}\Gyv\LG2 

+3l\Gi~w\LGi I
<3|J| + 3 J |G2|2 + 3|J|(ß(GbJ))2

< АЯЛ.

Here A'5 and A'6 are absolute positive constants. Consequently, (53) holds and the proof 
of (41) is complete.

A similar argument can be used to establish (42). Indeed, it suffices to show the existence 
of an absolute constant В > 0 such that

(54) í\g-~ f g\ <B\J\
Jj I И Jj I

for any interval J € I and any g satisfying ||<y|| bmo < 1- Fix such an interval J and let J* 
represent the interval twice as large as J which is centered where J is, or (in case that an 
endpoint of J is 0 or 1) let J* represent the interval in X twice as large as J which contains 
J. In either case, J* is a union of at most four dyadic intervals. Also, if J* D I = 0 for 
some I 6 J0, then

dist(JV) > |J*| (i = 1,2)

where J = J1 U J2 and Jx for i — 1,2.
This time use the decomposition

9 = 53 gi^1 + 53 9/f/ + 53 97*7

=: Hi + #2 -f Д3.

The method used to establish (49) shows that i?(H\, J*) < B[ for г = 1 or 2 and some 
absolute constant B[ > 0. By (48) and (31) we have for t 6 Jx{i = 1 or 2) that

|Я2(г)| < 2CAe Y, 1rW) S B'2

where B'2 is an absolute constant. And, Parseval’s identity implies

f \Щ\2 < /* |Я3|2 < Y Iwl2- 

Jo |/|<|7'|,7С7*
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Since J* is a union of at most four dyadic intervals of length |J‘|, it follows from the 
assumption ||y|| bmo < 1 that

/ |Лз|2<4|Л (« = 1 or 2).
Jj*

Let c denote the value of Hi at the midpoint of J. The estimates above together with
(49) show

J \g — c|2 < 3 (/ \H\ — c|2 4- / |Я2|2 4- / |Я3|2)

<ЯзИ

for some absolute constant В3. In particular,

!\3~w\!A -L ■
COROLLARY 3. There exist absolute positive constants A, В such that 

N N N
A\\ ^с*л*||н < II Y^Ckfk+i\\n < в\\ £c*MH

Jfc=l k—1 к— 1I
hold for all c= (c&, к G N) G f° and Я G N.

PROOF. By definition, the map / —► / is an isomorphism of H onto h. By Theorem 12 
the map

Л(Ь) ■= hfjt+i
k=i

is an isomorphism of bmo onto BMOq-
Let Я00 represent those g EHq which satisfy 5r[o,i) = 0. Since Ho' = BMO it is easy to 

see that H00' = BMOq. It follows by duality that Л is an isomorphism of h onto Hoo- 
Therefore, the map

9 -+ 52 hk) îk+1
k=i

is an isomorphism from H onto Я00, i.e.,

1Ы1н ~ II 52 Mf*+i||«
k=i

for every g G H0. I
It is now easy to identify subspaces of L1 in which the Franklin system is a basis.
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By Theorem 11 the Franklin system is closed in C[0,1]. Since ||/||* < 2||/’||00 for any 
bounded function / and VMO is the closure, in BMO norm, of {/ G C[0,1] : /(0) = 0} 
it follows that VMO is contained in the closed linear hull of f. But Theorem 12 implies 
there are absolute constants A, В such that

IISÍsll. < B||(5is)l bmo
< B||»|| bmo

< AB||S||.
for n G N and g G BMO о. Consequently, the operators S£ : BMO —> BMO are uniformly 
bounded in n. In particular, (fn,n G P) is a basis in VMO.

By duality, (fn, n G N) is a basis in 7i. Moreover, since (30) implies the Lebesgue 
functions associated with f are uniformly bounded, it is clear that the Franklin system is 
a basis in C[0,1] and in Lp for each 1 < p < oo.

Finally the Franklin system is not a basis in H. Indeed, by definition one verifies

2n/2||/i2"+Jt||H = 1

for 0 < к < 2n,n G N. Thus it follows from Lemma 4 that

ll«,+2 - S^„+1)(2("+,)/2t2„„)||H = I I ||2("+1>/2fmn+1||H
> \ß.BCn

for n > n0, where mn := 2n + 2n_1. Consequently, the operators S£, : H -* H are not 
uniformly bounded in m.

We close this section with an application of Theorem 12 to shift operators. These 
operators will be used in the following section to study equivalence of bases.

For convenience extend indices of the Haar, Walsh, and Franklin systems by

/i-i := to_i := f_i := 0.

For any / G L2 define the Walsh shift operators and by

wwf :=£/(*>**,.
k=0

Similarly, define Haar shift operators by

я(±>/ :=x; (/.**> Atib
k=0

and Franklin shift operators by

k= о
for / G L2. Let X Ç L1 be a Banach space which contains the Haar, Walsh, and Franklin 
polynomials, and suppose T is any one of these six shift operators. We shall say T is 
continuous from X to X if T has a continuous extension from the appropriate polynomials 
(which are themselves contained in L2) to X such that T(X) is a subset of X.
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Theorem 13
i) For each 1 < p < oo the Walsh shift operators and are continuous from

Lp to 17.
ii) The Haar shift operators and are continuous from H to H.
iii) The Franklin shift operators F^ and F^ are continuous from Ft to Ft.

PROOF. By symmetry we consider only the positive shifts.
To prove i), fix 1 < p < oo. We shall prove

(55) ll/ll, ~ ||lV<+>/||,

for all Walsh polynomials /. Since the Walsh system is a basis for Lp, it will follow that 
has a continuous extension to Lp and that (55) holds for all / G Lp.

Fix n G N with binary expansion

n = ^2 n*2*
k—0

and choose г G N such that n,- = 0 and ríj = 1 for 0 < j < i. Thus

n -H 1 “ 2* -J- 'y ^
k=»+1

and the definition of the Walsh system implies

oo i
(56) W(+)wn = г, Д = wn J^[ rj.

Jk=i+1 j=0

For each TV G N set En := {n G N : 0 < n < 2N+1}, and for each 0 < к < N + 1 set 

En к := {n G En : n0 = • • • = nt-i = 1, nk = 0}.

Then {Enк • & = 0,..., TV -f 1} is a collection of pairwise disjoint sets which satisfy

N+l

En = (J ENk-
k= 0

Hence every Walsh polynomial
2n-1

p = 5E °iWi

N+l

?=E E
*=0 i G Ь’/v t

N+l
Ep‘-
fc=0

can be written in the form
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Moreover,

(57)
N+l

W(+)P = W(+)Pfc.
k=0

For each n G En set
N

:= П^-,
1=0

Then (wn,n G N) is a linear rearrangement of the Walsh system. Notice, if n G E^k has 
binary coefficients (n,, j G N) and

N-k-l
n'{k) := 2N~k + Y,

j=о

then (56) implies

к
W^wn = ton JJr,

:=0

-г» П r."'
i=k+1

N — k—1
— rN-(N-k) rNN-j

j=0
= tyn*(Jk).

In particular, we have by (57) that
N

W(+)P = Y W{+)PN-k
k—0

N 2* —1
= 53 53 c2*+>to2t+i 

Jb=0 j=0

for a suitable choice of coefficients c,-. Since by Theorem 7 in 1.4 there is a measure pre­
serving transformation T' : [0,1) —* [0,1) such that wn = wno T' we obtain

|1^(+)р||р~||(£|И'г(+)р*|2)1/2||1,
k=0

by applying Paley’s inequality (Corollary 5 in 3.3) to the system (to„,n G N). This can 
be written as

iF<+)p||,~ii(Eip‘i2)1/2n-
t=o

(58)
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because (56) implies = |P*|.
Set

N
Pk := Pk П r,

i=0

for к = 0,1,..., N and observe by (56) that each P& belongs to the linear space generated 
by wn for 2N~k <n< 2N~k+1. Thus (58) and Paley’s inequality imply

I|w(+)pii,~ mi2),/2 ii,
k—0

= ll(ÉlÀI2)I/2llp
k—0

N
~ ii

k=0

= II
k=0

— Il-Mlp-
This completes the proof of i).

To establish ii), identify [0,1) with the circle group T := {e2n,t : t G [0,1)} and for any 
dyadic interval / Ç [0,1), let I* denote the “arc” centered where I is, but three times 
larger. It is clear for any dyadic atom ß ф 1 supported on /, that {ß, hj) = 0 for all «7 G To 
which satisfy either j J\ > \I\ or J f)I = 0). Consequently, off I* we have

sup
nGN

^{ß,hk)hk±i
k=0

= 0.

Set

Tf := sup 
nGN

(fi hk) hk±i
k—0

(/GL').

Notice for each n G P that the. Haar functions {hj : 2” < j < 2n+1) have non-overlapping 
supports. By repeating the argument of the proof of Corollary 1 in 3.1 we see that T is of 
type (2,2). Hence Holder’s inequality implies

<

<

|r|,/2 (/. |IV3|2)1/2 

1Л1/21Л1/2
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for any atom ß supported on I. Let / £ H have atomic decomposition anßn where each 
ßn is supported on a dyadic interval In. Then the identity above implies

пт/ii, < Da-iiimii,
n=0

oo .
<X>.i/ i%i

iä Jn

<c±K\.

n—0

In particular, it follows from (42) in 1.4 and Theorem 6 in 3.4 that

ЦЯ(±)/11н = l|£‘(tf<±)/)lli
< \\Tfh

< 25C||/||H.

This completes the proof of ii).
To establish iii) let / be any Franklin polynomial with neither constant nor linear term. 

Thus
N '

/ = ckh
k—2

for some N £ N with N > 2. By Corollary 3 there exists a constant В such that

N
1|я<+)/!1* = 1|£сД+1ц*

k= 2 
N

< B\\ ^c*/i*||H
k=2 
N-1

= B\\ 53 c*+l^t+l IIH
A:=l

= В||Я<+> ('pck+ihk'\
Ih-

Hence by ii), there exists a constant B' such that

N-i
||я<+>Л1я<в'||£с1+1/и||н.

k = l

In particular, another application of Corollary 3 results in

l|F<+)/ll* < B"||/||«
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for some constant B" and for all Franklin polynomials / with zero constant and linear
coefficients. None of these constants depend on f. Since f is a basis in 7Ï, we conclude 
that is continuous from H to 7i. |

By duality, the Haar shift operators are continuous from В MO to В MO. Hence by
Theorem 13 ii) and interpolation (see Theorem 12 in 3.6) we have that the Haar shift
operators are continuous from Lp to Lp for 1 < p < oo.

In the classical case, one can interpolate between 7{ and BM.Ö (see Fefferman, Riviere, 
and Sagher [1]). Hence Theorem 13 iii) and duality establish that the Franklin shift 
operators are also continuous from Lp to Lp for 1 < p < oo. This statement is false for 
p = 1 (see Gevorkian [1]).

5.5 Equivalence of Bases. Let X,Y be Banach spaces. Two linearly independent sys­
tems e = (e„, n E N) in X and r = (rn,n G N) in Y are said to be equivalent (in (ЛГ,У)) if 
there is a constant К > 0 such that

к-' ii 53 (.„«„и* < ii 53 ь„т„||у < к ii 53 6„£„iix
n=0

for all £~0 bnen in the linear hull L(c). When c is equivalent to r in (X,X), we shall say 
that c and r are equivalent in X. When no ambiguity arises we shall use the notation с ~ т 
for equivalence of systems.

n=0

By the Riesz-Fischer theorem, all complete orthonormal systems in L2 are equivalent in 
L2. In this section we prove that the Haar and Franklin systems, and Walsh and Ciesielski
systems are equivalent in many other spaces, but that the Walsh and trigonometric systems 
are equivalent only in L2.

Some authors call two bases e and r equivalent if the series

are equiconvergent for every (b„,n E N) 6 1°. By the Banach-Steinhaus theorem our 
definition is equivalent to this one when e and т are bases. In this last situation it is also 
clear that e ~ r if and only if the sequence spaces

{(4(i),n eN):ieX}, {K(y),ne n) : „ e Y]

coincide.
Let e = (e„,n G N) be linearly independent in X and r = (rn,n € N) be linearly 

independent in Y. The canonical isomorphism induced by the pair e,r is the linear map 
T : L(c) —> L(t) defined by

T(en) := тп (n G N).

By definition, e ~ r if and only if T and its inverse are continuous on L(e) and L(r), 
respectively. In particular, if e and r are bases in X and Y, respectively, and if e ~ r, then 
T extends to a continuous linear operator from X onto Y.
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A duality principle used several times in this section is the following one. If e and r 
are bases in X and Y, respectively, and if c ~ r, then the coordinate functional systems c' 
and t7 are equivalent in (X',Y'). To verify this, let T denote the canonical isomorphism 
induced by e,r and define its adjoint by

TV := 53 (ттУ') e'n (У G L(r')).
nGN

Then T' : L(r') —» L(e') is linear and by definition,

(z, TV) = (Tz, (z E L(6), y' E L(T')).

Consequently, ||T|| = ||T'|| and T' has a continuous linear extension to СЬ(т'), the closure 
of L(r') in У'. By symmetry, (T-1 )' has a continuous linear extension to CL(c'). Therefore, 
t7 is equivalent to r7 in (X',Y').

Let б = (en, n 6 N) be any system of non-zero elements in X. We shall say that c has 
the В-property if there is a constant В > 0 depending only on c such that

II < в\\ y^^gfcllx
k=0 k=0

for all n 6 N and G L(c).

LEMMA 5. Let e = (en,n E N) be a system of non-zero elements in a Banach space X. 
Then e has the В-property if and only if e is a basis in CL(e).

PROOF. Every basis has the В-property. On the other hand, if t has the B-property 
then

ii 53 b*6*n* - 25ii 53
k=m k= 0

for 0 < m < n and J2kLо G L(c). Consequently, e is linearly independent and coordi­
nate functionals

c'(z) := bn (n E N)

can be defined for each x = Y^T=o ^k^k E L(e). These functionals are bounded since

for n E N and x = 
expansion

l4(x)l

G L(e). Consequently, partial sums of the biorthogonal

П —1
^X:=53 €'k(X)ek (n G P)

k=0
are uniformly bounded on L(c). They can be extended to CL(c) with the same uniform 
bound. Hence by the Banach-Steinhaus theorem, ||5£x — x||x —* 0 as n —► oo for all 
x E CL(e). We conclude that c is a basis in CL(c). |

In particular, if two systems are equivalent, one of which is a basis, then both systems 
are bases (of the closed linear spaces they generate).

We apply these general observations first to the Haar and Franklin systems.
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THEOREM 14. The Haar and Franklin systems are equivalent in (H, H), in (VMO, VMO), 
and in Lp for 1 < p < oo. They are not equivalent in L1 or in L°°.

PROOF. By definition, the system 6 := J 6 To), I € To) is a basis in vmo and is
equivalent, in ( vmo, VMO), to the shifted Haar system

H+) := (hn+i>n € N).

By Theorem 12, 6 is equivalent to f(++) := (f„+2,n € N) in (vmo, VMOo). Thus h(+) 
is equivalent to f(++) in (VMO, VMOq), and by the duality principle, in (H0,Hoo)- On 
the other hand, we have by Theorem 13 in 5.4 that Haar shifts are continuous on H and 
Franklin shifts are continuous on 77. Consequently, the full systems h and f are equivalent 
in (H,77).

Let T be the canonical isomorphism induced by the pair Л, f. Then T is continuous from 
H to H. Moreover, by the Riesz-Fischer theorem T is continuous from L2 to L2. Hence by 
interpolation (see the remarks following Theorem 12 in 3.6), T is continuous from Lp to 
Lp for 1 < p < 2. Similarly, the map T_1 is continuous also from Lp to Lp for 1 < p < 2. 
Consequently, h and f are equivalent in Lp for 1 < p < 2.

By the duality principle it remains to show that the Haar and Franklin systems are not 
equivalent in L°°. Suppose to the contrary that h and f are equivalent in L°°. Then the 
operators

2" —1
T.f := £ (f,hk)U (/6L”,neN)

fc=0

are uniformly bounded. However, if for a fixed n G P we set

P :=
2" —1
£ f*(0)A*
k=0

and f := sgnP, then it turns out that

T"/(0)-3^(n”1)-

Indeed, for each к € P let I* := [0,2-<:), I'k := [2-fe, 2~k+1 ) and recall that

||y/^/||i < J \g\ (7 6 T0,flf E L1).

\
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Consequently,

>€ )

n —1

>E 11^*4 iii
k=l 
n —1

> ^2-*/2|f,,(0)|.

In particular, the promised inequality follows from (27) and (28) in 5.4. |
We see, then, that the canonical isomorphism induced by the pair f,h gives an explicit

isomorphism between classical and dyadic structures.

COROLLARY 4. Classical 7i is isomorphic to H and VAiO is isomorphic to VMO. 

Next, we consider equivalence of the Walsh and Ciesielski systems.
The Ciesielski system g = (gn, n G N) is defined by using Hadamard-Paley matrices and

the Franklin system in the following way. Let g0 := fo, gi := f%, and for n G N, 0 < к < 2n, 
let

2" — 1

Hence the shifted Ciesielski system g(+) := (gn+i,n G N) and the shifted Franklin system 
f(+) := (fn+1, n G N) are Hadamard transforms of each other.

THEOREM 15. The Ciesielski system is a basis in Lp which is equivalent to the Walsh 
system for 1 < p < oo.

PROOF. Fix 1 < p < oo and let Lq represent those / G Lp of mean zero. It suffices 
to show the shifted Ciesielski system g(+) is a basis in Lq and is equivalent to ty(+) := 
(ton+1, n G N) (see Theorem 13 above).

For each m G N,x,t G [0,1], and / G L1, set

2m+1-l
Km(x,t):= h+i(x)hk(t),
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and

(К'т/Ш:= Í Km(x,t)f(x)dx.
Jo

Observe by orthogonality that

(59) Kmhk = fjfc+i, K'mfk+i = hk

for 2m <k< 2m+1,m 6 N.
Since the supports of the Haar functions hk, 2m < k < 2m+1, are non-overlapping, we 

have by (25) in 5.4 that

2m + 1 —1

l|A'm(',i)ll. < E llf*+lllllM*)l
k=2m

<6V5,

and, similarly,
||Km(z,.)||i <C

for m € N,z,< E [0,1]. It follows, therefore, from Lemma 3 in 5.3 that the operators Km 
and K'm are uniformly bounded on Lp, say

\\Km\\p<C’, IIJTJI, < C' (m e N).

Since g(+) is the Hadamard transform of f(+) and the Walsh system is the Hadamard 
transform of the Haar system, it is clear by (37) in 1.4 that

2m + 1 —1 2m + 1-l
5 ^ bkwk = У bk hk,

k=2m k=2m

2m+1-l 2m + 1 -1
53 bkgk+1 = 53 bk ffc+i

k=2m k=2m

for (bk,k 6 N) G £°, and

2m+1 —1 2m+1 —1
53 gfc+i^w^) = 53 f*+i(z)/i*(i)

k=2m k=2m

for z,i G [0,1), m G N. In particular, g(+) is a closed system in Lq. Moreover, in addition 
to (59) we have

(GO) KmWk = gfc+l, Ä’mgHl = wk

for 2m < k < 2m+1, and m G N.
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To show g(+) is a basis in Lq fix n G N, choose m 6 N satisfying 2m < n < 2m+1, and 
let be a Ciesielski polynomial. By (60),

^ ^ bfcgt+i =Am ( 5 ' bkWk j .
Jk=2m \fc=2m /

Since ip is a basis in Lp we have by Lemma 5 and the estimates above that

n 2m+1-l

Il E bm+,ll,<c'B|| E ‘‘“‘Ия
Jfc=2m Jfc=2m

2m+1 —1

= С'вц E #WI„-
k=2m

Similarly, (59) and the fact that the Franklin system is a basis in Lp imply

2m + 1-l

53 b*hk
JC (TVJ

k=2m P V t=2" /

<C'B||E^+i|lp
k— 0

— c'b'w E Up
k-Q

for some absolute constant B'. Writing

n 2m —1 n
^2bkgk+1 = 53 b*s*+i + 53 Ь*ё*+ь
Jt=0 Jt=0 k= 2m

it follows that there is an absolute constant B" such that

n oo
ii 53 6&g&+i ii? ^ B"ii 53 ^gt+i iip

k=0 k=0

for all Ciesielski polynomials ^ b^gk+i- Thus g(+) has the В-property and g(+) is a basis 
in Lq by Lemma 5.

Let m € N and (&*, к G N) G £°. Since

2m —1 2m — 1

il E 6«‘+,n, = ii E #к+'11,
Jk=0 k=0
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there exists by Theorem 14 an absolute constant К > 0 such that

2m —1 2m —1 2m —1
к-'ll 53 itgt+.n, < и 53 biht+l\\p<K\\ 53 bfcgjt+iiip.

Jt=0 fc=0 Jfc—0

Moreover, since the Haar and Walsh shift operators are continuous on Lp (see Theorem 
13 in 5.4), it is clear that

ii 53 iii, ~ и É ii-

2m —1
= il 6*tofciip

2m — 1
~ il 53 b*m*+iiip-

k=0

Consequently,
2m —1 2m — 1

il 53 6*g*+iiip ~ il 53 6fctü*+iiip

t=0 jk=0

for all (bk,k G N) G 1° and m G N. Since g(+) and to(+) are bases in Lq, it follows that 
they are equivalent in Lp. |

The argument used above works for certain W-systems (see Exercise 5.11) and a large 
class of product systems (see Theorem 16 below).

Let 7 = (7fc, к G N) be a sequence of bounded, measurable functions defined on a 
probability space (Í2, u). Recall that 7 is strongly multiplicative if the product system 
g := (gn,n G N) defined by

(61) 9n := П Ъ*

*=0

(for n G N with binary coefficients (n&, t G N)) is orthogonal in L2(i2). Notice that 
both the Walsh system and the original Walsh system are product systems of a strongly 
multiplicative system. Hence the following result shows that the Walsh system and the 
original Walsh system are equivalent in Lp for 1 < p < 00.

THEOREM 16. Let 7 = (7t, к G N) be a strongly multiplicative system on a probability 
space (fZ, v) with ||7it||oo < 1 for к G N. Let д := (дп,п G N) be the product system 
generated by 7 and Xp denote the closure of the linear hull of д in Lp(fZ) norm. If

du = а (ne P)
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for some fixed a > 0 ifién j is a basis in Xp which is equivalent to the Walsh system in 
(Xp, Lp) for all 1 < p < oo.

PROOF. For each m G N, z G fi, and t G [0,1), let

2m — 1
Km(x,t) := ^2

k=0

(Kmf)(x) ■.= f Km(x,t)f{t)di (/ e L1),

Jo
and

:= / #m(z,f)9(z)dl/(s) (if G L^Û)).

By (61) and induction it is easy to verify

m —1

7\m(z,i) = П (1 + 7/(z)rf(i))
/=0

for i G iî,< G [0,1) and m G N (compare with Theorem 8 (i) in 1.5). Since |"у<| < 1 a.e., 
it follows that /<m > 0 a.e. on О x [0,1). Since go = 1 we have by orthogonality that

f \Km(x,t)\dt = 
Jo

and
Í \Km(x,t)\dv{x) — 1. 

Jn
Using the notation of Lemma 3 in 5.3, we have

||tfm||[oo,l] <1, ||^m||[l,oo] < 1-

Consequently, the linear operators Ffm, respectively K'm, are uniformly bounded on Lp, 
respectively Lp(fi), for 1 < p < oo and m G N, with ||üfm||p < 1, and ||if'm||p < 1.

Fix 1 < p < oo. Clearly,

Kmw k = gk and K'mgk = ocwk

for 0 < k < 2m,m G N. Hence for any polynomial YLk=o bk9k and integers n < N < 2m 
we have

Y^bk9k

k=0

< И
k=0

LP(il)
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Since w is a basis in Lp we also have
N

Jfc=0 t-0
В
a

В

*-(!>»)
N

- ~H ^bkdk\\LP(il)-
k-Q

Hence the system (<jrn,n € N) has the В-property and is equivalent to the Walsh system 
in (Xp, Lp). In particular, ($rn,n 6 N) is a basis in Xp by Lemma 5. |

The Walsh system is not equivalent to the Walsh-Kaczmarz system in Lp unless p = 2. 
To prove this we introduce the following notation.

Let T be a piecewise linear map on N induced by linear maps

Tn : {0,1,... ,2n — 1} -» {0,1,... ,2” — 1} (n € N).

For each n G N, let T'n denote the adjoint of Tn and set T* := (T^)-1 (see Theorem 7 in 
1.4). Then : [0,1) —► [0,1) is a 1 — 1, measure preserving transformation and

WT(2"+k)(x) = w2n+Tn(k)(x), 
wk(T^(x)) = wTn(k){x)

for 0 < к < 2" and x 6 [0,1).
Define T* : 1 - 1 by T*(0) := 0 and T*(I) := T*(J) := for |/| = 2"n.

Clearly,
|T*(/)| = |/| (I G I).

(Such a map T* will be called a measure preserving transformation on X.) When к < |/| 1, 
denote the value takes on I by u>*(7). Then the map X* : X —> X satisfies

(62)

Indeed, by (41) in 1.4,

(63)
I

Consequently,

WT(2"+*) = 2 n/2 ^2 wk(I)hT*(l)-
|/|=2-"

to2.+t = 2""/2 Ю1(/)/=,. 
I /1=2 — n

wT(2n+k) = to2"+T„(t)
= 2-n/2

|/|=2-"
= 2-n/2 ^

|/|=2-n

wTn(k)(I)hi

mt(^(7))/i;

= 2 n/2 ^2 wk(J)hT*(J)
|J|=2-n
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for 0 < к < 2n,n £ N.
For the following result, let

T*h := (hr*(i), I E I).

LEMMA 6. Let X and Y be Banach spaces. Suppose h and w are bases in X, and T*h and 
Tw are bases in Y. Then w and Tw are equivalent in (X,Y) if and only ifh and T*h are 
equivalent in (X,Y).

Proof. Let b — (bn,n £ N) £ 1°. Define a map b —* fr1 := (bf, I £ X) by bj- := by, and

2" — 1
bj := 2-"/2 53 b2.+kwk(I)

k=0
for I £ J, |/| = 2~n,n G N. Then _L is essentially the Hadamard transform and conse­
quently is a bijection of 1° onto l°(2"). Moreover, it follows directly from (63) and (62) 
that

2" — 1
53 &2"+*™2" + * = 5Z Ь/
fc=0 |/|=2-"

53 í>2" + fc^r(2’M-Jfc) = 53 bfhT-(I)-
k-0 I/|=2 — n

In particular, ||5^« ||% ~ Цб'^ГЦу if and only if HS*" II* ~ 11*^2" *llv- Since each of these 
systems is a basis, it follows that ||S£||x ~ ||S^||y if and only if ||S*||x ~ ||S^ *||y. | 

We see, then, that the problem of equivalence of linear rearrangements of the Walsh 
system reduces to equivalence of particular measure preserving rearrangements of the Haar 
system, i.e., rearrangements of the form (Ьш(/),/ £ I), where t*7 is a 1 — 1 map of 1 onto 
1 which satisfies

И/)| = |/| (I £ I).

Let zu : 2 —► 1 be measure preserving. Define the norm of zu by
4 1/2

where
VW(I) := \J{zu(J):j£l and J Ç /}.

Define an operator on V by

^w/ 5 1 f ihq(I) (/ G V),
iei

where for each I £ T, fj := (/, hj) represents the corresponding Haar-Fourier coefficient 
of f.

The following result shows that various operator norms of Rw are completely determined 
by the norm of zu.

Ml := SUP V in/eio 4P I
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THEOREM 17. Let w be a measure preserving bijection on X. Then

Moreover, if 2 < p < oo and q is the index conjugate to p, then there is a constant C} 
depending only on p such that

H|(p-Wp < ||Д„||,

Proof. We begin by showing

IIbmo ^ IMI-

Let f £ V with ||/|IbmO — ^ an<^ ^call that the map / —> / is an isometric isomorphism 
of BMO onto bmo (see 3.4). By definition, then, we have

II^w-'/IIbmo = IK^w-1 Л'

Write the set Vm(I) as a union of disjoint maximal intervals in the following way. For

mm

and set

Then Ji is the set of components of Vm(I) and

In particular,

- 1Л h
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for each I 6 Xq. This verifies (64).
To obtain the reverse inequality, let e > 0 and choose an interval J £ To such that

1/2

Let

Ml -6 < ( щ 1^-001

F0 := ]T \L\lt2hi
Leh

and observe that ЦТоИвМО = Moreover, since I 6 I/ implies zu~1(L) С I it is clear 
that

7i E = щ £ w
JCI L£h

It follows that 

In particular

>(IM|-c)=.

II^-HIbmo ^ II^-iFo|Ibmo - IMII _£-

II^w-HIbmo — IMII-
By duality and the fact that = Rw-1, it remains to show

(65) |MI<P'2,/'’ < ll-MI, = ||Л=-. Il, < С,||ш||<'-2)/р

for 2 < р < oo.
To prove the left side of (65), fix 2 < p < oo and observe that the function Fq defined 

above satisfies ||Fo||p = |VK7(/)|1/p. By Holder’s inequality we have

|У„(/)| = ||Я„-,Р„||2
= fx(I)\Rw-tF0\2 

Jo

U
1 \ (p-2)/p

x(I)j Il^-Collj.
Consequently,

|Го11р ^ |К,(ЛГ/21Л~(Р~2,/(2',)1МЛГ1/'
IkoIIp

1 (p-2)/(2p)
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To prove the right side of (65) observe that ||i?w||2 = 1- Hence by interpolation (see 
Theorem 12 in 3.6) with 1/q = (1 — t)/2 +1, i.e., t = (2 — q)/q = (p — 2)/p, it follows from
(64) that

IM». < сцшц«-’-2»/'

for some absolute constant C. Since the Hp and Lp norms are equivalent, we conclude 
that (65) holds for some constant Cp depending only on p. |

COROLLARY 5. Let T : 1 —> X be a measure preserving bijection and let

Th := (/iT{I),I € %).

i) The systems h and Th are equivalent in H and in BMO if and only if

1Л
Ur(J)
JCI

< oo and sup — 
ieiо КI U

JC/
< oo.

ii) The systems h and Th are equivalent in Lp (for 1 < p < oo, p ф 2) if and only if

Л1Л UT(J)
JCI

< oo and U 7"V)
JCI

< oo.

PROOF. Both results are direct consequences of Theorem 17. For example, to prove 
i), set zo \=T and observe that

Rw(hi) = hT(!) (f € I). I

We apply these results to the Walsh-Kaczmarz rearrangement.

COROLLARY 6. The Walsh (-Paley) and Walsh-Kaczmarz systems are not equivalent in 
H, in BMO, and in Lp for 1 < p < oo and p ф 2.

PROOF. In 1.4 we proved that the piecewise linear transformation T which induces the 
Walsh-Kaczmarz rearrangement satisfies T'm = 7% for m G N.

For m G P let q(m) G N be defined by 2^™) < m < 2?^m^+1. Observe by the proof of 
Theorem 11 in 1.6 that the sets

Em - C([0,2-»<™>)) = r^([0,2"’<m>))

satisfy

U
m=M

= i (Mg p).
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Moreover, observe for M £ P and I := [0,that

UTV)2 U U T'(J)
JCI m—q(M) \ I J| = 2“m, JC/

= U U
m—q(M) \|J|=2-m,JÇ7 y

2 U Em.
m=q(M)

It follows that

5 Ш U T'(J)
JCI

= oo.

By Corollary 5 and Lemma 6, we conclude that to and Tw are not equivalent in H, in 
BMO, and in Lp for 1 < p < oo and p ^ 2. |

Finally, we consider equivalence of the Walsh and trigonometric systems. In connection 
with this we introduce the following terminology.

For the next several pages, if Cl is a set then we shall denote the cartesian product fix Cl 
by Cl2. Let (Í2, u) be a complete measure space and c = (en, n £ N) be a system in L^fi). 
The Kronecker product system generated by c is the system e = (<Гт)П, m, n £ N) in L^Q2) 
defined by

У) em(a')^n(y)

for m,n £ N,x,y £ ÍL
/

LEMMA 7. Let (Cl,v) be a complete measure space and suppose that e = (en,n £ N) 
and r = (rn,n £ N) are equivalent systems in Lp(Cl) for some 1 < p < oo. Then the 
corresponding Kronecker product systems e and r are equivalent in Lp(Cl2).

PROOF. Fix a polynomial F = Ylcm,n^m,n in L(e) and set

For each к £ N set

G •— 5 ] <'m,n'rm,n-

Фк := 53 c*/6<
<€N

^ := 53 c<.fcT<-
/€N

and
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By the equivalence of e and r in Lp(i2), and by Fubini’s theorem, there exists a constant 
К such that

ЦГЦ, = jf фк(у)ек(х)\р du(x) di/(y)j

<I<([ f I Y\ $k(y)Tk(x)\p du(x) dv(y) 
\JnJn fceN

= K J l ]Г фМч(у)\p du(x) du(y)j

<K2(f í I V 'Pi(x)Tl(y)\p du(x) dv(y)
\JnJn ,cN

Vp

i/p

i/p

Elicii,-

By symmetry, we also have ||G||P < K2\\F\\P. It follows that the canonical isomorphism 
induced by the pair e,r is bicontinuous on Lp(fi2). Therefore the systems e and т are 
equivalent in LP(Í22). |

THEOREM 18. The trigonometric and Walsh (-Paley) systems are equivalent in Lp for 
1 < p < oo only when p = 2.

PROOF. Fix 1 < p < oo, p 2, and suppose to the contrary that the trigonometric 
and Walsh systems are equivalent in Lp.

Let t := (4, к G N) represent the trigonometric system normalized to [0,1), i.e.,

t2fc(x) := cos2тгЬ, t2*+i(x) := sin27rkx

for к G N, X G [0,1). Let 1 := (tk,i, kJ G N) be the Kronecker product system generated 
by t, and w := m,n € N) be the Kronecker product system generated by the
Walsh system. By Lemma 7, t and w are equivalent in Lp([0, l)2). Consequently, there is 
a constant Ä' > 0 such that

A 1II ^2 CM Up — II cm,nwm,n\\p
MEN m.nEN

< AT|| Y ck}ttk,t ||p
Me N

for every sequence (c&/ , k,£ G N) of real numbers which contains only finitely many non­
zero entries.

Define multipliers U on L( t) and V on L(to) by

U( Y cM*m) := YCk^k’f
k,te N t<k



and
V{ У ] cm,nwm,n) •— У ^ cm,nwm,n- 

m,nE N n<m

It is well known (see Zygmund [1], pp. 253-266, or Exercise 5.12) that the operator U is 
continuous on Lp([0, l)2). Since the choice of К above implies

к~1\\ипР<\\упР<к\\и/\\р,

it follows that V is continuous on Lp([0, l)2). However, we shall prove (see Lemma 8 below) 
that V is continuous on Lp([0, l)2) only when p = 2. Therefore, t and w are equivalent in 
Lp only when p — 2. |

LEMMA 8. For each

(66) / = ^2 Cm,r,Wm,n € L(w)
(m,n)GN2

defíne

(67) Vf := Cm,nwm,n
n<m

If 1 < p < oo then V is bounded on Lp([0, l)2) if and only if p — 2.

PROOF. By duality it suffices to show V is unbounded on Lp([0, l)2) for each 1 < p < 2. 
Fix 1 < p < 2, t 6 P, and for each 0 < k < t set

2* —1
(68) Rk := w2k Q Yj

e=o
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Consider the function

f := YRk-

Notice that
Rk(*,y) = W2*(z) D2t(x + y) 

and consequently the R^s are supported on the set

E := {(x,y) G [0, l)2 : D2i(x -f y) = 2?}.

By translation invariance the measure of E can be calculated directly:

\E\ = 2~* f f D2t(x + y)dxdy 
Jo Jo

= 2~K

(69)
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Moreover, this argument shows the Rk's are orthogonal with

for 0 < к, j < t where 6kj is the Kronecker delta. Let r = 2/p and r' be the index conjugate 
to r. By Holder’s inequality it follows from (68), (69), and (70) that

_ 2<(l/2-l/(pr'))#l/2

Therefore

(71) ||/||p <

To estimate Vf notice that
^2k,0wt,t = w2k®t,t

and that 2k ® i < i if and only if the k-th binary coefficient of l satisfies l* = 1. Thus if

A := {1:0<1<2‘Л =0}

and
В := {^:0<^<2%4 = %}

then
(-1

Vf =
к—0 (£В

By Theorem 8 (i) in 1.5 we have

í-i

^m^(u) = rk(u) (1 + r,(u))
t€B jf£k,j=0

= —(D2‘(u) + D2t(u + 2 k !))

for и G [0,1) and 0 < к < t. For such к the functions D2t and r2-k-iD2t have pairwise 
non- overlapping supports. Hence applying this identity to и = x + у we have
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Hence

WVfb >M£jf ^1|Л2,(х + у + 2-‘-1)|»Л
dy

1/P

= ^(*2<(p-1))1/p

— —£1/р2^1_1/р)

Therefore, it follows from (71) that

H^/Hp > I^l/p-1/2 
ll/llp ~ 2

We have shown that for each t Ç. P there is a two-dimensional Walsh polynomial ft such 
that

II Up > i/l/p-l/2 
II/,lip 'S!

Let t —* 00. Since 1 < p < 2 we conclude that V is unbounded on Lp([0, l)2). |
Let N2 be endowed with the group structure from the product of (N, 0) with itself (for 

product groups see Appendix 0.3). To show Lemma 8 holds for all the “lower triangular” 
multipliers

Vßf := 53 Cm,nWm,n (ß > 0),
n<ßm

we first show that there exist subgroups of N2 which lie close to the line у = ßx.

LEMMA 9. Let e > 0,/? > 0 and t Ç P. There exist Z2-linearly independent sets

M := {n0,n1,...,n(_1} c N

and
Mt := {m0,mb... ,m,_i} C N

such that the group Gt in N2 generated by {(rrij, nj) : 0 < j < satisfies

(72) \n-ßm\<e ((m,n)eGt).

PROOF. The proof is by induction on t.
Suppose first that t = 1. By a classical theorem of Kronecker (see Zygmund [1], Vol. II, 

p. 20) there are infinitely many fractions q/s which satisfy

\ß-q/s\ < s~2.

Thus choose positive integers n0,m0 such that m0 > 1/e and \ß - n0/m0| < 1/mg. Set

Gi := {(0,0),(mo,no)}
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and observe that (72) holds for t = 1.
Next, suppose that (72) holds for some subgroup G*, t > 1, with e/2 in place of e. Choose 

r G N such that
2r > max{mj, nj : 0 < j < t)

and s and q such that
12^/3 - 2"g| < e/2.

Set mt := 2rs, nt := 2rq and verify that mt 0 m = mt -f m and nt ® n = nt + n for all 
(m, n) G Gt. Set

Nt+i := Nt U {nt}

and
M(+i := Mt U {m(}.

Thus by construction,

|n ф nt — ß(m 0 mt)| = I(n — ßm) + (nt — ßmt)\ < e.

We conclude by induction that the lemma is true for all i G P. I 

Theorem 19. Let ß > 0 and for each

(m,n)6 N2

define

n<ßm

If 1 < p < oo then Vß is bounded on Lp([0, l)2) if and only if p = 2.

Proof. Fix <EN,l<p<2 and 0 < e < 1/2. Apply Lemma 9 to choose sets M(, Nt 
and the subgroup Gt in N2 such that (72) holds.

Since the sets Mt,Nt are Z% linearly independent there are measure preserving trans­
formations Ti,T2 of [0,1) such that

for 0 < j < t. Define
T(x,y) := Ti(x)T2(y)

for (x, y) G [0, l)2 and choose by the proof of Lemma 8 a two- dimensional Walsh polyno­
mial / such that

ll/llp "2
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\\Vß9\\r = l|Vi/Hr > 1,,/2-v,
Hill, ll/ll, "2

We close this section with the summary of results concerning bases which was promised 
in 5.3:

i) The Haar and Franklin systems are bases in L1.
ii) The Franklin system is a basis in 'H.
iii) The Haar system is a basis in H.
iv) The Haar, Walsh, Franklin, Ciesielski, original Walsh, and Walsh-Kaczmarz systems 

are bases in Lp for each 1 < p < oo. In fact, every piecewise linear rearrangement of the 
Walsh system is a basis in Lp for 1 < p < oo.

v) The shifted Haar system (hn,n G P) is a basis in VMO.
vi) The shifted Franklin system (f„,n G P) is a basis in VMO.
vii) The Haar system is a basis in Cw-
viii) The Faber-Schauder and Franklin systems are bases in C[0,1].

5.6 The Basis Problem. This celebrated problem of Banach asks whether every sep­
arable Banach space has a basis. In this section we show the answer to this question is 
no by constructing separable Banach spaces, similar in spirit to the dyadic Hardy spaces, 
which fail to have a basis.

Using compact operators (see Appendix 0.0) we recast the problem. For the next several 
pages let (X, || • ||x) be a Banach space, £(X) denote the collection of bounded linear 
operators from X to X, and fC(X) denote the collection of compact operators in £(X).

Call a set K Ç X non-trivial if it contains at least one non-zero element. For each 
non-trivial compact subset К of X define a seminorm on C(X) by

IIA||k := sup ||Ax||x (A G C(X)).
x€K

Then X is said to have the compact approximation property (briefly, the CAP), if /C(X) is 
dense in £(X) with respect to || • ||к for every non-trivial compact set K Ç X.

It is easy to see that any Banach space with a basis has the CAP. Indeed, if e is a basis 
in X then the partial sums S^x converge to x, as n —► oo, uniformly on every compact 
subset of X. Moreover, each 5^ is a compact operator in £(X). Thus to solve the basis 
problem it suffices to construct a Banach space which fails to have the CAP.

Let ( , ) denote the usual inner product in L2. Suppose the Banach space X satisfies
V Ç X Ç L1. For each A G £(X) and n G N set
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For convenience, set t-i(A) = 0. Define the trace of A with respect to the Walsh system 
by

(73) t(A) := lim tn(A)

when this limit exists.
The trace function allows us to identify constructable conditions sufficient to conclude 

that X fails to have the CAP.

LEMMA 10. Suppose V Ç X Ç L1, I|/|ji < ||/||x for / G X, and

(74) sup ||ton||x < oo. 
neN

Suppose further that there exist non-trivial finite sets Ko, Ki,... in X, and a constant 
C > 0, such that

(75)

and

(76)

V sup ||/||x < oo

|<n(A)-#n_1(A)|<C||A||Kn

holds for all A G C(X) and n G N. Then X fails to have the CAP.

PROOF. Suppose for a moment that t(A) exists and satisfies

(77) |<(Л)| < С'ЦАЦк (A G /:(%))

for some non-trivial compact set K Ç X and some constant C' > 0.
Let e > 0 and fix A G K{X). Since A is compact, use (74) to choose m G N, a map 
: N —► 0,1,..., m and functions /о, f\, • • •, fm G X such that

II Au?n /с7(п)II ^ £•

The inequalities
(/,^)|<||/||i <ll/llx (/e%,tGN)

|L(A)| = 2-"
2n — 1
53 W, A%)&)
k=0

2" —1 2" —1
<2 n 53 I (tofc, Atojk — fw(k)) I + 2 n 53 I (wk, fvo(k))

k=0 k=0
m 2" — 1

<e + 2-"5] 5] |(u,t,/,)|
t=0 k—0

imply
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for n G N. Since {Wk,ft) = //(&) —+ 0 as к —+ oo, we deduce that

• limsup |t„(A)| < e.

In particular, t vanishes identically on )C(X). If X has the CAP, it follows from (77) that 
t vanishes identically on C(X). This contradicts the fact that if I is the identity in C{X) 
then t(I) = 1.

It suffices, therefore, to construct a non-trivial compact set K Ç X such that (77) holds. 
Let

an := sup \\f\\x (n G N)
/GK„

and use (75) to choose u:n > 0 such that ы„ —► oo as n —> oo, and

^ ^ ап^п < oo.
n—0

Set

K- (0}U U к„/(а„ы„)

where Kn/(arntvn) represents the set of points / G X which can be written as / = g/(anuin) 
for some g G Kn. Since tvn —> oo as n —> oo, the set К is compact. Moreover, by (76) we 
have

kn(A) — tn-l(A)| < Co;nCVn||A||K„/(arnu;n)

< Сапи;п||Л||к

for n G N and A G C{X). Consequently, tn(A) converges as n —> oo, and satisfies

|i(A)| = |f>»(A)-t„-i(A)|

<c
n=0

for every A G C{X). |
For any <7-field Q of measurable subsets of [0,1) and each / G L1, let £(f | Q) denote 

the conditional expectation of f with respect to Ç7, i.e., g := S(f | Q) is the Q measurable 
function which satisfies

f 9= f f (E G Ç).
Je Je

(Such a g exists and is uniquely determined for each / G L1 by the Radon-Nikodym 
theorem).
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For each sequence G = (Gn,n G N) of a- fields of measurable subsets of [0,1) such that 
Gn C An+1 for n G N, set

ll/IU-OT := sup ||£(|/| I Çn)\\, (/ € L1).
n6N

Denote by LP(G) the collection of / G L1 which satisfy ||/||lp(c) < oo. It is obvious by 
definition that L*(ß) is isometrically isomorphic to L1. Hence L1^) always has a basis. 
Moreover, when G is linearly ordered, LP(G) is isometrically isomorphic to Lp for 1 < p < oo 
(see Exercise 5.13) and thus also has a basis. Below we shall show that there exist non­
linear ly ordered G such that LP(G) does not have a basis for any 1 < p < oo.

First notice for any sequence of a-fields G and any 1 < p < oo, that Lp(<?) is a Banach 
space X which satisfies V C X Ç L1, ||/||i < ||/||x, and

sup ||w„||x = 1. 
n6N

In particular, if Lq(G) represents the closure of V in LP(G), then LP(G) is a separable 
Banach space which satisfies all the hypotheses of Lemma 10 except possibly (75) and 
(76). Therefore, we need to construct a sequence G of cr-fields in [0,1) and a sequence 
(K„,n G N) of non-trivial finite sets in Lq(G), 1 < p < oo such that (75) and (76) hold. It 
is here that the Walsh functions enter in an essential way.

Recall there is a 1 — 1 map from the Walsh system w onto the Z2 linear space G0 (see 
1.2). Thus the system w can be considered a Z2 linear space.

Let S denote the collection of all finite dimensional subspaces of w. For each S G S with 
basis R, the number of elements in S and R are related by

|5| = 2'fíl.

Moreover, S is the product system generated by the elements of R (see (61) in 5.5).
Fix S G S. Let As be the <r-algebra generated by S. Then As is atomic, i.e., there 

exist sets A G As (called atoms) such that B Ç A and B G As imply В = 0 or В = A. 
Moreover, the measure of each atom of As is precisely |5|-1.

Denote the set of characteristic functions of the atoms of As by At(5) and the condi­
tional expectation £(/ | As) by Ss(f). These definitions and orthogonality of the Walsh 
system imply

(78) w = |S| ^ (w, a) a
aGAt(S)

(to 6 S),

(79) a = ^2 (a, w) w (a
wÇS

6 At(S)),

and

(80) £sf=\S\ Y,
a€At(S)

(/EL';

/
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Combining these identities we see

(81) £sf=Y,{f,™)u (f 6 V).
w£S

In particular,
(82) о f  ̂^ ^).

For each pair of integers n < m let Rn,m denote the subspace of w generated by the 
Rademacher functions {r* : n < к < m). The connection between atoms and estimate 
(76) is revealed in the following identity:

(83) tn(A) - tn+m(A) = 2 n 53 ( 53 (aw’A((l-a)w))
aGAt(fín-„+m) \w£R0,n

for all Л E E(X) and integers n < m. To verify this identity fix Л 6 C(X), S E S, / E L1, 
and apply (78) and (79) to obtain

\S\ 1 Y wWw) - Y wA ( 53 (w’a)af
wes wes \oGAt(S) ,

= Y ( 53 a>w) A(a-f)
aGAt(S) \weS )iGAt(S)

= 53 aA(°/)-
aGAt(S)

Hence

(84) 53 wHfw) = isi 52 °A(a/)-
u>GS aGAt(S)

We conclude from (81) and definition that

<„(A) - in+m(A) = 2_n 53 ( (w, Aw) — 2_m 53 (^w',Aww') I
wGßo.n V ty'Gfin.n + m /

= 2-n 53 ( 53 ((aw, Aw) - (aw,Aaw)) j .
u>Gfío,n yaGAt(ßn,n+m) y

One more definition is needed before we proceed with the construction of Ç. Subspaces 
Si, E 5 are said to be independent if

Si П S2 = {tuo}.

(Notice that u>o is the “zero” of the linear space w.) It is easy to see that two such subspaces 
Si and S2 are independent if and only if the corresponding n-fields ASl and ASi are 
independent in the probabilistic sense, i.e., if Ej E ASj (j = 1,2) then \Ei П JE?21 = |Ei||jF2|. 
Moreover, by construction, given Si Ç S in S, there is a third subspace S2 Ç S (called the 
complement of Si relative to S) such that Si and S2 are independent and Si + S2 = S.
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THEOREM 20. Let 1 < p < oo. There is a sequence of о-fields G such that Lq(Ç) fails to 
have a basis.

PROOF. We have seen it suffices to construct a sequence Ç of cr-fields in [0,1) and a 
sequence (K„, n E N) of non trivial finite sets in X := I/(fir) such that (75) and (76) hold.

We begin by showing there exist pairwise independent finite subspaces 5n,° for each 
а 6 At(fín>n+1) and n 6 N such that Sn,a C Ro,n and

(85) £ (
n=0 Уа€А1

where p' is the index conjugate to p.
First, take к copies of the group Z% and form a product group Zk. Notice that the map 

(n0,nb..., n&-i) —» о is a 1 — 1 map from Z* onto the set

F* := {m 6 N : 0 < m < 2*}.

Since F* is a field under dyadic addition and dyadic multiplication (see Appendix 0.3) it 
follows that there is a multiplication which makes Zk a field. Denote this multiplication 
by © and let

Sy := {(x, X © y) e Z* X Zj : x G Z*}

for each y E Z£. Clearly, each Sy is a linear subspace of Z * X Z* and |5y | = 2*. Moreover, 
since Syi П Sy2 = {0} for y\ ф y2, these subspaces are pairwise independent.

Next, fix m > 5 and set к := 2m~2. Since the spaces

T?2m~ i i2m and Z* x Z*

are isomorphic, these observations can be used to choose pairwise independent subspaces 
of each containing 2* elements. Since the condition m > 5 implies 2k >2 • 2m,
it follows that there exist pairwise independent subspaces

S ’ C 7?2m_1,2rn C Ro;n

for each integer n E [2m,2m+1) and each atom a E At(7Z„,n+i) such that

|5n,a| > 2k.

Since к > n/8 for each n E [2m,2m+1), we have verified (85).
Let Ç = (Çn, n E N) be the sequence of cr- fields determined by

At(a„) := {ab: be At(5n-°),a E At(i2n>n+1)}.

Pairwise independence of the 5n,0’s together with (82) imply 

(86) £(/ I e„) = 2 53 a£s" ‘(fa)
o€At(R„fn+i)
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for / G L1 and n G N.
For each n € N let Sn,a represent the complement of Sn,a relative to Ro<n. Set

In - |S"'«|,/’’
and define finite sets Kn by

K„ := {t„u;(1 - a)b : w G Sn-e, b G At(S”*’e), a G At(i2n>n+1)}.

Then for any Л G C(LP(Ç)) and / G K„ of the form / = 7nw(l — a)b, we have

I (wab,A(tv(l - a)6)) | < (ab, £(|A(u)(l - a)6| | Qn))

< — ||ab||p* sup ||A/||lp«?)
7n /GKn

- (7n|5"-e|1/i")

Hence

(87) I (wab, A(w(l - a)b)) | < |5"'ТЧ|Л||к„

for A G C(LP(G)) and / = 7„u)(l — a)b G Kn.
To verify (76) combine (83), for m = 1, with (81) and (84) to obtain

<n(A) - <„+i(A) = 2~n 52 52 52 (w'%/\A(%/u/'(l - a)))
o€At(fin,„+i) w'£Sn-a w»£Sn-a

= 52 lS'n,ar1 52 52 {wab,\(wb(l — a)))
a€At(Rn,„+i) u>esn’* b£At(Sn'“)

for A G C{\jp{Ç)) and n G N. In particular, inequality (87) implies

|<„(Л)-<„+1(Л)|<2||Л||к„.

To verify (75) it suffices to show for any n G N and fo G K„ that

(88) £(\M |6m)<4 |S"’T,/'"
aGAt(R„,„+i)

is satisfied for all ш G N. Indeed, by taking Lp norms, the supremum of these Lp norms, 
with respect to m, and then the supremum over fo G Kn we obtain from (88) that

sup ll/llz.,,0, <4 £
/€K" eGAt(R„,n+1)

Hence summing this last inequality over all n and applying (85) we obtain (75).
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To prove (88) let /0 = 7ntu(l — ao)&o E K„ with bQ G At(5n,0°) and a0 G i2n,n+i- Notice 
for (m, a) ^ (n, ao) that the <7-algebras S'm,e and 5'n,0° are independent. Thus (82) implies

Ss (a(l — ao)bo) < Ss bo
= f5-.(f.5"-.6o)

for a ao. For a = ao we have a(l — a<j)bo = 0; consequently, this inequality holds for all 
5m,a. But now (88) follows easily from (86) and the definition of 7n. Indeed,

£(l/ol I5rn) < 2t„ 53 £s”"(a(l - a„)6„)
o€At(Rm,m+i)

< 47n|S'n,aor1 
= 4|Sn,aor1/p'
<4 Y, |5n’ar1/p'. I 

aeAt(fi„,„+i)

Exercises

5.1 Let X be a homogeneous Banach space.
a) Prove

E2n(/,X) < II/ - S2./||x < 2E2n(/,X)
for all / G X, n G N.

b) Show the constant 2 in a) is sharp.
5.2 Suppose f is dyadically differentiable in a homogeneous Banach space X. Prove f 

is constant if and only if d/ = 0.
5.3 Let X be a homogeneous Banach space. For any / G X and n G P, let Pnf represent 

any best approximation to f in Vn. Suppose a > 0,r G P, and f is differentiable in X of 
order r. Consider the following conditions

(A) En(/,X) = 0(n"r-°) as n-400

(B) ||dl4(A/)||x = 0(n‘-r-“) as n-.cc,

for к > r + a, к G N.
a) Show (A) implies

II 53 d|tl№-/-Pj—/)||x = 0(nk~r~°)
m=l
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И‘1(Р2</ - P.f)IU = 0(n‘-r-"),
as гг —» oo, for Ä; > r + <*, where / G N satisfies 2J < n < 27+1.

b) Using a), show (A) implies (B).
c) Prove

N
E2i(/,X) < E2j+„(/,X) + 53 ||P2h™/- P2Hm-,/||x

m=I

for iV G P.
d) Using c) and Theorem 7 in 5.2, show (B) implies (A).
e) Show condition (B) is equivalent to d^/ G Lip(a,JQ.
5.4 a) Let Д^/ := 1/n 53Г=1 - /| for n G P, / G L1. Prove

||An }/lloo = O as t -»oo,

for ail / G Lip(l, W).
b) Using Walsh-Fej ér polynomials, prove there exists a function F G Lip(l, W) and 

constant c > 0 such that

ЦД^'РЦоо > logn
c------

n
(n G P).

5.5 For 1 < p < r < oo set

ll/ll,.r = II sup (S^l/n'^llr.
n£N

Prove (Lr, К • ||Pir) is a Banach space. If p,p' and r,r' are conjugate indices, show that 
the dual of (Lp, || • ||Р)Г) is isometrically isomorphic to (Lp , || • ||p'y ).

5.6 a) Use Exercises 3.18 and 3.25 to prove that every function dyadically differentiable 
in L1 belongs to В MO.

b) Show that every function dyadically differentiable in Lp, 1 < p < oo, belongs to 
Lip(l/ç, W), where q is the index conjugate to p.

[Ladhawala [1]]
5.7 Show that every function f dyadically differentiable in H satisfies / G l1 and belongs 

to Cvy.
5.8 Let

/:=£ Wn
n log n '

Show f is dyadically differentiable in L1 but is unbounded on (0,1).
5.9 a) Prove that the indefinite dyadic integral of an H function belongs to Cw- 
b) Prove that the indefinite dyadic integral of an L1 function belongs to BMO but may 

be unbounded.
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5.10 Let e be equivalent to r in (ЛГ,У), where X and Y are Banach spaces. Show that e
is a basis in CL(c) if and only if r is a basis in CL(r).

5.11 Let X Ç L1 be a Banach space. Let (Hn,n G N) and (Gn,n G N) be H-systems 
and let {Wn,n G N) and (Z„,n G N) be the W-systems they generate (see Appendix 0.8). 
Suppose (Я„,п G N) is equivalent to (Gn,n G N) inX and that (Я„,п G N), (C?„,n G N), 
and (Wn, n G N) are baises in X. Prove that (Zn, n E N) is a basis in X and is equivalent 
to (Wn,rx G N).

5.12 Let c = (e*, к G Z) where

Cjfc(t) := ехр(2тггМ)

for к G Z, t G [0,1), and г := y/—ï. Let e be the Kronecker product system generated by 
e For each A Ç R2 and / = 53°m,n^m,n € L(i) define

(m,n)GA

a) Let V, V' : R2 —► R2 be defined by V(z, y) := (x,x + y) and V'(x,y) := (x + y, y). 
Set V* := (V',)_1 and Vf := f о V for / G L(e). Prove

N
(89)

for 1 < p < oo, n, Я G N, and f = € L(c). Use (89) to show that

ЦГа/IIp < Cp\\f\\„

for any f G L(è), and 1 < p < oo.
d) Prove that the multiplier

n<m

is bounded on Lp([0, l)2) for any 1 < p < oo.
5.13 Let Ç = (Ç7n, n G N) be any sequence of cr-fields of measurable subsets of [0,1).
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a) Prove that
UWlho) = ll/lli (/6L1).

b) Suppose that (/o C É/i C .... Prove that

WfhHO) ~ ll/ll, (/ e 1Л)

for 1 < p < oo.
5.14 Let (X, I] • ||x) be a Banach space and xn G X for n G N. Denote by Xn the closure 

of the linear hull of {r* : к G N and к ф n}. If xn ^ Xn for every n G N then (xn,n G N) 
is called a minimal system.

a) Prove (z„, n G N) has a biorthogonal system if and only if it is minimal.
b) Prove a system c = (en,n G N) is a basis in X if and only if the following three 

conditions are satisfied:
i) c is a closed system,
ii) c is a minimal system,
iii) if e' = (б'п,п E N) is the biorthogonal system of e then there is a constant M > 0 

such that for every x G X and N G N,

N
II 53 (Z»en>€n||x < M\\x\\X.

n=0

[Kasin-Saakjan].
5.15 A basis e = (en,n G N) in a Banach space (X, || • ||%) is called unconditional if 

(6o?(n)) n G N) is a basis in X for every bijection ro:N-*N.
i) Prove a closed, minimal system e (see Exercise 5.14) is an unconditional basis in X if 

and only if there is a number M > 0 such that

N
II 53 r"(*) (z, <> en||x < M\\x\\x

n=0

for every N G N, x G X, and t G [0,1), where (e'n, n G N) is the biorthogonal system of c. 
[Kasin-Saakjan]
ii) Prove the Haar system is an unconditional basis in Lp for each 1 < p < oo. 
[Marcinkiewicz [1]]



Chapter 6

ALMOST EVERYWHERE CONVERGENCE AND SUMM ABILITY 
OF WALSH-FOURIER SERIES

6.1 Tests for Almost Everywhere Convergence. By Theorem 12 4.5, we know that 
the Walsh-Fourier series of an / 6 L1 may diverge everywhere. In this section we identify 
several conditions sufficient to conclude that Sf converges a.e. and obtain an estimate for 
the growth of the partial sums Snf valid for all / E L1.

By Theorem 2 in 4.1, if the L1 modulus of continuity of / decays sufficiently rapidly, 
then Sf converges in L1 norm. A similar phenomenon holds for a.e. convergence.

THEOREM 1. Let f E L1. If any one of the three conditions

(1)

(2)

°° ,1 Л 1
52 / \f(x+u) - f(x)\D2k(u)dxdu < oo,
t-n Jo Jo

(3) ы<1,(/,<) = 0(1о6^
-1-

0, for some e > 0,

holds, then the Walsh-Fourier series of f converges a.e. on [0,1). 

Proof. Suppose (1) holds. By Fubini’s theorem we have

oo .]
(4) 52 Í l/(x+M) - f(x)\D2k(u)du < 

k=oJo
oo

for a.e. X E [0,1). Given m, n E N apply Theorem 8 in 1.5 to write

\Snf(x) - f(x)\ =| J (f(x+u) - f(x))wn(u) ^y^nfcrfc(u)Z)2*(u)j du

<52 I / (/(z+u) - f(x))rk(u) D2k(u)wn(u) du I 
. „ Jo
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Notice for each x E [0,1), that the terms of e(x) are Walsh-Fourier coefficients. In fact, 
if

G[k\u) := (f(x+u) - /(ж)) rk(u)D2k(u) 

for fc E N and « E [0,1) then

=(x)<£|Ő<‘)(n)l-
к=0

It follows, therefore, from the Riemann-Lebesgue lemma that

limsup ISnf(x) - f(x)I < Rm(x).

But (4) implies Rm —» 0 a.e., as m —> oo. Consequently, 5n/ —► / a.e., as n —> oo.
Next, suppose (2) holds. Clearly,

J j \f(x+u) - f(x)\D2k(u)dudx = j D2k{u)(^j |/(x+u) - /(z)| dx^j du

= 2k f ||ru/ — /||i du < ,2~k)
Jlk{ o)

by definition. Moreover, since a/1) (/, 1/n) is monotone as n -+ oo, condition (2) is equiv­
alent to

^ы'1)(/,2-”)<оо.
n=0

Therefore, condition (2) implies condition (1). Since it is trivial that condition (3) implies 
condition (2), the proof of the theorem is complete. |

The next test is a Walsh analogue of a theorem of Marcinkiewicz. We need two prelim­
inary results.

LEMMA 1. Let Eq be a measurable subset of [0,1) and e > 0 satisfy

|£o| + £ < 1.

There exists a collection %* of pairwise disjoint dyadic intervals such that if Eq := [0, l)\E0 
and E := U I, then Eq Ç E,\E\Eq\ < e, and

(5) /+ П E0 / 0 for every / E X*.

PROOF. If |2?o| = 0 let T\ =0 and T2 be a collection of dyadic intervals which covers 
Eq and satisfies

E m < ф-
/gt2

(6)
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Set Z := Ti UX2, E := U /, and notice that \E \ Eo \ < e/2, 
lei

If |Eo| f 0 let

Ei := {£*(x(-E0)) > y}, and E2 := E0\Ei. By Corollary 1 in 3.1

|£.l < llx(Eo)||, (1 + 5}^j) =l£ol + |,

hence |Ex \ E0\ < e/2. On the other hand, £n{x(E0)) —>• x(Eo) a.e. as n —> 00 implies 
x(Ei) > x(Eq), hence \E2\ = 0. Evoke

Я. = u K(x(£°)) > y.£:-.(x№)) < y}
n=0

to choose a collection X\ of dyadic intervals whose union is E\. Since E2 is of measure 
zero, we can cover E2 with a collection X2 of dyadic intervals which satisfies (6). Again, 
set X := Xi U X2, E := U/e~/, and notice that \E \ Eq\ < e.

For each x G E let
ru(x) := min{n 6 N : In(x) Ç E}

and set
:= {/ro(r)(^) :x e E}.

\

Clearly, E is the union of Z* and X* satisfies condition (5) by construction. Moreover, 
given x,y £ E with /ш(х)(х) П /го(у)(у) ф 0, it is also clear by construction that

Ivo(x)(x) —

Hence X* is a collection of pairwise disjoint intervals and the proof of the lemma is com­
plete. I

For the next several pages we shall write 1(7) := n + 1 when I is a dyadic interval of 
length 2~n.

The following result is a localization theorem (compare with Theorem 13 in 2.5). 

LEMMA 2. Let X* be a collection of pairwise disjoint dyadic intervals and

E := U I. 
lei.

If g E L1 satisfies {у ф 0} Ç E and
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then Sg converges a.e. to zero on E := [0,1) \ E.

PROOF. For each n G N set

v' x(i) i f i9n := > -TT]- sup / grtom
/ÍJ. m>n Jl

and
G„ ~ E X(W)s-

f€Z.
By the Riemann-Lebesgue lemma, G„ decreases monotonically to zero, 

everywhere on [0,1). Moreover, by hypothesis,

IIGoll, < E'W / !#(<)!dt 
/61. jl

<='Em
fez.

= c'|£| < oo.

Hence the Lebesgue dominated convergence theorem implies

(7)

Set

and observe that

*?JGn\\i = 0.

T„ :— ^ ^ ÿn * 7^2* 
k=o

z Í-9n* D*k
Z Z L( Í (x(I)9n)(t)D2k(x+t)dt \ dx. 
*=o fez. ^£ /

Since X ^ I and fc > ^(/) — 1 imply

X(7)(<)I>2* (a?-i-<) = 0

for every t G [0,1), it follows that

/ < Z Z Л (х(Л^")(0 ( D2.(z-H)<b) ^Je I<El.k<t(I)J° Vo J

= Z Z / = / G".fez. fc</(f) v/°

259

n —у OO,
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In particular, (7) implies

Fix x G E. Then x does not belong to any I G Z*, so rx(rkD2k) is constant on each 
interval of Z* for к = 0,1,.... Hence

53 Jr ((]7j Ji9(t)w*(t)dt - 9w^j Tx{rkD2k)j = 0

for every n, к G N. But Theorem 8 in 1.5 implies

l(S„iO(x)| = ^(rik(ffwn) * (rkD2k))(x)
Jfc=0

53n* 53 ITi f / (%(/) * r*Z>2*)(x) I •
k=o iei. 1/1 V/ /

Consequently,
sup |(5ny)(x)| < Tm(x)
n>m

for every x G E and m G N. We conclude by (8) that Sng —> 0 a.e., as n —* со, on E. 
For / G L1 and x G [0,1), define

/♦(x) := sup îy-7-тт / 1/(0 - /(*)| dt-
n€N JIn(x)

The following result, which we shall call the Marcinkiewicz test, shows that if /* belongs 
to L° then the Walsh-Fourier series of / converges a.e.

THEOREM 2. If f G L1 then Sf converges a.e. on the set {/* < oo}.

PROOF. Fix AígN and set
:= {/* > N).

It suffices to show that Sf converges a.e. on the set Eq := [0,1) \ Eq.

We may suppose that |Eo| < 1. Choose e > 0 such that |J5q| + e < 1 and apply Lemma 
1 to choose a collection Z* of pairwise disjoint dyadic intervals such that if E = ^ I then

E0 Ç E, \E \ E0\ < £, and (5) holds. In particular, for each I G Z* choose a point

Xj G Zf П Eq.

9 53 - /(*/))
/GZ.

Let



and

h:= f(xlW) + x(Ê)f
lei.
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where E [0,1) \ E. Notice that f = g + h.
We shall prove that g satisfies the hypotheses of Lemma 2 and that h is bounded. It 

will follow from Lemma 2 andTheorem 14 in 3.7 that Sg = 0 a.e. on Ë and Sh = h a.e. 
on [0,1). Since by Lemma 1, \Eq \ E\ < e, the proof of the theorem will be complete.

Clearly geh1 and {g ф 0} Ç E. Moreover, for each I el*, the condition z / E /+ Л £0 
and the definition of E0 imply

~ ]7+j jj

< 2W 4ЛГ 
- f(4) - f(/)'

Consequently, the hypotheses of Lemma 2 are satisfied with c' = AN.
To prove h is bounded, observe for any two points x,y E [0,1) that there exist x',y' E E0 

such that h(x) — /(x') and h(y) ~ f(y'). Since Ei, ф [0,1) we have for all x, у € [0,1) that

№)-№)!< f \f(x')~f(n)\du+ C\f(y')~ f(u)\du
Jo Jo

</V) + /V)
<2 N. I

It is interesting to note that one can show directly, without using Theorem 14 in 3.7, 
that Sh converges a.e. (see Exercise 6.18).

In 4.2 we saw that Цб^/Нос/logn —> 0 as n —* oo for / E Cty- Using the maximal 
function (see (8) in 3.1), we can obtain a similar estimate for pointwise growth of 
partial sums of Walsh-Fourier series.

Theorem 3. If f e L1 then

sup < IS'!
m>2 log2 m

and

(9) lira =0 a.e.
log 2m

PROOF. For m,n E P, 2n_1 < m < 2n, recall from Theorem 8 in 1.5 that

П — 1
Smf = wm^T mkrk£k(rkWmf).

k=0
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Hence it follows from the definition of that

\Smf\< n£*f.

Let 5 f
Tmf ■.= pi-

log2 m

for m E N, m > 2, and / € L1. Clearly, Tmf < 2S^f. Therefore the maximal operator of 
the operators Tm is of weak type (1,1). Moreover, it is clear that Tmf —* 0 as m —> oo, for 
every polynomial / E V. We conclude by Theorem 2 in 3.1 that Tmf —> 0 a.e. as m —► oo 
for every / E L1. |

We shall show in 6.5 that the results of this section cannot be appreciably improved.

6.2 Almost Everywhere Summability of Walsh-Fourier Series and the Pointwise 
Dyadic Derivative. In this section we show the Walsh-Fourier series of every / E L1 
is a.e. Cesàro summable. We shall also prove a fundamental theorem of calculus for the 
pointwise dyadic derivative.

Let
Lj := {/ S L1 : / f = 0}.

Jo
An operator T : L1 —> L° is said to be local if / E Lj and {/ / 0} Ç / for some dyadic 
interval I imply

{Tf ф 0} C I.

An operator T : L1 —> L° will be called quasi- local if / E Lq and {/ ф 0} Ç I for some 
dyadic interval I imply that Tf is integrable off I with

(10) / \Tf\ < C\\fh

for some constant C which does not depend on I or f.
Examples of local operators include the conditional expectations operators

£nf := S2nf (n E N, / E L1).

It is clear that every local operator is quasi-local. Translation operators are quasi-local 
but not local. Another class of quasi- local operators is given by

£//(*) := £/(*+2-J'-1) (i,je N)

defined for each / E L1 and x E [0,1).
In this section we shall denote the operator norm of a T : Lp —► Lp by ||T||P, i.e., if 

1 < p < oo then
||T||P:= sup ||T/||P.

ll/ll, <i
For certain kinds of quasi-local operators, the condition ||T||oo < oo is sufficient to 

conclude that T is of weak type (1,1) and takes H to L1.
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THEOREM 4. For each n G N let Tn : L1 —> L1 be a bounded linear operator and for each 
/ G L1 let

Tf := sup |T„/|.
n£N

IfT is quasi-local and A := ЦТЦ^ < oo, then there is a constant В (depending only on A 
and the constant C of quasi-locality) such that

(И)

and .

y|{T/>y}|<B||/||i (z/>0)

IIT/II, < B||/||H.

PROOF. The second inequality is almost obvious. For, if ß is a dyadic atom supported 
in an interval I then by (10) and hypothesis we have

f Tß\< f \Tß\ + f \Tß\ 

Jo Ji J[o,i)\i

< A + C.

To prove (11), fix / 6 L1, у > ||/||i, and choose by the Calderon-Zygmund decomposition 
non-overlapping dyadic intervals Iq, I\,... and functions <7, h such that / = g + h,

(12)

(13)

Iblloo < 2уoo
|П|:=| [jh N rll/lll

k=0

and if hk := x(h)h then hk G Lj and

(14) ||^||i<4l/|A| (Ä6N).

Since Tf < Tg + Th, and (12) implies ЦТ^Це» < 2At/, we have by (13) that

|{T/>(l+2A)t/}|<|{TÄ>y}|
<|n| + |{z^O:(TÄ)(z)>%/}|

< Uh
у + \LTh'

where fi := [0,1) \ fi.
Since T is quasi-local and fi is a union of non-overlapping dyadic intervals, we have
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for к G N. Moreover, it is clear that

Th<Y, Thk.
*€ N

It follows, therefore, from (14) and (13) that

f_Th < 4Cy Y, 141 < 4CII/II,.

JkeN

Consequently,
у|{Т/>(1+2Л)у}|<(1+4С)||/||1.

Since this inequality also holds for y < ||/||i, we conclude by a change of variables that 
(11) holds. In fact, we may take

В :=(1+4C')(1+2A). 1

We shall apply this theorem to the operators
n—1 n—1

?',:=2-'YVY.£l
j—o i=j

and

Пп := (ne P).
j=0 i=n

Our interest in these operators stems from their relationship with summability and dyadic 
differentiation. For example, Theorem 16 in 1.8 implies

П —1
(15) |<7„/|<|Я„/1+2^2‘-"К/|

i=0

for 2n_1 < m < 2n. (See also (26) below.)

LEMMA 3. The operators Tn and TZn are bounded on Lp for 1 < p < oo, n 6 P with

(16) ll^llp < 2, ||тгп||я < 2.

Moreover, if T* f := supn£P \^п/\ and TZ* f := supn6P |7£„/|, then T* and 1Z* are quasi- 
local.

PROOF. Clearly, ||£/||p = 1 for i,j € N and 1 < p < oo. Consequently,

|MI,<D"-j)2-"+j
j=о

<Êi2"‘
jt=i

<2.

/
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Fix a dyadic interval /, let m € N be determined by \I\ — 2 m and suppose / £ Lj 
satisfies

{f^0}CI.

Fix X (£ I and observe that j > m — 1 implies x £ t2->-i (/). Thus it is easy to see that

£/ /(z) = 0

for all x £ I if j > m, i G N or if i < m and j G N. In particular,

i^/mi < £>' f; 2-|f//(Z)i
j = 0 1=771+1

for all z ^ 7 and n G N. Since the right side of this inequality is independent of n, it 
follows that

rf<иль f; 2-<11/11,.

dlV j = 0 *=771+1

We conclude that T* is quasi-local. A similar argument works for 7Z*. Hence the proof of 
the lemma is complete. |

Since (16) implies ||^r’l‘||0o < 2 and ЦТ^*]^ < 2, the following result follows immediately 
from Lemma 3 and Theorem 4.

COROLLARY 1. The operators T* and 71* are of weak type (1,1 ) and satisfy

\\?’fh < C||/||H.I|W/Ili < C||/Uh

for all / G H, where C > 0 is an absolute constant.

It is now easy to prove that every Walsh-Fourier series is a.e. Cesàro summable. 

Corollary 2. Let
o*f := sup |<7n/|

n>0

for f G L1. Then cr* is of weak type (1,1 ), satisfies

(17) К/Ill <C||/||H (/EH)

for some absolute constant C. Moreover,

lim onf = f a.e.

for all f G LJ.

PROOF. It is clear by (15) that

f"/<f/ + 2r/.
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Consequently, a* satisfies (17) and is of weak type (1,1). Moreover, it is clear that anf —► / 
as n —* oo, for all Walsh polynomials /. Therefore, it follows from Theorem 2 in 3.1 that 
anf —> / a.e. as n —> oo, for all / 6 L1. |

To generalize these results from Walsh-Fourier series to Walsh-Fourier-Stieltjes series, 
we introduce the following notation.

Let IM denote the collection of finite В or el measures on [0,1). Given v £ M let ||i/|| 
denote its total variation. Let

Mo := {v £ M : i/([0,1)) = 0}

and call an operator T : M —► L° quasi-local if given v £ Mq supported on some dyadic 
interval /, one has that TV is integrable off I and

/ Tu< C\\u\I

for an absolute constant C which depends neither on v nor I.
Notice that any operator T : M —* L° can be viewed as an operator from L1 to L° by 

restricting T to the absolutely continuous measures in M. Indeed, recall that the map 
/ —> и/ defined by

i/ДЕ) := / / (E £ Л)
Je

is a 1-1 map from L1 onto the collection of absolutely continuous Borel measures on [0,1) 
and that

IM = ll/lh-
In particular, if T : M —> L° is quasi-local, then its restriction to L1 is also quasi-local.

An operator T : M —* L° is said to be of weak type if there is an absolute constant В 
such that

(18) y\{Tu > y}| < B|M|

for all у > 0 and v £ M. Notice that the restriction to L1 of an operator T : M —> L° of 
weak type is necessarily of weak-type (1,1). Thus the following result generalizes (11) of 
Theorem 4.

THEOREM 5. For each n £ N let Tn : M —» L1 be a bounded linear operator. For each 
v £ M let

Tv := sup \Tnv\. 
ne N

If T is quasi-local and C\ := ЦТЦ^ < oo, then there is a constant В (depending only on 
C i and the constant C of quasi-locality) such that (18) holds for all у > 0 and all v £ M.

PROOF. By the proof of Theorem 4, it suffices to obtain a Calderon-Zygmund decom­
position for measures. Specifically, we shall show that given v £ M and у > ||z/|[ there 
exist non-overlapping dyadic intervals 70, /i,... satisfying
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hlloo < 2y,

and such that if $*(£?) := t9(/* П E) for E E A and к E N then

# =
fc=0

and measures Л, d satisfying v = Л + such that A = vg for some g E L°° with

in the norm of M, and
11^*11 <4y|/*|

for all к E N. By the Jordan decomposition we may suppose that v is non-negative. 
Fix v > 0 and у > ||i/||, set /„ := 5гпv for n E N and consider the stopping time

r := min {a E N : /„ > y).

For each n E N set gn fnAr, hn := (/„ — /пЛт) and observe that

fn — 9n 4"

Fix a dyadic interval I and set

X(I) := lim [ gn
n_>0° 7/

This limit exists because 
/„ > 0 and

fj Wj = 0 for j sufficiently large. Hence Л belongs to QM. But

fn = £nfn+1 < 2£n-i/n + 1 = 2/n_i.
Hence it follows from the definition of r that

0 < gn < 2y (n E N).

We have shown that ||<7n||oo 5: 2у for n E N. Since each is a 2n-th partial sum of a 
Walsh-Fourier-Stieltjes series and the Dirichlet kernel Dg» is non-negative for n E N, we 
can repeat the proof of Theorem 8 ii) in 4.4 to show that there is a function g E L°° and 
a subsequence rti,ri2,... of integers such that дПк —* g as к —> oo, a.e. and in L2 norm. 
Consequently,

W) = JjS

and
0 < g < 2y a.e.

Let /* := sup /„. By construction,
n€N

{/* > У} = IJ {t = n}.
neN
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Moreover, each set {r = n} is a finite union of dyadic intervals whose lengths decrease 
as n increases. Hence we can choose non-overlapping dyadic intervals .. such that
each Ik is contained in some {r = n} and

{/* > y} = |J h-
ifc=0

Since the proof of Theorem 1 in 3.1 establishes

|{/* > y}\ < - sup ||/„||i,
У n€N

it follows that oo 1 ,
IH IJ Ik I- “ SUP IIA 111 = “NI*

k=О У nGN y

Finally, for each dyadic interval I set

i9(7) := lim f hn,
n-~°° Ji

:= ti(lnlk) (ke N).

Notice by construction that и = A -f d and that d is supported on Í2. Fix к E N and use 
the Jordan decomposition to obtain

HN < №№)•

Since each Ik is contained in some {r = n}, it follows that

M < / /»+ / 9n<±y\Ik\.

Jh Jh

Consequently, ^ ^k is Cauchy in M and converges in M. Since d is supported on Í2 and 
íí = U Ik, we conclude that

k=0

as required. |
Extend the operators £■ from L1 to M by

SÍv{x) := S2ív(x+2 i 1).

Since (52) in 1.5 implies
^i/(z) = 2'i/(7,(z4-2--'-')),
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we have
l|£/H|i < HI

for V G M and i,j G N. Thus the operators Fn and 7ln can be extended from L1 to M 
and they satisfy

ll^nHIi < 2ИИ|тг„И|1 < 2И1
for i/ G M and n G P. Analogous to (15) we have

n —1

(19) |<г„,И<|Я,И + 2£><-п|£И
1=0

for 2n_1 <m< 2n. In particular,

for F’V := sup|F„i^|, := sup|£ni/|, <7*i/ := sup|<rni/| and и G M.

Set 7Z*u := sup|Fni/|. The argument of Lemma 3 shows that F* and F* are quasi-local 

on M. Hence Theorem 5 contains the following result.

COROLLARY 3. There exist absolute constants В and C such that

> у}| < 5HI,
y\{?'v>y}\<B\\v\\,
y\{K'v>y}\<B\\vl

and

y\{a*u > y}| < СЦИ1,

for ail v G M and у > 0.

We shall use this to prove a summability result concerning Walsh-Fourier-Stieltjes series. 
First we consider the following case, using the notation

uE(I) := и(1ПЕ)

to represent the restriction of и G M to a set E G A.

THEOREM 6. For each n G N let Tn : M —► L1 be a bounded, positive linear operator, 
and for each и G M let

Tu := sup \Tnu\. 
n€ N

If T is of weak type on M and if Tn(uj) —> 0 a.e. on [0,1) \ J as n —> oo for every singular 
measure v and every dyadic interval J, then

lim Tnu = 0 a.e.
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for every singular measure и E M.

PROOF. We begin by showing that if и is a singular, non-negative Borel measure in M 
then its binary derivate is 0 a.e. on [0,1), i.e., that

Dt/(x) := lim sup ^ ^ = 0
n—»oo Рп(а')1

for a.e. X E [0,1).
Indeed, let e > 0. Since и is singular, choose a Borel set E such that u(E) = 0 and 

|[0,1) \ E\ = 0. Fix j E P, set

Ej:=lxeE: lim sup 2nu(In(x)) > \ 1 
I n—>oc J J

and choose by regularity of и an open set V D E such that u(V) < e. By definition, given 
X E Ej there is an integer n(x) so large that /n(z)(x) С V and

|Ai(z)(z)| < jv(In(x)(x)').

Since {/n(l)(x) : x E Ej} is a collection of dyadic intervals which covers Ej we can choose 
non-overlapping dyadic intervals ( J*, E P) such that

E,ç\JjkÇV
k=l

and
\Jt\<MJt) (* e P).

Therefore,

|Я,| < Y. IJ‘I S J E "(Л) < MV) < je.
k—1 k= 1

In particular, \Ej\ = 0 for all j E P and it follows that Du = 0 a.e. on [0,1).
To prove the theorem, we may suppose that и > 0. By hypothesis, then, Tnu > 0 for 

n E N. Recall from (52) in 1.5 that

(Snu)(x) = (n E N, x E [0,1)).

By what we just showed, given e > 0 there exists an N E N such that

|{ sup £nU > £2}| < £. 
n>N

Í2 := { sup £nu > e2}
n>N

Let
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and observe that ÍÍ is a union of non-overlapping dyadic intervals belonging to U An.
n=N

Consequently, if E [0,1) \ E where E is defined by

then E C and if I(k,N) Ç E then I(k,N) = In(x) for some x G [0,1) \ fi. It follows 
that

In particular,
u(E) <

Write и = ve + ifg and observe that

lira sup Tnz/ < lim sup Tni/£ + T

By hypothesis, limn-^o Tuve = 0 a.e. on E. Since T is of weak type, it follows that

< (1 + C)e.

Therefore, Tnv —»• 0 a.e. as n —» oo. |

COROLLARY 4. If и is a singular measure in M then Tnv

PROOF. Since T* and 7Z* are of weak type (see Corollary 3), it suffices to show that

every dyadic interval J.

at t-u{x) —> U a.e. on [U,lj as г —» oo.
Let I J\ = 2m_1 and fix x G [0,1) \ J. Notice that i'j(I) = 0 if I П J = 0. Consequently,

for г, j > m. In particular, for гг > m we have

It follows, therefore, that jFnz/j —> 0 a.e. on [0,1) \ J as n 
Similarly, we can show that

for x G [0,1) \ J. Since the inner sum tends to zero, as n 
j G N, it follows that 7Znvj —> 0 a.e. on [0,1) \ J as n —> <
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COROLLARY 5. Let v E M. If f is the Radon-Nikodym derivative of the absolutely 
continuous part of u, then

lim anv — f a.e.

PROOF. There exists a singular measure Л and a function / E L1 such that v = Vf + 
By Corollary 2, <7n(i//) —+ / a.e., as n —> oo. By Corollary 4 and (19), <rn(A) —► 0 a.e. 

Therefore,

lim onv — lim crn(uf) + lim <rn(A)n—►oo n—►oo n—►oo
— / a.e. I

We pass from summability to dyadic differentiation.
Recall that the dyadic integral I of an / G L1 is defined by I f := f * W for / G L1, 

where

iv=1+£t-
fc=i

For each v G M define the dyadic integral \v by

2" —1
Iv := z7(0) + lim V'

n—►oo Ly k
k=l

where this limit is taken in the L1 norm. Notice that this series does indeed converge in 
L1 norm, for by Theorem 17 in 1.8,

—- 1^= 0(2 m) as m —> oo,
n—2T

and if (g * u)(x) := g(x + y) du(y) then

h*v\\i < 1ЫМ1И1

for every g G L1. Notice also that this definition extends I from L1 to M.
Recall that the pointwise dyadic derivative of a function / at x G [0,1) is defined by

/W(z) := lim dnf(x)

where 71 — 1
d„/(x) .- 1(f(x)-f(x+2 ] '))

j=о
for x G [0,1) and n G P. Also recall that

(20) d„ (Wi2n + k) = klVi2n + k
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0 < к < 2” and i,n E N (see (69) in 1.7).
Using the techniques developed above, we shall show that Iv is a.e. dyadically differen­

tiable and
lim dn(Iz/) = / a.e.

for each v E IM, where / is the Radon-Nikodym derivative of the absolutely continuous 
part of v. We first consider the case when и = Uf is absolutely continuous and notice that

(21) d„(I/) = /*(d„Ty) (nEP).

By (20) write

oo 2"—1
dnW — Dg» + 53 5Z

i=i fc=i

dn (^»2n)
i2n + к

= D2n+J2 W(2n

1 = 1

2n —1
E
fc= 1

i2kwk 
i2n + к'

Thus with
bk(i,n)

for г, n E P, 0 < к < 2n, one obtains

г A; i2k 
2" г2" + A:

d„iv = D2. + E —2-" Е^‘-Е^ E
2" —1

1=1 fc=l

w,2"

Is

2" —1

/: = 1

In particular, if

and

Un := sup 
tGP

2" —1

53 bk(i,n)wk
k=l

then

(22) KW|<D2. + |i/n| + 2Vn

for n E P.
The operators Un * f and Vn * f can be estimated using the operators 7Z* and a*. In 

fact,
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LEMMA 4. If n £ P and x £ [0,1) then

n—1 oo oo
(23) |C7„(z)| < 2 J2 2i+1J22~'Di'(I + + 2^2-fc+1ű2„+.(z)

j=0 i=n Jfc=0

and

(24) Vn < 4.2"n ]T |AT*| + 2AT2„ + B2n.
Jt=i

PROOF. For (23) observe by definition that 

2" —1

I 2-" kM*) I =2-*|(d„D,.)(*)|
П — 1

< 2-" 2^-1 (D2. (z) + D2. (z 4- 2-;-^ ))
j=о

n-i
< 2-"-1 J2 2’d2" (* + 2-’-') + -B2-(x).

k=0

Furthermore, by Theorem 15 in 1.7,

tVj2n(z)
E

i=о

HE wi(2"z)

<4^2-^D2.(2"z).

k=о

Since j < n implies

П —1 k-1

D,. (x + 2-'-1) £>2.(2"x) = П (! + r/(* + 2~J-1)) Д (l + r,+„(x + г"'"1))
e=o 1—0

= D2n+* (z + 2-J-i),

(23) follows immediately from these two inequalities.
For (24), fix г, n G P, set 6* := Ь*(г,п), and use Abel’s transformation twice to write

(25)
2" —1

h wk =
k—Q

b2"-i-D2n + (62n_2 — b2n-i) (2n — l)/v2n_1

+ 53fc=i2 (&t-i ~ 26jt + bjfc+i) A:Afc.

Let g(t) := r/(l + t/г) for t > 0 and notice that

bk = g (62 n)
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for 0 < к < 2n. It is easy to show that

g(4) -it- i2 +
d 2t + t2/i
dt9(t) ~ (l+t/if'

and

^g(t) = 2(1+ t/,)-3.

Consequently, 0 < #(f) < 1, 0 < ^sr(t) < 2, and 0 < -£ïg(t) < 2 for all f G [0,1]. In 
particular, it follows from the mean value theorem that

|^2n-2 ~ ^2"-i | < 2 • 2 n

and
|bjt-i — 2bjt + bk+11 < 4 • 2 2n

for 0 < к < 2n. These estimates together with (25) establish (24). |
For classical Fourier analysis, the H ar dy- Li t tie wood maximal function is defined by

Mf(x) := sup I i / /(<) dt I .
« Jx

Its dyadic counterpart is given by

Г/ := sup |dn(I/)|. 
n€P

The following result will be called the dyadic Hardy-Littlewood maximal inequality. 

COROLLARY 6. The operator I* is of weak type (1,1 ) and of weak type on M.

PROOF. By (21), (22), and Lemma 4 we have

(26) Г/<7Г|/| + 12а*|/|+27г*|/|.

Since the operators £*, cr*, and 7£* are of weak type (1,1) and of weak type on M, the 
same is true for I*. |

Let P be a Walsh polynomial and observe that dn(IP) = P for n sufficiently large. 
Therefore, Corollary 6 above and Theorem 2 in 3.1 provide a fundamental theorem of 
pointwise dyadic calculus:

Corollary 7. For every f e L1,

lim drt(I/) = f a.e..

With only a little more work, we establish the following.
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COROLLARY 8. Let v G M. If the Radon-Nikodym derivative of the absolutely continuous 
part of v is f, then

lim dn(Iz/) = / a.e.

PROOF. Since v = Uf + X for an / G L1 and a singular measure Л G M, it suffices by 
Corollary 7 to show that

lim dn(It/) = 0 a.e.

for any singular measure v G M.
Fix such a measure v with v > 0. By the definition of lu we can choose a subsequence 

Ni,N2,. .. of positive integers such that

(27)

where

dn(Iz/) = lim и * dnW2Nk a.e.
fc—► OO

n —1

j=i
for n G P. By repeating the steps which lead to (22) with W2sk in place of W we obtain 
an analogue of (22) for each к G P. Letting к —> oo and applying (27) we conclude that

|dn(Ii/)| < v * D2n + v * \Un\ +2v * Vn.

Consequently, it follows from Lemma 4 and Corollaries 4 and 5 that

lim dn(Iz/) = 0

for every singular measure и. |

6.3 Logarithm Spaces and Block Spaces. The fact that the maximal operator S* is 
of type (p, p) for 1 < p < oo has many consequences for pointwise convergence of Fourier 
series. We shall investigate some of these consequences here, in 6.4, and in 6.6.

If / G Lp for p > 1 then Sf converges a.e., but Sf may diverge everywhere when / G L1. 
In this section we shall identify some spaces X which satisfy

Lp С X C L1 (p> 1)

such that Sf converges a.e. when / G X.
We begin with an inequality which relates the maximal martingale transform for mar­

tingale trees to the predictor £# (for definitions see (75),(85), and (86) in 3.7).

LEMMA 5. Let E Ç [о, 1) be a measurable set, let f G L° with range in [1/2,1) and set

9 := x(E)f.

There is an absolute constant C > 0, independent of E and f such that

(28) |{T»9 > Cy}| < C\{£*g > y/log,(l/y)}|
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for all 0 < y < 1/2 and a 6 A with ||с*|| < 1.

PROOF. Fix a E A with ||a|| < 1, and for each integer dyadic interval I E J and each 
к E Z set

:= ßYr)(o^)g,

where ß\ and e* axe defined by (89) and (93) in 3.7 except / has been replaced by g and 
Л j has been replaced by Ejg. Set

Д&9 := sup^ + 2^%{^>2^} 
iej

and observe by (90) and (94) in 3.7 that

(29) 2”(а)д<2^Д‘д.
fcez

Fix I E J and recall that the operator T*j is a linear martingale transform. Hence by 
Corollary 4 in 3.3 and the estimate of Cp which follows it, there is an absolute constant 
ci > 0 such that

KsllS = ||Д*(/3;9)НЗ
< ciî,iia‘3î(e‘)?ii;

< с,2«<*+2У ||#||«

for all q > 0 and к E Z. Using the exponential Taylor series, we find that

I A‘exp (rS) -Cl £ ÿ (з)’ IIAt|l‘ - C2|ia‘111

for some constant c% > 0. In particular,

|{Л?»>6№‘}|<с2е-21‘1||/3;‘||1

for all к E Z, I E J, and or E A with ||or|| < 1.
Let

£„:= [J {fi‘g>8|t|2‘}
k<so

where sq is some negative number to be specified below. The estimate above shows that

|Яо1<£|{Д‘д>8№‘}|
k< 0

<ЕЕкдЬ>6№*}|
k<o iej

<<*Х>"эд£и^Ць .
k<o iej
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Consequently, (88) in 3.7 with p = q = 2 implies

|£ol <4c2£e-2l‘l|£|2-2‘.
k<0

In particular, there is an absolute constant c3 > 0 such that

(30) |£„| < c3|E|.

Fix 0 < y < 1/2 and choose s E Z with s < — 1 so that 2s-1 < y < 2s. Set sq := s—log2 |s| 
and observe that

___ У.___  / 0*0
log2(l/!/) - '

We claim that
®o n {£>g < 2S0} Ç {T(a)g < 192y}

where jFq := [0,1) \ So- To see this observe by construction that x{^9 ^ 2k}Rkg = 0 for 
all к E Z. Hence by (29) we have

< r°}T-(a)g < 2 ^
k<s0

It follows, therefore, from the definition of Eq that

x{£'g < 2-}x(Bo)T*(a)5 < 16 53 |i|2‘
k<so

<64|ao|2'°
< 64 2s(|s| +log2 |s|)/|s|
< 1282s 
< 256y.

The claim and the choice of Sq imply

|{Г*(а)д > 256y}| < |So! + \{£*д > y/log2(l/y)}|.

Since у < 1/2 the second term on the right side of this inequality is not less than |S|. 
Therefore, (28) follows from (30) with C := max{256,c3 + 1}. I

Combining this result with Corollary 1 in 3.1 and inequalities (77) and (87) in 3.7 gives 
the following estimate for the maximal partial sum operator. For the case у > 1/2 we have 
used Theorem 13 in 3.7.

COROLLARY 9. There is an absolute constant c > 0 such that

|{S*(x(S)g)>y}|<chlog(b||£|(31)
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for all measurable sets E Ç [0,1), measurable functions g : [0,1) —* [1/2,1], and y > 0. 

Recall from 3.1 that
log+ t := I+ , i bgt t > 1

0 otherwise.

For each 0 < p < oo let L(log+ L)p represent the collection of functions / G L° which 
satisfy

[' l/l(log+ l/D'
Jo

< oo,

and let L log+ L log+ log- L represent the collection of / G L° which satisfy

/ l/|l°g+ l/|log+bg+ I/I
Jo

< oo.

Clearly, Lp C L(log+ L)p C L log- L log- log+ L C L log- L for every p > 1. Hence the 
following result improves Theorem 14 of 3.7.

THEOREM 7. If f G Llog+ L log+ log+ L then Sf converges to f a.e. on [0,1).

Proof. Let

qU) := ^ ji I/I (log- I/I log+ log- I/I + 1)1

It suffices to show there is a constant c > 0 such that

(32) |{S'f > cg(/)}| < ceU)

for all f satisfying g(f) < 1/2. Indeed, set

A := limsup \Snf - f\

and observe for any Walsh polynomial fm that

A < lim sup \Sn(f - fm)I + |/m - /I 

< S*(f — fm) + I/ - /m|-

Since ||g||i < g5(g) for any g G L1, it would follow from (32) that 

I {A > 2 cg(f - /m)}| < cg(f - fm) +

< ce{f — fm) + -i>4(/ — /m)

for g(/ - fm) < 1/2. But i>(/ - /m) -♦ 0 as m -» oo for /m := 52m/ (see (1) in 4.1). 
Consequently, |{A > 0}| = 0 and Snf —> / a.e. as n —► oo.
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To prove (32) we may suppose / > 0 and g(f) ф 0. Write

(33) /-* + £>
k—\

where f0 := x{f < 8}/ and Д := x{2*_1 < / < 2*}/ for t>4.
Since /о € L2 it follows from Corollary 11 in 3.7 that

< 8c5||/o||i/^2(/)

< 8ccg3(/)

for some absolute constants eg and c6. Therefore

(34) |{S*/o>e(/)}|<8c6ff(/).

On the other hand, if A* := {2*-1 < / < 2*} and Bk := {5*/fc > y2(/)} then applying 
Corollary 9 to g := 2~k fк results in

|B*| < ft+ 2log, (-L)) <стИ*г-»(/)|Л»1

for some absolute constant c?. Set

5 := (J ßfc.
t=4

It follows that

|B| < с,у-3(/)Х>2‘|А*| < c,/(/)5-3(/)
t=4 i

for some absolute constant eg. Consequently,

(35) |B| < cs6(/)-

Let В := [0,1) \ В and В к := [0,1) \ Bk for к > 4. Set

At(y) := I{S'fk > y}| = > 2-*y}|

and apply Corollary 9 to obtain

2* /2* \Ajk(y) < c |Ajfc|— log J •
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Consequently, for each к > 4 we have

[_ S*fk= [ ^k(y)dy
JBk Jo

re4f) rt
< / Ak(y)dy+ / dy

Je4f)/k2 Jo
re2(f)2~k i i

<с|Л&|2* / -log2-^ + ßV)/f
Jt>4f)2-k/k* У УV(/)2-*A5 

< cg|^|2^1ogtlog(l/g(/)) + ß'(/)/^

for some absolute constant eg. Set

It follows that

<>:=£/*•
t=4

j^<- ±bfh < о, (лям^) + m).

Therefore, there exists an absolute constant сц > 0 such that

|ВП{5*д>е(/)}|<с„г(/).

We conclude by (34) and (35) that

|{^/>2ß(/)}|<Cl2ß(/). "

This proof can be used to obtain the following estimate for the L1 norm of the maximal 
function S*f. Set

Ôi(/) := (J l/(z)I((bg+ |/(x)|)2 + 1 )dx
1/2

There is an absolute constant c > 0 such that

(36) IIS'/lli <cgi(/)

for all / 6 L° satisfying Qi(f) < 1/2. Indeed, use decomposition (33) and estimate S*/o 
directly (using Corollary 11 in 3.7) by

IIS'/olll < ||^/o||2 < C2II/0II2 < CW/).
To estimate 5*/jt, write

/ rei(f)2-k reiU)2k roo \
IIS*/* 111 = / + / + / A*(y)dy

Wo JexU)2~k Jei(f)2kJ
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and proceed as before. We shall use this estimate in 6.4 to study a.e. convergence of 
Walsh-Kaczmarz-Fourier series.

Another class of spaces between LP,p > 1, and L1 for which Walsh-Fourier series con­
verge a.e. is the collection of block spaces. These are complete quasi-normed linear spaces 
whose quasi-norm is defined by means of the function Af : (A —» [0, oo] given by

V(c):=£'|ct|(l+logSgM)

for c = (с*, к G P), where indicates summation over all indices к which satisfy c& ^ 0. 
Clearly, if 0 < с* < с* for fc £ P and с := (с*, к G P),с := (с*, к G Р) then Af(c) < Af(c). 

The function Ai enjoys two other important properties:

Lemma 6. If c,c G Iх and a is a real number then

Af(oc) = |a|A/"(c)
and

(37) Af(c + Z) < (1 + log2)(A/(c) + AT(c)).
PROOF. That Af is positive homogeneous is obvious. To establish (37) we may suppose 

both Af(c) and Af(c) are finite.
Set

ф{х) := 1 — X logx — (1 — x)log(l — x)
for X G (0,1) and V’(O) := := 1. Notice that ф is non-negative and continuous on
[0,1], taking its maximum at x = 1/2. Hence
(38) max ф(х) = 1 + log 2.

iG[0,l]
Let с = (с*, к G P),с = (с*, к G P), set b := ||c||*i, b := ||c||#i, and x := b/(b + b). Then

лг(с+г)<лГ(|сЦ-В)

= (Ь + Ь)ф(х) + lcitllog j~j + 5Z ^*llog

Consequently, it follows from (38) that
Af(c + Z) < (1 +log2)(АГ(с)+АГ®). I

Let 1 < q < oo. A dyadic q-block is a function ß G L9 which is supported on some dyadic 
interval I such that
(39) И1, < Щ1'"-1.

(Compare with dyadic atoms defined in 3.4.) Observe by Holder’s inequality that
(40) Ml, < 1 
for any g-block ß.

The maximal operator S* satisfies a weak type (1,1) inequality on the block spaces (see 
Theorem 8 below). We first verify this for g-blocks.
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LEMMA 7. Let 1 < q < oo. There is a constant C, depending only on q, such that

|{s-/3 > y}\ < c/y

for all q-blocks ß and all y > 0.

PROOF. For simplicity we suppose q ^ oo.
Fix y > 0 and a g-block ß supported on a dyadic interval I. Observe since S* commutes 

with translations that we may suppose I = 7(0, r) for some r 6 N.
If 1 < y\I\ then \I\x~q/у4 < 1 /у. Hence by Corollary 11 in 3.7 and (39) above we have

<C,
WZL

yq
<cq

i
y'

If 1 > y\I\ and I := [0,1) \ / then

|{^>%/}|<|7| + |7П{^>!/}|
<!/%/+!{%> 2-:^(z)>i/}|.

Hence it suffices to show that the second term on the right side of this inequality is 
dominated by 4/y.

Toward this, fix 2-г < x < 1 and observe that |r +1\ > x/2 for all t G I. Consequently, 
by Theorem 10 in 1.6 we have

(41) sup \Dn(x 4-1)\ < 4/x.
tei

But ß is supported on I. It follows, therefore, from (41) and (40) that

|(S„/?)(*)| = I ÍD„(x + t).3(t)dt\ < -
Jl XX

In particular,

|{x > 2~r : (S*ß)(x) > y}| < |{® > 0 : - > y}| = -. IX y

Block spaces are defined using g-blocks as atoms. Specifically, for 1 < q < oo let Bq 
represent the collection of functions / G L° of the form

(42) / = 53 c&A
t=i

where c = (c&,t G P) satisfies AZ'(c) < oo, and ß\,ß2,... are g-blocks. Such a series always 
converges in L1 norm since Af(c) < oo implies c G l1. Consequently, Bq Ç L1.
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On the other hand, if / G L9 is non-zero then ß\ := Ц/Ц™1/ is a g-block supported on 
[0,1). Hence / can be written in the form (42) with ßk := 0 for к > 1. Therefore, Bq D L9 
for each q > 1.

These set inequalities are proper. In fact, for each q > 1 there exist functions / G Bq 
which belong to none of the spaces Lp for p > 1. To see this, let

f 2* 2~к < X < 2~k+1

\ 0 otherwise,

for each к G P. The function

k=\

ßk{x)

and observe that ßk is a g-block

belongs to Bq. However, o°
ii/ii; - E wv'2‘<P_I)=00

for all p > 1.
For each / G Bq set

ll/llß, := inf{Af(c)}

where the infimum is taken over all c which satisfy (42) for some ç-blocks ß\,ß2 ■ • ■ By 
Lemma 7 we have

IHIk = lalll/lls,
and

II/ + S'ils, < (1 + log2) (ll/llвч + Hslls,)
for scalars a, functions /, g G S9, and 1 < q < 00. Hence each Bq is a quasi-normed linear 
space which lies between Lp,p > 1, and L1.

It is useful to note that the decompositions of type (42) converge a.e. for / G Bq. In 
fact,

LEMMA 8. Let c = (c%,& G P) G l1,1 < g < 00, and ßi,ß?,... be a sequence of functions 
which satisfy

(43) KIA|>y}|<i (y > 0).

If f is defined by (42) then
Kl/I > y}| < 3Ar(c)/y

for all y > 0.

PROOF. Since N is positive homogeneous we may suppose that ||c||^i = 1. Since 

lil^Ckßk] > y) I < I {^T \ck\\ßk\ > y) I
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we may also suppose that c* > 0 and /?*>() for all fc G P. 
Fix y > 0. For X G [0,1) and к G P define

e*
z X Í /?*(*) > у/(2с*)

\ 0 otherwise

X z Ч f №) < У/2
Л‘(1) := 1 0 otherwise

and
t*(x) := /?*(х) - ejt(x) - A*(x).

Set e := A := and r := and observe since these series converge in
L1 norm that / = e + A -f т. Hence

(44) |{/ > 2у}| < |{е > у/2}| + |{А > у/2}| + |{т > у}|.

То estimate е notice by definition that

|{e > y/2}| < 53 > У/2}|
k=i

= 53 > У/(2с»)}|.
fc=l

From (43) it follows that

|{в>,/2)|<Ё^<2^.

fc=l
To estimate r observe that

z-l 00 yl OO ZOO

/ r=T,Ck Tk = У2°к (-t)d\{Tk>t}\.
Jo k=i Уо *=i

By the definition of t>, integration by parts leads to
yoo ry/(2ck)
/ (-<)d|{r* > <}| = / (“<)<W*>*}I

VO Vy/2

y/(2с*)

У/2
Consequently, it follows from (43) that

= f" |{A > <11 - ST-HA > y/(2cr)}| + :|{A > #/2}|.
2ck

- 53Cjk (l°g(y/(2c&)) - log(y/2) + 1)
jfc=i

= Mc)
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(recall that ||c|j/i = 1). Hence

|{т>9}|<1||т||:<ф

Finally, we observe by construction that

|{A > у/2}I = 0

Hence A makes no contribution to (44) and the proof of the lemma is complete. 
By the definition of the Bq norm, Lemma 8 and (40) lead to the inequality

3||/lk(45) ШЛ >И1<

for all y > 0, / E Bq, and 1 < q < oo.

THEOREM 8. Let 1 < q < oo. There is a constant C depending only on q such that

c\\f\\s.(46) |{S*/>!/}]<
V

for all у > 0 and f E Bq- Moreover, if f E Bq then Sf converges to f a.e. on [0,1). 

PROOF. Fix / E Bq. Choose c E l1 with A/*(c) < oo and 9-blocks ß\, ß2,... such that

/ = Y^Ckßk-
к=1

Since this series converges in L1 norm, it is clear that

Snf = ^ckSnßk {ne N).
k=i

Thus
S7<E|et|S*A,

fc=l
and (46) follows directly from Lemma 7 and Lemma 8.

To prove Sf converges a.e., let £ > 0 and choose N so large that

(47) kl ( 1 + bg
*=n+i

Ylj=N+\ ICJ'I

|cjt|
< 6.

Set д := and h := / — g. Since g is a finite sum of Lq functions, g belongs to
L9. Thus Sg converges to g a.e. on [0,1).

To show Sh converges a.e. use (46) to verify

|{ lim sup \Skh - Sjh\ > y/2}| < \{S*h > y/4}|
n—00Jk,j>n

- ~WhWB'-

By construction, (47) implies ||/i||s, < £■ We conclude that Sh converges a.e. |
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6.4 Almost Everywhere Convergence of Rearrangements of Walsh-Fourier Se­
ries and Closely Related Systems. Let T be a 1-1 map from N onto N. It induces a 
rearrangement of the Walsh system by

Tw := (wT(n), n G N).

We shall denote partial sums of Walsh-Fourier series in the system Tw by

Slf := 52 f(T(k))wTW (m € P),
k=0

and the corresponding maximal function by

Sjf := sup \S^f\ (/ G L1).
m> 0

We consider linear rearrangements first.

THEOREM 9. Let Tw be a linear rearrangement of the Walsh system. Then Sj' is of type 
(p, p) for 1 < p < oo. Moreover, STf converges a.e. to f for all f 6 Llog+ L log+ log+ L.

PROOF. Let T : N —+ N be a 1-1 linear bijection. Choose by Theorem 7 in 1.4 a 1-1 
measure preserving transformation T' : [0,1) —» [0,1) such that

wr(n)O) = wn(T'(x))

for X 6 [0,1) and n 6 N. Set
T* := (T-1)' = (Г)"1.

Notice for every / € L1 and n 6 N, that

f(T~l(n))= Í fwT-i(n)
Jo

Jo
= [ (/ 0 T')wn 

Jo
=

Consequently,

f(T-\n)) = f7f'(n) ала f(T(n)) = f7f-(n).

We shall use these identities to show that S* f can be estimated using S*f. We begin 
by establishing

6.4 Almost everywhere convergence of rearrangements

(48) t Slf = (Sm(! c T‘)) о T' = ;. (Dm о T')
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for every m £ P and / £ L1.
Fix m £ P, / £ L1, and a subset A Ç N. Define a projection

П/ := f(n)wn
nGA

and observe that П/ = f * D for
D ^ ^

nGA

Set
nT/~ ^/mn))u>T(n)'

nGA

and verify that

(49) Пт/ = (П(/оТ1))оГ'.

Moreover, the definition of D implies

/ * (D о Г) = ДА;)
fcGN

= y, /wS(T-‘(fc))u,t
fcGN

= X] f(T(n))wT(n)-

nGA

Therefore, we also have

(50) Пг/ = f *(D о Г).

Specializing (49) and (50) to partial sums of the linear rearrangement Tw, (48) is obtained.
Since T' and T* are measure preserving, it follows immediately from Corollary 11 in 3.7 

that
l|S.T/llp = IIS'(f о T")||, < Ср||/ о r II, = C,||/||,

for 1 < p < oo, and / £ Lp, where Cp is an absolute constant depending only on p. Thus 
Sj is of type (p, p) for 1 < p < oo.

Similarly, we can transfer (32) in 6.3 from the Walsh system to any of its linear rear­
rangements. In particular, the argument of Theorem 7 in 6.3 shows that STf converges 
to f a.e. for all / £ L log+ L log+ log"1" L. |

This result evidently includes the original Walsh system but not the Walsh-Kaczmarz 
system. Thus we turn our attention to piecewise linear rearrangements.
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THEOREM 10. Let Rw be a piecewise linear rearrangement of the Walsh system. Then 
SR is of type (p,p) for all 2 < p < oo and SRf converges a.e. to f for all f G LP,p > 2.

PROOF. Let R : N —► N be a piecewise linear rearrangement generated by Z2-linear 
maps

Rn : {0,1,..., 2n — 1} —* {0,1,..., 2n — 1} (n G N).

Thus Я(2” + m) = 2n + Rn(m) and it follows from the proof of Theorem 9 that

s?,+mf =S2„/ + r, (Sm((r„An/) о R'J) о л;(51)

for 0 < m < 2n, n G N, and / G L1, where R'n and Я* are given by Theorem 7 in 1.4. 
Fix / G Lp, 2 < p < oo, and consider the maximal function

F*/ := sup I (Sm((r»A,J) о Я;)) о Д%|.
771,П

Since the maps R'n and Я* are measure preserving, it is clear by Corollary 11 in 3.7 that

11^711? < £||s*((r„A1./)oK)||j
n£N

<Cp^2\\(Anf)oR'X
nGN

where Cp is an absolute constant depending only on p. Using the fact that p > 2, we 
continue this inequality by

It follows, therefore, from Corollary 5 in 3.3 that the map f —* F* f is of type (p, p). Since 
(51) implies

we conclude that SR is of type (p,p) for 2 < p < oo. |
In particular, the Walsh-Kaczmarz-Fourier series of an / G Lp converges a.e. when 

p > 2. We will show this result holds also for 1 < p < 2.
Let Я : N —► N be the piecewise linear map which generates the Kaczmarz rearrange­

ment. For each 0 < m < 2n, nGN and / G L1 set

fnI := sup sup |F”/|
0<n<N 0<m<2"

The maximal function
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can be estimated using a martingale transform based on the Kaczmarz rearrangement (see 
(55) below).

Indeed, let Rn be the Z2-linear maps which generate R (see 1.4). Thus

Д„(т)=£т,
j=0

for 0 < m < 2" and n G N. For each integer dyadic interval 7 G J (see 3.7) let

(52)

where 7 := 7(m, —s). Using the notation introduced in the proof of Theorem 9 we have

(53)
2" + mG/C[2",2" + 1)

(compare with (76) in 3.7).
Fix JVgP and let

Jn {I E J : I C [0, 2n) and 7^ [0,2") for 0 < n < N}.

Given 7 G Jni choose a unique n G N such that 0 < n < N and I Ç [2n, 2n+1). 
Consequently, I is of the form I = 7(2" -f m, —s) for some 0 < m < 2" and 0 < s < n. 
Define a map 7 —► 7 from to J- by

7:= 7(т2^-",-д-(ЛГ-п)).

It is easy to check that if a = (a/, 7 G J) is defined by (52), then a is invariant under this 
map, i.e.,

oil = ocj (7 G Jn).

Apply (51) to the operators

Slf := / * U)2" + m7>2*

for 7 = 7(2" + m, —s) to obtain

(54) П f — f * (W2" + Rn(m)(7)2' 0 7Zn)) .

Use the definition of Rn to verify

П —1
Dl- ° К = П d + r>)

= Din* П (1 + r,)

= 7?2n * (D2N-n+, о i7)v)
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for all 0 < s < n < N. Set
m := Rn(2" + Rn(m))

and observe that fh = 2/v~n~1 + m2N~n. Thus

W~D2N-n+, = Wrn2N-n D2N-n + t .

Apply (54) with Ддг in place of Rn and fh in place of m. It follows from the definition of 
I and (51) that

Aj "/ — D2n * / * (wRN(~jD2N-n+‘ о

= D2n * AjN f 

= ^(A^/).

Since о/ = a~ for I € j7/v we obtain

/
с/ = in E

\/(m+2n,0)Ç/Ç/(m+2n

Consequently,

(55) П/ < sup £„(Tfi” (a)/) < Г(ГЯ" (a)/)
n<N

where
TR»(«)/ = sup If "(a)/.

76.7

We are now prepared to prove the following.

THEOREM 11. If f G L(log+ L)2 fin particular if / € Lp for any p > 1) then the Walsh- 
Kaczmarz-Fourier series of f converges a.e. on [0,1).

PROOF. By (55) above and Corollary 1 in 3.1, it is clear that

ITO/ > y}| < 1{£'(ТЯп(а)/) > y}|
< i||TSw(e)/||1

У

for any / 6 L1 and n G P. But

TRN(a)f = (T(a)(f о Rn)) о R'n.

Since both R'n and R*N are measure preserving, it follows from (36) in 6.3 that

ITO>WI< c-eÁf)
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for any / satisfying

Let TV —> oo and use the density argument presented in the proof of Theorem 7 in 6.3. We
conclude that SRf converges a.e. for all / satisfying f>i(/) < oo. |

These techniques apply to certain orthonormal systems which share some properties 
with the Walsh system. We shall consider product systems and W systems.

Let g = (gn, n G N) be a system of functions in some space L°°(0, v). Then g is called 
a convergence system if

n=0

converges a.e. for all a = (an,n G N) belonging to l2. The density argument we have
frequently used shows that g is a convergence system if there is an absolute constant B, 
depending only on g, such that

(56)

for all a = (an,n G N) G l2. Moreover, for orthogonal g the Riesz-Fischer theorem implies 
that g is a convergence system if and only if the 5-Fourier series of every / G L2(f2, v)
converges a.e. [и].

Let (Í2, u) by a probability space and let 7* G L°°(Í2) with ||7Jt||oo < 1 for к G N. Recall 
that the product system g = (gn,n E N) generated by the 7*’s is the system

9n := П * (n G N)
Jk=0

where (n*, к G N) are the binary coefficients of n. The system 7 = (7*, к G N) is called 
weakly multiplicative if

THEOREM 12. The product system of a weakly multiplicative system is a convergence 
system.

PROOF. Let g = (ÿn,n G N) be such a product system defined on a probability space 
(Cl, v). It suffices to show (56) for some absolute constant B.

Fix N G N. For each x G Cl and t G [0,1) set

2N-1

KN(x,t) := gk(x)wk(t),
k=o
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and
(aw)(z):=/ ()/(;)<% (/GL^).

Jo
Recall from the proof of Theorem 16 in 5.5 that the kernel Kjg is non-negative and 

(57) Кн(мп) = gn (0 < n < 2N).

Non-negativity implies

H-K’jV 11(00,1] := li/ *w(-,*)Ä||oo = l 

Jo
and

r 2N-i i .
11^11(1,00] := II / KN(x,-)du(x)\\00 < У2 \ gk du

Jn k=0 \Jn

Hence it follows from Lemma 3 in 5.3 and hypothesis that

sup \\KNf\\L2(Q) < -(1 + A).
II/I|2<1 2

By (57) we have
m / m

sup I V'cinfl'nl <Kn sup I S2 anwn\
0<m<2" n=0 \0<m<2" n=Q

Since the maximal operator S* is of type (2,2) we conclude that

sup 1 T\„9n| < 5(i + a) sup iV'antünl
0<™<2" n=Q £,!((!) 0<m<2* n = 0

< b\Mi>

for some absolute constant В > 0. In particular, (56) is obtained by letting N —+ oo. | 
Let (Í2,u) be a probability space. A system H = (Hn,n G N) has the H-property if 

there is an absolute constant M > 0 such that

and

2" + i -l

E №1 < M2n/2

L°°(iî)

№h4Q)<M2-"/2

for 2n < j < 2n+1 and n G N. A system W = (Wn, n G N) is called a W-system if there 
is a system H = (Hn,n G N) which has the 77-property such that W is the Hadamard 
transform of 77. Since the Haar system (/in, n G N) has the 77- property, the Walsh system 
is a W-system.

Every W-system generated by a convergence system which has the H-property is itself 
a convergence system. In fact,
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THEOREM 13. Let H = (Hn,n G N) have the H-property on some probability space 
(Í2, v), and suppose

2n-1

E 6‘H*
k= 0

converges a.e. [i/] as N —► oo for every (b*, fc G N) £ £2. If W = (lTn, n G N) is the 
IT-system generated by H then W is a convergence system.

Proof. Fix (a&, к G N) G P. We must show that

k=o

converges a.e. [и]. Recall from (42) in 1.4 that

2n-1 2n-1

■.= E “tWt = E
Jfc=0 k=0

for ÍV G N. Since the Hadamard transform is an isometry on £2, it follows from hypothesis 
that converges a.e. as N —» oo. Therefore, it suffices to show

E ом
k=2N

converges to zero a.e. [i/], as iV —► oo;
Fix IVgN and for each x G Í2, t G [0,1) set

2n + 1-1
KN(x,t) : = ^ Hk(x)hk{t),

k—2N

(KNÍ)(x) := / KN(x,t)f(t)dt,

Jo

and
(ifjv/Xx) := / |A'„(x,i)|/(<)dt (/€ L1).

Jo
Since the Haar system is the Hadamard transform of the Walsh system, it is easy to see 
that

Wfc =Kn{ wk)

for 2N < к < 2n+1. Thus

a*™*! .(58) max
2n <m<2N + 1 E

Jb=2-'

»7N := max
2A,<m<2JV + 1
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The //-property implies

II-K’nIIioo.i] - II^n||[oo,i] < M

for all N E N. Therefore the operators are uniformly bounded from L2 to L2(íí). 
Since the maximal operator S* is of type (2,2), it follows from (58) that

IMU>(n) < M|| max | Y, “»“»lib 
- < k= 2”

\ 1/2
<C '2

for N E N and some absolute constant C. Consequently,

i/({sup 7/n >y})<— Y 
n>N У .±fN

for all у > 0 and N E N. We conclude that гцд —* 0 a.e. [v] as N —► oo. |
Since the Franklin system is a convergence system which has the //"-property (see Ap­

pendix 0.7) we have:

COROLLARY 10. The Ciesielski system is a convergence system.

6.5 Divergent Walsh-Fourier Series. In this section we shall construct several diver­
gent Walsh- Fourier series to show that many of the results in 6.1, 6.3, and 6.4 are best 
possible.

For every / E L1 let
A*f:= sup \Snf - Smf\.

m,n£ N

Our constructions depend on the following simple observation.

LEMMA 9. Let (iV*, к E N) and (M*, к E N) be increasing sequences of natural numbers 
such that the intervals [ÍV*, M&) are pairwise disjoint for к = 0,1,... Suppose (Pjt, к E N) 
is a sequence of Walsh polynomials whose spectra satisfy

such that 

(59)

If

Y np*iii < °°-
fc=o

/=- Ep*(60)
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then Sf diverges everywhere on the set

È := {limsup > 0}.
fc—► oo

PROOF. By (59) the series (60) converges in L1 norm. Thus / belongs to L1 and is 
defined a.e. on [0,1). Moreover, for each x G È there exist indices Nk < njt < m* < M* 
and a number a > 0 such that

|(3m./)M - (^"./)(Z)| = |(^m.ft)(z) - (&,.ft)(z)| > a

for infinitely many integers k. In particular, Sf diverges on E. |
Throughout this section до,д\,... will represent a fixed sequence of functions which 

satisfies the following properties. For each n £ N,jn : [0,1) —► { — 1,1} is ^"-measurable 
and there exists an integer 0 < z"n < 2" such that

(61) |(Si„0n)(x)| > en (x G 7(0,n)),

where c > 0 is an absolute constant which does not depend on n. That such a sequence of 
functions exists is easily verified. For example, let iо := i\ := 1, and for n > 2 let

h/2]
i. := ^ 2'("-^.

k=l

Set
9n := sgn Din

for n G N. By Theorem 9 in 1.6 there is an absolute constant c > 0 such that ||Djn ||i > cn. 
Since

(Sin9n){x) = (Sin9n)( 0) = ||Aj|i

for x G /(0, n) and n G N, it is thus clear that (61) holds for these gn's.
Let

Rk = гп + ктк2~п 9n

for 0 < к < 2n. We shall refer to the sequence (Q„,n G N) defined by

2" —1

(62) Qn := П 0 + Rïn))
к=0

as the Walsh-Kolmogorov polynomials. These Walsh polynomials enjoy several properties 
useful in constructing divergent Walsh- Fourier series.

First, they are essentially the Dirichlet kernels of the product system generated by the 
R^'s. Indeed, if

Wl"> := IÏ (4П,Г‘

к—0
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for 0 < m < 22", where (m*, к E N) represents the binary coefficients of m € N, then it 
is easy to see by induction that

22 -1

(63) «» = E (" 6 N).
m=0

Thus

(64) sp(W<,n))C[m2",(m + l)2") and sp(<3„) Ç [0,2"+2")

for 0 < m < 22" and n 6 N. In particular, the spectra of the wind’s are pairwise disjoint 
for each fixed n E N.

Next, each Qn takes only the values 0 and 22".
By (63) and (64) it is clear that

(65) HOnlli = 1 (n E N).

By definition,

!(%.+.+,. Qn - 0»)(*)l = |(S2.+«+,„w2(r,)(x)|

= |(52«+4+jnÄt"))(x)|

= I (Singn)(x + fc2~n)|

for x G I(k, n) and 0 < к < 2n. Thus by (61) we have

(66) (A*Qn)(y) > en (y G [0,1)).

In fact, we have

(67) |(S2n+A:+inQn - S2r>+kQn)(x)I > cn

for Z G /(&, гг), 0 < к < 2n, and n E N. Consequently, for every x G (0,1) there is an index

0 < j*(x) < 2"+z"

such that

(68) K-Sjn(x)Qn)(s)| > y-

To see how these properties can be used in conjunction with Lemma 9 to construct 
divergent Walsh-Fourier series we begin with the following
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LEMMA 10. If a = (a„,n 6 N) belongs to l1 andiv = (tvn, n G N) is an increasing sequence 
in N, then

Pn а,пг-2ш„+1 Quin

satisfies
Sp(P„)Ç[22""+,,22""+,+‘)

for n G N, and

F := РвуЫ := ^ Pn
n—0

belongs to L1. Moreover, if

(69) lim sup |an|ivn > 0

then the Walsh-Fourier series of F diverges everywhere [0,1). 

Proof. The construction implies

Since a G l1 it is clear that (59) holds. Thus F G L1.
By Lemma 9, SF diverges everywhere on

È := {lim sup A*Pn > 0}.

Since (66) and (69) imply È = [0,1), the proof of the lemma is complete. |
Our first application of this result generalizes Theorem 12 in 4.5.

THEOREM 14. Let Ф, Л : [0, oo) —> [0, oo) be continuous, increasing functions which satisfy 
Ф(u) = Л(u) = 1 for 0 < и < 4 and

Ф(а)Л(п) = log2 log2 и

for и > 4. Suppose (An, n G N) is an increasing sequence of positive numbers such that

A„ = o(A(n)) as n —* oo. 

Then there is an F G L1 satisfying

(70) < oo

(where F* := E*(F)) such that SF diverges everywhere on [0,1) and

(71) limsupl^Q >0
n—► OO An
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a.e. on [0,1).

PROOF. By hypothesis choose a decreasing sequence (en, n E N) of positive numbers 
such that e„ —> 0 as n —* oo, and

A„ < б„Л(п) (n E N).

Observe for n > 4 that
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to see that

Decompose
n=0

[0,1) = A* |J í (J AnJ ’

where A* := lim supn_>00{QtVn > 0} and

An := {Qu;n > 0 and Qu,k = 0 for all к > n)

for n 6 N. Recall that Quln takes on only the values 0 and 22 ". Consequently, the 
definition of An and (72) imply that

X(An)F'<Yjak 22'*
k-0

Ы0

=
k=0

Since ßek < ß(k /2, we have

X(A„)F*<2A„ = |^<(„

for each n G N. But (65) and the fact that QWn takes on the values 0 and 22 " imply

1I{Qwn Ф °}l = 2 2 "
L'

Consequently, |An| < l/ln and |A*| = 0. It follows, therefore, that

Г1 °° г
J F*$(F')=Y1J F*$(F*)

52§i®,№1

= 2 ^2 6#„ < 00■

To verify (71) fix X G [0,1) \ A*. Set in := jWn(x) (see (68)) and

&n 2 Zn•
+1
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Observe that

(SknF) (x) = (525«„+iF)(i) + anr2wn+i (x)(5i„ Qu,n )(x).

For any X £ A*, the first term of the right side of this identity is constant in n for n 
sufficiently large. Thus (68) implies

lim sup
l(^F)(z)|

A*„
> lim sup c 2^T

for a.e. x G [0,1). But

Consequently,

in = 22 " < *„ = 22

log2 log2 4 = W„

- 2^n + 2)

= £ log2 log2 22“'n+2

> £ bg2 log2 kn.

We conclude that
fln^n _ et„u>n

Afcn Ф(4)А*П
> 1 ftn bg2 log2 fcn
- 2 Ф(4)А^
_ 1 £knh(kn) > 1

2 A*„ - 2"

Thus there exist F G H and F G L(log+ log"1" L)p for 0 < p < 1 such that S F diverges 
everywhere on [0,1). In fact, by separating the cases Л := 1 from Ф := 1, Theorem 13 
contains the following results.

Corollary 11.
i) Let Ф : [0, oo) —> [0, oo) be an increasing continuous function which satisfies

Ф(ti) = o(loglogu) as и —► oo.

Then there is an F £ L1 such that (70) holds and SF diverges everywhere, 
ii) Let (An, n G N) be a sequence of real numbers which satisfies

An = o(loglogn) as n —► oo.

Then there is a function F G H such that (71 ) holds a.e.

The next result shows that condition (3) of Theorem 1 in 6.1 cannot be appreciably 
relaxed.
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THEOREM 15. There exists an F 6 L1 such that

(73) wd)(F,6) = 0
-i

as 6 —► 0,

and SF diverges everywhere.

PROOF. Let an := 2~n,uin := 2n for n G N, and apply Lemma 10 to choose F = F-iU, 
such that SF diverges everywhere.

Fix 0 < у < 1/4’ and define г G N by

Notice by (64) that
(r>n+i Qwn ) (® + У) = (r2"n +1 Qu,n ) (® )

for n < i. Consequently,

r 1 со
/ |F(* + y) - F(x)| dx < 2 V a„||Q„n ||,

Vo __•

= 4*2’ <
16

log2 log2 1/y '

In particular, F satisfies (73). |
The Marcinkiewicz test implies that Sf converges a.e. if / E L1 satisfies

1
|in(*)|

/ 1/(0 -f(x)\dt < M{x)
n

for n G N,x G [0,1), and some a.e. finite function M. The next result shows that on the 
right side of this inequality, n cannot be replaced by a sequence which satisfies An = o(n) 
as гг —► oo.

THEOREM 16. Let (en, n G N) be any sequence of positive numbers which decreases 
monotonicadly to zero. There is an F G L1 such that

(74) lim sup
пеп

I4WI
/ |F(;)-F(z)|

V/„(z)
dt < oo

for a.e. X G [0,1) and 5F diverges everywhere.

PROOF. We may suppose that £0 < 1/4 and (n£n,n G N) is increasing. Choose a 
strictly increasing sequence (tvn, n G N) of positive integers such that

< oo
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and

E 1
— < oo. 
Wn

Set an := l/tvn,a := (an,n G N),tv := (tvn,n G N), and apply Lemma 10 to choose an 
intégrable F := such that SF diverges everywhere.

Observe by the definition of that

-R*m) = ±rm+* (0 < fc < 2m)

on every I(£,m) with 0 < £ < 2m. Hence the set

JL := {z G : Qm(x) ± 0}

= {x G I(£, m) : Qm(x) = 22 }

is itself an interval of length 2-m~2 for each 0 < £ < 2m.
Set $m := [m + log2 ^3] and let denote the dyadic interval of length 2~9m which 

contains J^. Set
2m —1

Am := U Jin (rn G N).
/=o

We shall show that

(75) (©nQm)0r) := ту^тт / Qm <

rn(^)| Jln(x)

for every x ^ Am, and тг, m G P.
Indeed, use the inequality

m + log2 t < mt (t > 2)

to verify

(76) qm£qm < mell3 (m G P).

Fix n, m G P and x $ Am, and consider three cases separately: n > <jfm, m < n < qm, and 
n < m.

If тг > qm then x ^ Am implies Qm is zero on the set In(x). Hence (75) is trivial in this 
case.

If m < n < qm then there exists at most one which is contained in J„(x). Since the 
value of Qm is 22 on and zero elsewhere on /„(x), we have
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Since (nen,n E N) is increasing and m <n < qm, it follows from (76) that

(9nQm)(x) = ne.
1441

< nen29rn~m
< nen2log2em1/3

nen

/ Qm£qm
- e*.'*
< rne'J3.

Finally, if n < m then

(OnQmX*) = nen2n 53 / Qr

I(£,m)CIn(x)

= nen2n 2m-n 2~m
— n

< rnem
< w£m3-

Thus (75) holds for all x £ Am and m, n G P. 
Set

Since

A* := lim sup АШк.
к—>oo

IAJ < 2^

and Yhe^k < °°i it is clear that |A*| = 0. Hence to establish (74) we need only consider 
x G [0,1) \ A*.

Fix such an x. There is an integer k0 = k0(x) such that к > k0 implies x ^ АШк and 
Qwk (4 = 0. Decompose F by

'ko —I oo

F - ( 53+ 55 ) (a*r>'*+iQu>k) =: + f2.
k=0 k=koy

Since Fi is constant on every interval 7(1,2w*o+1) it is clear that

nen

I4%)|
— Fi(z)| dt — 0
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for n > 2u'*o+1. On the other hand, (75) implies

m №(<) "ад| dt -ш\£А (/.w9

k=k0

k=k0 

1/3

for all n E P. We conclude that (74) holds for x £ A*, hence for a.e. x E [0,1). |
A Walsh-Fourier series is said to diverge boundedly at x E [0,1) if Sf diverges at x but 

S*f(x) < oo.
To construct Walsh-Fourier series which diverge boundedly, we isolate another property 

common to Walsh-Kolmogorov polynomials.

LEMMA 11. For every n E P,
|{S*Q„ > 2n}| <-.

PROOF. Fix n E P. The function system : 0 < к < 22 } is orthonormal in [0,1).
Thus by Theorem 6 in 1.4 there is a measure preserving transformation zu : [0,1) —> [0,1) 
such that

= Wk о zu

for 0 < к < 22". Since
2l -1

О. = Z »
k—0

and the spectrum of each is contained in [k2n,(k -f 1)2”), it follows that

max
k= 0

+ max
0<m<22” 0<fc<22"

max IAn+1 ° w 1 + max 5*WÍn^
0<m<22" 0<fc<22"

Now, the definition of implies

for some A” measurable function which takes only the values +1 and —1. Hence

S*W(kn^ = max n |5mgf[n)|
0<m<22

<n,
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where the Lm’s represent the Lebesgue constants introduced in 1.6. It follows that 

I{S'Qn >2n}|< \{D' oto>n}\ = \{D* > n}|,

where
D*(x) := sup |Dm(a;)|. 

m€P
But

D'(x) < -x

for all x ф 0 (see Theorem 10 in 1.6). In particular,

|{P'>n}|<|

and the proof of Lemma 6 is complete. |
We now show that the example in Corollary lli) above can be chosen so that SF 

diverges boundedly a.e.

THEOREM 17. Let Ф : [0, oo) —» [0, oo) be a continuous, monotone increasing function 
which satisfies

Ф(м) = o(loglogit) as u —t oo.

Then there is a function F E L1 such that SF diverges boundedly a.e., diverges everywhere, 
and satisfies

[ F**(Fm) < oo.
Jo

PROOF. Let en —> 0 be a decreasing sequence of positive numbers such that

Ф(п) = £n logg logg n (n> 4).

Let (ivn, n E N) be a strictly increasing sequence in N such that

n=0

< OO

which also satisfies (72) for
:= 2'

Let
■= = 1 
' $(fn) W,

(n E N)

and set w = (w„,n E N) and а = (ап,п E N). Since апшп = 1, apply Lemma 10 to choose 
F := FUJU such that SF diverges everywhere.

By repeating the proof of Theorem 14 one can show that

< oo.
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Thus it remains to prove S* F is a.e. finite. 
Set

A„ := {anS*QUJn > 2} = {S*Qu)n > 2ivn}

for n G N and let

A* := limsup An.

By Lemma 11 we have

53 iA"i ^ 253Qn < °°-
n=0 n=0

Therefore, |A*| = 0. But the construction of F implies

S*F < F* + sup anS*Q„n.
n€ N

Since F* is a.e. finite and since the second term is also finite on [0,1) \ A*, we conclude 
that S*F is a.e. finite on [0,1). |

Thus the set on which an a.e. divergent Walsh-Fourier series diverges unboundedly can 
be small in a measure theoretic sense. The following result shows it must always be large 
in a topological sense.

THEOREM 18. If f G L1 and Sf diverges a.e. then Sf diverges unboundedly on a dense 
subset of [0,1).

PROOF. Suppose Sf does not diverge unboundedly on a dense subset of [0,1). Then 
there is an interval [a, b] Ç [0,1) such that (S*f)(x) < oo for x G [a, 6]. Let

A* := {z G [a, 6] : (S*/)(z) < TV} (TV G N).

By the B aire category theorem there is an TV G N and a dyadic interval I Ç [0,1) such 
that Bn := An D I is dense in I.

Clearly,

1(3»ЛМ| < TV

for x G Bn and n G N. Since each Snf is continuous from the right, this inequality also 
holds for x G I and n G N. Therefore,

|/(z)|= jimJ(TW(z)|<TV

for a.e. x G I.
Set fi := %(/)/ and observe by the localization theorem that Sfi and Sf are equicon- 

vergent on I. Hence Sfi must diverge a.e. on I. However, since f\ belongs to L°°, we 
have by Theorem 14 in 3.7 that Sfi converges a.e. This contradiction establishes the 
theorem. |

We have seen that if (a„,n G N) belongs to l2 then ^2anwn converges a.e. It is natural 
to ask whether this result holds for some weaker growth condition on the coefficients 

(an,n G N). The answer to this question is no. In fact, we will show that if (a„, n G N) is 
any decreasing sequence of positive real numbers which does not belong to l2 there is an 

F G H which satisfies |F(n)| < an for n G N such that SF diverges everywhere.
We need two technical lemmas.
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LEMMA 12. Let a — (aR, n G N) be a sequence of positive numbers which decreases to 
zero. If а £ £2 and q,r G N then there exist positive integers m and p\ < < • • • < pm
such that

(77) ]Г2~Р* = 1
t=i

and

(78) >2-p*

for Nk := q + 2r(2Pl -f •••-}- 2P* ) and 1 < к < m.

PROOF. Since a is monotone, the sequence

on := üq^.n2r {ri G N)

also does not belong to £2. Hence we need only consider the special case q = r = 0.
Let p, TV G N. If

aN+2* 5: 2 s
for every s > p then the fact that a is monotone implies

°° = 53
t=N+2F 
oo 2* —1

= 53 aN+2'+j
i=p ji=0

- E2V"+2*

< ^2' < oo
s=p

Therefore, sets of the form

{s G P : aN+2- > 2~s,s > p)

are non-empty for all p, TV G N.
Choose Pi < P2 < • • - inductively as follows. Let

Pi := minjs G P : 02* > 2~s}.

If pi,..., P* have been chosen, set TV* := 2Pl + • • • + 2P* and

Pk+i := min{s G P : ajsk+2* > 2~3 for s > pjt}.
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Then (78) holds for q = r = 0 and all к E P, and it suffices to show (77) holds for some 
m E P.

Fix к e P and notice by construction that 
(79) • aNk+2Pk+. < 2-f*-'
for 0 < s < pk+1 -pk.

Suppose pi < pk+i, set
t := min{n < к + 1 : pn = pk+x}

and observe that 1 < £ < к + 1 and pt-i < pi. Since a is monotone it follows from the 
definition of pi that

aNk+i — aNk+2pk+i~l 

^ aNz_1+2'’/-1 

< 2~p<+1 
< 2_p*+i+1.

Therefore, pi < pk+x implies адгк+1 < 2 p*+1+1.
Combine this inequality with (79). We obtain

N*+1+2p*+i-l Pk+i-Pk-1 Nk+2>,i‘+,+l-l Nk+i+2pk + i-l

E E E «? + E «5
t=Nk+2pk 3=0 l=Nk+2pb+' t=Nk+1

Pk + l — Pk —1
< ^ ^ 2P*+s2-2(pt+e) _|_ 2p*+l 2-2^Pt+1-1^

a=0

< 4(2-p* + 2_p*+1)
for any & E P which satisfies pt+i > pi- It follows that

Let

and

J^2~Pk = oo.

k=i

:= max{n E N : ^ 2~Pj < 1} 

M := ]T2-

i=i

>-p*
t=i

Suppose that M < 1. Since M = p2 Pm for some p E P, we have M < 1 — 2 Pm. In 
particular,

m+1

2-p* < 1.
t=l

Since this inequality contradicts the choice of m, we conclude that M = 1, i.e., (77) holds 
as promised. |

This lemma will be used to construct a generalized Walsh-Kolmogorov polynomial which 
satisfies a certain coefficient condition.
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LEMMA 13. Suppose a = (an,n E N) is a monotone decreasing sequence of positive 
numbers with a l2 and let n, 9 E N. There is a Walsh polynomial

Q — Qn,qj

such that Q takes only the values 0 and ±22", ||Q||i = 1, £*(Q) = \Q\,A*Q > cn for some 
absolute constant c > 0, sp(.Q) C [9,00), and

(Q)(s) < a,

for s > q.

PROOF. Let r := 2n + n + 1. Apply Lemma 12 to 9 and r, choosing positive integers 
pi, p2,..., pm such that (77) and (78) hold.

Set уо := 1,
уj := 2~Pl + 2"P2 + ••• + 2~p>

and
[/,(%) := 2-p' D2„ (z + y^_i)Q»(2p; z)

for 1 < j < m, and z E [0,1) where Qn is the Walsh- Kolmogorov polynomial given 
by (62) above. We will choose positive integers Ai, A2,..., Am such that if Bo 9 and 
Bj := 1 + max sp(w\i Uj) then

Bj-i < Bj,

j
(80)

I— 1

and

(81) sp(wXjUj) Ç [Bj-i,Bj)

for 1 < j < m.
Let s := 2n + n = r — 1,

i := min{fc E P : 9 < A:2a+Pl}

and set A% := I2s+Pl. Since N < 2S+P and i > 1 imply

(82) WHWt2‘+p = W/Z'+P+N,

it is clear that

В i <(f+l)2a+Pl
= (f- l)2s+Pl + 2 • 2S+Pl
< 9 + 2r+Pl.
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Thus (80) holds for j = 1. Since sp(Qn) Ç [0,2*) it is clear that

sp(Uj) Ç [0,2'+"]

for 1 < j < m. In particular, (81) also holds for j = 1.
Suppose Ai, A%,..., Xj have been chosen so that (80) and (81) hold. Let

l := min{fc G P :Bj< k2s+*+l}

and set Aj+i := £2a+Pi+1. Then (82) implies (81) with j 4- 1 in place of j. Moreover, by 
(80) we have

Bj+1 <(f+l)2'+w+'
= (I - 1)2S+P>+! + 2 • 2s+Pi+t
<Bj+ 2 • 2*+p>+1

i+1

<Î+E 2r+".
1=1

Consequently, (80) also holds with j + 1 in place of j.
Define Q by

Q wXj Uj.
3= 1

Since
2 ~PkD2Pk(x + ук-i) = x[%/t-i,2/t)(z),

it is clear that Q takes only the values 0 and ±22 .
By definition,

||^||l= Г Qa(2^z)dz
Jyj-i

= 2-p;||Q„||i 
= 2~Pi

íiöiu = Eii^iii
i-1

= E2'"
3 = 1 

= 1.

for 1 < j < m. Therefore,
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The choice of the Aj’s implies

ap(u% Vj) C [£2®+"', (t + 1)2'+"' )

for some i E P. Hence the partial sums

S2i(wXjUj)

are either 0 or wXjUj for all i E N. Therefore, £*(wXjUj) = Uj and

лё) = IQ|.
To estimate observe that if Q and D are any Walsh polynomials, extended to R 

by periodicity of period 1, and if sp(D) Ç [0,2P) for some p E N, then the function

V(x)--Q( Vx) (i6[0,l))

satisfies
= D(z)(^Q)(2fz)

for t,p E P and X E [0,1). Applying this observation to Q := Qn and D := 2~p> D2pj we 
have by (66) above that

A*Q > cn.

Since (81) implies Q(s) = 0 for s < q, it remains to estimate these Walsh-Fourier 
coefficients for s > q.

Fix s > q. If

then by (81) there is a j E P such that

5 E [Bj-uBj).

Moreover, by (82) and a calculation above, we have

|§(a)| = |w%(,)|

< ll^lli
= 2~Pi.

But a is monotone. Therefore, it follows from (80) and the choice of s that

2~Pl < a/Vj < о-в, <

We conclude that л

IQ(s)| < a3

for all s > q. I
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THEOREM 19. Let Ф : [0, oo) —> [0, oo) be an increasing, continuous function which satis­
fies Ф(u) = o(log log u) as и —> oo. Let а = (ап, n G N) be a monotone decreasing sequence 
of positive numbers with

XX = °°-
n=0

Tfien there exists a function F G L1 such that

(83)

|F(n)| < an (ne N),

< oo,

and SF diverges everywhere.

PROOF. Choose a sequence (en, n G N) of positive numbers converging to zero which 
satisfies

Ф(п) = £n log? log? n (n > 4).

Choose a strictly increasing sequence (cvn, n G N) of positive integers such that > 4 
and

(84) X £fn < 00
n=0

for ln := 22W,‘, n G N.
Use Lemma 13 to generate Walsh polynomials Qk in the following way. Let q0 := 0 and 

set Qо := Qu0,q0,*- ^ Qk-i has been chosen, let

qk := 1 + max sp(Qk-\)

and set
Qk Quk,qk,*-

Thus Qk takes on only the values 0 and ±t\k, ||Qt||i = 1, £*{Qk) = |Qfc|, A*Qk > cwk for 
some absolute constant c > 0, sp(Qk) C [çt,oo), and

\Qk(s)\ < as

for s> qk. 
Let

F ■- X Ф(ек)®к ~ x<v<xk=0 0

I
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By (84) this series converges in L1 norm. Thus F belongs to L1 and is defined up to sets of 
measure zero. Because the spectra of the Q*’s are contained in pairwise disjoint intervals, 
it is clear that

№)l < a,

for s 6 N. Moreover, since = 1 for к £ N, the estimate of A*Qk implies that
SF diverges everywhere. It remains to verify (83).

Set
Ajk := {Qjk ^ 0 and Qj = 0 for all j > k}

and let
A* := limsupjQjk Ф 0}.

k—*oo
Since HQjfclli = 1 and Qk takes only the values 0 and ±4, it is clear that

IAjk I < KQjk 0}| = 2 2

for к E N. Hence |A*| = 0. Since the Ajk’s are pairwise disjoint it follows that

(85)
rl 00 Г
/ F*<b(F*) = F*4F*)

Jo jk=0 ^Ak

Fix к £ N and observe by the definition of Ajk that

X(Ak)F‘ =
>=0

j=0

= X^u;71|5;I-
i=о

Since Qj < tj we have

x(At)F- < J2“7'22“‘
j=0

Wjk

<4.

Consequently,

хШР'Ф(Р’) < 2X(At)a.t-‘4Ф(4)
— 2x( Ak )4 •
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Since I A* I < l/l*, we conclude from (85) that

< 2^etk < °°- I 
к=0

We close this section by constructing some a.e. divergent Walsh- Kaczmarz-Fourier 
series. These are easier to construct than divergent Walsh-Fourier series because the 
Walsh-Kaczmarz-Dirichlet kernels satisfy

(86) limsupl^Ml >c
n-oo logn

for a.e. X G [0,1) where c > 0 is an absolute constant (see Theorem 11 in 1.6).
This condition enters the picture in the following way.

LEMMA 14. Let (an, n 6 N) be a decreasing sequence of positive numbers which converge 
to zero such that

(87) nan > <5 > 0 (n G N).

If

(88) F := У" anrnD2n
n=0

then F belongs to L1 and its Walsh-Kaczmarz-Fourier series diverges a.e.
PROOF. By the Paley lemma, (88) converges pointwise on (0,1).
Let

Fm := ^2 anrnD2n (m 6 N)
n=0

and observe by Abel’s transformation that

(89) Fm = ап(Р2п+1 — P2* )
n=0 
m —1

= EK — an+i)-^2n+1 + amD2m+i — d()D2o.
n=0

Since ||D2n||i = 1 for n 6 N, it follows that

M-l

||PjM Pm ||l — ^ ^ (^n am + <2д/ = 2am(90)
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for M > m. Therefore, (88) converges in L1 norm and F belongs to L1.
Let S^F denote the m-th partial sum of the Walsh-Kaczmarz-Fourier series of F. Since 

D*n(x) = D2n(x) = 0 for each x G (0,1) and n sufficiently large, we have by (87) that

I

> cnan
> c6 > 0

a.e. on [0,1) for infinitely many n G N and m = m(n) < 2n. Hence the Walsh-Kaczmarz- 
Fourier series of F diverges a.e. I

As a first application of this technique we prove the following result (compare with 
Theorems 14 and 15 above).

THEOREM 20. Suppose Ф : [0,oo) —> [0, oo) is a continuous, increasing function which 
satisfies

There is a function F G L1 whose Walsh-Kaczmarz-Fourier series diverges a.e. such that

(91) иа)(^) = 0(_1_) as ^0

and
f |Г|Ф(|Г|) < oo.

Jo

(In particular, F belongs to L(log+ L)v for all 0 < p < 1.)

PROOF. Let cio := 1 and an := l/n for n G P, and define F by (88). By Lemma 14 the 
Walsh-Kaczmarz-Fourier series of F diverges a.e.

Use (89) to verify that

F = 5>n — an-|_i)D2»+i ~ 1-
n=0

Set Jyv := [2-/v-1,2~N) and observe that F is constant on each J/v for N G N. Indeed, 
we have

N-1
F = (an — an-n)2n+1 — 1

n=0

on J^/. Therefore the choice of the a„’s implies

|F(%)| <
8-2^ 

N2
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for X e J N and TV E P. Consequently,

/'|F|*(|F|) = /' |F|$(|F|)+f; f |F|«(|F|)
JO J1 /& kj—iJJn1/8 N=3

<-c+*£*-P<-
N=3

where C is finite and depends only on Ф. Thus it remains to verify (91). 
Fix 0 < y < 1 and choose N E N such that 2~N~1 < y < 2~N. Surely

F = (F — Fn-i) + Fjg—i

(see (89) above). Moreover, Fn-i(x + y)= Fn-i{x) for x E [0,1) and by (90) we have

||F — Fjv_i||j <

Therefore

\\F-ryF\\l = \\(F-FN-1)

<
16

bg2(i/y)’

ry(F - FW-OHi

and (91) follows at once. |
The same technique gives us the following Kaczmarz version of Corollary 11 ii).

THEOREM 21. Let (en,n E N) be a decreasing sequence of positive numbers which con­
verges to zero. There exists an F E L1 such that

limsup.|5"-F|.. = oo
m—»oo £ m log m

a.e. on [0,1).
PROOF. We may suppose that en log n —► oo as n —» oo. Set an := and define F

by (88). Let 2" < m < 2n+1 and observe that

\SKmF\ ^^\Р*т-Р2п\ ]52nF[

em log m — £m log m £m logm
> l-Dml _ ^2" _ \S2~F\ '
- y/e^logm v/£^Tlog2n ern log m '

Since the last two terms of this expression tend to zero a.e. on [0,1), we appeal to (86) to 
finish the proof. |
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6.6 Almost Everywhere Convergence of Double Walsh-Fourier Series. Let N2 :=
N X N, I2 := [0,1) X [0,1), and let to := (wmin,(m,n) G N2) represent the Kronecker 
product system generated by the Walsh system to

If / G L2(I2) then the double Walsh-Fourier coefficients of / are defined by

/(m, n) := f(x, y)wm,n(xi у) dxdV

for (m, n) G N2. The double Walsh-Fourier series of / is the series

Sf := 53 f(min)àm,n-
(m,n)e N2

As in the one-dimensional case, this is a formal definition. Convergence of 5/ is neither 
implied nor presumed.

The rectangular partial sums of Sf are defined by
M-l N-1

Sm,nÍ := 53 53
m=0 n=0

for M,iV G P and / G L^I2). If
M-l /V-1

Dm,N := 5 V 5 V wm,ni 
m=0 n=0

then these definitions imply

(SM,Nf)(x, У) = JJi Dm,n{x + и, У + u)/(u, u) dudu.

Hence,
(52mi2n/)(z,î/) = 2M+A' í í f{u,v)dudv 

JIm(x) J 1ы(у)

for all (r, y) G I2 and M, iV G N. In particular,

lim S2M 2^/
M,N—oo

may not exist even if / is continuous.
Analogy with the one-dimensional case is restored if we pass from rectangular partial 

sums to square ones. For if /дг(г,у) := In(x) x /дг(у) then

(S2jvj2n/)(x, у) = т-р—7-—r: / /(tt, v) dudv.
\dN\xi У)I УIN(x,y)

It follows that S2n 2n/ converges to / as IV —> oo uniformly if / is continuous and a.e. if 
/ € L‘(I2).

What about the full sequence of square sums?
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THEOREM 22. If f G L2(I2) then converges to f a.e. on I2 as Ar —> oo.

PROOF. By Theorem 2 in 3.1 it suffices to show

(92) II sup |Sn,n/I ||l2(i2) ^ C|I/||l2(i2)
NGN

for all / G L2(I2), where C is an absolute constant which does not depend on /. 
Fix / G L2(I2) and suppose first that

(93) /(m, n) = 0 for m < n.

Let fy(x) := f(x,y) for x,y G [0,1), and observe by Fubini’s theorem that fy belongs to 
L2 for a.e y G [0,1). Hence by Corollary 11 in 3.7 we have

(94) II^VJ: <<%||/,II:

for a.e. y G [0,1) and some absolute constant 
Set i

дт(у)--= fy{x)wm(x) dx (m G N, y G [0,1))
J о

and observe that

bmh

<

fy(x)wm(x)dx

\1/2
\fy(x)\2dydxj

2 1/2

= ll/IU2(i2)-

Hence gm G L2 for all m G N. Moreover, since

ffm(n)= f gm(y)wn(y)dy = f(m,n),
Jo

it is clear by (93) that each gm is a Walsh polynomial. Consequently,

N-i / m \
(SNfy)(x) =.^2 ( 53 Am’ n)W”(y) ) wm(x)

m=0 \n=0 /

= (SNtNf)(x,y)

for TV G N and a.e. x, y G [0,1). In particular, (92) follows from (94) and the inequality is 
established when (93) is satisfied.

Reversing the roles of x and y we see that (92) also holds when f G L2(I2) satisfies

/(m, n) = 0 for m > n.

i
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Since every / G L2(I2) can be written as / = g + h where g(m,n) = 0 for m < n and 

h(m,n) = 0 for m > n, we conclude that (92) holds for all / G L2(I2). |
To consider partial sums over regions other than rectangles and squares, we introduce 

the following notation.
For the next several pages, let В be a bounded region in the first quadrant of R2 which 

contains the origin. Let

Ri'f) := {(m,n) G N2 : (771/7,71/7) G R}
represent the dilation of R by 7 > 0. For each / G H(I2) define Д-sums of 5/ by

*Sfí(7)/ := 53 /(т,гг)гут,п.
(m,n)efí( 7)

The double Walsh-Fourier series of an / G L1(I2) is said to be B-summable to В at a point 

(x,y) G I2 if
В = \im{SR^)f)(x,y).

Notice when В is a square with sides parallel to the axes that Sf is R-summable to В at 
(x, y) if and only if

В = \imJSN'Nf)(x, y).
Define a maximal function for B-summability by

S*/ := sup |5д(7)/|.
7>0

By the usual density argument, one can show that a sufficient condition for a.e. B- 

summability of Sf for all f G Lp, 1 < p < 00, is that S* is of weak-type (p, p). We 
will show (Theorem 23 below) that this condition is also necessary. This result is a special 
case of a general theorem by Stein [1] valid for sequences of translation invariant operators. 
The proof here is an adaptation of the general case.

LEMMA 15. Let y > 0,/ G LP(I2), 1 < p < 00, and suppose
|{sv>y}|>c

for some number C > 0. Then there is a double Walsh polynomial P such that
||-P||l?(I2) < \\f\\bP(V)

and
|{S*P > y}\ > C.

PROOF. For each 7 > 0 let := {|5щ7)/| > у}. Then {S*/ > y} is the union of the 
sets A7 for 7 > 0, and it follows from hypothesis that

i U Al>c
0<7<L

for some L > 0. Since В is bounded, we can choose an M G N so large that

Sr{i)P = 5Л(7)/
for P := 52m 2м/. Since

||52M>2Af ||LP(I1) = 1,

P is the polynomial for which we search. |
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LEMMA 16. Suppose (an,n G N) is a sequence of positive numbers which converges to 
zero and (w(n), n G N) is a sequence of real numbers which tends to oo. There is a 
non-decreasing sequence of non-negative integers n2,... such that

< 00
t=l

but
^Ги;(пк)аПк = oo.
k=l

PROOF. Set lo := 0. Given ik-i к G P, choose l* > l*_i so that 6* := atk <2 k and 
cv(l*) > 2k. Set ck := bkui(£k) and choose a positive integer m* so that

(mjt - 1)6* <2 к < тпкЬк.

Since
mfcCjk = m*6*cv(l*) > 2~* 2* = 1, 

it is clear that YlkLo mkCk = oo. On the other hand,

^mkbk = 53^ + ^(m* - 1)6* 
fc=0 Jb=0 fc=0

< 2^(m* - 1)6*
k=0

<2^2-^

Jt=0

< OO.

Thus the sequence (n*, fcGP) can be taken to be i\,..., i\, £2, • • • ^2? • • •, where each ij is 
repeated mj times. |
LEMMA 17. If Ai, A2,... are measurable sets in I2 which satisfy |An| = oo, then
there exist points Z],r2,... in I2 such that a.e. x G I2 belongs to infinitely many of the 
sets xn + An (n G P).

PROOF. Given A ç I2 we shall denote I2 \ A by A.
The set of points belonging to finitely many of the sets xn + An is

U 0 (xp+n “b ^p+n)
p=l n=l

oo Pz+1 ______________

U n (Zn "b ^n)
1=0 n=pz + l

and thus is a subset of
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for any choice of 0 =: po < Pi < P2 < • • •
Let e > 0, n G P, and Xn := x(^n)- Then the characteristic function of

pi ___________
P| (гп + An)
n=l

is Xi(t + ^i)X2(< + X2)... Xpi(< + XP1), (t G I2). Moreover,

/ / Xi(< + xi )... xPl (< + Яр, ) dtdzi... dxpi
Jo Jo

= IB1 “ lA"D-
n=l

Since the hypothesis |An| = 00 implies

П(1 “ lA"l) < 2
n=l

for pi large, it follows that there exist points x\,... xPl such that

Pi ___________
P| (ín "h ^n) 

n=l

Continuing this process we choose positive integers pi < P2 < Po < ■ • ■ and points xn 
for each pe < n < pt+1 such that

p<+i ----------:---------- / 1Pi (®n 4" An)| < ( -
n=p( +1

Í+1

for i = 0,1,.... Therefore,

We conclude that

E
t=0

P/+1

Pi (xn 4" An)
n=p<-H

< £.

LJ Pi (xp+n 4" Ap+n)
p=l n=l

= 0.

THEOREM 23. Let 1 < p < 2. If Sf is R- summable a.e. on I2 for every / G LP(I2) then 
S* is of weak-type (p,p).

PROOF. Suppose to the contrary that S* is not of weak-type (p,p). Then for each n G P 
there is a function fn and positive numbers iv(n), yn such that u>(n) —* 00,

||/n||LP(I2) — 1)
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|{S*fn > УП}\ > u(n)ynp.

We claim without loss of generality that each /„ is a polynomial with /„(0,0) = 0, such 
that

(95)

(96)

(97)

and

(98) sP(fn) are pairwise disjoint for n E N.

To see this notice first by Lemma 15 we may suppose each fn is a polynomial. Also, 
since w(n) —» oo implies yn —> oo, we discard finitely many /n’s and suppose that yn > 1. 
Hence by replacing fn by

(/. -/.(0,0))
II/.-/»(0,0)||,

we may suppose /„(0,0) = 0 and ||/„||j,f(ii) = 1.
Next choose by Lemma 16 a non-decreasing sequence n,, n2,... such that

k=\

and
= oo.

k=l

Since this last equation implies YlT=o |{S*/nfc > уПк }| = oo, we obtain (95), (96), and (97) 
by replacing (/„, n G N) with (/„t, к G P).

Finally, extend each fn to R2 by periodicity of period 1 and define

< oo,
n=0

'52u>(n)ynp =
n=0

53 KS*/n > Уп}| = OO, 
n=0

A‘/„(i, y) := /„(2‘x, 2fcy) (k € N, (x, y) £ R2).
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Since /n(0,0) = 0 we choose, by induction, an increasing sequence (kn,n E N) of positive 
integers such that the spectrum of each polynomial Akn fn does not overlap with the spectra 
of Ak> fj for j < n, and also does not overlap with

U Д(7),

where the number ln is determined by

s*(A‘-7,) = sup |Sb(7)(A‘'/>)I
0<7<<n

for j < n. Thus replacing /„ by Akn fn results in (98). This replacement does not alter 
(97) because

5ЯЫ.,(Л‘/) = AlSRb)(f) (7>0)
implies

|{S*/>!/n}l=l{S*(A1/)>!/„}|
for any к E P and f E L!(R2). Therefore, the claim is established.

Choose by Lemma 17 a sequence X\, X2 . •. in I2 such that a.e. x E I2 belongs to infinitely 
many of the sets xn + {S*/n > yn}. For x E I2 let Pn(x) := fn(x + xn)/yn and notice 
that ||Ptj||lp(I2)) = Уп1- Consequently, it follows from a two-dimensional version of Paley’s 
inequality that

<EApiip”K<a3'
n=l

P/2

where

A,f(x'v) := 1Л+.(*.У)1 //J+1(,,,)f - ÍÍMÍ ILf
for j E N,/ E L^(I2), and (x, y) E I2. Since by construction

( Aj7Jni )( AjPn2 ) — 0

for rij ^ n2, it follows again from a two-dimensional version of Paley’s inequality that

/:=53p„el/(l2).
n=l

However, if x + xn E {S*/n > yn) for some x E I2 then there exist 71,72 such that 
(Sn(-n)f - SR{ya)f)(x) exceeds yn y“1 = 1. Thus 5д(7)/ diverges as 7 —► 00, at any point 
belonging to infinitely many of the sets xn + {S*/n > yn}, i.e., diverges almost everywhere 
on I2. I

This result in conjunction with the Marcinkiewicz interpolation theorem proves the 
following.
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COROLLARY 12. Let 1 < p < 2. If Sf is R-summable a.e. on I2 for all f E LP(I2) then S* 
is of type (q, q) for all p < q < 2. In particular, the operators 5д(7), 7 > 0, are uniformly 
bounded on L9(I2) for all p < q <2.

Thus we see that if the operators Sr^), 7 > 0, are not uniformly bounded on some 
LPo(I2) for 1 < po < 2, then given 1 < p < po there exists an / E LP(I2) such that the 
Д-partial sums of the double Walsh-Fourier series of f diverge on a set of positive measure. 

We apply this observation first to triangular sums.
THEOREM 24. Let ß > 0 and let R := {(x, y) E [0, oo)2 : y < 1 — ßx} be the triangular 
region bounded by the axes and the line y = 1 — ßx. Then there exist f E LP(I2) for 
1 < p < 2 such that 5щ7)/ diverges on a set of positive measure, as 7 —> 00.

PROOF. It suffices to show that the operators 5д(7), 7 > 0, are not uniformly bounded
on LP(I2) for 1 < p ф 2.

Fix p ф2 and recall from Theorem 19 in 5.5 that the operator

n<ßm

is not uniformly bounded on LP(I2). Fix ME P. Let / be a double Walsh polynomial 
which satisfies /(m, n) = 0 for m,n > 2M and set 7 := ß(2M — 1). Then

/(2м — к — 1, n)wk,n
ßk + n<ß( 2м-1)

n<ßm

n<ßm
= W2M_10V f.

Hence 5д(7),7 > 0, are not uniformly bounded on LP(I2). |
This result can be extended to any region R provided part of its boundary is piecewise 

smooth and not parallel to the axes.
THEOREM 25. Let h be a continuously differentiable non-negative function defined on 
some [a, b] C [0,00). Suppose that there is a point xq E (a, b) such that

Let R denote the sector-like region bounded by the graph of h and the line segments from 
(0,0) through (a, h(a)) and from (0,0) through (b, h(b)). Then there exists an f E LP(I2)



326 Almost everywhere convergence and summability

for 1 < p < 2 such that 5д(7)/ diverges, as 7 —* 00, on some subset of I2 of positive 
measure.

PROOF. Choose a rational number а > 0 such that the line у = ax intersects the graph 
of h at (c, h(c)) for some c 6 (a, 6). Clearly,

(99)

Moreover, if

(100)

we may assume that ß > 0.
The idea behind our proof is this. Near (c, h(c)) the boundary of R looks like a line with 

slope —ß. Thus for large 7 the boundary of R{7) lies very close to a line with slope —ß 
for X in some huge interval. In particular, the partial sums 5д(7)/ should eventually be 
like triangular partial sums, hence diverge by the previous theorem. Here are the details.

For each 7 > 0 let h7(x) := 7 /1(2/7) for x G [70,76]. Then the graph of /i7 forms part 
of the boundary of R(7).

Let 70 := l/(/i(c) + ßc) and for each 7 > 0 let

f7(x) := -ßx + 7/70 (x 6 R).

We will show (see (102) and (103) below) that given M £ N the graph y — h1(x) is near 
the line y = l7(x) for all x in an interval of length 2M.

Fix M € N and set 71 := /2(2M — 1). Let T be the triangular region in the first quadrant 
of R2 bounded by the axes and the line y = l — ßx. Since N2 is discrete in R2, choose an 
£0 > 0 such that 71 — £0 > 0 and

#r(7i-e)/ = Sn-n)f

for 0 < £ < £0.
Let ту := 2~m~xEq and choose <5 > 0 with a < c — S < c + 6 < b such that

(101) + ß\ < V

for all 7 > 0 and |x — 7c] < 76.
Solve the equation defining 70 for h(c) and verify that

^7o(7qc) — — ßioc + 1.

KM = ^7o(7oc) = f7(7c).
This identity implies
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Consequently,

Í the line l7 passes through the point 
1 (jc, hy(-yc)) for all 7 > 0.

Moreover, by (101) and the mean value theorem, if 7 is so large that 2M < 76 then

(102)

(103) l&f(z) -4MI < = y

for 7 > 0 and |z — 7cI < 2M.
Parametrize 7 in terms of an N E N and identify another point 1 

iV G N write the rational a (see (99)) as a = p/q for p, q E P, and set

(104)

The choice of 7% and (104) imply

Np2" + y = -ß (№ + 1)2" - 1) + íy

In particular,

Notice by (99) that
Е = а = Ы2£)
q 7 c4

Hence the line у = а.т passes through the points (7c, hy(^c)) and (Nq2M, Np2M) for every 
7 > 0 and TV G N. Define 7 by (104) where N is chosen so large that 2M < 7S. Then
(102), (103), and (105) all hold. It follows, therefore, that

<7c<(#g + l)2".
Consequently, (103) holds for all x in the interval

hl.N :={Nq2M,(Nq + l)2M).

Suppose / is a double Walsh polynomial which satisfies /(m, n) = 0 for m, n ±

:= {g '■ g is a double Walsh polynomial with 
g(m,n) = 0 when m, n G N and m ^ Im,n or n < Arp2M),

and set
IV Wpjq2M ,Np2M •
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Clearly,

(106) w/(m, n) = /(m 0 Nq2M, n 0 Np2M).

In the case m £ Im,n we have m ® Nq2M > 2M. In the case n < Np2M we have 
m ® Np2M > 2M. Therefore tv/ belongs to Vm,n-

By construction, part of the boundary of the dilation T(7/70) is determined by the line 
l7 whereas part of the boundary of R(j) is determined by /i7. Moreover, for x 6 /m,N we 
have by (103) that /i7(x) and l7(x) differ by at most s0/2. It follows, therefore, from (105) 
and the choice of e0 that 5t'(7/7o) and 5д(7) are identical on Vm,n- In particular,

(107) Sm/rtW) = SR^){wf).

The choice of £o,and the identities (106), (104) imply

wSTbl)f = wSt(7!-c0/2)/
= ST(-ix-Col2+pNq2M + Np2M){v>f)
= sTbho){.wf).

We have therefore by (107) that

SR^)(wf) = wSt^x)/

for any double Walsh polynomial / satisfying /(m, n) = 0 for m,n > 2M. We conclude by 
the proof of Theorem 24 and Corollary 12 that as 7 —► 00, 5щ7)/ must diverge on a set 
of positive measure for some / 6 LP(I2) for each 1 < p < 2. |

Exercises

6.1 Prove there exist positive absolute constants c\ and c% such that

ci||/|Ih<K/IIi<c2||/|Ih

holds for all / G H with / > 0. 
6.2 Let f G L1 and

m
a**f := sup — \Skf\

mEP П1 jt=l

i.e. <7**/ is the maximal function associated with the strong means of the Walsh-Fourier 
series of f. Show that a** : H —► L1 is not bounded.

(Hint: Use dyadic atoms and the fact that the arithmetic means of Lebesgue constants 
of the Walsh system are not bounded.)

6.3 Denote by T(x) the one parameter group of martingale transform operators defined
by

ТШ =£>„«Л»/ (i6G,/€H).
n=0
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Prove that

and

Show there is a norm

T(x) о T(y) = T(x + y) (x,y e G)

T(0) = I.

U on H equivalent to the original one such that

m*)/n = ii/ii

for all X E G and / € H.
6.4 Let T(x) be the operator defined in Exercise 6.3. Replace rej by T(ej) in the 

definition of dyadic differentiation and prove a “fundamental theorem" for this calculus.
6.5 Let

= sup щ j |/(s)| ds

for t E [0,1), / E L1, where the supremum is taken over all subintervals I of [0,1) containing 
t. A system of functions (Яп, n E N) is said to have the H* -property if there is an absolute 
constant C > 0 such that

I / KN(x,t)f(t)dt\ < (M/)(x) 
Jo

for all X E [0,1), N E N, and all / E L1, where

KN(x,t)
2n+1-1

:= 53 Hk{x)hk{t)
k=2N

for E [0,1). Prove that the Haar system and the Franklin system both have the 
#*-property.

6.6 Suppose (HTl,n E N) is an orthonormal system which has the Я *-property (see 
Exercise 6.5). Let (Wn,n E N) be its Hadamard transform and define an operator

W* f — sup max
n£N 0<m<2n

2”-f m
i £ mwt\

fc=2"

where f(k) is the k-th Walsh-Fourier coefficient of / E L1. Prove that W* is of type (p, p) 
for every 1 < p < oo.

6.7 Use Exercise 6.6 for the Franklin and Ciesielski systems and the fact that Franklin- 
Fourier series of L1 functions converge a.e. to prove that the Ciesielski-Fourier series of an 
/ E Lp,p > 1, converges a.e. to /.

[Ciesielski, Simon, Sjölin [1]]
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6.8 Let 1 < p < oo and g = (<7„,n G N) be the product system of 7 = (7n,n G N) 
defined on a probability space (Í2, v). The system 7 is called p-weakly multiplicative if

Prove that if 7 is weakly multiplicative then 7 is p-weakly multiplicative for every p.
6.9 Let 7 be a 2-weakly multiplicative system (see Exercise 6.8) of real-valued functions 

with \jn\ < 1 for n G N and let g be its product system. Prove there is an absolute 
constant C such that

for every (а*, к G N) G 1°. Show g is a convergence system.
(Hint: Compare with Theorem 12 in 6.4.)
6.10 Prove that every uniformly bounded real orthonormal system has a weakly multi­

plicative subsystem. Show this result is false if “weakly” is removed from the conclusion.
6.11 Prove that every uniformly bounded orthonormal system has a subsystem which is 

a convergence system.
6.12 Let у be a bounded function defined on [0, 00) of period 1 such that

+ -) = -<f(z) (0 < X < ^).

Set
ifn(x) := y?(2nx)

for n G N and x G [0,00) and show that (<p„, n G N) is a convergence system.
6.13 Show that the block space Bq is complete for every 9 > 1.
6.14 Suppose q > 1. Prove:
i) If / G Bq, and g is measurable with |y| < |/|, then Afq(g) < Nq(f)-
ii) If / G Bq then l/l G Bq.
iii) If f,g G Bq then sup(/,p),inf(/,g) G Bq.
6.15 Let q > 1. A q-block is a function ß supported on an interval I (not necessarily 

dyadic) such that

Show any 9-block is a sum of at most three dyadic 9-blocks. Show that the dyadic block
space Bq and the classical block space Bq generated by 9-blocks coincide.

6.16 Let f G L2. 
i) Prove

max
2n<m<2"+1

max \Smf\ < S*f+ nS*\S2n+if - S2nf\

for all n G N.
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ii) Prove there is an absolute constant C > 0 such that

/ oo 2n+1—l 1/2

l|S7lh<C |/(0)p + 2> £ l/(m)|=
n=0 m=2r

for every / £ L2.
[This is the Kolmogorov-Seliverstov-Plessner theorem for the Walsh system. For general 

orthonormal systems see Alexits [2], p. 175.]
6.17 Using Exercise 6.16 and Theorem 2 in 5.1 prove

l|S7lh<C(53M2>(/,2-")|2)1/2.
n=0

6.18 Using Exercise 6.17, prove that if / £ Cw and

ui(/, 6) = О ^log ^ as 6 —► 0

for some а > \ then Sf converges a.e.
[L. Pál]



Chapter 7

UNIQUENESS

7.1 Walsh Series and Quasi-measures. In previous chapters we have been primarily 
concerned with .Walsh-Fourier series. In the next two chapters we shall prove a number of 
theorems about general Walsh series.

By a quasi-measure on the dyadic group we mean a finitely additive real-valued set 
function defined on the dyadic intervals of G. The collection of quasi-measures on G will 
be denoted by QM(G). The collection of finite Borel measures on G will be denoted by 
M(G).

A quasi-measure v on G is said to belong to M(G) if there is a measure Л E M(G) 
such that the restriction of Л to dyadic intervals coincides with v. There is a fundamental 
difference between quasi-measures on [0,1) and quasi-measures on G. For the interval [0,1) 
there exists a non-negative quasi-measure which cannot be extended to a Borel measure 
(see Exercise 7.2). On the other hand, if v is a non- negative quasi-measure on G then, 
since each dyadic interval in G is both open and closed, v must be countably additive on 
the collection of dyadic intervals. Hence v can be extended to a Borel measure on G. In 
particular, if v E QM(G) is non-negative then v belongs to M(G).

The study of general Walsh series is equivalent to the study of Walsh-Fourier-Stieltjes 
series of quasi-measures. Indeed, for each v E QM(G) define the Walsh-Fourier-Stieltjes 
coefficients of v by

(1)
J G

and the Walsh-Fourier-Stieltjes series of v by

Denote the n-th partial sums of a Walsh series

by
n — 1

Sn ■= ^ ajkV’fc (n 6 P).
k=0
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Repeating the arguments in 1.5 (see especially (52)) it is easy to see that the map и —> Su 
is a 1-1 linear map from QM(G) onto the collection of all Walsh series. Moreover, if 
S := Su then

(2) 2-"%.(z) = ^(f»(x))

for n E N and x E G.
A fundamental problem in the theory of general Walsh series is the problem of unique­

ness. That is, when is a given Walsh series S the Walsh-Fourier series of some integrable 
function /? Since the Walsh system is orthogonal, an obvious solution to this problem is 
that uniqueness holds if S converges (for example) uniformly to /.

One might guess that if S converges a.e. to / then S is the Walsh-Fourier series of /. 
We shall see that this is not the case. In fact, the problem of uniqueness is a delicate one 
requiring distinctions among sets of measure zero not normally made in Lebesgue analysis.

Equation (2) suggests the problem of uniqueness is related to differentiation of quasi­
measures, for we have

(3) S2n(x)

KJn(X))
for n E N and x E G. In fact, this identity and a known result from the theory of binary 
dérivâtes (see Theorem 13 in 0.6) lead to the following uniqueness theorem.
THEOREM 1. If S is a Walsh series which satisfies

(4) lim 2"n52n(x) = 0

for every x E G and if

(5) lim S2n(x) = 0

for all but countably many x E G, then S is the zero series, i.e., the coefficients of S are 
identically zero.

Unless curiosity compels, there is no need to read Appendix 0.6 at this time. We have 
used the connection with binary dérivâtes as a pedagogical tool. In particular, if и is the 
quasi-measure associated with S then (4) can be viewed as a continuity condition on z/ and 
(5) as an assumption that the binary derivate of и is zero.

We shall say that a Walsh series satisfies the C — S condition if (4) holds for all x E G. 
Notice that (4) cannot be relaxed at even one point in G. Indeed, the Dirichlet series

S -=У^Фк
k—0

satisfies S2n(x) —> 0, as к —» oo, for every x E G \ {0} but

2-nS2n(0) = 1 (n E N).
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Notice that the C — S condition is satisfied by any Walsh series whose full sequence of 
partial sums converges at some point of G, in fact, by any Walsh series whose coefficients 
tend to zero. Indeed, if

S := Y2ak^k
k—Q

then

(6)

2" — 1

2-"|Sj.|<2-" Y, l°*l-
k=0

Hence if ajk —► 0 as к —♦ oo then 2-"S'2n —► 0, as n —► oo, uniformly on G. In particular, 
the Walsh-Fourier series of an / 6 L!(G) satisfies the C — S condition.

We shall prove that uniqueness holds for any Walsh series satisfying the C — S condition 
under suitable convergence hypotheses. Our program is to show that the quasi-measure 
associated with such a series belongs to M(G) hence can be decomposed into an absolutely 
continuous part plus a singular part. By using (3) we shall prove the singular part is 
identically zero. It will follow that S = Su for some и satisfying

du = fd[L

and some / G L^G). In particular, we have by definition

u(k) = [ ipkdu = f fipk dn = f(k)
J G J G

for к G N, i.e., S is the Walsh-Fourier series of f.
We begin by identifying a condition sufficient to conclude a given quasi-measure belongs 

to M(G).

Lemma 1. If и g QM(G) and

(7) limsup(52"i/)(z) > 0

for all X E G then и is non-negative and belongs to M(G).

PROOF. By the remarks opening this section, it suffices to show и > 0. By considering 
и + a/л for а > 0 we may suppose that the inequality in (7) is strict. Thus for each 
n G N, X G G, and y G /n(x) choose by (2) an integer k(y) > n such that

(8) К-^Ы(У)) > 0.

The compact set In(x) is covered by the sets

{А(у)Ы : У E In(x)}.
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Thus we can choose finitely many points t/i, y2, • • •, UN in such that
N

(9) -fn(z) — LJ Ik(yj)(,yj)'
j=1

Since any two dyadic intervals are either disjoint or subsets of one another, we may suppose 
this union is disjoint. It follows from (9) that

N
u{In(x)) = K^(ÿj)(l/j)) — 9-

J=1

We conclude by (8) that и > 0. |
If in Lemma 1 the series Su satisfies the C — S condition then hypothesis (7) can be 

relaxed at countably many points. In fact,
Lemma 2. Let U G QM(G), S := Su, and E be a countable subset of G. If
(10) rlimo2"n52n(x) =0 (x G E) 

and
(11) limsup 52n(x) > 0 (x i E)

then и is non-negative and belongs to M(G).
PROOF. Since E is countable there is a finite measure Л concentrated on E such that

(12) A({x}) >0 (x G E).
Let а > 0 and notice by (3) that

limsup(S2n(aA))(x) = limsup a2n A(/n(x)) > 0
n—*oo n—►oo

for all x G G. Hence we have by hypothesis (11) that
(13) limsup2~n(52n(i/ + <%A))(x) > 0

for x £ E.
On the other hand, fix x G E and notice by (10) and (2) that

lim 2-n(52n(zy + qA))(x) = lim 2-n(52ni/)(x) + ot lim 2-n(52nA)(x)n—►oo n—►oo n—►oo
= a lim A(7n(x)).

Since {x} = n^L0/n(x) implies A({x}) = limn_>oo A(/n(x)) we have by (12) that
lim 2-n(S2n(r' + aA))(x) > 0.

Therefore, (13) holds for all x G G.
Apply Lemma 1 to и + o\ and let a —► 0. We conclude that и is a non-negative, finite 

Вorel measure on G. |
In the classical situation, it is well known that the symmetric derivative of a singular 

measure A is 0 a.e. with respect to Lebesgue measure on [0,1) and oo a.e. [A] on [0,1). This 
result is also true for binary dérivâtes. We shall prove this and use it to obtain information 
about Walsh- Fourier-Stieltjes series of singular measures.
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LEMMA 3. Suppose A G M(G) is non- negative and singular with respect to Haar measure
/i. Then

(14) lim 5гп A = 0 a.e. [/i]

and

(15) lim 5гп A = 00 a.e. [A]

PROOF. The proof of Theorem 6 in 6.2 shows that the binary derivate DA exists and 
equals 0 a.e. [yu]. By (3) this is equivalent to (14).

To prove (15), use the fact that A is singular to choose a В or el set E in G such that 
A(G \ E) = 0 and p(E) = 0. We must show

DA(z) lim = OO

for a.e. [A] x G E.
Fix j G P and set

Ej := {x в E : lim inf -77^7-тт < j}- n^oo fl(In(x))
Let e > 0 and choose an open set U in G such that U D Ej and p(U) < e. Let К be any 
compact subset of Ej and for each x G К choose a dyadic interval Jx C U containing x 
such that

KJx) < J>(«7x).

Since { Jx : x G A"} covers К and consists of dyadic intervals we can choose a finite sequence 
Ji, J2,..., Jn of pairwise disjoint dyadic intervals such that

and

It follows that

A(J()<j//W (^=1,2,...Л)

N

K C U Je С U.
í=\

N
А(А')<£л(Л)

t-ï

N

=Чу/')
< MV)
< JE-
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Thus А (К) = 0.
We have shown that every 

follows that Л(Ej) = 0, i.e.,

for all j G P and a.e. [Л] x G 
a.e. [Л] x e E. |

These observations lead to

compact subset of Ej is of Л- measure zero for all j G P. It

E. We conclude that A(/n(x))//z(/n(x)) -+ oo as n oo for

a general solution to the uniqueness problem.
THEOREM 2. Let S be a Walsh series, E be a countable subset of G, and g G L^G). If

(16) lim 2~nS2n(x) = 0 (x G E),

(17) limsup |52n(x)| < oo (xf E)

and

(18) lim sup52n(x) > g(x)

then S is the Walsh-Fourier series of some f € LA (G).
PROOF. For each integer к < 0 choose V* open in G such that

Ek := {k < g < к + 1} C Vk

and
KVk\Et)< 2*.

Set
V kx(v*)‘

k<0
Observe that </? < g on G, ip G L1(G), and if <p(x) < a for Some x G G and <* G R then 
there is an open set У in G such that x G V and y>(y) < о for all y G У Thus is an 
upper semicontinuous function which satisfies

V>(x) < g(x)

for x G G.
Fix x G G, let а > y?(x) and choose no G N such that y G Ino(x) implies а > g>{y). 

Hence n > no implies
(S2nv?)(x) = 2n [ ipdß<a.

Jln(x)

limsup(52"V?)(x) < <p(x).

It follows that

(19)
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Choose и € QM(G) such that S = Su. Recall that any Walsh-Fourier series satisfies the 
C — S condition. Thus if x G E we have by (16) that

lim 2~n(5,2"(t/ — <p))(x) — 0.

On the other hand, if x £ E we have by (18), (19), and the choice of <p that 

limsup(52n(v - <p))(x) > g(x) - <p(x) > 0.

Therefore, it follows from Lemma 2 that и G M(G).
By the Lebesgue decomposition and the Radon-Nikodym theorem choose an / G L^(G) 

and a measure Л G M(G) singular to p such that

du = fdp -f dX.

Thus
S' = Su = Sf + SX

and it suffices to show Л is the zero measure.
By considering the positive and negative parts of A separately, we may suppose that 

A > 0. Hence by Lemma 3 and (17), A is concentrated on E. However, for each x G E we 
have by (2), the previous identity, and (16) that

A({%}) = JimoA(/„(a;))

= nlimo2-n(S2nA)(z)

= 0.

We conclude that A = 0 as required. |
COROLLARY 1. If S is a Walsh series which satisfies the C—S condition, f is a Unite-valued 
integrable function defined on all of G, and

lim 52n(z) = f(x)

for all but countably many x G G then S is the Walsh-Fourier series of f.
COROLLARY 2. If S is a Walsh series whose full partial sums converge, except perhaps at 
countably many points in G, to a finite-valued, integrable function f defined on all of G, 
then S is the Walsh-Fourier series of f.
7.2 Uniqueness of Almost Everywhere Convergent Walsh Series. We have seen 
that uniqueness holds for Walsh series which converge to finite-valued, integrable functions, 
even if convergence is relaxed on a countable subset of G. In this section we shall show 
that under suitable finiteness conditions, convergence can be relaxed on any set of measure 
zero.

It is important to recognize that a non-Fourier Walsh series which converges a.e. to ал 
integrable function cannot have uniformly bounded 2n-th partial sums.
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LEMMA 4. Lei / G L*(G), J := Imo(y) f°r some m0 G N, y G G, and M be any positive 
number. Let S be a Walsh series, set

Тдг := Sn - 5n/ (AT G P),(20)

and suppose T2™0 ^ 0 on J. If S2* —» / a.e. [//], as n —> 00, then there exist n G N and 
t G G such that h := /n(t) C J, 0 on I and

|52»(x)| > M (iG /).

PROOF. This is immediate if there is at least one point x in some /n(t) C J such that

holds, because both S2n and 52«/ are constant on In(t) and |T2«| > |5г»| — |5г"/|. 
Suppose to the contrary that

for all x G J and n > mo. Since S2nf —► / in L^(G) norm it follows that the sequence T2" 
is bounded in the L1(G) norm. Consequently, the Banach-Alaoglu theorem can be used
to choose a subsequence of integers 7^, n2,... and a finite Borel measure v on G such that

for all p G C(J). Specializing to p — 1 and recalling from hypothesis that T2" —» 0 a.e. as 
n —► 00, we find that00, we find that

However, since J = Imo(y) and T2mo is constant on J, we have that

_ 2-moT2m0(y) ф 0

for nj > m0. This contradiction proves the lemma. |

LEMMA 5. Let Xi G g, n0 G N, /q := /„„(xi), and T be Walsh series which satisfies the 
C — S condition. If T2n0 is non-zero on Iq, then there exists a set J Ç I0 of the form 
J = Imo(y) f°r some y G G, m0 G N, such that x\ £ J and T2m0 is non-zero on J.

PROOF. For each к G P, set := /no+*(xi) and J* := Ik-i \ h- Observe for each 
2n0+fc-i < £ < 2n°+fc that is constant on Ik and on but changes signs from Ik to 
J*. Thus

(21) Фе(х) = -фе(у)
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for X E Ik, У e A, 2n°+fc_1 < l < 2"°+*, and HP.
Suppose the lemma is false. Since x\ £ At for к E P, it follows that

(22) T2n0+k = 0

on A for HP. Since T2no is constant and non-zero on A it is clear that

(23) T2n0+*(x) = 2ka (x E A)

for к = 0 and a := T2"o(zi). Suppose (23) holds for к — 1 and some HP. Then

(24) T2 no-H-i = 2fc-1a 

on A and A, and (22) implies

T2n0 + k — T2n0 + k-l = —2fc ^ О

on A It follows from (21) that

T2n0+k — T2„0+*-i = 2k~l a

on A* Hence by (24),
T2n0+k = 2fca

holds on A, i e., (23) holds for all HN. In particular,

2-тГ2т(х!) = 2~n°a (m > n0)

and contrary to hypothesis T fails to satisfy the C — S condition. |
It is now easy to prove a version of Corollary 1 in 7.1 valid for Walsh series which 

converge a.e.

THEOREM 3. Suppose E is a countable subset of G and S is a Walsh series satisfying the 
C — S condition such that

(25) limsup |52n(a;)| < oo

for all x E G \ E. If
lim S2n = f

a.e. [p] on G for some function f E L1 (G), then S is the Walsh-Fourier series of f. 

PROOF. Suppose the theorem is false. Then there exist x E G and no E N such that

f ^2"o(/)

on A»„ (•*-)•
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Set E = {xi, x2,... }, Iq := /„0(x), and T := S — Sf. Observe that T is a Walsh series 
satisfying the C — S condition and that Т2п0 is non-zero on Iq.

It is easy to see there is a set J Ç I0 of the form 7mo(y) such that z%^J and T2m0 is 
non-zero on J. Indeed, if x\ G Iq use Lemma 5. If X\ £ Iq, set J Iq and m0 := no- 

Apply Lemma 4 to J, choosing a set I := 7n(<) such that T2n is non-zero on I and

(26) |S'2n(z)| >1 (x G I).

Set Ii := 7, ni := n, and observe that Xj ^ /j, /j C Jo, T2«t is non-zero on and (26)
holds.

Continued alternate applications of Lemma 5 and Lemma 4 generate nested compact 
sets /о Э 7i Э ... such that x* ^ /jt, and integers щ, n2,..., such that

(27) |S2„.(z)|>t (zGA),

for к = 1,2,...
Let

x0 G [^] Ik- 
k= 1

By construction, x0 £ E. Hence by hypothesis,

limsup |52n(z0)| < oo.

On the other hand, (27) implies

limsup |S2n(x0)| = oo,

a contradiction. Therefore, S must be the Walsh-Fourier series of /. |
Hypothesis (25) can be relaxed slightly. Indeed, since the set of z G G which satisfy

(25) is a В orel set and since a В or el set is uncountable if and only if it contains no perfect 
subset, it is clear that Theorem 3 holds if UE is countable” is replaced by “E contains no 
perfect subsets”. This hypothesis can be relaxed no further:

THEOREM 4. Let E be an uncountable closed set in G. There is a non-zero Walsh series 
S satisfying the C — S condition such that

(

lira S2n(x) = 0

for all x fi E.

PROOF. We shall construct a measure v on G such that S Sv has the required
properties.

If fi(E) > 0 set

v(u>) :=
/i(u> П E)
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for every Borel subset tv of G. If p(E) = 0 consider E\ := g~1(E) where g: [0,1) -» G 
is Fine’s map. By hypothesis E\ is an uncountable Borel set in [0,1) hence contains a 
perfect set Eq, i.e., a closed set with no isolated points. Construct a non-negative, finite 
Borel measure U\ on E0 using a Cantor-Lebesgue function, i.e., a function which increases 
on Eq and has derivative zero off Eq. Set

i/(tv) := i/i(p-1 (tv))

for each Borel set tv in G. In either case и G M(G) is non-negative, non-zero, supported 
on E and satisfies

%/({%}) = 0 (x G G).

Let S := Su and observe by (2) that

(28) ^2«(x)=2"i/(^(x))

for n G N and x G G. Since Ц{х}) = 0 for all x G G it is clear that S satisfies the C — S 
condition. Since

m - f du = и
J G

it is also clear that S is not the zero series. Finally, if x £ E then the fact that E is closed 
implies

E П /n(x) = 0

for large n. It follows from (28) that 52n(:r) = 0 for n sufficiently large. We conclude that 
S2n(x) —► 0 as n —> oo for every x ^ E. |

Theorem 3 can be generalized in another direction. Indeed, we verify without difficulty 
that the proof of Theorem 3 yields the following result.

THEOREM 5. Suppose E is countable subset of G, that S is a Walsh series satisfying the 
C — S condition, and rii < n2 < ■ ■. is a sequence of positive integers such that

(29) limsup |S2"j- (x)| < oo (x £ E).
j—*oo

If 52", —► f in measure (in particular, a.e. [p]) as j —» oo for some f G L!(G) then S is 
the Walsh- Fourier series of f.

7.3 Null Series and the Formal Product. In Theorem 4 we constructed non-zero 
Walsh series whose 2n- th partial sums converge a.e. to zero. A null scries is a non-zero 
Walsh series whose full sequence of partial sums converges a.e. to zero.

By Corollary 2 in 7.1, the set where a given null series does not converge to zero must 
be uncountable, i.e., thick in a set theoretic sense. Below we show that these sets can be 
thin in a measure theoretic sense. Our method for constructing these series involves the 
formal product of a Walsh series with a Walsh polynomial. This product is given in the 
following result.



7.3 Null series and the formal product 343

LEMMA 6. Suppose S = YlkLo ак^к is a WaJsh series, and

2n° —1
p = biwi 

1=0

is a Walsh polynomial. For each к £ N set

2n° —1
ck 'У ^ bjak®j- 

1=0

If T := Ys'kLо then

(30) Tg 2"o(x) = P(a:)592"o(x) 

for all X E [0,1), and g E P.

PROOF. Fix x E [0,1) and an integer q > 1. Since = WkWj holds for all non­
negative integers к and j, it is clear that

2"° —1 q2n° — 1
(31) P(x)Sg 2n0(x)= ^ ^2 bjakWj®k(x)-

j=0 k=0

Now, for fixed integers 0 < j < 2n° and £ > 0 , the dyadic sum j ® к ranges over

{£2no,£2no + 1,...,(-£ + l)2no - 1}

as к does. Hence the identity j 0 к 0 j = к allows (31) to be rewritten as

2"° —1 ?2"°-l
P(x)5g2"o(x) = blal®kWk(x).

1=0 k=0

The proof of the lemma is completed by interchanging the order of summation in this 
expression. |

LEMMA 7. If S is a Walsh series whose coefficients satisfy a*. —» 0 as t —» oo, and if 
I I(p, no) for some 0 < p < 2n°, then there is a Walsh series T whose coefficients satisfy 
Ck —* 0 as к —у oo, such that Ит^-юо Tn = 0 uniformly on [0,1) \ I,

T2n(x) = 0

for n > n0 and X £ I, and such that for each x E I,S(x) converges if and only if T(x) 
converges, in which case S(x) = T(x).

PROOF. Let P := %(f). Then P is a Walsh polynomial of order 2n° — 1. Apply Lemma 
6 to choose a Walsh series T which satisfies

(32) Tq2no = P Sq2nо (g e P).
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The coefficients of T are given by

2n° —1

ck ^ ] bjdicQj-

j=0

Since t ф j —» oo as & —» oo, it is clear by hypothesis that c& —» 0 as & —» oo. Thus given 
£ > 0, there is an integer qo so large that

a0 := sup{|ajt - c*| : к > ç02n°} < e2~n°.

If X £ I then P(x) = 0. Thus (32) implies that Tq2«о(х) = 0 for q € P. Hence T2n(z) = 0 
for n > no. Moreover, since

|Tm(x)|<2n°sup{|c*|:fc>g2”°}

for q G P and q2n° < m < (q + 1)2"° we see that limn^Tn = 0 uniformly on [0,1) \ I. 
If X G I then P(x) = 1. Hence (32) implies that

(33) Tg2"o(x) = 592"o(x) (q > 1).

If n > ço2n° then q2n° < n < (q + 1)2"° for some q > qo. If follows, therefore, from the 
choice of q0 and (33) that

|T«(x)-S»(x)|<ao2"°<£.

In particular, S(x) and T(x) are equiconvergent, and 5(r) = T(x) if either converges. |

THEOREM 6. Suppose П\ < n2 ... is a sequence of natural numbers, I is a dyadic interval, 
and S is a Walsh series whose coefficients tend to zero. If 52"j —> 0 a.e. on I, as j —> oo, 
and if

(34) limsup |S2”, (x)| < oo
j—>oo

for all but countably many x 6 I, then Sn converges to zero, as n —► oo, everywhere on I.

PROOF. Apply Lemma 7 to 5 and I, choosing a Walsh series T whose coefficients tend 
to zero, such that T2n = 0 on [0,1) \ I, for n large, and such that (33) holds for x € I. 
Thus T satisfies the C — S condition, T2", —► 0 a.e., as j —» oo, and

limsup |T2", (x)| < oo
j—►OO

for all but countably many x G [0,1). Hence by Theorem 5, T is the zero series. Since S 
and T are equiconvergent on I, it follows that 5„(z) —► 0, as n —» oo, for all x G I. I 

Thus to construct null series which converge to zero off some closed set E in G it suffices 
to find Walsh series S whose coefficients tend to zero such that S2", —» 0 a.e. off E, as 
j —» oo, for some subsequence of integers n\ < n2 < ...
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We promised to show such sets E can be quite thin in a measure theoretic sense. To 
make precise what is meant by “thin”, let Ф be a non-negative, increasing function on 
[0, oo) which satisfies Ф(<) J. 0 as t j 0. A set E Ç [0,1) is said to be of Hausdorff measure 
zero with respect to Ф, if given £ > 0 there exist intervals iq, t>2, • • • such that E is covered 
by the u/s, and

]Сф(Ы) < e.
3=1

In this case we will write Ф(E) = 0.
Notice since Ф(<) J, 0 as < j 0, that the Hausdorff measure of any countable set is zero. 

On the other hand, if we take Ф(<) := t, t > 0, then Ф(E) = 0 means that E is of Lebesgue 
measure zero. And, if Ф(<) := tly,p, t > 0, for some 1 < p < oo, then the larger p is, the 
fewer sets E of Lebesgue measure zero satisfy Ф(Е) = 0.

THEOREM 7. If Ф is any non-negative, increasing function on [0, oo) with Ф(0) = (+0)ф=0, 
then there is a perfect set E C [0,1] with Ф(E) = 0 and a non- zero Walsh series S such 
that S(x) converges to zero for all x G [0,1] \ E.

PROOF. We begin by building a prototype for the dyadic blocks of S.
Let A > 0 and e > 0. We claim there exists an integer N such that if I is a dyadic 

interval of length 2-n for some n > N, ifm>nisan integer, 6 > 0, and 0 < В < A then 
there exist l G P and a Walsh polynomial

2*-l
G = atwt

t'=2 m

such that

(35)

(36)

W <£ (2m < i < 2'),

G(x) = 0 (i 6 [0,1] \ /),

(37) G(x) > -B (*6(0,1]),

and

J if s is the number of dyadic intervals of length 2~e 
1 inside I on which G(x) ^ —B then 5Ф(2~#) < 6.

To verify this claim, choose N so large that A2~N < e. Let m > n > N and I be a 
dyadic interval of length 2~n. Divide I into 2m-n dyadic subintervals of length 2-m, say 
J\,J2i - • ■, J^rn-n. Since Ф(<) —» 0 as t —> 0 we may choose l > m so large that

2™-"Ф(2-') < 6.(39)
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For each integer j G [1,2m n] let Ij be the left-most dyadic interval of length 2 1 which 
lies in Jj. Set

' 0
G(x) := -B

(2t-m _

X G [0,1] \ /

X G Jj \ Ij for some j 
X G Ij for some j

and let ao,ai,... represent the Walsh-Fourier coefficients of G. Since сц = 0 for i > 2e or
г < 2m, G is a Walsh polynomial. To verify (35), fix 2m < i < 2l and choose m < q < I 
such that 24 < i < 29+1. Observe that

2«—1

where
a(p,i) := / G(x)wi(x)dx (p = 0,1,..., 2q — 1).

If I(p,q) П Ij = 0 for all 1 < j < 2m-n then either G is constant on /(p, q) or G is zero 
on I(p, q). In any event, a(p, i) = 0.

If Ij C I(p,q) for some j then the identity

al

can be used to verify a(p, i) = ±B2~m. Since for each fixed q there are at most 2m~n 
intervals I(p,q) which contain an interval Ij, it follows that |a, | < В 2~n. Since В < A 
and n > N, we have by the choice of N that |a, | < e. This verifies (35).

Conditions (36) and (37) follow immediately from the definition of G.
Condition (38) follows from (39). Indeed, if x G Jj and G(x) ф —В then x G Ij. Hence 

the number s identified in (38) is precisely 2m~n.
The claim is established.
Let £jt j. 0 as к —► oo with £\ := Ф(1) and set no := —oo. Suppose n&_i has been 

chosen for some к G P. We shall show that there exist an integer n* > n&-i, and a Walsh 
polynomial Qk whose coefficients satisfy (35) for e := £k, such that

(40)

к
(41) on [0,1],

1=1
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and

(42)

if for each i G P we set Et := {^=1 Qj > 0}

< and if Et = U5 for some dyadic intervals of length 2~nt 

< then Ek+1 C Ek and $(|vifc)|) < £*.

Indeed, let n\ := 0, Qi := £i, B] := [0,1], and suppose we have chosen Walsh polyno­
mials Qi, Q2,..., Qjfc-i and integers щ, n2,...,Пк-i so that (40), (41), and (42) hold for 
к — 1 in place of к. In particular

Jfc-i
A*-i := sup{^2 Q.(^) : x € [0,1]}

1=1

is a non-negative number, and we can apply the claim to A := A*_i and £ := £* to choose 
the integer iV*.

Let n > Nk be so large that the polynomials Qi,..., Qk-i are all constant on dyadic 
intervals of the form /(p, n) for 0 < p < 2n. Let /2,..., 7y0 represent the dyadic intervals 
of length 2~n which lie inside E\t_i, and observe that 1 < jo < 2n. Finally, for 1 < j < jo 
define

fc-i
B) := ^2 Q, on /j, 1 < j < j0,

1=1

and observe by the choice of n that the Bj’s are constant, and by definition that

0 < Bj < Afc_!

for 1 < j < jo-
For each 1 < j < j0 apply the claim to A := A*-i,£ := б*,В := Bj, / := 7j,6 := £jt/jo, 

and an integer m > n so large that m > n*_i. Thus choose an integer £, and polynomials 
Gi,..., Gj0 whose coefficients satisfy (35) for £ := £& such that (36), (37) and (38) hold 
for G := Gj, I := ij, В := Bj, and 1 < j < j0.

Set nt := and
jo

Qk := X>>
i=i

Clearly (36) and the definition of Bj imply that 

к
53 #'(*) = + G>(x) (* G Ij, 1 < j < jo)-
1=1

Hence (41) follows from (37) and (42) follows from (38). Moreover, if we set a, := 0 for 
2n*-i < i < 2m, then (40) also holds.
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Let S := 53/bLi Qk, ie.,

for fc = 1,2,..., and let

Uniqueness

-S'2”* = ^ <9,
t=l

E := f) £*.
Jt=i

By (42), S'2”* (z) —* 0, as к —» oo, for all z E [0,1] \ E, and Ф(£) = 0. By (35), the 
coefficients a, of S’ tend to zero as i —* oo. Since the complement of £ is a union of dyadic 
intervals, we conclude from Theorem 6 that S(x) converges to zero for every x E [0,1 )\E. | 

The proof of Theorem 7 indicates that a null series can have large gaps. These gaps 
cannot be arbitrarily distributed. For example, there are no lacunary null series (see 
Exercise 7.14).

7.4 Null Series and Measure Preserving Transformations. In this section we in­
troduce another method for constructing null series.

For each к E N with binary coefficients (kj,j E N) define the number

f(&) "•=
l=o

For each non-zero real number — 1 < or < 1 consider the generalized Dirichlet series

D(Q) :=
k=0

Clearly D^1'1 is the usual Walsh-Dirichlet series, so by Paley’s lemma, D^^x) —> 0 as 
n —* oo for every x E G \ {0}, in particular, for a.e. [/z] x E G.

LEMMA 8. If — 1 < a < 1, a ^ 0, then

(43) lim = 0

a.e. [fi] on G.

PROOF. Let и be the quasi-measure on G associated with D^a\ Notice that the partial 
sums of satisfy

nU + az-j) (n € N).
1=0

Since |o| < 1 it follows that > 0 on G for all n E N. Hence by (3) in 7.1, v is a non­
negative quasi-measure on G, so, v E M(G).
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Choose non-negative / € I/(G) and Л 6 M(G) such that dis = fdp + d\ where Л is 
singular to p. Thus for each n E N,

oÿ = s2./ + s2.v

Moreover, by Lemma 3 in 7.1, S2" A —► 0 a.e. [//] as n —► 00. In particular, the limit in (43) 
exists and is finite a.e. [//] on G.

Suppose X is a point in G where the limit in (43) is not zero. Then

which implies a = 0. Since this case has already been handled, we conclude that (43) 
holds a.e. [/r] on G. |

Since the terms of do not converge to zero, cannot be a null series. Never­
theless, certain measure preserving transformations of are null series.

A map T : G —» G is called simple if T 1(I) is a finite union of dyadic intervals for
each dyadic interval I in G. Let T be a simple, measure preserving transformation of G. 
Define a system 7 = (7n, n E N) by

7n := pn о T (n E N).

Each 7n is a Walsh polynomial because T is simple. Moreover, the system 7 is a strongly
multiplicative, sign-like system because T is measure preserving. Conversely, every strongly 
multiplicative, sign-like system of Walsh polynomials can be generated by a simple, measure 
preserving transformation (see Theorem 6 in 1.4). In fact, if g = (gm,m E N) is the product 
system generated by 7 then there is a simple, measure preserving transformation T of G 
such that

(44) 9m =Фт°Т (me N).

These observations allow us to identify conditions sufficient to conclude that a measure 
preserving transformation of is a null series.

LEMMA 9. Let — 1 < a < 1, а Ф 0. Suppose (7n,n E N) is a strongly multiplicative, sign­
like system of Walsh polynomials, and (gm,m E N) is its product system. Suppose further 
that

(45) qn '■= max2n~1 <m<2n Sp(9m) < mm
2" <m<2n+1 M9m) (n G P).

If the Walsh series
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has partial sums which satisfy

(46) „4™ s- - s<:>)=о

a.e. [/i] on G, then is a null series.

PROOF. Choose the simple, measure preserving transformation T which satisfies (44). 
By (44) the gm's are Walsh polynomials and by (45) is a Walsh series which satisfies

(47) S£> = üÿ о T (n£ N).

Since T is measure preserving and —> 0 a.e. [//], as n —* oo, it follows from (47)
that —► 0 a.e. [p] as n —► oo. But by (46) we see that —> 0 a.e. if and
only if Sha^ —* 0 a.e. [/x], as n —* oo. We conclude that is a null series for any
-1 < Oi < l,o ф 0. I

By Theorem 2 in 7.1 a Walsh series S whose partial sums satisfy Sn > 0 for n £ N 
which converges to a finite limit at all but countably many points of G is a Walsh-Fourier 
series. The following result shows that this finiteness condition cannot be relaxed even if 
S converges to zero a.e.

THEOREM 8. There exist null series S whose partial sums satisfy

Sn> 0 (ne N).

PROOF. Fix n e N and for each m £ N with binary expansion

П —1
m = ^2 mj2J

j=o

define a point m £ G by

m := (mn_i,mn_2,..., m0,0,0,... ).

(This is the group analogue of bit-reversal.) Set

2" — 1
(48) Q„(x) := 2— Y, Ф^+1)2-02~(х +m) (x e G).

m=0

Recall from 4.6 (see especially (50) through (53)) that

ton I = 1 
l$»(*)l<2- 

Q»(0) = 0
(k 6 N)
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and
Ilf (Qn)lloo < 2.

The shift operator on G is defined by

т(%о, = (ïl,®2,...)

and observe that

(49) pmoxk = pm+k (m, к G N).

Thus if £n := 22n and
In := Qtn 0*"<n

then 7„ is a Walsh polynomial which satisfies

(50) Ы =1

(51) 119.11,- < 2-'-

(52) 7.(0) = 0

and

(53) ||S-(7n)||oo < 2.

Moreover, there is an increasing sequence of natural numbers (pk,k G N) such that the 
index of each Rademacher function which appears in 7„ belongs to the interval [pn,p71+1). 
It follows that

7 := (?&, * € N)

is a strongly multiplicative, sign-like system of Walsh polynomials whose product system 
(gm,m G N) satisfies (45).

Fix 0 < a < 1/4 and let 5^ be the Walsh series defined in Lemma 9. Each m G 
[2Pn,2Pn+1) can be written uniquely as

m = p2Pn -f q

for p, g G N satisfying p < 2Pn+1 Pn and q < 2Pn. Consequently,

SL"> - S<"> = a S,(7„) s£l + a7-(p2r" )V-,2- 5jo)
for 2Pn < m < 2Pn+1. It follows from (51) and (53) that

(54) |S<m“> - I < 2\c\ |S<?> I + |o| 2“'" |S<“>|.
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In particular, the condition |a| < 1/4 and the definition of the norm of A (see 2.4) imply

(55) < i|5‘?>| + 2-'"-2||S<?>||A

for all n E N.
By construction

П — 1

1№||а<П(1 + Ы1а)
j=0

and by (48) and (51) we have

MU < 2,j 0' e N).

Hence the choice tj = 22j implies

2-'" 115$ IIa < 2"2’" П (l + 22У ) 
i—o

,-23n+2Jn-4n
<2‘

< 2-n

for n E N. Substituting this estimate into (55) we obtain

(56) <%%,.+. 1^’-^ l<^l + 2-) —n—2
2P'

for all n E N.
It is now evident that hypothesis (46) of Lemma 9 is satisfied and thus is a null 

series. It remains to verify Sm'* > 0 for all m E N. Fix m E N and choose n E N such 
that 2Pn < m < 2Pn+1. Then (56) implies

I sir'I > is$ I -1 sir' - sir’ I > ||s$ I - 2-""2.

П —1
But by (47),

S*“* = Dÿ о T = П (1 + apj о T) 
2=0

so the condition 0 < a < 1/4 implies

П — 1
|Sir’l> П (l-Л >2-".

j=0 ' '

We conclude that
ISi^l > 2_n_1 - 2_n_2 > 0. I

By the Riesz-Fischer theorem no null series has coefficients which belong to l2. The 
following result shows this observation is sharp.
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THEOREM 9. Let M\ < М2 < ... be a sequence of numbers which diverges to 00. Then 
there is a null series whose coefficients satisfy

(57) 53 4 < Mm (me P).
j—0

PROOF. Choose an increasing sequence (p&, fc E N) in P such that

M2Pfc-t >2* (he P).

For each n G N choose by (49) positive integers ln, m„ such that the index of every 
Rademacher function which appears in

7n Qin oxm”

belongs to the interval [pn,pn+i). The system 7 := (7n, n G N), by the proof of Theorem 
8, is strongly multiplicative, sign-like, consists of Walsh polynomials, and its product 
system (pm,m G N) satisfies (45). Moreover, there exist a simple, measure preserving 
transformation T and a Walsh series S'^a\ for each — 1 < а < 1, а ф 0, such that (47) and 
(54) hold.

Let (aj, j G N) represent the coefficients of S^\ Fix m G N and choose к G N such 
that

2Pk~l <m< 2Pk.

Since T is measure preserving we have by (47) that

= 2k
< M.2Pk-\
< Mm.

Thus it remains to see that 5^ is a null series. We shall apply Lemma 9. 
Fix n G N and set

D* := ]ГТ>2*.
k=0

Notice by (54) that
|S^)|<3|S^I + |5<1,|
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for 2Pn < m < 2Pn+1 and some q < 2Pn. Hence by induction one has

№i<3Zi4%i
k=0

for 2Pn < m < 2Pn+1, whence by (47),

\S<"\<3(D‘°T) (me N).

Using the full power of (54), it follows that

(58) 2,„<“g,„+, ISL,) - SÍÍÍI < 3(2"'" )(ZT о Г) + 2(D2n о Г).

But Paley’s lemma implies D*(x) is finite and D2n —» 0 as n —> 00 for all x G G \ {0}. 
Therefore, the right side of (58) converges to 0 a.e. [//] as n —> 00. We conclude that (46) 
holds for a = 1. |

7.5 U-sets and M-sets. A set E is called a set of uniqueness, or U-set, if the only Walsh 
series converging to zero outside E is the zero series, i.e., the series all of whose coefficients 
are identically zero.

Every measurable U-set is of Lebesgue measure zero. Indeed, suppose E Ç [0,1) satisfies 
|A| > 0 and let К be a perfect subset of E with \K\ > 0. Set

f := X(K).

Since f G L2,Sn(f) —► f a.e. as n —* 00, and the coefficients of S(f) tend to zero. 
Thus given any open dyadic interval I C [0,1] \ A”, it follows from Theorem 6 in 7.3 
that S( f) converges to zero everywhere on I. Since the complement of К is a union of 
such open dyadic intervals, we conclude that S(f) converges to zero outside К. Since 
/(0) := jAT| > 0, £(/) is not the zero series. Consequently, neither К nor E are U-sets.

Not every set of Lebesgue measure zero is a U-set. Indeed, Theorem 7 shows that a set 
can be quite thin and still fail to be a U-set. However, if E is so thin that it contains 
no perfect subsets, then E is a U-set. For if 5 is a Walsh series which converges to zero 
outside E then the set

В -.= {x e E : S(x) does not converge to zero }

is a Borel set which contains no perfect subsets. It follows that В is countable, whence by 
Corollary 2 in 7.1, S is the zero series.

Because of this, the union of two U-sets may not be a U-set. Indeed, let E be the perfect 
set corresponding to Ф(х) := z, x > 0, in Theorem 7. Then E is not a U-set. However, E 
can be broken into two subsets Ei,E? which have no perfect subsets. Of course, neither 
Ei nor E2 are Borel sets.

It is not known whether the union of two Borel U-sets is a U-set, unless one of them is 
closed.
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THEOREM 10. The union of countably many closed U-sets is itself a U-set.

PROOF. Let El, B2,... be closed U-sets and set

E := (J En.
n= 1

Let S akwk be a Walsh series which converges to zero off E. It suffices to show
that the set

В := {x E [0,1) : lim sup |5„(x)| = 00}

is countable. Indeed, then g{B) is countable. Since S converges a.e. we also see that 
a* —► 0 as к —► oo. It follows that the character series

5® := Уакфк

k-0
satisfies the C — S condition and the finiteness condition of Theorem 3 in 7.2. Hence, 
5° is identically zero. In particular, S is also identically zero and the set £ is a U-set as 
required.

Notice that В can be written as the intersection of the sets

{x E [0,1] : |Sn(x)| > k, for some integer n},

for к = 1,2,... Since each Sn is continuous except at finitely many points in [0,1), it 
follows from the B ai re category theorem that В is empty, countable, or of the second 
category on itself.

Suppose that В is of the second category on itself. Since В = U^L^B П En), there exist 
an open dyadic interval J and an integer n such that В П En П J is dense in В Л-J ^ 0. 
We shall obtain a contradiction by showing that В D J = 0.

We may suppose that the endpoints of J do not lie in En. Thus the set К En Л J is
a closed U-set contained in J. Since x E J \ К implies x (fc B, it is clear that

lim sup |S„(x)| <00 (x E J \ K).

Let I C J \ К be a dyadic interval and apply Lemma 7 to 5 to choose a Walsh series 
T satisfying the C — S condition such that T2n(x) = 0 for x ^ I and n sufficiently large, 
such that Tn —» 0 a.e. on /, as n —* 00, and such that (see (33))

lim sup |T2n(x)| < 00

for x E 7. By Theorem 3, T is the zero series. It follows from Lemma 7 that S(x) converges 
to zero for every x G I. Since I was any dyadic interval contained in the open set J \ К, 
we have established that S(x) converges to zero for every x G J \ K.

Apply Lemma 7 again, this time to the interval J, choosing a Walsh series S which 
converges to zero outside J and which is equiconvergent with S on J. We have just seen 
that S converges to zero on J \ К. It follows that S converges to zero off К. Since К is a 
U-set, S is identically zero. It follows that S(x) converges to zero for every x E J. Hence 
by the definition of B, we have J П В = 0. |

The following result gives a useful method for constructing U-sets.
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N(Z)

P/(x) = bj(£)wj(x) (£ € P), 
j=i

THEOREM 11. A set E c [0,1) is a U- set if there exist Walsh polynomials

which satisfy the following four properties:

(59) Pt(x) = 0 (x G E, £ G P),

(60)
N(()
£ |bj(()| < A < oo (<eP),
j=0

(61) |4o(0l > C > 0 (Í6P),

and

(62) lim bj(£) = 0 (j G P).
Z—*• oo

PROOF. Suppose 5 = 
We first show that

afcu’t is a Walsh series which converges to zero outside E.

(63)
1 N(t)

■ »*= ш E w)«™

for к G N and l G P. Indeed, fix l G P and apply Lemma 6 to choose a Walsh series T 
whose coefficients satisfy

N(Z)

Ck = YJ bj(£)ak®j (k € N),
i=о

such that
T2n := P S2n

for n > log2 N(£). Hypothesis (59) and the choice of S imply that T2„ -> 0 everywhere on 
[0,1) as n —* oo. By Theorem 3, therefore, T is the zero series, i.e., c* = 0 for fc = 0,1. 
Since к 0 0 = к, it follows that (63) holds for t G N and I G P.

To show ak = 0 fix к G N and let e > 0. Since к 0 j -► oo as j -> oo, choose j0 so large 
that j > jo implies |а*®2| < £. It follows from (61) and (63) that

'jo-i N(t)
|ctfc| <4(5^ lbi(^)a*©il +£ IW)I

j=i J=]o
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for l £ P. Let l —> oo. By (60) and (62) we conclude that

Ы < (A/C)e.

Therefore, a* = 0 as promised. |
A set which is not a U-set is called a set of multiplicity, or an M-set. Clearly, every 

M-set is uncountable and every set of positive Lebesgue measure is an M-set.
An M-set can be thin since by Theorem 7 in 7.3 there exist M-sets of Hausdorff measure 

zero. We shall presently show that no M-set can be so thin that certain of its dilations 
consistently miss a fixed interval. To define what is meant by dilations we need the dyadic 
product.

In 9.1 we shall introduce the dyadic field (F, +, •) which contains the dyadic group G 
as an additive subgroup. We will show that the characters of G can be extended to F 
(see (11) in 9.1), and that F can be identified with [0, oo) in the same way that G was 
identified with [0,1) (see (5) in 9.1 and the remarks following Theorem 6 in 9.2). It follows 
that there is a dyadic product on [0, oo) which is distributive over dyadic addition +. We 
shall denote the dyadic product of two elements x, y £ [0, oo) by x • y.

The dyadic product and Walsh functions interact in the expected manner.

LEMMA 10. If m, к £ N and x £ [0,1) then

wk(m ■ x) = wm.k(x).

PROOF. By (9) and (11) in 9.1 and the identification of F with [0, oo) there is a map 
p : [0, oo) —» {0,1} such that

wt(x) = (-1)*‘*>

for all к £ N and x £ [0,1). Therefore, the fact that the dyadic product is associative 
implies

wk(m ■ x) = (_i)p(fc m *) = wk.m(x) 

for all k, m £ N and x £ [0,1). |
A subset E of [0,1) is called an Н-де< if there exist non-negative integers щ < ri2 < ... 

and an interval Iq C [0,1) such that гц ■ x never belongs to Iq for any x £ E and any l £ P. 
Thus every H-set is a nowhere dense set which is in a certain sense, sparsely distributed 
in the interval [0,1).

THEOREM 12. Every H-set is a U-set.

PROOF. Let E be an H-set, let 0 < ni < n2 < ... be integers, and let I0 be a dyadic 
interval such that

(64) nt • x £ Iq (x £ E, i £ P).

The function f := x(Lo) is a Walsh polynomial and can be written as

N
f(x) = aiwÁx) (z 6 [0,1)).

j=0
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N

(65) Pt(x) = ajwnrj(x) (£ 6 P).
j=0

Hence Pi, P2,... are Walsh polynomials.
We shall prove that these polynomials and the set E satisfy the hypotheses of Theorem 

11. It will follow that E is a U-set.
Hypothesis (59) is satisfied because / vanishes off Iq and ri( • x never belongs to I0 when 

x E E.
Hypothesis (60) is satisfied by

N

A := Y2 lajl- 
i=о

Since m • к = 0 if and only if m = 0 or к = 0, the constant term of each polynomial P( 
is oq. Hence hypothesis (61) is satisfied by C := |ao| = |/o|-

Finally, since for each fixed j E P, n* • j —► oo as £ —► oo, and since there are only 
finitely many non-zero coefficients in (65), it follows (using the notation of Theorem 11) 
that bj(£) = 0 for £ sufficiently large. Therefore, hypothesis (62) is satisfied. |

A set E C [0,1) is called a Dirichlet set if there exist non-negative integers m1,m2,... 
with

lira sup mn = oo

such that wmn(x) = 1 for x € E and n E P.

THEOREM 13. Every Dirichlet set is a U-set.

PROOF. Let E be a Dirichlet set, let mi, m2,... be an unbounded sequence of positive 
integers and suppose that wmn(x) = 1 for x E E and n E P.

Since (mn, n E P) is unbounded, it contains a subsequence n\ < n? < ... with ne —* 00 
as I —> 00. Moreover, by assumption and Lemma 10, w\(ne • x) = 1 for x E E and t E P. 
In particular, ne • x £ Iq := (1/2,1) for x E E and £ E P. It follows that E is an H-set. 
Therefore E is a U- set by Theorem 12. |

In particular, the Cantor set formed by removing middle halves from [0,1) is a U-set. In 
fact, any Cantor set formed by removing middle intervals from [0,1) with ratio of dissection 
equal 2~p for some integer pE P is a U-set. However, in the Walsh case no other symmetric 
Cantor set has been classified as a U-set or as an M-set. Thus it is not known whether the 
Cantor middle thirds set is a U- set for Walsh series.

Also unsolved is the problem of characterizing U-sets in the dyadic group, except for the 
class of closed subgroups.

THEOREM 14. Let H be a closed subgroup of the dyadic group G. Then H is a U-set if 
and only if H is of Haar measure zero.

PROOF. Every U-set in G is of Haar measure zero.

Set P((x) := f(nt ■ X) for £ E P, and x E [0,1). Observe by Lemma 10 that
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Conversely, suppose ц(Н) = 0. Consider the factor group
Г := G/Я

and suppose for a moment that its dual group Г contains infinitely many elements. It will 
follow from Theorem 8 in Appendix 0.3 that there exist non-negative integers mi, m2,... 
such that t/>mn =1 on Я for n = 1,2,..., and

limsupmn = 00.

Hence Я is a Dirichlet set in G, whence by the group analogue of Theorem 13, Я is a 
U-set. ^

An elementary proof that Г is infinite appears below. The reader familiar with Pon- 
tryagin duality need read no further. Indeed, Г is necessarily uncountable because G can 
be written as a union of cosets of Я, and every coset of Я is of Haar measure zero.

The elementary proof rests on showing that Г and G are the same groups. Indeed, we 
shall construct a homeomorphic isomorphism F from G onto Г.

Let eo, ei,... denote the usual closed system in G. Set n(0) := 0 and suppose n(i — 1) 
has been chosen for some i G P. Choose n(i) > n(i — 1) to be the smallest index к for 
which et does not belong to the Z2-linear span of

E := {ej + у : 0 < j < k, y G Я}.

This choice is possible, for if e* belonged to the Z2- linear span of E for all к > n(i — 1) 
then the Z2-linear span Go of the system (ej,j G N) would be contained in a finite union 
of cosets of Я. Since Go is dense in G and the finite union of cosets of Я is a closed set 
of Haar measure zero, it would follow that /i(G) = 0, a contradiction.

Therefore, there exists an infinite Z2-linearly independent system

(Я + en(,), i G N)

whose Z2-linear span i~o is dense in Г. Set

F(e,) := Я + en(j) (« G N)
and extend F to G0 by Z2-linearity. Use the dyadic metric on G to define a metric on Г 
by

\H + x\ := inf \x + y\. 
y£H

Observe that |x| < \H + x\ for all x G G. Since п(г) > i for i G N, it follows that 
|F(z)| < |x| for all x G Gq. Hence F has a unique, continuous Z2-linear extension from 
the dense set Go to all of G. This extension takes G onto Г because Го is dense in Г. 
Moreover, it is 1-1 because F(x) = 0 implies x = 0.

It remains to verify that F is open. Since F is linear and since the compact open 
subgroups /o(0), /i(0),... form a neighborhood base at 0 G G we need only show that 
F(K) is open in G/Я for every compact, open subgroup К in G. However, G is contained 
in a finite union of translates of K, so the compact group G/Я is contained in a finite 
union of translates of F(K). It follows from the B aire category theorem that one of those 
translates has interior, i.e., F(K) has interior V in G/Я. Since F(I<) is a subgroup in 
G/Я, it is clear that x + V C F(K) for all x G F(K). Consequently, F(K) is open in G/Я 
as required. |
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7.6 Uniqueness and Cesàro Summability. The connection between quasi-measures 
and Walsh series can be used to show that 2n-th partial sums of Walsh series are either 
very bad or very good.

THEOREM 15. Let E be a measurable subset of [0,1) and S be a Walsh series. Then 
except on a subset of E of Lebesgue measure zero, either

limsup S2n(x) = +00 and liminf S2*(x) = — oo
n—►oo n >0°

lim S2n(x) exists and is fínite for x E E.

In particular, if
liminf S2*(x) > —oo (x G E)

then S2n converges a.e. on E, as n —* oo, to some fínite limit.

PROOF. Let и G QM such that 5 = Su. A classical theorem on binary dérivâtes (see 
Theorem 14 in Appendix 0.6) says either

Ншзир## = +00, and liminf фШ = -oo
M*)l 

■'(/.(*))
“ |r»(*)l

Since by (3) in 7.1 we have

\ш\

I
exists and is finite for a.e. x G E. 

u(In(x))
S2n(x) =

lAMI

for n G N and x G [0,1), the proof of the theorem is complete. | 
Let 5 be a Walsh series and let

on(x) := ~Y^Sj(x) (ne P)
П i=i

represent its Cesàro means. We shall show that Theorem 3 in 7.1 holds with о in place of 
5.

It is a peculiarity of the Walsh system that S2n converges a.e. if <72" is bounded. In fact, 

THEOREM 16. If E С [0,1) is measurable and

(66) limsup |<72"(z)| < oo (x G E),

then there is a finite-valued, measurable function f such that

lim S2n(x) = f(x)
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and

(67) lim inf <T2n(x) < f(x) < limsup <72"(x)
n-*oo П-» oo

for a.e. X E E.

PROOF. Suppose first that К С [0,1) is a set of positive measure and let x G К be a 
dyadic irrational point of density for K. Choose integers 0 < pm < 2m so that

M = P|
m=l

We claim that there exist a number Mq and a sequence tm := tm(x) —► 0, as m —► oo, such 
that if m > Mq and 2m < n < 2m+1, then

(68) x + tm G К,

(69) X, X tfjx belong to different halves of f(pm

and

(70) — (<rn(x T tTn
9m (n — 9m )

) + a^(x)) = —^„(x) +

To prove the claim, fix m > 0, let bm be the midpoint of f(pm, m), and set am := 
bm — x. If am > 0 (which means that x belongs to the left half of f(pm,m)) then set 
Jm* := (x, bm), Jm2) := (x, am + bm) and Jm1 := (bm,am + bm). On the other hand, if 
am < 0 then set := (bm,x), Jm) := (am + 6m,x), and Jm) := (am + bm,bm). In 
particular,

(71) and x belong to different halves of f(pm, m) 

and

(72) |KnJ^)| = |KnJ(;)|-|Knj(;)|.

Since x is a point of density and |Jm'| = \Jm^\ = |am| = |Jm^\/2, both

|K D Jra}| , |K П Jm^l
'2|am| ™ |Om|

converge to 1 as m —► oo. Hence by (72) we have

lim
|KnJ<,3)|

|А3)|
= 1.
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In particular, there is an Mq so large that К П Jm^ 7^ 0 for m > Mq.
Let m > Mq and choose a number tm such that xm := x + <m E KflJm^- Since |Jm^| —> 0

it is clear that xm —» x and thus tm —* 0, as m —» 00. Moreover, (68) holds by the choice 
of tm and (69) follows immediately from (71).

To verify (70), fix 2m < n < 2m+1 and set

pk’-= 53 (t > 2"").

Thus Sk = S2m -f Pk for 2m < к < 2m+1, and by definition,

It follows, therefore, that

(73)
fc=2m + l

Recall that Wj is constant on /(pm,m) for 0 < j < 2m, and that ty, changes signs on 
7(pm, m) for every integer j satisfying 2m < j < 2m+1. Hence it follows from (69) that

a2m(x) = <r2m(x + <m), 

52m(x) = 52m(x + tm),

and
Pk(x 4- tm) = -Pfc(x) (2m < к <n).

Evaluate (73) at x and x + <m, and add the resulting equations. Since the terms involving
Pk drop out, (70) results at once.

The claim is established.
To prove the theorem we may suppose that \E\ > 0. Let e > 0, y G E, and set

F(y) := liminf <72n(y).

By hypothesis, F is finite-valued on E. Moreover, if Fm := min{F, <x2(m+1)} then Fm —> F 
a.e. on E, as m —* 00. Hence by Egoroff’s theorem and Lusin’s theorem there is a perfect 
set К С E with |K| > |E| — e such that F is continuous on К and Fm —» F uniformly on 
K, as m —* 00. Thus for any fixed x € К and x + im G К with tm —» 0, we can choose m 
so large that

<72(m + i)(x -j- tjn) 2^ Fm(x 4" tm)
> F(x 4- tm) — e/2
> F(x) - e.
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(74)
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<72(m+i)(x + tm) > liminf cr2n(x) - e

for large m.
If we let i be a point of density for К it follows from (70) and (74) that

(75) liminf <т2л(х) — £ + <J2(m+i)(x) < cr2m(x) + 52m(x) 

for large m. Since this inequality implies

2 liminf <r2n (x) < lim sup <r2n (x) + 52m(x) + 3s,
n >oc n—изо

and since |K| > \E\ — s, we have by hypothesis that

(76) liminf S2m(x) > —oo

for a.e. x E E. Hence by Theorem 15 there is a finite-valued function / such that 52m —► f 
a.e. on as m -и».

Let represent the set of points x G E which are points of density for E and which 
satisfy S2m(x) —» /(x) as m —► oo. Then |Si| > |S| — e and by (75) we have

lim inf cr2n (x) — £ + cr2m (x) < lim sup cr2n (x) + /(x) + 2s
n >oo n—>00

for x 6 Ei and m large. Take the limit supremum of this inequality, as m —* oo. The 
following inequality eventuates:.

lim inf cr2n (x) < /(x) + 3s (x e Ei).

Thus the left inequality in (67) is obtained by letting s —► 0.
A similar argument establishes the right inequality in (67). |

THEOREM 17. Let S be a Walsh series which satisfies the (7 — 5 condition and suppose 
feV(G). if

(77) lim sup |<72n(x)| < oo 

for all but countably many x G G and

lim cr2n = f

a.e. [p] on G then S is the Walsh-Fourier series of f. 

Proof. It suffices to show

(78) S,*(x) = (S2,/)(x) (n € N)
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for all but countably many z E G. Since Fine’s map takes [0,1] onto G \ GJ and Gq 
is countable, we shift our attention to the interval [0,1). Thus we suppose that S is a 
Walsh series on [0,1) which satisfies the C — S condition (see Exercise 7.1), that there is 
a countable subset E of [0,1) such that (77) holds for x E [0,1) \ E, and that <r2n —* / 
a.e. as n —► oo for / E L1. In particular, it follows from Theorem 16 that S2n —► f a.e. as 
n —> oo.

For each n E N, (78) is equivalent to

(79) %.(z) = 2" / /,

where J(p, n) = Jn(z). Thus if we let V denote the largest open subset of [0,1) such that
(79) holds for all J(p, n) C V, then it suffices to show V is the open interval (0,1). 

Suppose to the contrary that V ф (0,1). Thus К := [0,1] \ V is a non-empty, closed set.
Apply Lemma 4 in 7.2 to the series S — Sf to verify that К has no isolated points. In 
particular, К is a non-empty, perfect set. It follows from the B aire category theorem and 
hypothesis that

(80) \cr2n(x)\ <C (x e Ki\ E, n e N),

where C < oo is an absolute constant and K\ := J0 П К for some dyadic interval Iq.
Suppose without loss of generality that Q С E and let x E Ki \ E. Thus to each n E P 

there correspond non-negative integers 0 < pn < 2m" such that mn < mn+1, x E /(pn,m„) 
and each of the halves I\ /(2pn, mn + 1) and J2 := I(2pn + l,mn + 1) intersect K\ \ E, 
say yi E ItC\ (K\ \ E) for i = 1,2. In particular, it follows from (80) that

(81) |<72mn+i(yt)| < C (i = 1,2).

However, t/i E h and y2 E h imply wj(yi) = Wj(y2) for 0 < j < 2m" and Wj(yi) = 
-Wj(y2) for 2m" < j < 2mn + 1. Consequently,

<72m„+l(t/l) + <T2mn+l(y2) = ör2mn(y3) + S2mn(y3)

holds for any y3 E /(p„,mn). It follows, therefore, from (81), (80), and the condition 
x E /(p„,mn), that

(82) |S"2n.n (z)| < 3C (z E \ E, n E N).

Let I be the open interval whose endpoints coincide with those of the portion K\. Let 
Jo be any dyadic interval satisfying Jo С I and let m E N be determined by | Jq| = 2~m.

Write [0,1) = Ei U E2 U E3 where E\ K\ П J0, E2 := V П J0, and E3 := [0,1) \ J0. 
For each x E E\ set m(x) := -f oo. For each iEE2 let m(z) represent the smallest integer 
for which there exists a dyadic interval of the form I = J(y(z), m(x)) such that z belongs 
to the interior of I which in turn is a subset of E2. The choice of V therefore implies

S2-(.)W = 2mW /
J I{q(x),m{x))

(S3) / (z E E2).
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Let a = (а*, к G N) represent the coefficients of 5, let b = (6*, & G N) be the Hadamard 
transform of a, and consider the Haar series

H :=
j=o

By (42) in 1.4,

(84) 5г" = Я2"

for n G N.
Let ni < n2 ... represent the collection of all integers n which satisfy the conditions 

0 < n < 2m^x^ and hn(x) ф 0 for some x G E\ U Я2 and consider the subseries

H := ''у ^ bn. hn..
j=i

By choice of the indices n,, it is clear that

H2n(x) = H2n(x) (x G ßi,n G N)

and
H2n{x) = tf2m(,)(x) (x E E2,n> m(x)).

Let Ь = (6%,& G N) where := 6n> if A; = for some j, and := 0 otherwise. Let c be 
the Hadamard transform of b and set

5 := ckwк.
k=0

By (42) in 1.4, S2n = Я2п for n G N. It follows, therefore, from (84) and the construction 
of H that

(85) 52n(x) = 52"(x) (x G Ei,n g N), 

and

(86) S2n(x) = 52m(,)(x) (x G E2,n > m(x)).

Apply Lemma 6 in 7.3 to the Walsh series 5 and the Walsh polynomial P := %(Jo). 
Hence choose a Walsh series T which satisfies

T2n = P S2n (n > m).
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Clearly, identities (85) and (86) imply

(87) T2n(x) = S2n(x) (x E Ei, n > m),

(88) T2n(x) = S2m(,)(x) (x E E2, n > max{m,m(x)}), 

and

(89) T2n(x) = 0 (хеЕз,п>т).

In particular, T satisfies the C — S condition. Moreover, (82), (87), (88), and (89) imply 

limsup \T2mn (x)| < oo (x E [0,1] \ E).

Finally, by (87), (88), (89) it is clear that T2n —» ip a.e., as гг oo, where p(x) := /(x) for 
x £ Ei, v?(x) = S2m(*)(x) for x E E2, and <p(x) = 0 for x E £3. It follows from Theorem 5 
in 7.2 that T is the Walsh-Fourier series of p. In particular,

T2».(x) = 2-/ у 

J Jo
for x 6 Jo and m E N. Since (83) and the definition of <p imply

and since S2™ is constant on J0, we conclude from (87) that

S2m(x) = 2m Í f 
J Jo

for x E Jo- But J0 was any dyadic interval contained in I. Hence (79) holds for all dyadic 
intervals I(p,n) whose interior is contained in I. Since V is the largest open set enjoying 
this property, it follows that I С V. This contradicts the fact that IП K\ ^0. |

The techniques of 7.1 can be modified to prove the following Cesàro analogue of The­
orem 2.

THEOREM 18. Suppose f E I/(G) and S is a Walsh series which satisfies the C — S 
condition. Suppose further that

(90) limsup(S2n(x) — <72n+i(x)) > 0

and
limsup |<j2n(x)| < oo

for all but countably many x E G. If

liminf cr2„(x) > /(x) (x E G),

then S is the Walsh-Fourier series of f.

It is not known whether hypothesis (90) is superfluous, even in the case that f is bounded.



Exercises

7.1 Let S'® = 53 акфк and S = 53 ak^k- Show S® satisfies the C — S condition if and

(X 6(0,1))
(X 6 (0,1]).

7.2 Let g : [0,1) —> R be an increasing function and define v G QM by

i/(7) :=g(ß)~ g(a)

for I = [a, ß) a dyadic interval. Prove v is a-additive on the collection of dyadic intervals 
if and only if g is left continuous on Q.

7.3 A Borel measure v on [0,1] is called non-atomic if u({x}) = 0 for all x G [0,1]. Show 
that the Walsh-Fourier- Stieltjes series of a non-atomic measure satisfies

only if 

(91)
limn_>oo2 nS2n(z) = 0 
limn_>002~TtS2n(x- ) = 0

2” —1

-E«
k=0

0

as n —> oo.
[Fine [3]]
7.4 A Haar series S is said to satisfy the C — S condition if (91) holds. Use the Hadamard 

transform to prove Theorems 3 and 5 for Haar series which satisfy the C — S condition.
7.5 Use Exercise 7.4 to establish the following uniqueness result for Haar series. If S is a 

Haar series satisfying the C — S condition, if n\ < n2 < ... is a sequence of integers such 
that

limsup |5n>(z)| < oo
j—* oo

for all but countably many x G [0,1], and if Snj —> f a.e. as j —» oo, for some / G L1, 
then S is the Haar-Fourier series of /.

Hint: Prove for any fixed x G [0,1] that S converges at x if and only if S2n(z) converges, 
as n —> oo.

7.6 A Haar series 53itlo ck^k is said to satisfy the A — T condition if given any ar0 € [0,1],

lim
j—►OO

= 0

where Aq < &2 < ... are those indices i which satisfy ht(x0) ф 0. Use Exercise 7.5 to show 
that uniqueness holds for Haar series which satisfy the A — T condition.

[Arutunjan and Talaljan [1]]
7.7 If 5 is a Walsh series which satisfies

lim sup |52n(x)| < oo
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for all x E [0,1] and S2n —» / a.e., as n —> oo, for some / E L1 then show 5 is the 
Walsh-Fourier series of /.

7.8 Use the proof of Lemma 4 directly to show that if

limsup |S2n,-(x±)| < oo 
j—>oo

for all x E [0,1) and 52n, f a.e., as j —» oo, for some / E L1 and integers ni < n2 < ..., 
then 5 is the Walsh-Fourier series of /.

7.9 Prove that given any point xo E [0,1) there is a non-zero Walsh series S which 
satisfies S2" (x) —► 0, as n —» oo, and

2 nS2n (x) —► 0,

as n —> oo, for all x ^ xo.
7.10 If / E L1 and 5 is a Walsh series which satisfies

Ur^Snix) > /(x)

and
lim sup |52n(x)| < oo

for all but countably many x E [0,1], then prove there is a g E L1 with g > / such that S 
is the Walsh-Fourier series of g.

7.11 Let A0 be the collection of Walsh series whose coefficients tend to zero and let A 
denote the set of all functions whose Walsh-Fourier series are absolutely convergent. Prove 
that given / E A and S E Ao there is a Walsh series T E Ao such that T„ and fSn are 
equiconvergent, as n —» oo, and T = fS.

7.12 Let Ao and A be defined as in Exercise 7.11, and В represent those Walsh series 
whose coefficients are bounded. Show that Ao, A and B axe Banach spaces whose duals 
are related by

A' = A, A' = B.

7.13 Let A be defined as in Exercise 7.11. A set EC. [0,1] is called an elementary U-set 
if there is a sequence of functions /п E A, for n = 1,2,..., and a constant C such that 
fn(x) = 0 for x E E,

ElÂWI<c
k=0

for n = 1,2,..., /„(0) —+ 1, as n —+ oo, ánd /n(fc) —* 0, as n —► oo, for к ф 0.
a) Prove that every elementary U-set is a U- set (see Theorem 11 in 7.5).
b) Prove that E is an elementary U-set if and only if there exists a sequence /n E A, for 

n = 1,2,..., such that fn = 0 on E, n > 1, and such that if T E A' then T(/„ — !)—►() 
as n —> oo.

/
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7.14 a) Suppose that E C [0,1] satisfies \E\ > 1/2 and S = is a Rademacher
series which converges to zero off E. Show that \EГ\(Е + 2 jV)| > 0 for all integers N > 1,
and rk(x + 2-N) = rjk(z) unless N = к.

b) Show that the zero series is the only Rademacher series which converges to zero on a 
set E of Lebesgue measure greater than 1/2.

c) Suppose 5 is a Rademacher series which converges to a constant on a set of positive 
measure. Show that 5 is a Rademacher polynomial.

[Coury [1]]
7.15 a) Let k\ < m\ < k2 < m2 < ... be integers which satisfy mj — kj -* oo as j —+ oo. 

Let V\ denote the set of points x € [0,1] whose binary expansions satisfy z&i = xmi — 1. 
For j > 1 let Vj denote the set of points

* e [o, l] \ (J v‘

whose binary expansions satisfy = xmj =1. Set

E:= [0,1]\и^
l-l

and
P( := (1 - rkl)( 1 - rmi).

Use Theorem 11 in 7.5 to prove that E is a U-set.
b) Show there exist open intervals and Jt-m\ 1 < i < 2m, m G P such that

where for each m, the intervals l[m\ ..., are formed by discarding from /jm ^
for j = l,...,2m_1.

c) Prove that E is “thick” in the sense that

sup -------------- > 0, as m —> oo.

[Skvorcov [18]]
7.16 Show that if no is any non-negative integer and E is the Cantor set formed with

constant ratio of dissection 2~n°, then £ is a U-set.
[Sneider [1]]
7.17 Fix q G P. Let A = (ai, <Z2,... ,ag) and ß = (Z>i, Z>2,..., bq) be vectors with integer 

components. Define

А о В :— (aj • bi) © (аз ■ ^2) 0 ' * ■ © (aq ■ bq)
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and for any x G [0,1] define

X • A := (oq • X, a2 • x,... aq • x),

where 0 represents dyadic addition on N and • represents dyadic multiplication on [0, oo). 
A subset E of [0,1] is said to be an JY^-set if there is an open, connected set I0 C R? 
and sequence of vectors At with integer components such that At о В —► oo as i —> oo, for 
any vector B, and such that x • At ^ Iq for any x £ E and any l > 1. Prove that every 
H^-set is a U- set.

(Hint: If Ii x • • • x Iq C Iq for open intervals and fj 1 on Ij but /, := 0 off Ij, 
then consider the Walsh polynomials

PM := -x),
i=i

where := ..., a^), and apply Theorem 11 in 7.5.)
For the next three exercises let S — Y^b=o akwk be a Walsh series and let

2m — 1
L(x) := lim V ak

m—►oo Ly k=0

be its first integral.
7.18 a) Show L(x) exists for all x G Q.
b) Let [an,ßn) := 7„(x) for x G [0,1) and prove

L(ßn) - L(an) = 2~nS2"(x).

c) Show for x G [0,1) that L(x) is finite when

limsup |S,2n(x)| < oo.

7.19 Suppose L(x) exists for all x G [0,1], that limsup,,.^ 52n(x) > /(x) for all but 
countably many x G [0,1] and some / G L1. Suppose further that

lim sup2~n52n(x) < 0

for all x G [0,1), and that
lim sup 2~nS2n (x—) < 0

for all x G (0,1]. Prove 5 is a Walsh-Fourier series.
7.20 Suppose that В is a countable subset of the dyadic group G and let Q* represent 

all elements of G which terminate in 0’s or terminate in l’s. Suppose f is integrable and 
S' is a Walsh series which satisfies

lim inf S2n (x) < /(x) < lim sup S2„(x) (x G G \ E)
П—►OO n—►oo
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and
lim inf 2-n52"(x) < 0 < limsup52"(x) (х G E U Q*).
n >0° n—>oo

Prove that S is the Walsh-Fourier series of /.
(Hint: Prove L(x) = f* f(g{u)) du, where q : [0,1] —► G is Fine’s map. Then show by a 

direct calculation that the coefficients a* of S satisfy

ajk = / 1Фк du.)
J G

7.21 Suppose / 6 L1, S is a Walsh series satisfying the С — S condition and that either 

lim sup |52"(x)| < oo , X £ E, and lim sup |S2"(z)| < |/(x)| a.e.

or
lim sup |<т2п(х)| < oo, X £ E, and lim sup |<r2n(x)| < |/(x)| a.e.

n—*oo n—►oo

where E is at most countable. Prove that S is the Walsh- Fourier series of g := limn_00 52«.
7.22 Let 5 be a Haar series. Show that Sn converges a.e. on a set E if and only if an 

converges a.e. on E as n —► oo, in which case limn—œ 5„ = limn_»oo o"n a.e. on E. 
[Saginjan [1]]



Chapter 8

REPRESENTATION BY WALSH SERIES

8.1 Walsh Series with Monotone Coefficients. Let a = (а*, к G N) be a sequence of 
real numbers which decays monotonically to zero, i.e., which satisfies ak-\ > —» 0 as 
к —* oo. Then the function

/(*) '■= ^2akwk(x) 
k=0

is defined for all x G (0,1). In fact, it follows immediately from Abel’s transformation and 
Theorem 10 in 1.6 that the series representing / converges uniformly on [6,1) for all 8 > 0.

In this section we identify conditions on a sufficient to conclude that / is integrable or 
non-negative.

Integrability is considered first.

THEOREM 1. If a decays monotonically to zero then

f(x) :=
k=0

is continuous on [0,1) \ Q, and

ak = lim / f(x)wk(x)dx (k G N).
*10 J6

In particular, f has an improper Riemann integral on [0,1) and thus is Perron integrable 
on [0,1].

(For the definition of Perron integration see Zygmund [1], Vol. II, p. 84.)
PROOF. Since each Walsh function is continuous on [0,1)\Q and the series representing 

/ converges uniformly on compact subsets of [0,1) it is clear that / is continuous on [0,1)\Q. 
Moreover, integrating term by term we have that

yl 00 fS
/ f(x)wk(x)dx = ak — / Wj(x)wk(x) dx

Js J=0 •'O

for 8 > 0 and & G N. Since for each fixed к G N the Walsh function wk(x) equals 1 for x 
near zero, it is clear that the proof of this theorem will be complete when we show

Wj(x) dx = 0.(1)
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For each 0 < 6 < 1 choose an integer n := n(<5) such that 2 n < 6 < 2 n+1, and break 
the series (1) into two pieces :

2"—1
Ii(6) := У2 ctj / Wj(x)dx 

j=о do

and oo .5
4(^) := У] aj / Wj(x)dx. 

j=2" Уо

Since 6 < 2 n+1 it is clear that

2" — 1
|Jl(i)| < 2-"+1 ^ a,.

j=0

Since a decays monotonically to zero and n —► oo as 6 —> 0 it follows that Ii(S) —► 0 as 
<5-4 0.

To estimate /2(6) fix 6 > 0 (hence n G N) and recall that

r2~n
/ Wj(x)dx = 0 (j > 2n).Jo

Hence J2(<5) can be written as A + В where

00 Ä \
A := 53 53 ai wÁx)dx ,

m=l у ;=m2n 2 у

and
00 / (m+l)2n-l C \

B ■= 531 53 ai / dx ■

m=l \j=(2m+l)2n-1 v'2 /

Let m2" < j < (2m + l)2n_1. Then j = m2" + s where 0 < s < 2n~1. Since ws = 1 on 
[2~n,2~n+1 ) D [2-n,<5] it is evident that tv, = tcm2n on [2~n,0]. Thus

00 /(2m+l)2"-l-l \ c
A = 53 53 aJ / ^m2"(^) dx.

m=l \ j=m2n J J2 n

A similar argument establishes

oo / (m+l)2n —1 \ л5B= 53 ( 53 ai I _n{-Wm2-(x))dx.
m=1 \j = (2m+l)2n-1 / 2
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(The minus sign eventuates because w2n-i = rn_i = —1 on [2 n, 6].) Consequently,

|/2(6)| = |A + B|<<£

m=l

(2т+1)2п-1-1 (m+l)2n-l

E
j—m2n

E
ji=(2m+l)2n_ 1

Since a decays monotonically to zero and 62n 1 < 1, it follows that

I2(6) < a2n.

In particular, h{S) —♦ 0 as 6 —► 0. |
The function / in Theorem 1 may not be Lebesgue integrable. Namely, there exists a 

sequence a which decays monotonically to zero such that

f(x) :=Y^akwk(x) (z G (0,1))
k-0

is not Lebesgue integrable on [0,1). To verify this, set

(*!)’—!
nk := 22j

j=0

for к = 1,2,... Let ank be determined by

V" 1a"* := L 7T

j=k+1

and define (aj, j G N) by a0 := cq := 1 and aj := аП|к for nk < j < nfc+1, & G P. Since 
(aj,j G N) decays monotonically to zero, the series representing / converges uniformly on 
[6,1) for 6 > 0. Consequently, if

m ■■= f J2ajwAx)
1 = 0

dx,

then
Í \f(x)\dx = 1(6).

In particular, it suffices to show that 1(6) —> oo, as 6 —► 0. 
Use Abel’s transformation to write

m=L - ai+i)Dj+i(x)
j=о

1 I oo

dx

fl 1= 1 |Em°-w dx.
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Hence for any p E P we have

1 Г1 p~ 1 r1 00 Г1

Set Sp := 2~2('p^ < l/np. By Theorem 9 in 1.6 we have

£ 1141 >if, /V.i<w

for all p and all к E N. Therefore

Eli /V,l<2X>!<4(p-l)!
Jt=0 K' h-0

for p E P. Moreover, by Theorem 10 in 1.6

'' - 2 Гек
X

1
fc=p+i t=P+i

< (4 log 2)p! +
P+1 (p + 1)(P + 2)

+ • • •

< 8 bg 2
(P+ 1)P'

Hence

In particular, I(Sp) —► oo as p —» oo and / is not Lebesgue integrable on [0,1).
To obtain conditions on a Walsh series sufficient to conclude its limit is Lebesgue inte­

grable we prove the following.

THEOREM 2. Let 2 < p < oo and a = (a„,n E N) e 1°. If q is the index conjugate to p 
then

2n —1 /2" —1 \ 1'q
II II, <2p2"/' 53 I'-ml’

m=0 . m=0

for every n G N. In particular,

2" —1
53 “rnfmll, < 2"+2||a||,,
m—0

PROOF. Fix n G N and set

9n :=sgn
2" —1
'У ^ amDr
m=0

(n G N).
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Use formula iii) of Theorem 8 in 1.5 to verify

2" — 1 2n — 1 -i n-1
5 ^ amDm\\l — ^ ^ am I ( 5 у TTljVj D2Í )wm9n 

m=0 m=0 ® j=0

n-1 2n-l i -1

< 53 53 löml / riDv9nW
j—0 m—0 ' ®

These integrals are Walsh-Fourier coefficients of Fj := rjD2> gn- Consequently by the 
Holder and Hausdorff-Young inequalities we get

2" —1 /2" —1 \ 1/?n-l /2" —1 \ 1//p

ii E «*—»»lu < E E E ipAm)i”
m—0 \ m=0 / j=0 \m=0

/2" —1 \ 1/,g n-1

< E |""Г En^^'ii,.
V m=0 / j=0

Since Paley’s lemma implies

hnD2i\\,<\\D2i\U = =2’

we conclude that
2" —1
5 у amDm ||i < I 5 у la
m=0

2" —1

m=0

I/? 2n/p

2i/p - 1'

Thus the proof is complete since
1

<2p2Vr - 1
for p > 2. I

Define the first difference of a sequence a = (a*, fc 6 N) by

Aa := (ak - afc+1, к £ N).

Set A°a := a and
Ana := A(An_1a) (n 6 P,a 6 f). 

It is easy to see for every n, к £ N that

(Ana)k = 53(-1)J \j)ak+j
j—о

We shall frequently denote (Aa)* by Aa* for fc G N.
A sequence a is said to be convex if for every к £ N

(A"o)t > 0.
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It is said to be quasi-convex if

Y (k+i)i(^2fl)*i < °°.
k-i

Quasi-convexity sometimes replaces the monotone condition for integrability of Walsh se­
ries.

It is instructive to notice that every bounded, convex sequence is both monotone non­
increasing and quasi-convex. Indeed, let a = (at, к E N) be bounded and convex, and 
suppose that a is not monotone non-increasing. Then Aam < 0 for some m E N. Since a 
is convex we have |Aa*| > |Aam| for all к >m. Hence

n —1

an - am = - Y Лак ~(n ~ ш)Иат|
k=m

for n > m. It follows that an —► oo as n —► oo, a contradiction since a is bounded. 
Consequently, a is monotone non-increasing. To show it is also quasi-convex, let a := 
lim*_*oo я*. Then a is finite because a is bounded. Also, it is clear that

(2) a0 — a = Y Aafc.
k=0

Thus Aa decays monotonically to zero, and since

YJ Aajt —> 0 as n —> oo,
k=n

we also have nAa.n —* 0 as n —* oo. Consequently, Abel’s transformation and (2) imply

O.Q — a = + l)(A2a)jt,
k=o

and a is quasi-convex.
In connection with Theorem 2 we introduce the norms

IMk := l«oI + Y2"
n=0

1/r

— |«o| + Y^ 2П//г
n=0

for a E and 1 < r < oo, where r' the index conjugate to r. It is clear that the l^-norms 
increase in r. Thus we define
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and

Nkr := = W + 532П2„<™5„+1 lQfcl-
\ n=o —

Consequently, if := {a E £° : ||a||/r < 00} then

for all 1 < r. < 00.
It is easy to see that if a is quasi-convex then Ад E l£°. Indeed, let 2n < m < 2n+1 and 

notice by definition that

|Aam| < 53 l(A2a)fc| < 53 |(A2a)t|.
k=m k—2n

Consequently by Abel’s transformation we have

ll^*ll«s° — l^flol + У: 2n |(A"a)fc|
n=0 Jt=2"

oo 2‘+1-l 5

< |Aa„| + 53 53 |(A2a)t|532"
я=0 k—2‘ n=0

oo 2*+1

< |Aa0| + 2 A; |(А2а)*|
5=0 k=2‘

= |Aa0| -b 2 УУ Ar |(A2a)jk| < oo.
k=0

THEOREM 3. Let a E £° and suppose that ап —* 0 as n —> oo. If

Да eel

then the series

k=0

converges pointwise on (0,1), its sum f belongs to L1 and satisfies

ll/lb <8||Aa||,2.

In particular, if a is quasi-convex then f E L1.

Proof. Since
||Aa||,i = ||Aa||/i < ||Aa||,2 < oo



8.1 Walsh series with monotone coefficients 379

and \Dn(x)\ < 2/x for all x G (0,1) and n G N, it is easy to see by Abel’s transformation 
that the series converges point wise on (0,1).

For each n,m G N combine Abel’s transformation and Theorem 2 to obtain

2m —1 2m — 1
II £ o&w&||i = У £ AakDk+1 + a2mD2m — a2nD2n ||i 

k=2n k=2n
oo 2,+1-l

— X/II X/ AakDk+i ||i + |a2m| + |a2n |
*=n Jfc=2*

/V+1-l
2*/2 E И“*'2

\ t=2‘

It follows that 2n-th partial sums of the series in question converge in ЬЛ-погт and con­
sequently the limit function / belongs to L1. Moreover, substituting n = 0 and letting 
m —» oo in the inequality above we obtain ||/||i < 8||a||/2 as required. |

Not every Lebesgue integrable Walsh series has coefficients which are quasi-convex. In­
deed, let a decay monotonically to zero and suppose that

ctk = a2n (2n < к < 2n+1,n G N).

4L

+ |(%2" I + |û2m I-

By Abel’s transformation

f(x) := £a*wfc(:r) = £(a2n_i - a2n)D2n(x).
Jb=0 n=0

Since D2n > 0 for n G N, it follows from the monotone convergence theorem that

ll/lll = £(«2"-! - Û2") ||^2" ||l = GO-
n=0

In particular, if such a sequence a decays monotonically to zero then / is Lebesgue inte­
grable no matter how slowly a* —» 0.

If the coefficients of a Walsh series decay monotonically to zero sufficiently rapidly, then 
the limit function is always Lebesgue integrable. In fact,

THEOREM 4. If (ctk, к G N) decays monotonically to zero and if

E t<0°-

then f := akwk converges in L1 norm.

PROOF. Notice for monotone non-increasing sequences (a*., к G N) that Ylak/k < oo 
is equivalent to

£ Aak log(k -f 1) < oo.
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By Abel’s transformation,

53 aicWk = 53 AakDk+1 - anDn

k=n k=n

for any n G N. Since
||Bt||i = 0(log(fc + l))

as к —► oo we see that

II 53 - /111 = II 53 afcU,*Hi
k=0 *=n

< an||Dn||i + 53 ^afc||-C*-n Hi
k=n

< C1an log(n + 1) + Ci 53 !°g(fc + 1)

< c2 53 los(fc +1)
k—n

where Ci and C2 are absolute constants independent of n. It follows, therefore, from 
hypothesis that / G L1 and the series representing / converges in L1 norm. |

Theorem 4 holds for Walsh-Kaczmarz series since the Walsh-Kaczmarz- Dirichlet kernel 
also satisfies

110*11, = 0(log(* + 1))

as & —» oo (see Exercise 8.6).
For the trigonometric case, convexity of the coefficients is enough to ensure both inte- 

grability and non-negativity of the limit function. This is not the case for Walsh series 
(see Theorems 5 and 6 below).

LEMMA 1. For x G [0,1) and 0 < t < 1 let

oo
P(x,t) : = 53 tkwk(x).

k=0

Then P(x,t) is positive and can be written in the form

oo

P(x,t) = (l+t2krk(x)j .
k=0

(Note: This is the Poisson kernel for the Walsh system.)
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PROOF. For each integer n > 0 set

P2n(x,t) := ^ tkWk(x).
k=0

Then P2n(x, t) —» P(x, t) as n —► oo. Moreover, since гпгу* = w2»+t for 0 < < 2” and
n £ N, an easy inductive argument establishes that

71 — 1

t=0

In particular, P2n(x,t) > 0 for n G N. Since P(x, <) cannot be zero, the lemma is estab­
lished by letting n —* oo. I

This computation and a solution to the moment problem can be used to obtain sufficient 
conditions for Walsh series to have non- negative limits.

A sequence a is called completely monotone if Ana* > 0 for all non-negative integers n 
and k. Thus every completely monotone sequence is convex.

Completely monotone sequences have a non-decreasing solution to the moment problem 
(see Theorem 11 in Appendix 0.5). Thus given a completely monotone sequence a there is 
a non-decreasing function g of bounded variation such that

(3)

THEOREM 5. If a is completely monotone then

f :— ^ ^ akwk 
k=0

is non-negative and Lebesgue integrahle on [0,1).

PROOF. By Theorem 3, / € L1.
To show that f is non-negative, choose a non-decreasing function д which satisfies (3).

Using the notation introduced in the proof of Lemma 1, we have that

(4)

for all X 6 [0,1) and n G N.
We shall presently show that (4) implies

(5)
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Since g is non-decreasing, and by Lemma 1 P(x,t) is positive, it will follow that f is 
non-negative as required.

To verify (5) consider first the case when x is a dyadic rational. The factors (1-И2 r&(z)) 
of P(x,t) are thus equal to (1 + t2 ) for large k. Hence P2n(x, t) is eventually monotone 
increasing in n for all t € [0,1). Consequently, (5) follows from (4) by means of the 
monotone convergence theorem.

Now suppose that x is a dyadic irrational. Let p be the least positive integer for which 
the p-th binary coefficient of x is 1 and let и be the left endpoint of 7p(x). Then Р2"(х, t) 
is dominated by

p-i oo
P(u,t) = ][[ (l + t2krk(xŸ) Д(1 + t2*)

k=0 k—p

for all 0 < t < 1 and all n > p. Moreover, P(u,<) is integrable with respect to dg(t), since 
(5) holds for the dyadic rational x = u. Therefore, the Lebesgue dominated convergence 
theorem implies

Hm f Pin(x, t) dg(t) = Í P(x,t)dg(t). 
n—°° Jo Jo

In particular, (5) follows from (4) and the proof is complete. |
We close this section by showing that not all Walsh series with convex coefficients have 

non-negative limits.

THEOREM 6. There is a convex sequence a which decays monotonically to zero for which 
the function

f := ^2 akWk
Jfc=0

assumes negative values.
Proof. Let (

g(t):=-f r0(u)du (0 < t < 1) 
Jo

and observe that g is of bounded variation. Set

ak
:= f tk+2dg(t) = - Í r0(t)tk+2 

Jo Jo
dt (& E N),

and verify by direct calculation that

A2ak = - f r0(t)t2( 1 - t)2tk dt> 0 (ke N). Jo
In particular, a is convex and decays monotonically to zero. 

Next, observe that
2n-l л
Y] akwk(x) = / t2P2n(x,t)dg(t) 
k=о Jo
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for X G [0,1) and n G N. By repeating the argument used to establish Theorem 5, one can 
show that i

f(x) — Í t2P(x,t)dg(t)
Jo

for X G [0,1). Consequently, the choice of g implies

Г1 „ fi/2
f(x)= / t2P(x, t) dt — / t2P(x,t)dt.

J\/2 Уо
In particular, /(1— ) will be negative if we can show that

'i/2 ,
t2P(l-,<)dt >

h/2

/1/2 /*1
/ i2P(l-,<)dt > / <2P(l-,t)dt,

Уо У1/2

or equivalently, that

(6)
/1/2 o /1 

2 / t2P(l-,t)dt > / i2P(l-,<)dt. 
Уо Уо

To estimate the left side of (6) observe for t < 1/2 that

P(1— , t) — 1 — t — t2 + — ...
> 1 -t-t2 +t3 -(t* +t5 + ...)
> l-t-t2.

Thus, Lemma 1 implies

P(l-,<) = (!-<№-,<2)
> (1 — <)(1 — t2 — t4)

= 1 -1 -12 +13 -14 +15

for t < 1/2. Hence

.1/2Г1/L f2
2/ t2P(l-,t)dt>2 (t2-t3-t4+t5-t6+t7)dt>

Jo Jo

On the other hand,

.0435.

Р(1-,<)<(1-;)(1-<2)(1-<4)
= 1 — t — t2 + t3 — t4 + t5 + t6 - t7-

Therefore,

I t2p(l~,<)d'-5”ï"I + 5"7 + l + 5"à<- 0433.
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8.2 Term by Term Dyadic Differentiation. Let i be a point in [0,1). A Walsh series 
Yl'kLo akWk is said to be term by term dyadically differentiable at x if

/(<) := ^akwk(t)
k=0

exists and is finite for t = x,x -j- 2~l for Í G P, and if the dyadic derivative of / exists at 
x and satisfies

^~2kakwk(x)
*=i

(see 1.7).
We shall identify several conditions sufficient for term by term dyadic differentiability. 

The first one uses a result from the preceding section.

THEOREM 7. If (ak, к E N) and (как, к E N) are quasi-convex and kak —» 0 as к —* oo, 
then

f ■= ^akwk
k= Ö

is a.e. term by term dyadically differentiable.

PROOF. By Theorem 3 in 8.1 both

S := ^ akwk and 5^ := kakwk 
k=0 k=0

are Walsh-Fourier series which converge to integrable functions f and g everywhere on 
(0,1). It follows, therefore, from Corollary 1 in 5.2 that / is strongly dyadically differen­
tiable with

d Ш/ = g a.e.

But / = I(dW/) a.e. Therefore, the fundamental theorem of dyadic calculus (Corollary 7 
in 6.2) implies that / is a.e. dyadically differentiable with /W = dШ/ a.e. |

When (kak,k E N) decays monotonically to zero, the Walsh series akWk(x) is
term by term dyadically differentiable for all x E (0,1), x ^ 2,j = 1,2,.... In fact,

THEOREM 8. Let x E (0,1), x ^ 2--S * 7 for j = 1,2,..., let ak E R, A: E N, and define a 
sequence of numbers (Rn,n E N) by := 0 and

2n+1-2

Rn'= \o-k — ak+i I (n E P).
k=2n

If ak 0 as к —> oo, and 2nJ?n —► 0 as ro —> oo, then a necessary and sufficient condition 
that f := be dyadically differentiable at x is that

2" —1
5jn(x) := ^ kakwk(x)
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converge to a finite real number g(x), as n —> oo, in which case

f[1](x) = g(x).

PROOF. Use Abel’s transformation to write

2" —1 2n —2

for m,n G N. Since 2~v < x < 1 implies that D2»(x) = 0 for any integer v, it follows im­
mediately from hypothesis that the 2n-th partial sums of the series representing / converge 
on (0,1) as n —* oo.

In fact, the n-th partial sums converge. To see this use Abel’s transformation for 2m < 
n < 2m+1 to write

П — 1

Since |Djk+1(z)| < 2/x for fc G N and x G (0,1) it follows that

for x G (0,1). Since this last expression converges to zero asm-» oo, the series representing 
/ must converge on (0,1).

Decompose / on (0,1) by
2" —1

f = akWk+9n

where

(7)

Recall that
71 — 1

dnf(x) = Xy-'t/to - Я* + 2-'-1))

and dn(iVk) = kwk for 0 < к < 2” (see (69) in 1.7). Thus

d nf(x) = 5^!](x) + (dngn)(x)
for x G (0,1) and n G N. In particular, the proof of the theorem will be complete if we 
show that (dn<7„)(x) —► 0, as n —► oo, for any x G (0,1) which is not the reciprocal of an 
integer power of 2.
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Fix X G (0,1) with X ^ 2“J, for j = 1,2,... Choose p = p(x) G N so large that neither x 
nor x + 2~l belong to the interval [0,2-p) for 1 = 1,2,... Since m > p implies D2m (t) = 0 
for 2~p < t < 1, it follows from the definition of dn that

(dn.D2m)(x) = 0
for m > p and n G P. Hence applying dn to (7) results in

oo 2m+1-2
(8) (dngn)(x)=^2 К -ajk+i)(d„Djb+i)(x)

m=n Jt— 2 m

provided n > p.
To estimate

П — 1
(9) (d„Dt)(x) = 2'-'(Dk(x) - Dk(x + 2-'-1)),

f=0

recall that | £)*(<)[ < 2/t for any < ^ 0. Since x, x + 2-i > 2-p for f G P, it follows that 
|Dfc(x)| and \Dk(x + 2~e~1)\ are dominated by the constant C(x) := 2P^Z^+1 < oo. This 
constant is evidently independent of both к and i. Hence by (9) we have

П — 1
sup|(d„Pt)(z)|<2C(i) V2'-1.
16P 7=í

This estimate and (8) imply

l(d„?„)(z)| < 2"C(x)

for n sufficiently large. Since by hypothesis

2n ^2 -Rm —► 0, as n —► oo, 

we conclude that (dngn)(x) —> 0 as n —> oo. |

COROLLARY 1. A Walsh series Y^Lo akwk is term by term dyadically differentiable at a 
point x G (0,1), x ^ 2-J for j = 1,2,..., if any one of the following three conditions is 
satisfied:

i) 2n YV=2" la* - Qjk+i I -* 0, as n —> oo, and YT=i kakwk(x) converges;
ii) a2n > a2n+i > > a2n+i_! for n sufficiently large,

kakwk(x) converges
k= 1
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and
2n ^~У(а2к — a2*+i_i) —► 0,

as n -> oo;
Hi) (kak, к G N) decays monotonically to zero.

Theorem 9 below shows that if the derived series ka^Wk converges fast enough, then 
Y)akwk is term by term dyadically differentiable on all of [0,1). Our proof rests on inter­
changing a limit and an infinite sum by using the following method.

LEMMA 2. Suppose (ivm, m G N) is a non-decreasing sequence of positive real numbers 
and ZZo xk JS a convergent series of real numbers such that

(10)
k=m

as m —> oo.

Suppose further that (bk,k G P), (b^\k G P) are sequences of real numbers such that

(11) Hm/кп)=Ьк (ke P).

If there is an absolute constant M > 0 such that

(12)
Ш ь[п)-ь[% < M (n G P),

then the series and YjT=o xк converge to finite real numbers for n G P, and

(13) lim b[n)xk = Y' bkxk.
n—►OO '

k= 1 k= 1

PROOF. Fix m G P. Notice by (12) that

t (£) ». -‘.«i i (bt?) «Ê «

It follows from (11) that 

(14) E
k= i

~ I
UJk

< M (me P).

к-1

bi — bk = ^2 (bj - bj+1).
J=1

Let к > 2. Write
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Since (ojk, к E N) is non-decreasing we have by (14) that

|6, -h\<wT<Ш„М.
,íí ш>

Hence there is an absolute constant L > 1 such that

(15) \bk\ < w* L < oo (к E P).

Let e > 0. By (10) choose N so large that

< £
j=k

for к > N. Let m > n > N be positive integers. Write

xk = J2xj~ xi-
j=k j=k+1

By Abel’s transformation we have

m oo m oo oo
5 ^ = 6n ^ ^ Xj + 'У ^ (^t — i>k — l) У ] x j ~~ У ] æj•

k—n j—n k=n+l j=k 1

Hence it follows from (15) that

53
k—n

< u:nL E*> ( \bk ~ 6&-I 
U)k

1 Vk E*>
j=n j=k

+ wm+1 L E
j=m+l

It follows from (14) and the choice of N that

\^2ькхк\ < (2 +M)e (n > N).
k=n

The partial sums of YltLo ^kXk are evidently Cauchy so the series Y1T= о ^kXk converges. 
A similar argument establishes that X^itLo ^k^Xk also converges for each n E P.

Let e > 0. Since (11) and (10) hold and both )T£E0 -ть Yl'kLo converge, choose an 
integer N so large that

|6(Nn)| < 2IM,(16)
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(17) E b>x>
j=N

< C,

(18)

and

(19)

j=N
< e,

j=m
< £

for m, n > N.
Fix n > N. Since YlkLi b^xk converges choose N(n) > N such that

(20) E ‘i0**
k=N(n)

< £.

As above, use Abel’s transformation to write

N(n) — 1 oo N(n) — 1

E E*>+ E (»^-‘ffOE-i
j = N fc=N + l

l(")bN(n)-l 53 Xi‘ 
j=N(n)

Observe by (16) that

N(n)-1 N(n)-1 / »<"> - bjf’, \

E »Ï0«» <2|6„| E*i + E - Uk E*i
Ukf 5: j—N Jk=AT+l у ) j=k

+ 2|Ьдг(п)_] E *i
j=N(n)

Thus it follows from (12), (18), (14), and (19) that there is a constant C > 0 such that

N(n)-1

(21) E О*
k=N

< Ce.
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To verify (13) notice that

53 b*xt ~ 53bkXk
k= 1 k=l

N-1

- 531 (^n) _ z*| +
fc=i

53bkXk
k=N

N(n)-1

+ E ^ + E ‘i*’-»
k=N k=N(n)

Consequently we have by (17), (21), and (20) that

N-i

53b*n)x*_53fe*;r*
k=l

< 53 I (^n) ~ bkj xk + (2 + C)e
k-1

for any n > N. Let n —> oo. Since N and C are fixed and e > 0 was arbitrary we conclude 
that (13) holds. |

Theorem 9. Suppose 70 > 71 • • • > 7* > 0 for fc E N. 
aj Let X E [0,1) and suppose that the series

/(*) := 53a*^Jk(<)
k=0

converges at t := x + for j E N. If

53 7* < 00 and 5] <%&w&(z) = o(7m)
fc=0 Jfc=m

as m —> 00, or if

(22) 53 7k/k<oo and kctkwk(x) = o(ym)
k-i k=m

as m —► 00, then f is term by term dyadically differentiable at x. 
b)If

53 7* < 00
k=0

Wk(x0) < OO

for some Xq E [0,1) then f := ]T)£L0 a*tu* converges absolutely on [0,1) and is term by 
term dyadically differentiable at x0.

PROOF. We begin with an opening remark. Let xk E R for к E N. If шк is a 
non-decreasing sequence of positive numbers and

5>**
k-0
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converges to a real number, then

(23) 53 Xk = °(Мшт)
k=m

asm-too and xk also converges. Indeed, set

Ут := 53 (m € N)
k=m

and observe by Abel’s transformation that

E**HE
k—m k—m

У к - Ук+l 

Шк

sfei+Â|y‘l(^r_À)*=m+l
2

< ----  sup |yfc|.
k>m

To prove a), suppose first that (22) holds. Apply the remark to := к and x* := 
a*iv*(x). Thus by hypothesis f converges at x as well as at x + 2-J~1 for j 6 N. Hence 
dn/(x) exists. For each j G N and n G P let

<*>n:== 53

j=0

where (kj,j G N) represents the binary coefficients of &. By (69) in 1.7 we have

dnf(x) = 53 ik)n akU>k(x) 

k=0

= 53 ^r-kakWki*)-

k=i

Moreover, it is clear that (k)n /fc —> 1 as n —> oo. We shall apply Lemma 2 to := I/7* 
and

dn) ._ (k)n 
- & -

Thus it suffices to show that there exists a constant M, independent of n, such that

An := 5^7t|AÍn) -A(Ji
*=i

< 2 M
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for П 6 P.
Fix n G P. Since (k)n = к for 0 < к < 2n we have

a„=:£> к"1 - c
Jk=2"

Thus An can be broken into two pieces, Bn which is the sum over indices к which belong 
to the set

Ni := {k > 2n : к = p2n — 1 for some p > 2} 
and C„ which is the sum over indices к which belong to the set

N2 :={fc>2n: k$Ni}.

To estimate Bn notice that (p2n)n = 0 and (p2n — l)n = 2" — 1. Since (7G N) is 
non-increasing we have

2" - 1
Bn =

p=2
p2n - 1

00 / p2n —1
^Z Z 7,

p=2 \k=(p-l)2n (p2"-l)

t=l
By hypothesis M := 7* A < Hence

Bn < M (n G P).
To estimate Cn notice that

{k + l)n = + 1
for all к G N2. Hence

Wn (k + l)n
к t A 1 A1)

_^_<I
к(к + 1) - к

Consequently, Cn < YlbLi Ik/к and again we obtain
Cn < M (n G P).

We conclude that
An = Bn + Cn < 2M

for n G P.
A similar argument establishes the rest of a).
To prove b), apply the opening remark to tv* := I/7* and := a.kWk{xo). Thus

^2 akwk(x0) = °{lm)

as m —y 00. Moreover, since 0^/7* —* 0 as к —» oo, it is clear by hypothesis that / 
converges absolutely on [0,1). Hence by a), / is term by term dyadically differentiable at 
x0. I
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COROLLARY 2. A Walsh series Yl'kLo akwk is term by term dyadically differentiable on 
(0,1) if any one of the following conditions is satisfied: 

i) for every x G (0,1), there is an £ = e(z) > 0 such that

akwk(x) = o(m~1~e)
k—m

as m —» oo;
ii) for every x G (0,1), there is an £ = e(x) > 0 such that

^fc1+ca*u>*(z)
t=l

converges;
iii) for some £ > 0, the sequence (k1+eak,k G N) decays monotonically to zero.
By Theorem 12 in 1.7 any classically continuous function whose Walsh-Fourier coeffi­

cients satisfy the hypotheses of Theorem 8 is necessarily constant. In the case of Theorem 
9 a stronger statement can be made.

THEOREM 10. For every pair of integers 0 < p < m let

A(p, m) := {k G N : 2m + (21 - 1)2' <k< 2m + 212', 1 < f < г"1"'"1},

and set A(p,p) := {fc G N : 2' < к < 2'+1}. If f is classically continuous on some interval 
[a, 6] Ç [0,1) and

(24) Y f ^ f(k)wk{x)
m—p \k£A{p,m)

exists and is finite for all but countably many x G [a, 6], then f is constant on [a, 6]. 

PROOF. Since / is continuous on [a, 6],

2" —1
f(x) = Jim, 53 /Ww*(:r)

fc=o

uniformly for z G [a, 6]. In view of the identity

wk(x + 2-'-1) ±= wk(x)wk(2-'-1),

2" —1
/(z + 2“'_1) - /(z) = Jim^ Y f(k)wk(x) (гг*(2-'-1) - l) , 

n->°° Jk=0

it follows that
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for p = 0,1,.... Since the factor wk(2 p 1) — 1 equals 0 or —2, and the latter case 
eventuates only when к G A(p, m) for some m > p, we deduce that

/(z 4- 2~p~1) - /(z) = -2 ^ f{k)wk(x)
m—p \keA(p,m)

for p = 0,1,.... In particular, if g(x) represents the limit (24), then

(25) lim
p—>oo

/(z -f 2~p~1) — f(x) 
2~p-i -4 flf(z)

for all but countably many z G [a, 6].
Let z be a dyadic irrational which satisfies (25). Since its binary expansion contains 

infinitely many zeros and ones, we can choose subsequences (l,, j G N) and (kj,j G N) of 
(2-p-i ,p ç n) such that X + = X + ij and z + kj = x — kj, for j = 1,2,.... It follows
from (25), therefore, that

lim /(*+*j)-/(*) = _ ,im
j-*oo £j j-*oo — (kj)

In particular, the upper and lower Dini dérivâtes of / satisfy

D/(z) > 0 > D/(z)

for all but countably many z G [а, Ь]. Hence by Theorem 12 in Appendix 0.6 the function 
f is constant on [a, 6]. |

COROLLARY 3. Let A(p, m) be defined as in Theorem 10. Set

B(p,p) := A(p,p) \ {2P+1 - 1),

and
B(p,m) := A(p,m) \ {2m + ^2P+1 - 1 : 1 < £ < 2"p-^}.

If f is classically continuous on [a, 6] Ç [0,1), and if its WaJsh-Fourier coefficients satisfy

2'E E i/w-/o+i)i
lcÇB(m,p)

-> 0 as p —> oo

fin particular, if 2n X)jt=2" 2 l/(&) — /(& + 1)| —► 0 as n —> oo), then f is constant on [a, 6].

Proof. Fix an integer p, and let ÍV := 2*1 +2*4----- h2#'o where i\> ii > • • • > fj0 > P-
Using the fact that each D2ii vanishes on [2~p, 1) it is not difficult to see that Djv(z) = 0
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for 2 p < X < 1. Hence by Abel’s transformation, given x G (0,1) one can choose an 
integer p so large that

53 f(k)wk(x) =53 53 (f(k) - f(k + l))Dk+i(x)

Since |JDfc+i(x)| < 2/x, it follows from hypothesis that

oo

for all x G (0,1). Hence by Theorem 10, the function / is constant on [a, b], |
Suppose a0 := 0 and

<4:=-^ (2"<*<2"+1),

for n G P. Then

2n 53 lafc ~~ afc+il 0

as n —► oo, but Y2b=o la*l = 1/fc = oo. Thus Corollary 3 applies in situation where
the Walsh series in question does not converge absolutely.

8.3 Representation of Measurable Functions. In 4.6 we showed that an a.e. finite­
valued, measurable function g can be adjusted on a set of small measure so that its Walsh-
Fourier series converges uniformly. If g G Lp,p > 1, then g can be adjusted on a set E0 so 
that its Walsh-Fourier coefficients are small, and its Walsh-Fourier series is Lp convergent 
off the set Eq. In fact,

THEOREM 11. Let В c [0,1) be measurable and suppose that g G Lp,p >1. If g vanishes
off В and £ is any positive number, then there exist a function G G Lp and a measurable
set Eq С В such that |_E0| < £, G(x) = g(x) for x $ E0, |G(fc)| < e for к G N, and

||-S„G||lp(E) < £ + llfflUp(E)

for all measurable sets E C [0,1) \ Eq and all integers n > 1.

We postpone the proof of this result to the next section.
The purpose of this section is to use Theorem 11 to show that given any function /, 

measurable on [0,1), there is a Walsh series which converges to / in measure, whether / is 
a.e. finite or not. Since no Walsh series can diverge to oo on a set of positive measure (see 
Theorem 15 in 7.6), this representation theorem is not true if “converges in measure” is 
replaced by “converges a.e.”. To represent measurable f by a.e. convergent Walsh series, 
one must assume that / is a.e. finite- valued (see Exercise 8.12).

We begin with a corollary of Theorem 11. Throughout this section, given a subset E of 
[0,1) the symbol E denotes the complement [0,1) \ E.
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LEMMA 3. Let fi E L°. If e > 0 and no 6 P then there exist a measurable set E\ C [0,1), 
an integer n\ > no, and reai numbers at such that |Ei| < e, |a&| < £ for no < к < щ,

(26)
Пх-1

Il Xv afcU,fc ~ /l II LF (El) < £' 
k—n0

and

m —1

(27) Il ^2 a*tofc||LF(E) < e + ||/i||lf(e)
k=n0

for any measurable E C Ei, and any integer щ < m < n\.

PROOF. Since fi is a.e. finite, we can choose a measurable set В C [0,1) with |B| < e/2 
and a bounded function д such that

X 6 В 
X e В.

Apply Theorem 11 to choose G E Lp and the set Eq such that |J50| < e/2, G(x) = g(x) 
for z £ Eo,

(28) |G(t)| (k€ N),
/По

and

(29) I|5„G||ip(e) < J + ||<z||lp(£)

for any measurable E C E0, and any integer n > 1.
Set E] := B U Eq and at = G(fc) for fc E N. Then |-E"i| < e and by (28), |at| < e for 

ke P.
To verify (26) observe that 5nG —► G in Lp as n —> oo. Since /2(х) = G(z) for x £ E\, 

it follows that SnG —> /i in Lp(ßi) as n —► oo. Thus we can choose n% > n0 so large that

H-SniG — fl IILF(EO < 2 ‘

Since (28) implies
no —1

l|Sn„G||, < £ MIMI,<§.
k=0

it follows from Minkowski’s inequality that

ll^n.G - SnoG - /i||Lp(Ex) < £-
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Thus (26) holds.
To verify (27) fix E C E\. Since E is a subset of the complement of Eq, we have by (29) 

that
||SmG - 5По6?||ьг(е) < - + ||g||bp(E) + ||5„0G||P.

Since ||5ПоС||р < e/2, (27) follows immediately. |
A series XlbLi A °f functions is said to converge asymptotically to / in LP(A) for some 

measurable set A if given e > 0 there is a measurable set В C A with \B\ > |A| — e such 
that

k=l

Clearly, a sequence which converges asymptotically in LP(A) for some 1 < p < oo also 
converges in measure on A.

THEOREM 12. Let f be any function /finite-valued or not) which is measurable on [0,1). 
If

A := {x 6 [0,1) : |/(x)| < oo}

then there exists a Walsh series S which converges asymptotically to f in LP(A), for all 
1 < p < oo, such that S converges to f in measure on [0,1) \ A.

PROOF. Let A+ := {x : /(x) = +oo} and A_ := [0,1)\(AU A+). Choose £i > £2 > • • • 
such that YlkLi £fc < 00 and set

x E A
/i(x) := < 1 x E A+l "I x E A_.

Apply Lemma 3 to e := E\ to choose an integer n\ > n0, a measurable set E\, and 
coefficients a* which satisfy |a&| < £\ for щ < к < щ, \E\ \ < e, (26), and (27).

Suppose a\, 02,..., a„l_1 have been chosen. Let

Í f(x) - E"=Y ajWj(x) x 6 A 
/.(x) := < 1 x e A+

( -1 x E A_

and apply Lemma 3 with fi in place of /1, rtj_i in place of n0, and £ = £,. Thus choose a 
measurable set £,, an integer n, > nj_i, and coefficients a* such that

(30) <£,-,

(31) |ajt| < £;, (ni-i < t < nj),
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n,-l
(32) U 53 akwk — 1*\\ьр(Ё() <- e*’

and

(33) II a*Wfc||Lr(E) < £« + ||/i||z,p(E)
k=m-i

for any measurable E C E{ and any integer n,_i < m < n,-. In particular, there exist 
measurable sets JE7i, E2,..., integers n0 < ni < ..., and real numbers аг, а2,... such that 
conditions (30) through (33) hold for i G P.

Let S := YlbLi To show that 5 converges to / asymptotically in LP(A), let e > 0
and suppose without loss of generality that A ^ 0. Choose г"о so large that

2><e-
i=io

and set

B:=A\ IJ E,.
*=:o

Then |B| > |A| — e.
Let n > 7ii0+1. Choose i > г’о + 1 such that n,- < n < n,+i. Since В C A, the definition 

of /,- implies

n, —1 n—1
ll-S'n/ - f\\bp(B) < II 53 ~ /IU”(B) + II 53 o&w&llbpfB)*=1 к—п{

n,- —1 n—1
= II 53 а*т<: ~ /*IUP(B) + II 53 akwk\\bP(B)-fc=n,_i к—П{

However, В C Ei so (32) and (33) imply

(34) ll-S'n/ - /||lp(b) < e,- + e«+i + ||/.-h||z>(b).
Since by construction n; — 1

fi+l(x) = fi(x)~ 53 akwk(x)

for X € A, it follows from (32) that the LP(B) norm of /,+i is dominated by g,. Substituting 
this estimate into (34) we arrive at

ll-S'n/ — /||lp(B) < 2gi + gj+v
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Since i —► oo as n —► oo, we conclude that Snf —»/in LP(B) norm, asn-> oo, and thus 
that S converges to / asymptotically in LP(A).

By symmetry, it remains to see that S converges to +oo in measure on A+. We may 
suppose that |A+1 > 0. Hence given e > 0 and M > 0 we need to verify that

|{x € A+ : Sn(x) > M}\ > |A+| — e

for n sufficiently large.
Choose i‘o so large that

OO £S£i< W+V'
«=«0

Without loss of generality, suppose both e and £4 are less than 1 for г > i0. Notice imme­
diately that the construction of fi and (32) imply

. n,-l
ü+nË, 1

In particular, if

akwk

n,- —1

- 1Г < el

Ai := {z e A+ : akwk < -},

then IА, П EJ < e?2p. Thus by (30) we have that

(35) I Ai I < (1 +2p)ef- (t€P).

Since the Walsh functions are a.e. finite (a considerable understatement, but this remark 
pertains to generalizations discussed in the next section), we can choose an integer Mo so 

large that
n'0_1

|{x e A+ : ^2 akWk(x) > —Mo}I > IA+1 — -.
Jt=i

Moreover, for any j > г0 it is clear that

ni -1 1
{x e A+ : akWk(x) < (j - г0)-} Ç (J A,.

*=n,0 »=»0

It follows, therefore, from (35) and the choice of io that

n,-l
auwi.(x\ > (i — in]K® e A4. : ^ akwk(x) > (j - *o)“}I > |A+| - j.

k=nin
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Hence the choice of Mo implies that

i nl -1 i -
(36) |{ж 6 A+ : ^2 akWk(x) > (j - io)- — Mo}| > |A+| — -

*=n<0

for any integer j > i0.
Fix jo > %o so that

1 /4\1/p
(jo — io)“ ~ Afo > M + 2 Í - J

and set N := rij0. We shall complete the proof of this theorem by showing that

|{x G A+ : 5„(x) < M}| < e

for any n > N.
Toward this, fix n > iV and choose j > jo so that nj < n < nj+Observe that

К* б A+ : S,(x) < M}\< |{z 6 A+ : S„(z) - Sn,(x) < -2(í)‘/r}|

+ |{j6A+:S,j(I)<M+2(i)1*)|

—: Л + -^2-

To estimate Ji, use (30) and the choice of io to verify

IA+ П -Eji+il > |A+| - -

since j > jo > г0. Moreover, by (33) for t = j + 1 we have

-^r<(l+6;4_l)P<2P.

In particular, it follows that |jj| < e/2.
To estimate /2, use the choice of jo to see that if j > jo then

0 — *o ) * ~ M) > M + 2

Hence by (36), (31) and the choice of г0, we conclude that |/2| < e/2. |

COROLLARY 4. If / is measurable on [0,1) then there is a Walsh series with coefficient 
tending to zero such that Sn —» / in measure as n —* 00.

If / belongs to L° we can also represent f asymptotically.
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COROLLARY 5. If f is measurable and a.e. fínite on [0,1), then there exists a Walsh series 
S with coefficients tending to zero such that S converges asymptotically to f in Lp for all 
1 < p < oo.

8.4 Normalized Convergence Systems. Throughout this section let u = (un,n G N) 
represent a normalized convergence system in Lp for some 1 < p < oo, i.e., u is orthogonal 
in L2, the Fourier series of any / E Lp with respect to the system u converges to f in the 
Lp norm, and ||м*||р = 1, ||ti*||g < M < oo for к = 1,2,..., where p and q are conjugate 
indices. Thus the Walsh, Ciesielski, and trigonometric systems are normalized convergence 
systems in Lp for all 1 < p < oo.

For each / G L1 and each integer n E P let

<%„(/) := / f(t)un(t)dt 
Jo

and П — 1
Sn(f) = <%&(/)%&.

fc=0
The functions и к are necessarily a.e. finite. Moreover, by the Banach-Steinhaus theorem 
there is a constant Cp, depending only on p, such that

(37) l|S„(/)llP < C, (/6L',nsP).

In particular, it is a routine exercise to check that the results of the previous section hold 
for any normalized convergence system, not just the Walsh system.

The purpose of this section is to show that Theorem 11 in 8.3 holds for any normalized 
convergence system (see Theorem 13 below). We begin with a technical result which 
localizes the construction of G in Theorem 13.

LEMMA 4. Let I be an interval in [0,1] and В С I be measurable. Suppose 1 < p < oo 
and that g E Lp vanishes off the set В. Ifn > 0 is an integer, if 0 < e0 < 1 and e > 0, then 
there exist a bounded function дj and a measurable set E\ С В such that g\ vanishes off 
Ei, IEi I < £q|ij,

(38) 

and

(39) I, (gi - flOujfcl < £ (1 < к < n).

PROOF. We may suppose that I = [a,ß) for some 0 < а < ß < 1. For each N 
partition I into even intervals 1^, j = 1,2,... ,N and choose subintervals of 1^ such 
that I J^\ = for 1 < j < N. Define operators Fjg and Gn from Ь!(7) into L°°(7) by
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and

/

for / G L*(/) and AT g N. 
Suppose for a moment that

(40) Jim Í hGNf = [ hf
N-+00 Jj Jj

for all/G L P(J) and all h G L*(T), where q is the index conjugate to p. Apply (40) to 
h := Uk, 1 < к < n, and / := g to choose N so large that

(41) \ J(GNg - g)uk\ < £

for 1 < к < n. Set
9\ := Х(В)&М,

Ex := (J B П J?-
j=i

Clearly (39) follows from (41). By construction g\ is a bounded function which vanishes 
off Ei, E\ is a subset of B, and

N

i=i

Finally, by Holder’s inequality

(42) I|Gn/IIl>U) < ^Jr~l\\}\\LHI)
for every f G Lp(/). Specializing to / := g we see that (38) also holds. Consequently, it 
remains to prove (40).

Fix 1 < r < oo. Notice for any interval J Ç I and h := %( J) that

(43) Jim УFiyh - h\\r = 0.

Since the collection of characteristic functions of subintervals of I forms a closed system 
in Lr(I) it is evident that (43) holds for all h G Lr(7).

Fix f G !/(/) and h G L*(Z). Notice by construction that

(44)
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for 1 < j < N and N G N. Write

J h(GN} -f) = J(h- FNh)(GNf-/) + J(FNh)(GNf - /}.

By (44) the second term of this identity is zero. Therefore, it follows from (42) and Holder’s 
inequality that

Since r := q ^ oo it is now clear that (40) follows directly from (43). In particular, the 
function gx satisfies (39) and the proof of the lemma is complete. |

THEOREM 13. Let В C [0,1] be measurable and suppose that и = (u*,b G N) is a 
normalized convergence system in Lp for some p > 1. If g G Lp vanishes off В and 
£ > 0 then there exist a function G G Lp and a measurable set So С В such that 
|S0| < e, G(x) = $r(x) for x £ Б0, |а*(6?)| < e for b G N, and

||*S'„(G?)||lp(E) < £ + ||g||Lp(E)

for n G P and all measurable E C [0,1] \ So-

PROOF. Since u is a normalized convergence system in Lp, it follows from (37) that

sup ||S'n(/i)||J> < СрЦ/ijlp 
n€P

for some absolute constant Cp, and

K(h)\ < Ih„||,||h||, < MIIMIIP

for h G Lp and n G P. Consequently, there is a 0 < 6 < 1 such that 8 < e and

M, < 6 implies |а„(Л)|, ||S„(/i)||p < j (n € P).(45)

Divide [0,1] into even, non-overlapping intervals Ji, /2,..., Im such that

(1 <k < m).

Fix ni > 1 and apply Lemma 4 to д, n := щ, I := Jj, 60 := <5, with e/(4nq) in place of 
e, and В П /1 in place of B. Thus choose a bounded function g\ and a measurable set 
Si С В П I\ such that g\ vanishes off Si, |Si| < £|/i|,
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and, if aip := f7 (g - gi)un and SÍ,^ := J^k=i then

and

(Recall that ||м*||р = 1.) 
Set

l|Si,)ll, < \ (1<п<щ).

X e h \ Ex
otherwise

and
f ff(x)-£li(z)
1 0

Since gi vanishes off E\, it is clear that

X eh
otherwise.

U!(x) = vi(x) (x £ Ei).

Also, our notation guarantees that

a[l) = ak(v1) (к e P).

Thus Sn^ represents the partial sums of the Fourier series of v\ in the system u. Since 
this system is a normalized convergence system in Lp, and since g e Lp, it follows from 
construction that Sn^ —> in Lp(£i) as n —> 00. Thus choose n<i so large that

\ап]\ < l and ll^n } “ viIIlp(Ë!) - \

for n > П2.
Apply Lemma 4 to the interval I2, choosing a bounded function g2 and a measurable 

set E2 C h П В such that g2 vanishes off E2) \E2\ < e\I2\,

J12 Jh

and if a(„2) := Jl2(g - #2)^ and SL2) := Y^k= 1 an^uk, then |а^2)| < e/8 and

Ill'll, <| (i < ^ < "2).

As above, since u is a normalized convergence system for Lp we can choose n3 so large that
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and construct a function V2 (see the general case) which satisfies

\\sn ) + 5i2) - VÚьрСё^УЩ) < § (n > мз).

Continuing in this manner, for each 1 < к < m we choose a bounded function gk and a 
measurable set Ek С J* П В such that

(46) g к vanishes off Ek,

(47)

(48)

|Et| < e|A|,

[ lst|p < f Ыр,
Jib Jib

and if an } := - gk)un, SÍ** := X)"=i a^ui then

(49)

(50)

and

(51)

Moreover, if

<4,t,l < 2ÎTT (1 < n < nt),

lisi1,ll, < (" > -u).

Jt-1
{rx>nk). 

j=1

Vk
(x) := Í s(x) zeuL;,\(uL%)

( 0 otherwise,

У1 u*Hli>(EiU-uE*) < 2*+i — n*+i)-
j-1

then

(52)

Set Eq := Ei U • • • U Em and

G(x) := g(x) - ^Гдк(х)

k= i
(x6[0,l]).
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Since each <7* is bounded, it is clear that G € Lp. By (47),

|Яо|<£^|/*|=£.
k=l

And, since each <7* is supported on Ek, it is evident that G(x) = g(x) for x £ Eq.
It remains to estimate an(G) and the LP{E) norm of Sn(G). Notice once and for all that

(53) a„(G) = Xi“«’ (neP)
;=i

since

an(G) = jr Í Gun = ^aij). 
ji=l h j=l

Notice also that

(54) I|G||lp(/*) <6 (1 <k<m).

Indeed,

\\G\\Uh)= [ \g-9k\p
JI к

<2" J' dgl' + Ы")

62p Г

by the choice of J*. Consequently, (54) follows immediately from (48). 
Observe by definition that

an] = Í Gun, (1 < j,k < m, n € N).
Jh

Apply (45) to
«•>-{?” \\l

We see by (54) that

(55) k,,l < 5 and IIS^II, <

for 1 < j < m and n 6 N.
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Suppose n < nm. Set no := 0 and choose 2 < к < m such that n*_i < n < n&. It 
follows from (53) that

k—2 m

mg)i <i]>>i.,')i+k‘~1)i+D<4j,i-
7=1 j=k

Thus by (51), (55), and (49), we have

WOlSjpT + j + yS«.

On the other hand, if n > nm then (53) and (55) imply that

|a„(G)| <- + —<£.

Hence this inequality holds for all n £ N.
To estimate the LP(E) norm of 5„(G), fix E C [0,1] \ Eq and observe by (53) that 

(56) s„(G) = f;s«> (n e P).

7=1

Again, we separate the cases n < nm and n > nm. In the former case, choose к < m so 
that rik-i < n < Пк and use (56) to write

к-2

||^n(G)||bP(E) < II 53 Snj) ~ Vk~2\\LP(E) + ||uà:-2||lp(E)
7=1
+ 1Й*-1)|к|-(Е) + Y] \\Sn )|U»>(E)- 

7=*

Hence by (52), the definition of v*_2, the right side of (55), and (50), it follows that

||S„(G0||z>(e) < + \\д\\ь>(Е) + 4 + ^1

<£ + |M|lp(E),

as required. On the other hand, if n > nm then by (56) we can write

||*S'„(G)||lp(E) < II 53 ^nj) - Vm-llU^(E) + ||Vm-l||LP(E) + ||5^m) || Lp(E) •
7-1

Using (52), the definition of um_b and (55), we conclude that

||S„(G)||lp(e) - ^7 + hlUp(£) + \

<е + \\д\\ы(Е)- I
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Exercises

8.1. Prove that || supn \Dn\ ||p < oo for 0 < p < 1 and show that if S is a Walsh series 
whose coefficients satisfy a* J. 0, as к —► oo, then the limit of S belongs to Lp for 0 < p < 1.

8.2. A function / is said to be A-integrable on [0,1] if

(A) / / := Jim f fN(x)dx 
Jo N-*oo JQ

exists and is finite, and if

G [0,1] : |/(x)| > N}| = 0,

where

In{x)
f(x)

0
l/(^)l < ^ 
l/(z)| > ^

Show that if 5 is a Walsh series whose coefficients satisfy a* j 0, as к —► oo, then its limit 
f is A- integrable and

ak = (A) Í fwk (k G N).
Jo

[Rubinstein [1]]
8.3. Suppose (а*, к G N) is quasi-convex and converges monotonically to 0. Prove 

akwk converges in L1 norm if and only if an log n —> 0 as n —> oo.
(Hint: Use the proof of Theorem 4.)
[Fomin]
8.4. Show that (1 /(n + 1),n G N) and (<n,n G N), are completely monotone for each 

0 < t < 1.
8.5. Show that if f(x) = YlT=o akwk{x) is classically differentiable on (0,1) and if 

(ак,к G N) is completely monotone then f is constant on (0,1).
[Coury[2]]
8.6. Prove that || Ylk=o Kfc||i = 0(log(n + 1)), as n —> oo, where k0, /сь ... represents the 

Walsh-Kaczmarz system.
8.7. a) Let f(x) := wk(x)/(k log k) and show that

/[1](z) = ^^jt(x)/logfc 
k=2

for all iG(0,1),i/2 j, j = 1,2,....

b) Let f(x) YLtLi k~QWk(x) for a > 1 and show that

OO
/[1](x) = yjfc~a+1u;t(x) 

*=i

for all X G (0,1), X ф 2 jr = 1,2,....
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[Butzer and Wagner [2]]
8.8. a) Suppose that g(x) = Y2T=i kakwk(x) converges absolutely for some x G [0,1). 

Prove that / := YlkLi akWk is everywhere dyadically differentiable with /W(x) = g(x) for
[o,i).

Hint: Use

(dnf)(x) = (k)n akwk(x)
Jt=о

directly.
b) Show the formula in Exercise 8.7 b) for /Ш(ж) holds for all x G [0,1) if a > 2. 
[Butzer and Wagner [2]]
8.9. Suppose that (kak,k G N) is of bounded variation. Prove that f := Y^kLo akwk 

converges on (0,1) and is dyadically differentiable with

/[1]0) = 22 kakwk(x)
k= l

for all x G (0, l),i^2 = 1,2,....
[Schipp [12]]
8.10. Let x G (0,1), x ф 2-J, j = 1,2,... and let a0,ai,... be real numbers. Consider

/(<) := ^2akwk(t) 
k= 0

and
2n — 1

g(t) := lim 22 kakwk(t) 
k—0

whenever these limits exist, 
a) If fon —» 0 and

2k
к '22 Iaj ~ aj+11 —» 0 as fc —> oo,

j=k

then /Ш(х) exists if and only if g(x) exists in which case

f[l](x) = g(z).

b) If (ak,k G N) decays monotonically to zero and / is absolutely convergent, then 
/W(x) and g(x) exist, in which case

/[1](x) = g(x).

8.11. If S = YlT-i ankwnk where nk+x/nk > q > 1 for к = 1,2,..., and if

9(x) = 22nkan^Wn^
k= 1
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converges for some x G (0,1), x ^ 2~*,j = 1,2,, then S converges on (0,1), is dyadically 
differentiable at x and satisfies /M(z) = g(x).

8.12. a) Let / be a dyadic interval and / be its characteristic function. Use the definition 
of the Haar system to show that given integers n,m > 0 there is a Haar polynomial

N
p = 53 aj hi

j-n

such that hj = 0 off I for n < j < N,

|/ П {x : P(x) = f(x)}\ > |/|(1 — 2m)

and
N

X;M>WI<2m+1 (*€I).
j-n

b) Let f be continuous on [0,1], let e and 6 be positive numbers, and n G P. Then there 
exist a Haar polynomial

N
p = J2aihj

j-n

and a measurable subset E of [0,1] with |£| >1—6 such that

N

for x G E and
N 8 

53 \aihj(x)\ ^ ~(\f(X)\ + 8)
j=n

for x G [0,1].
c) Show that given any function f which is measurable and a.e. finite-valued on [0,1] 

there is a Haar series which converges absolutely a.e. to f.
d) Use the Hadamard transform and c) above to prove that given any function f which 

is a.e. finite-valued and measurable on [0,1], there is a Walsh series 5 such that —» f 
a.e., as n —► oo.

[Arutunjan [1]]



Chapter 9

THE WALSH-FOURŒR TRANSFORM

9.1 The Dyadic Field. Throughout this chapter let F denote the set of doubly infinite 
sequences

X = (xn,n 6 Z)

where xn — 0 or 1 and xn —> 0 as n —► — oo. Denote the doubly infinite sequence whose 
entries are identically zero by 0. Thus to each x E F with x ф 0 there corresponds an 
integer S(x) E Z such that

(1) xs(x) = 1 but xn — 0 for n < S(x).

Let x = (xn, n E Z) and y = (yn, n E Z) be elements of F. Define the sum of x and у by

(2) x + y := (|xn -t/„|,n E Z).

Define the product of x and у by

(3) x • y := (£„,n E Z)

where for each n E Z,
:= 53 (mod 2)-

i+jf=n

Notice that (F, +) is an abelian group, (F, •) is an abelian semigroup, and in fact, that 
(F, +, •) is a commutative algebra over the finite field Z2 := {0,1}. This algebra has an 
identity

(4) e0 := (60}П,п e Z)

and contains a subgroup

F0 := {x E F : xn = 0 for n < 0}

which is isomorphic to the dyadic group G.
The algebra F is normed. Indeed, for x = (xn,n E Z) E F define

(5) |z| :=53i„2—
n€Z

It is easy to see that |x| > 0,
l* + y| < M + \y\,
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and
I* * y| < M M

for all x, y G F.
The map x —► |x| takes F onto R+ := [0, oo) and is 1 — 1 off a countable subset of F. 

For, if Q+ := {p2q : p G N, g G Z} represents the dyadic rationale in R+ then every point 
in R+ \ Q+ has exactly one preimage in F. On the other hand, each point in Q+ has two 
preimages in F (one which satisfies xn —► 0 as n —* oo and one which satisfies xn —► 1 as 
n —» oo). At any rate, the map x —> |x| allows us to identify F with R+ in essentially the 
same way that Fine’s map allowed us to identify the dyadic group with [0,1).

There is another norm, a non-Archimedean one, which can be defined on F. Set ||0|| := 0 
and for each x G F with x ^ 0 set

(6) H,H

where S(x) is defined in (1). Notice that
I

II* + У|| < max(||x||, ||y||)

and

(7) IN • y|l = IMI IMI
for x, y G F. Also, by definition we have

||N|| < |x| < ||x|| (x G F).

Hence (6) is a norm on the algebra F which is equivalent to (5).
Let

B := {x G F : ||x|| = 1}

denote the unit ball in F. It is easy to see that В is a multiplicative subgroup of F. Indeed, 
if x G В then the equation x ■ у = eо is equivalent to the system of equations

IMI = N
Zo Уо = 1,

and
У"у x,■ уj (mod 2) = 0 (n G P).

t+j=n

This system uniquely determines y := x“1. Consequently, each x G В has an inverse in В 
and В is a multiplicative group.

Define the usual closed system in F by

en G Z)



9.1 The dyadic field 413

and observe that
Cn ■ * — G Z)

for each n G Z and x = (xj,j G Z) 6 F. Thus multiplication by en is a shift operator on 
F. Clearly,

Gn ‘ Cm — Cn+m

and
||en|| = 2-n (n,m G Z).

Thus {en : n G Z} forms a 1-parameter subgroup of F which is algebraically isomorphic 
to Z.

Let x G F, x ф 0. Choose n G Z such that ||x|| = 2-n. By (7) we have

||e-n • *|| = 1.

Hence e_n • x is invertible and it follows that x is invertible with

x — (en • e_n • x) — (e_n • x) • e_n.

Therefore F is a field. It is called the dyadic field.
Let F* :=F\{0}. Then F* is an abelian group under the multiplication defined in (3). 

We have just seen that {en : n G Z) is a subgroup of F* isomorphic to Z, and that given 
x G F* there is an n G Z such that e_n • x G B. It follows that

(8) F* = Z x В

where = represents an algebraic isomorphism whose existence is guaranteed by the funda­
mental theorem of homomorphisms from group theory. We shall use this observation in 
9.6 to identify the characters of the multiplicative group F*.

It is easy to see that addition and multiplication are continuous maps from FxF into 
F. Moreover, the inequality

||(e0 + x)_1 - e0|| < ^ J n
1 “ iFll

holds for all x G F satisfying ||x|| < 1. Thus the map x —* x~x is continuous from F* into 
F. Therefore the dyadic field is a topological field.

Define projections ?rn : F —> {0,1} by

7Tn(x) := 7cn((xj,j G Z)) := x„ (n G Z).

Define the integer part of an x G F by

[x] := (... ,x_2,x_i,0,0 ... ),
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i.e., [x] is that element of F defined by

TTn(M) = {
L in

Thus \[x]\ is an integer in R+ for each x G F and we shall also denote this integer by [x] 
when no confusion arises.

Characters of the additive group (F, +) can be generated in the following way. For each 
x, y G F define

(9) *,(*):=

Since 7T_i is linear, it is clear that each фу is a character on (F, -f ), i.e., фу is continuous 
on F and satisfies

фу(х + х') = фу(х)фу(х') (x, x' G F).

It is also clear that
фу(х) = фх(у)

and

(10) фу(х) = ф[у](х)ф[х](у).

In particular, the group of characters of F is isomorphic to (F, +).
Concerning identity (10) and possible confusion with the characters of the dyadic group 

G, we note that

7i-_i([x] • y) = x-jVj-1 (mod 2) 
j=i

for x G F and y G F0. Therefore,

(11) Ф[х]{у) = Ф\[х]\(у)

for x G F, y G Fо (compare with (17) in 1.2 and (36) in 1.4). In particular, the set 
{фу : y G F) can be viewed as an extension of the Walsh functions from the index set N 
to the index set F.

The functions фу (y G F) exhaust the characters of the additive group (F, +). Indeed, 
given any character ф of (F, +) the condition

ф2(х) = ф(х + x) = V’(O) = 1

implies that ф(х) = ±1 for each x G F. Hence given n G Z there is a number y_n-i = 0 
or 1 such that

Ф(еп) =

Since ф is continuous and en —> 0 as n —> oo, it follows that limn_._oo yn = 0. Hence the 
sequence y := (yn,n G Z) belongs to F and by construction

n > 0 
n < 0.

Ф{&п) — Фу{.Сп) E Z).
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The continuous functions ф and фу therefore agree on the usual closed system (en, n E Z). 
We conclude that ф = фу everywhere on F.

Differentiation of functions on F can be defined as follows. For each n E P and each 
function / on F set

n—1
(12) d„/:= £

j=-n+1
where

(13) (Ttf)(x) := f(x +1) (x,t E F) 

represents translation of / by an element < E F. If

f[1](x) := hmjdnf)(x)

exists at some point x E F, we shall say that / is differentiable at x and call /W(z) the 
pointwise derivative of / at x. Higher order derivatives are defined recursively.

Similarly, if X is some Banach space of functions on F which contains the additive 
characters фу (y E F), and if the limit

d/ := d^/ := lim d„/

exists in the norm of X, then we shall say that / is strongly differentiable (in X) and call 
df the strong derivative of /.

The additive characters are always strongly differentiable and everywhere differentiable 
with

(14) dV>y = ф[у] = \у\фу (у 6 F).

Indeed, by the definitions of dn and фу, we have for each n E N and y E F that

(dn+iФу)(х)= 2]~\фу{х) -фу(х + ej))
j= — n

= фу(х) it, - V’y(ej))
j=-n

= фу(х) Ê 2'-'(l 
j= — n

= Ф,(*) Ê 2'-'(l

j=—n

= Фу(х) 53 y-j-lV-
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Therefore,

\у\Фу(х) - (dntMCr) = ( 53 У-!-'23 J ^v(x)

\l>l>" )

and (14) follows at once.
Notice that if / depends only on xq,xi, ... then / can be considered as a function 

defined on Fq . In this case rtjf = f for j < 0 and consequently,

d„/=£>'-■(/-T,,./).
j"=o

In particular, the difference operator defined before on G agrees with the one defined above 
on F.

9.2 The Walsh-Fourier Transform. The additive field (F, +) is a locally compact 
abelian group and its unit ball

В := {x E F : ||x|| = 1}

is compact. Hence there is a unique Haar measure ц on F which satisfies

MB) = 1.

The spaces L£(F) will be denoted by LP(F) for 1 < p < oo and the corresponding norm
by II • Up-

Given f E I/(F) the Walsh-Fourier transform of / is the function on F defined by

(15) f(y) := J /(х)фу(х) dn{x) (у E F).

Thus the map / —> / is a linear map from LJ(F) into L°°(F). Since

(16) ll/lloo < ll/lll

it is also clear that

(17) Jim°A(!/) = 7W (l/EF)

for any sequence (/„,n E N) which converges to / in LX(F) norm.
The Walsh-Fourier transform of an integrable function is continuous and bounded on F. 

In fact,
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f{y + t)~ f{y) = J f{x)rpy(x)(xpt(x) - 1) d/z(x),

we can write

I/(У + t) - Ку)I < J \f(x)\\Mx) - l\dfi(x)

< Í \f(xWt(x) - MMx) + 2 [ \f(x)\dfi(x)
J\x\<R J\x\>R

=: Ir + Jr

for any R > 0. The Borel measure // is locally finite on the locally compact space F. Hence 
given e > 0 we can choose R so large that

Jr < £.

With R fixed, use the fact that {|x| < R} is compact together with the Lebesgue 
dominated convergence theorem to see that

lim Ir = 0. t —►o

Thus choose 6 > 0 so that |t| < 6 implies

Ir < £.

It follows that
\f(y +1) - f(y)I < 2e

for all y G F and |t| <6. In particular, f is uniformly continuous on F. |
Thus / is a continuous, bounded function on F which vanishes at oo (see (28) below). 
Translation and character multiplication exhibit the same kind of duality under the 

Walsh-Fourier transform as they did under the Walsh-Fourier coefficient map (compare 
the following result with (46) and (47) in 1.5).

Theorem 2. Let /G L'(F) and < G F. Then

(18) 0 II «•

and

(19) V’i/ = rtf.
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PROOF. Let y,i G F. Since // is translation invariant and фу is an additive character, 
we have

Ttf{y) = J f(x + гЖ(х) dP(x)

- j f(x)rf>y(x + t)dfi(x)

= Í f(^y{x)rpy(t)dn(x).
J F

In view of (9), this verifies (18). Similarly,

4>t f(y) = J^t{x)f(x)tpy(x)dn(x)

= Jf{x»a{y + t)Mx)

= f(y + <)• I
The convolution of two functions f and g in L1(F) is defined by

(20) (f * g)(x) := J f(x + t)g(t) dn(t) {x G F).

By Fubini’s theorem f * g £ L*(F) and

(21) ||/*5r||i<||/||i|M|i.
Thus L^(F) is a Banach algebra under function addition and convolution.

The Walsh-Fourier transform takes convolution to pointwise multiplication.

Theorem 3. If /, g e L*(F), then

(22) f*g = fg-

PROOF. Let y G F and use Fubini’s theorem to write

/ * g(y) = JF(fF + *)9(0<*м(*)) Mx) dv(x)

= Jf Of + d^x^) d^'
Since фу(х) = фу(х + t)rjpy{t) and y. is translation invariant, we conclude that

f * g(y) = tWM*)d№)

= f(y)g(y)• I
Since L°°(F) is a Banach algebra under pointwise addition and multiplication it follows 

that the Walsh-Fourier transform is a bounded Banach algebra homomorphism from LJ(F) 
into L°°(F). We shall see in 9.4 that this homomorphism is also 1-1.

The following multiplication formula proves useful in a variety of situations.
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Theorem 4. If f,g e H(F) then

(23) J f(y)g(y) Му) = j fivffîv) Му)-

PROOF. This follows directly from definition, (9), and Fubini’s theorem:

J^f(y)y(y)My) = (j[. f(x№v(x) Mx)^j у(у)Му)

= J (^J д(у)Ф*(у)Му)) f(x)Mx)

= [ f{x)g{x)Mx)- ■
J F

These results do not use the dyadic structure in an essential way. For any locally compact 
group G whose group of characters is G and whose Haar measure is v, the Fourier transform 
of an / G Ь* ((7) can be defined by

/(7) = / f(x)ï(x) Mx) (7 6 G)
J G

where 7 represents the complex conjugate of 7. It is not difficult to verify (see Rudin [1] or 
Hewitt and Ross [1], for example) that (16), (17), and Theorems 1 through 4 are satisfied 
for any such Fourier transform. We will prove other such results in 9.3. However, most 
of our theory (in particular, the rest of this section which concerns itself with dyadic dif­
ferentiation) relies heavily on the dyadic structure and frequently has no general analogue 
for locally compact groups.

Before continuing, recall that F contains two other important groups, the unit ball В 
and the multiplicative group F*. We shall identify their characters in 9.6 and study the 
Fourier transform induced by F*, the so-called Mellin transform.

The following result shows what the Walsh-Fourier transform does to the strong L1 
derivative. This property (see (66) in 1.7) was used to motivate the definition and is 
essentially equivalent to it.

THEOREM 5. Suppose f is strongly differentiable in I/(F). Then

(24) d?(y) = |y|/(y) (y G F).

Proof. By hypothesis
Hm ||d„/ - d/||i = 0.

d/(y) = }^dnf{y)-

Hence by (17)
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But (12) and (18) imply

d„+i/(îz) = 21 1(/(y)“^*j(y)/(y))
j=-n

= f(y) ( è 2J-1(1 - V’eyiî/)) )
, j= —n

for n 6 N. Consequently, (24) is obtained by letting n —» oo. |
Thus the Walsh-Fourier transform takes a derivative of / to a polynomial multiple of /. 

The following result shows that the Walsh-Fourier transform takes a polynomial multiple 
of / to a derivative of /.

THEOREM 6. Let f G L*(F) and for each X G F set g(x) := |x|/(x). If g £ L^(F) then f 
is pointwise differentiable on F and

(25)

Proof. Set

(26)

(/)I1,(y) = î(y) (y € F).

“«(*) := 53 2' 'i1 - V’ej(z)) = 53 Zj-1

2>

for X G F, n G N. By definition, an(x) —» |x| as n —» oo. 
Fix y G F, n G N and observe by definition that

(d„+i/)(y) = 2J 1 (^j^f(x)xl>y(x)dp(x)- j^f(x)xj)y+ti(x)dp(x) 

= /(х)фу(х)ап(х) dp{x).

Thus we can write

|(d„+i/)(y) -y(y)| J^f(x)^y(x)(Oin(x) - |x|) dp(x) 

J^\x\f(x)ipy(x) 'otn(x)
- 1 dfi{x)

The integrand is dominated by 2|y(x)| and converges to zero as n —* oo. We conclude by 
the Lebesgue dominated convergence theorem that

(/ )[1](y) := lim (d„/)(y) = y(y). ■

It is sometimes convenient to work on R+ instead of F. The identification x —> |x| 
takes Haar measure [i to Lebesgue measure on R+, the characters of (F, +) to generalized
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Walsh functions on R+, differentiation to a dyadic differentiation, and induces a dyadic 
sum and product on R+ in exactly the same way that Fine’s map carried the dyadic group 
structure to the unit interval [0,1). Details are similar to those in 1.3 and are left to the 
reader.

We shall denote dyadic addition by +, but leave all other notation the same. In partic­
ular, we shall denote the generalized Walsh functions by фх (x E R+). Thus by (11) in 9.1 
and the identification above it is evident that

Фк(х) = wk(x)

for к E N and x E [0,1). Also, it is clear that

xpy(x + t) = фу(х)фу (t)

for x, t E R+, and x + t dyadic irrational, that

Ф*(у) = Фу(х),

ФуЧ*) = УФу(*),
and

фу(х) = ф[у](х)ф[х](у),

for x, t/, t E R+,where for u E R+, [u] represents the greatest integer in u.
The functions (ф^, j E N) form a complete orthonormal system in each interval of the 

form [fc, к + 1), к = 0,1,.... Indeed, since x — [x] -f (x — [x]) it is clear that

ФАХ) = ФДх])и>j(x - [x])

for je N and x E R+. For xE [&,& + !) it follows that xpj(x) = wj(x — [x]). In particular, 
we see that xpj is a periodic extension of wj from [0,1) to R+.

Fix к E N. It is easy to see that the integral over [fc, к + 1) of any generalized Walsh 
function must be 0, 1 or —1. Indeed

rfc+l
= Фк(у) Ф[y](x)dx.

0 < у < 1
У > 1-

defined by

jk Фу{х) dx = Ф[у](х)Ф[х](у) dx

Therefore

(27) ^ фу(х)<1х=^™к^

The Walsh-Fourier transform of an / E L1(R+) is 

f(y)‘= Í f(x№y(x)dx (У € R+).
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It is easy to see that the results derived above have dyadic versions valid for this Walsh- 
Fourier transform as well. In particular, / is a W-continuous L°° function on R+.

It is now also easy to see that a version of the Riemann- Lebesgue lemma holds for the 
Walsh-Fourier transform, namely,

(28) lim /(y) = 0y—*oo

for all / E L1(R+). Indeed, fix y E R+, let e > 0 and write

/(y) = / f(x)ipy(x)dx + f /(x)V>y(x)dx.
J0 Jn

Choose n E N so large that roo
/ №01

J n
dx < £.

Notice that

rn n-1 .fc+1
/ 1{х)Фу(х)<1х = / f(x)ÿy(x)dx

Jo fc=0 Jk
«^1 rk+1

= 22^k(y) rp[y](x)f(x)dx. 
i__n J к

In particular, /(y) is dominated by e plus a fixed sum of Walsh-Fourier coefficients of order 
[у]. Since each of these Walsh-Fourier coefficients tend to zero as у —* oo, we conclude that 
(28) holds as promised.

9.3 The Walsh-Fourier-Plancherel Transform. In this section we extend the Walsh- 
Fourier transform from L1(R+) П LP(R+) to LP(R+) for 1 < p < 2.

For each к E N define a function Í2* on R+ by

Фк(х) iE[M + 1)
0 otherwise.

The Walsh-Fourier transform of f2* is easy to compute:

fi)k(y) = Í ttk(x}fpy(x)dx
J R+

fc+i
‘Фк(х)Ф[у](х)ф[х](у) dx

гк-\-1

= Фк(у) J фк(х)Ф[у](х) dx

Фк{у) У G [k,k + 1)
0 otherwise.
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Consequently,
ft* = ft* (k G N).

In particular, the functions ft* (k G N) are eigenfunctions of the Walsh-Fourier transform. 
For each к G N set

ft*,0,1 := ft*

and
ft*,о,—i •— 0*

For n G P, fc € N, and j = ±1

(29) Çlk<nj(x) :=

define a function ft*|nj on R+ by

■^фк+п(х)

■feM*)

X G [fc, к 4" 1)

X G [fc + n, fc + n + 1) 
otherwise.

Notice that

ft i,n,j(y) — / ^k,n,j(x)^s/(x) dx
J R+

• Jt+1У + 1
= J ^д^к+п(х)гр[у](х)ф[х](у) dx

=

fk+n+l 2
+ j -1ЕФк(х)ф[у](х)ф[х](у) dx

J k+n V 2
fk-\-1

~Ыу) 1 V>t+„(x)V>[j,i(x)dz

л*+п+1
+ -яФк+п(у) rpk(x)ip[y]{x) dx

V ^ Jk+n
■^Фк+п(х) y G [fc, fc + 1)

7з^(%) y G [Hn,Hn + l)
0 otherwise.

Hence

(30) ^k,n,j — jft*,n,j

for 1,rGN, and j G { + 1, — 1). Therefore the system

(31) ft {ftjb,n,i • ni к G N, j G { + 1,-1}}

is orthonormal in L2(R+) and consists entirely of eigenfunctions of the Walsh-Fourier 
transform.
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This system is complete. For if g G L2(R+) and

[ g(x)tok,n,j{x)dx = 0 (fc,n G N,j = ±1) 
Jr+

then
/•fc+i

Л
g(x)rpi(x) dx = 0 (MiN).

Since (V’z, I G N) is complete on each interval [к, к + 1) it follows that g = 0 a.e. on 
[к, к + 1) for к = 0,1,... Therefore, R is a complete, orthonormal system in L2(R+).

For each / G L2(R+) let

(32) ck,n,j(f) I f(x)Q.k,n,j(x)dx
J R+

represent the R-Fourier coefficients of /. Define the Walsh-Fourier-Plancherel transform of 
/ to be the formal Walsh- Fourier transform of the R-Fourier series of /, that is,

(33) •Ff У ^ (cfc,n,l (/) ^fc,n,l + ck,n, — l(f) Qk,n,-1 )•
k,n£ N

This defines a function Tf for each / G L2(R+). In fact,

THEOREM 7. If f G L2(R+) then (33) converges in L2 norm. Moreover,

(34) ИЛЛЬ = ll/ll

and

(35) л^/) = /.

PROOF. Since R is a complete orthonormal system in L2(R+) it is clear that

(36) /= 53 K..i(/)«M.i+c*,».-i(/)ß*.n,-i)
Men

where this series converges in the L2(R+) norm. Moreover, by (30) we have

У ^ (ck,n,l(f)f^k,n,l + cfc,n, —1 (/) — l )
fc,n€N

= ^ ' (ck,n,l if) f^k,n,l ~ ck,n,-l (/) f^k,n,-l ) •
t,n€N

Consequently, it follows from the Riesz-Fischer theorem that (33) converges in L2(R+) 
norm and

ll/ll? = £ (let,„..(/) I2 + |ct,I2) = F/lll.
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This verifies (34) and shows that

' (Cfc,n,l(/) )
k,n£ N

for all / G L2(R+). In particular, (36) implies f) = / for all / G L2(R+). |
Thus we see that F is an isometric Banach space isomorphism of L2(R+) onto itself. 
To obtain a closed form for the Walsh-Fourier-Plancherel transform, define the general­

ized Dirichlet kernel by

(37) A (y) := / Фу(х)
Jo

dx

for t,y G R+. For integer values of t, the generalized Dirichlet kernel is a zero extension 
of the Walsh-Dirichlet kernels defined in 1.5. Indeed, if n G N then (27) implies

Dn{y) = f ’фу(х) dx
Jo
n-1 rk-hi

= / xj;y(x)dx
k=0

1 0
Theorem 8. If f G L2(R+) then

(38) <™‘> = it (Li(v)D'

for a.e. t G R+.

У> 1.

PROOF. Fix t G R+ and observe by definition that

I (Ff)(x)dx

k,n£ N

Since by Fubini’s theorem

— 'У ] (ck,n,i(f) f ^fc,n,i(æ) dx + c*jrli—i(/) Í i(x) dx\ .
I. \ JO Jo J

f ^k,n,j(x) dx — Í Q,k,n}j(y)Dt(y) dy 
Jo J R+

we can express the indefinite integral of Tf as an fi-Fourier series of Dt. Thus it follows 
from Bessel’s equality that

/ (ff)(x)dx = [ f(y)Dt(y)dy. 
Jo J R+

We conclude by differentiating with respect to t that (38) holds for a.e. t G R+. |
It is now easy to see that the Walsh-Fourier-Plancherel transform is an extension of the 

Walsh-Fourier transform:
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Corollary 1. If f e L\R+) n L2(R+) then

(39) = /.

PROOF. By the Lebesgue dominated convergence theorem, interchange the derivative 
and integral which appear on the right side of (38). We have by (37) that

= J^f(y)jtO,(y)dy
= Í f(y)^y(i)dy

J R+

= 7(<)
for a.e. t G R+. I

We can also obtain the Walsh-Fourier-Plancherel transform as a limit of truncated 
Walsh-Fourier transforms:

COROLLARY 2. For f G L2(R+) and t G R+ define a function ft on R+ by

/,(*) := { Í{X) XlM
( 0 otherwise.

Then

(40)

in L2(R+) norm.

PROOF. Since ft —► / in L2(R+) it follows from (34) that F(ft) —► F(f) in L2(R+) as 
t —* oo. Since ft G L!(R+) П L2(R+) for each t G R+, we conclude by Corollary 1 that 
ft —> Tf in L2(R+) as t —> oo. 8 

Thus we see that

(41) (Ff)(y) = l.i.m. [ f(x)xfiy(x)dx1-*°° Jo
for f G L2(R+), where l.i.m. stands for “limit in the mean” and represents convergence 
in the L2(R+) norm.

To extend the Walsh-Fourier transform to LP(R+) for 1 < p < 2, set

(42) L\R+) + L2(R+) := {A + /2 = Л E L'(R+), г = 1 and 2}.

For any / = /1 + /2 G L1(R+) + L2(R+) define

(43) 7==7 +jT/2.
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This definition does not depend on the representation of /. Indeed, if / = /1 +/2 = 9i +92 

for some /*, gx G L‘(R+), i = 1 and 2, then /1 — 91 G L!(R+), 92 — /2 6 L2(R+), and

/1 — 9i —92 — /2 •

Hence by Corollary 1, f\ —g\ = Tg<i — Tfi so

/1 + ^/2 — 9i + ^"92 •

Recall that LP(R+) C L1(R+) + L2(R+) for any 1 < p < 2. Indeed, given / G LP(R+) 
write f — /1 + /2 where

Since и <up when it > 1 and t2 < tp when 0 < t < 1, it is clear that

and
Ibf </ |/r<oo.

R+ J R+

Therefore LP(R+) C L^R4") + L2(R+) and (43) defines the Walsh-Fourier transform of 
any f G LP(R+) for 1 < p < 2. x

The following result answers the question of integrability of f so defined. Inequality (44) 
is called Hausdorff-Young inequality.

THEOREM 9. Let 1 < p < 2 and q be the index conjugate to p. If f G LP(R+) then 
f G L9(R+) and

(44)
\

PROOF. By (16) in 9.2 the Walsh-Fourier transform is of type (1,00). By (34) above
the Walsh-Fourier transform is of type (2,2). The constant in both cases is 1. Therefore, 
the Riesz- Thorin theorem implies that the Walsh-Fourier transform is of type (p, q) with 
constant 1, i.e., that (44) holds for all / G LP(R+). |

9.4 Inversion of the Walsh-Fourier Transform. For each / G LJ(R+) and each t > 0 
define the Walsh-Dirichlet integral by

(45)

By Fubini’s theorem it is clear that
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In view of (37) we see that
(46) Stf = f * Dt
for t G R+ and / G L^R"1"). Thus the generalized Dirichlet kernel Dt plays the same 
role for the Walsh-Dirichlet integral that the Walsh-Dirichlet kernels do for partial sums 
of Walsh-Fourier series.

Recall from 9.3 that for integer values of t, the generalized Dirichlet kernel is a zero 
extension of the Walsh-Dirichlet kernel outside [0,1), namely

%:>&(%/)

0 y G [1, oo)
for t = n G N. To see what happens when t £ N set

'■= t - [<]
and t

:= / ipt(x)dx (£e P,t e R+)
Jo

(compare with (48) in 1.5). Notice by (10) in 9.1 that

Dt{y) = I

J ipy(x)dx = rl>[t](y)j\l](t).
'[<]

Consequently, by definition
(47) Dt(y) = D[t](y) + MiOjg/W 

for y,t G R+.
The generalized Dirichlet kernel satisfies many of the same properties as the Walsh- 

Dirichlet kernel. For example, since
< S'"'1

for 2n < y < 2n+1, n G N, and t G R+, it follows from (47) and Theorem 10 in 1.6 that
(48) |D,(»)| < ^

Also, we have by Paley’s lemma that

D2n(y) =

and by (47) that
D2-n(y) = J^[y|\2 n) = 

for n G N. Therefore,
(49) D,. =2"%[0,2

Combining (49) with (46), it is now evident that
л2-"

(^2"/)W = 2" / /(z + u)
Jo

for n G Z and x G R+. Hence the following is true.

(y,t 6 R+).

ye [0,2-")
ye |2-,oo),

2~n ye [0,2")
0 y e [2", oo),

) (n e Z).

du
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Corollary 3. If f £ L^R4") then 

i) nlimc||52n/-/||1 =0

ii) lim S2n/ = / a.e. on R+ 

and

iii) lim (S2-nf)(x) = 0 for all x £ R+

In particular, if f,g£ L1(R+) and f = g a.e. then f = g a.e. on R+.

In sharp contrast to iii), the L1 norm of the Walsh-Dirichlet integrals of order 2~n 
converge to |/(0)| :

Theorem 10. If f e L^(R+) then

lim ||52-n/||i = I Í f(x)dx . 
n~*°° |7r+

In particular,
ll^-n/Hi = 0

if and only if /(0) = 0.

PROOF. For each n £ N let Xn represent the characteristic function of the interval
[0,2").

Consider the function

f2n
T»/:=%_.// /(z)

Jo
dx.

By (46) we have
Tnf = 2 n(f*Xn-XnJQ f(x)dx\

Since II/ * $r||i < ||/||i||flf||i for f,g £ L1(R+), it follows that

(50) l|Tn/||l < Ii +
s:

f(x) dx <2||/||i

for n £ N.
Let g be any dyadic step function on R+. Choose N £ N such that
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Then n > N implies 

and
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S2-*g = 0 on [2n, oo) 

r2n
S2-ng = 2' ! on [0,2").

Thus Tng = 0 for large n. Since the dyadic step functions with compact support are dense 
in Li(R+) it follows that

^limJTn/lli =0

for all / E L1(R+). Consequently the proof of the theorem is complete. |
Theorem 10 is a special case of a general theorem from martingale theory. Indeed, since 

S2-nf is the conditional expectation of / with respect to the cr-algebra generated by the 
sets [b2n, (k + 1)2"), k,n 6 N, the sequence (52-n/, n 6 N) is a reverse martingale.

We close this section with some inversion results for the Walsh- Fourier transform.

Theorem 11. Let f e L1(R+) be W- continuous on R+. If f E L1(R+) then 

(51) /(<) = Í f{y)*Pt(y)dy
J R+

for all t E R+.

PROOF. Let e > 0, fix t E R+, and choose by hypothesis an integer n > 0 such that

!/(< + «)-/(<)! < б

for all и E R+ which satisfy |u| < 2~n. Clearly,

i:
/(уЖ(у)^у-ДО = К%"Л(()-mi

f2"n<2"/ !/(( + %)-Д<)|
Jo

du

< £.

Therefore

But

f2" -hm / f{y)My)dy = /(<)•
n~*°° Jo

I ~ f°° _
/ /(y)V’t(y) dy < / |/(y)| dy 0

I •/ 2n У2П

as n —> oo since / is integrable. Therefore, (51) holds for all t E R+. I
For a dyadic field analogue of Cesàro summability we introduce the Walsh-Fejér integrals

(a„/)(x) ■=- Í (Stf)(x) 
u Jo

dt
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for X, и E R+ and / E L^R*). Integrating by parts, we have by the definition of St that

(52) (<ruf)(x)-J (l-^Jf(t)rpt(x)dt

for x,u E R+ and f E L1(R+).
Define the generalized Fejér kernel by

£u(y) := - Í Dt(y)dt (y,u E R+). 
u Jo

(We have used a different notation for the generalized Fejér kernel because it is not simply a 
zero extension of the Walsh- Fejér kernels introduced in 1.8 (see (56) below).) By definition, 
(48), and Fubini’s theorem we have

Thus

(<?„/)(%) = - / (f*Dt)(x)dt 
u Jo 

Г°°= / >£u{y)f(x + y)dy.
Jo

<T„/ = / * (u€R+,/SLi(R+)).

We will estimate the tCu’s and show auf —* / in L1 fR+ ) norm as u —> oo. 
First introduce the second integrals

r(2) (i) := f‘/l'\x)dx (<eN,t€[0,l)) 

Jo

and extend the jl^’s to R+ by periodicity of period 1. Notice that

It follows that

(53) 

and

(54)

(0 < t < 2", n E N).

«^2n+2m + fc(^) = 0

sup = 2-"—"
ÍGR+

hold for all 0 < к < 2m, 0 < m < n, and 

(55) 4-( i) = ™P i4?(<)i = 2-»
<GR+

— n—2
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for n 6 N. Let
OO j

My) := Y,‘riT,D*-‘(v + 2i~"> (v e R+).
j=0 t=0

Then /o(y) > 1 for y G [0,1), f0(y) > 2Г"-' for y G [2", 2" +1), and f0(y) > 2~n~m~2 for 
y G [2n 4- 2m,2n + 2m+1) and all 0 < m < n, m,n G N. Thus by (54) and (55) we obtain

(56) ||J$||o= < (y e R+).

Next extend the Walsh-Fej ér kernels (K(,£ G P) to R+ by

Ke := ^(Di + -D2 + • • • Dt)

(i.e., /ty := 0 on [1, 00) for i G P). By definition and (47),

[“M rk+l ru
uK.u(y) = У2 / Dt(y)dt+ / Dt(y)dt

}ыо Jk Л»!

[“]—1
= Z (^(y) + ^(y)^(i)j

+ (« - M)T>[„](y) + V)[u](y)J[^M

for u, y G R+. In particular, it follows from (56) that

(57) |K.(w)| < |J7M(lz)l + 2My) (y e R+)

for и > 1.

Theorem 12. For every f e V(R+),

(58) lim ||<7„/ - /||i = 0.

Proof. By Theorem 16 in 1.8

F[u]||i<2 (u>l)

and by Paley’s lemma

Thus it follows from (57) that

ll/olll < 4.

(59) ||AC„||i < 10 (u>l).
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Fix n E N and set / := %[0, l)tvn. By (10) in 9.1 we have

f(y) = Í wn(x)ipy(x)dx = [ wn®[y](x)dx 
Jo Jo

for all y 6 R+. Consequently, / = %[n,n + l). Therefore, it follows from (52) and inversion 
that

dtf(x) - (*«/)(*) = J rpx(t) dt~ J (X “ u)

1 /‘"+1
= - tipx(t)dt 

^ J n
= фп(х) f (n + dt

u Jo

for X E R+ and и > 1. In particular, if

g(t) := n + t (t в [0,1)) 

then the Walsh-Fourier coefficients of g satisfy

\Wuf~ /||i = “Ш*1-
We conclude that (58) holds for f = %[0,1)гуп.

By translation invariance, (58) holds for every / in the closed system

{%[m, m + l)tyn : m, n E N}.

But the operators au (u > 1) are uniformly bounded on L1(R+) since by (59)

IK/||i = ||/*k:„||i<||/||iF«IIi<10||/||i.

We conclude that (58) holds for all / E L1(R+). |

9.5 The Inverse Dyadic Derivative. For each n E Z define a function Wn by specifying 
that its Walsh- Plancherel transform satisfies

(60) (^^)(y) := W,(y) :=
o ye [0,2-")
1 /у У E [2-гг, оо).

Notice since TWn E L2(R+) that (60) uniquely defines Wn E L2(R+) (see Theorem 7 in 
9.3).

The Wn’s are also integrable./
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Theorem 13. For each ne Z,

wn e L1(R+)nL2(R+).

Moreover,
Г2* 1

Wn{x) = lim / —V’x(y) dy
k-*ooJ2-n y

for n e Z and a.e. x G R+, where this limit exists both pointwise and in the L1 norm. 

Proof. Fix n e Z and set

Г 1Wn.mC^) :== / ~^x(y) dy
J2~n У

for x G R+, m G Z. Let Ä G N with к > m and integrate by parts twice to see

f2* 1
Wn.fc(x)-Wn}Tn(x) = j -rpx(y)dy

_ AjfcQ) _ -P2"»(g) , ^2fc(x)
- 2* 2m 2*

_Щ& + 2Г2 L.Ks(x)dy,

6 J 2m У

Since ||JD2? | x = 1 for j G Z and ||£u||i < 14 for и > 1 (see (49) and (59) in 9.4) it follows 
that WTlik — Wn}m and Wn^ are integrable with

||Жп,к-Ж»,т||1=0(2—)

uniformly in n, as fc, m —> oo. Therefore, for each n G Z there is an L1 function Z7n such 
that

(61) Un = Jirn^ Wn,m

in L1 norm. Since by (48) in 9.4

P.(*)i < I
and consequently

|K„(z)| < ^ (x,v > 0)

it also follows that this limit exists pointwise on R+. In particular, (61) holds for a.e. 
x G R and it remains to show

Un = Wn (n G Z).
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But by Corollary 2 in 9.3 and (35) we have
— f2"* 1Wn(x) = (FWn)(x) = l.i.m. / -ipx(y)dy = l.i.m.H^, m(®).

m—*oo y2_„ у т—юо

Since И^П)Пг —» Un a.e. as m —> oo, we conclude that Un = a.e. |
The functions (W*n, n G N) provide a kernel for dyadic integration. Specifically, if given 

/ G L^R4") there exists a function g G L^R4") such that
lim IIWn * f ~g\\i = 0

then g is called the (strong) dyadic integral of / and will be denoted by I/.
The following characterization of the dyadic integral is a transform analogue of Corollary 

1 in 5.2.
Theorem 14. Suppose f,g G L^R4"). Then

9 = 1/

if and only if
9(9) - I

PROOF. Suppose g = I/, i.e.,
Jim \\Wn * / - 0II1 = 0. 

Then by (17) and Theorem 3 in 9.2 we have
Í 0

0

7W/!/
9 = 0 

У > 0.

g(y) = lim Wn(y)f(y) = I TW/y
9 = 0 

9 > 0.
Conversely, suppose g(y) = (1 /y)f(y) for у > 0 and y(0) = 0. Notice that %[0,1) = 

x[0,1) and by a change of variables that

(62) D3-»=%[0,2-") (nGZ).

Thus by hypothesis the Walsh-Fourier transforms of

Wn*f-Wm*f and S2-ng - S-2-mg 
are identical for all n, m G Z. Hence

||Wn /b = ||52-«9 - S'a—ylb-
But y(0) = 0 so it follows from Theorem 10 in 9.4 that {Wn * f,n G N) is a Cauchy 
sequence in L1. Therefore there is a function h G L^R4") such that Wn * f —* h in L1 

norm. By definition
h - If.

Hence by what we have already proved

Г 0 9 = 0

1 f(y)/y 9 > 0.

Thus h(y) = g{y) for y G R+ and it follows from Corollary 3 in 9.4 that g = h — If. | 
This leads easily to a partial fundamental theorem of dyadic calculus (see also TiUiOi.r i 

16 and Corollary 6 below).

%) =
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COROLLARY 4. If f e L1(R+) is strongly dyadically differentiable and /(0) = 0 then

/ = I(d/).
PROOF. By hypothesis and Theorem 5 in 9.2 we have

0 У = 0{ d/(y)/y у > 0.

Therefore the conclusion follows at once from Theorem 14. |
It turns out that classical integrals of dyadically integrable functions behave in a special 

way.

COROLLARY 5. If f is dyadically integrable then

f2n

/ / =
Jo

as n —> oo.

PROOF. Let ng Z and apply Theorem 4 in 9.2 to / and д = %[0,2 n). In view of (62) 
we have

y2" y2_n _/ f = 2n / /■
Vo Vo

On the other hand, if A = I/ then by Theorem 14 we have

7(2/) = 2/%) (У > 0).

It follows that
r2n r2~n

2” / / = 22" / !/My)dy
Vo Vo

for all ne Z. Since h(0) = 0 and A is W-continuous, we conclude that

f2"
/->0

as n —» oo. I
It is clear that not every / e L1(R+) is dyadically integrable. A concrete example is 

given by / := x[0,1). Indeed, / = / and

0У„*Л(у)= <
(0 yE[0,2-")

l/y y e [2-М)
о ye[i,oo)
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for n E N. Hence by inversion we have for a.e. x E [0,1) that

= n log 2.

Therefore Wn*f fails to converge, as n —> oo, a.e. on R+ and / is not dyadically integrable.
In sharp contrast, the function %[0, l)ivm is always dyadically integrable for each m E P. 

In fact,
Theorem 15. Let

Y := {x[0,2n)wm2-n : n E N, m E P}.

Then the linear hull of Y is L1 dense in the set of dyadically integrable functions.
PROOF. Fix m E P. By repeating the argument above with %[0,l)u>m in place of %[0,1) 

we see that x[0, l)wm is dyadically integrable. Thus Y consists entirely of dyadically 
integrable functions.

Let / be dyadically integrable and e > 0. Choose an jV E N such that

Set
/ = /l + /2 := X[0,2N)f + x[2N, 00)/

and observe that Ц/2Ц1 < £• Also notice that

belongs to the linear hull of У for all n > —N since Pn(0) = 0. 
Clearly,

II/ - Pn II1 < ll/l - Pnlll + II/2 II1

< ll/i — Sinfi ||i + ||2 Nx[0,27V) Í /||i + II/2II
Jo

< II/1 — -S^n/i||i + 2e.

Moreover, 52"/1 —> /1 in L1 norm as n —* 00 (see Corollary 3 in 9.4). We conclude that 
IIPn — /||i < 3e for all n E N large enough. |

For the remainder of this section we shall investigate the strong and pointwise dyadic 
differentiability of the dyadic integral I/. We begin by describing the difference operator 
dn(I/) (see (12) in 9.1) in terms of the function an introduced by (26) in 9.2.
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LEMMA 1. Suppose f € b1 (H+) is dyadicaJly integrable. Then

d„(I/) = dnW„ . /

and

(63) (dnW„ * /)(x) = lira [ --^-f(y)xj>x(y)dy
k—°° Jo У

for n G N, where the limit exists both in the L1 norm and for a.e. x G R+. 
PROOF. We have by definition that

(d„Wm,i)(i) = 5 f \j (*-(») - Ф,+г-и*»(у)) dV

~L
J=-n+l 

2 ûfn-l(y) ipx{y)dy

for x G R+, m > n, and & 6 N. Since on vanishes on [0,2 n) it follows that 

(64) dnWmik = dnWn,t = Vn<k

for any m > n and к G N, where

VnM ■■= ^х[2-",2‘)(у) (n,* g N, y 6 R+).

By the proof of Theorem 13 above,

dnWm = lim dnWm}k
k—>oo

in L1 norm and a.e. Since translation is an isometry in the L1 norm, it follows that

d„(Wm * /) = dnWm * /
= (Jim^dnWm.jk) * f 

= lim (dnWm,k * f) = dnW„ * /
fc—»oo

for m ^ n. Consequently,

d„(I/) = Jim^ dn(Wm * /) = dnWn * /.

It remains to verify (63). By construction and (21) in 9.2, it suffices to show

Г°°(d.Wn.t */)(%)= /
Jo

VnM
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for к G P and a.e. x G R+. But by Theorem 4 in 9.2 and by (19),(20) and (64), 

f°°/ vn>M = / (VnMf 
Jo Jo

= í°°rxVntkf 
Jo

= [ TxdnWn,kf = (dnwn}k * /)(x)
Jo

as promised. |
To estimate dniyn we introduce functions ßn on R+ by

ßn(y) := Vi-i2-7
j= — n

for n G N and y G R+. Notice once and for all that

(65) 2"a„(2-"y) = &„(y)

for n G N and y G R+. We also introduce function /„, gn defined by

/»(*)== 2-" 53 52 r>2<(* -i- 2->-*)
j= — oo t—J

gn(x):= 53 2>532-‘D2,(x + 2--’-1)
j— — oo i=n

for n G Z and x G R+. (The function /0 was introduced above (56) in 9.4.) Clearly,

and

ll/nlli < 53 (n-; + l)2-"+' =4

ЫЬ < 53 2-"+i+1 = 4

for all n G Z.

Lemma 2. For each n G N and x G R+ Jet

Vn(x) := lim Í ^n^rpx(y)dy. 
k—°° Jo У
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Then Vn exists everywhere and

(d»+i^+i)(z) = 2-"Vb»(2-"z) 

for n G N and a.e. x G R+. Moreover,

\Vn\ 6 Ю/o + <fo + x[0) l)|dnM/'|

and
IIV.IIj = 0(1)

as n —> oo.
PROOF. Fix n G N. By repeating the proof of Theorem 13 it is easy to see Vn exists 

everywhere on R+. Moreover, by using the change of variables y = u2n we have by (65) 
that

(dn+1Wn+i)(z) = lim / ^{-%x(u)du
k—>oo JQ U

-НГ Г

= 2~n lim í ^2n(y)v>2-"T(y)dy 
k~*°° Jo У

= 2-"^(2-"z)

for x G R+.
To estimate Vn, notice first that

ßn(y) = к
for y G [i2n + k,i2n + к + l), i,n G N, 0 < к < 2п. Next define 0 < (j)n < 2п for each 
; G N by

; = Ü>n (mod 2").
Thus (compare with (21) in 6.2)

(67) Vn(x) = Y 0)„ ^j(x) f tiïÉtl dy
j=i Jj y

= Y 0’>n wÂx)Aj(x) + |x[0,1) Y ^njWj^ (x)

=: %!')(%)+ (x[0,l)d»M:)(z)

Aj(x) J Q - Ф[х]{у) dy
where
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for j G P and X G R+, and

W:=l + J2
k= 1

For each j G P we have from integration by parts that

A){x) + A){x).

Using (56) and the mean value theorem for integrals we see that for a suitable choice of 
£ 6 (j, j + 1) one has

14(41 = (i - I

- J3^°(x)-

Similarly, using (56) and the fact that

i^mi < ^

we can show

Therefore,

\A2j(x)\ <

|V-(x)| < 4/0(x) £ йа + 12£ - 4-)(1)| + ш £ Я.

j-\ J j=1 J j=2" J

for X G R+. Since
Î^<ÊÎ<2

j—1 j= 1

U)n
2

and

V _ V V' ___ —

r tzi J

oo 2" — 1

we have
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But by (55) and the fact that J^(l) = 0 for i G P it is clear that

|J|'](l)-J[i](l)l < 5O.M + jfV‘D,(* + 2*).
k-o

Moreover, Theorem 15 in 1.7 implies
2" — 1 00

i£^l<£2-*«z>2.
j=l J k=0

for n 6 N, where D2k is the periodic extension of Z)2* from [0,1) to R+. In particular, it 
follows from the definition of go that

j= 1 3

for n G N and x G R+.
We have proved that || < 10/0 + go- By (67) this implies

|Kt| < Ю/o + <7o + l)\dnW\.

Furthermore, it is clear by (22), (23) and (24) in 6.2 that

f1 \dnW\ = 0(1)
Jo

as n —> 00. We conclude by (66) that || || 1 = 0(1) as n —♦ 00. |
These estimates imply that every dyadic integral is strongly dyadically differentiable.

THEOREM 16. If f G L1 (R+) is dyadically integrable then If is strongly dyadicedly dif­
ferentiable in L1 and

d(I/) = /•

PROOF. By Lemma 1 we need to show dnWn * f —* f as n —>00 for all dyadically 
integrable /. Define linear operators Tn on L1(R+) by

(68) Tnf := dn+1Wn+i * f (nfN,/EL'(R+)).

By Lemma 2 these operators are uniformly bounded:

l|T„|| < ||d„+,W'„+1||,
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as n —► oo. Hence by Theorem 15 it suffices to show

nlimJ|r„/-/||1 =0

for

(69) / := x[0,2,)wm2— (s E N, m G P).

Fix n, s E N and m E P. Set
y(u) :=

and

Notice that

m + u'
7»(*0 := <x„(u2~3) - u2~a (0 < и < 1), 

rn{x) •■= (^J уп(и)у(и)ф[х](и) du'j фт(х) (x E R+).

|^n||L4R+) =
k=0

= 117п7||а
< ||7п||а||т|1а

(see (45) in 1.5 and the opening remarks of 2.4). Since

*n(y)-y = - %r= Л rk-i{y) 1

2 к 2*+1 2n+1fc=n+l fc=n+l

for у < 2s and n > s, we have by definition that

*<«>- t
fc=n+l

for 0 < u < 1. Consequently,
llTnllA = 2^.

On the other hand, since 7 is twice continuously differentiable in the classical sense (see 
Exercise 2.13) we have

IItIIa < 00.
Therefore

Jim ||F„||ti(R+) = 0.(70)



(
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To finish the proof notice that (69) implies

7=2.x£,I2±!).

Hence we have by (63) that

,(m+l)/2' (y)-y
(Tnf)(x) - f(x) = 2* / ^Ш-1фг(у)ау

J m/2* У

for n G N, x G R+. Make the substitution u = y2e and apply (10) in 9.1. It follows that

/“(m+1) zy /».о-»! _ ,,o-»
(T„/)(z) - /(z) = 2' / -2Í------ !■--------- V-[,](u)V>[«l(i) du = 2‘F„(x).

Jm u

We conclude by (70) that Tnf —* f in L1 norm as n —> oo. |
To investigate the pointwise dyadic differentiability of the dyadic integral we introduce 

the maximal function
Г/ := sup \Tnf\ (f G L1(R+))

n6N

where the operators Tn were defined in (68) above.
Notice by Lemma 2 that the operator / —► T* f is of type (oo, oo). The following result 

shows T* is of weak type (1,1).
THEOREM 17. There is a constant A > 0 such that

\{T'f>y)\<A^-

for all f G L^R-1") and all y > 0.

PROOF. For n G z and any function h defined on R+ let us use the notation 

A<n>(z) := 2~nh(x2~n) (x G R+).

Let /„, gn be defined by (66) and recall that

ll/nlli, llynlli < 4 (n G Z).

Notice for i,j G Z that

2~nD2i(2~nx + 2™0+1)) = D2i-n(x + 2"°™n)™1)

(m,n G Z).
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\K,\ < Y.V~‘ £№■ +t2-,.,D2,)
j=0 i=j

<X> ‘-D2,+f,.
t'-O

Moreover, for 2* 1 < £ < 2s, s,l G P, it follows from Theorem 16 in 1.8 that

By (22),(23), and (24) in 6.2, therefore,

X[0, l)|d„W| < 4(£>2, + £ 2-"P2. ) + 8(£ 2+ /„)•
a=0 s=0

Since = D2‘-n, we conclude by Lemma 2 that
2n

|V2<„n>| < 10/_„ + s-„+4(D2n +^2’-2"B2.-.) + 8(/„
s=0 5 = 0

For each h 6 L1(R+) let

and

E*h sup |B2.- * h|, 
i€Z

:= sup Igi * h\, 
iez

:= sup |/i * h I 
i€Z

We have proved that
T*/< 12£*|/| + G*|/| + 34F*|/|.

Now, the concept of quasi-locality for operators introduced in 6.2 can be extended from 
[0,1) to R+. It is not difficult to verify that E*, F*, and G* are all quasi-local. Moreover, 
Theorem 4 in 6.2 has an analogue for R+. In particular, it follows that F*, F* and G* 
are weak type (1,1). Thus so is T*. |
COROLLARY 6. Suppose f 6 L1(R+) is dyadically integrable. Then If is a.e. dyadically 
differentiable on R+ and

(i/)1’1 = /•
PROOF. Let Z represent the linear hull of the space Y defined in Theorem 15. Let X 

denote the collection of dyadically integrable functions in LJ(R+). By Theorem 15, Z is 
dense in X. By the proof of Theorem 16, Tnf —> f a.e. as n —► oo for every / € Z. And, 
by Theorem 17 the operator f —* T*f is of weak type (1,1). We conclude by Theorem 2 
in 3.1 that Tnf —► / a.e. for all / G X. |

We also notice by the Marcinkiewicz interpolation theorem that T* is of type (p, p) for 
1 < p < oo. Hence there is a constant Ap > 0 such that

II sup \dnWn*f\ ||p < ApWfWp
n 6N

for / 6 LP(R+) and 1 < p < oo.
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9.6 The Mellin Transform. The Fourier transform induced by the locally compact 
abelian (multiplicative) group F* := F \ {0} is called the Mellin transform. Let и be the 
multiplicatively invariant Borel measure on F* which satisfies i'(B) = 1, i.e., let и be a 
Haar measure on F*. Then the Mellin transform of an / G L* := L* (F*) is given by

Mf{7):= Í f(x)j(x)du(x)
J F*

for each character 7 on F*. Being a Fourier transform, M satisfies multiplicative analogues 
of (16),(17), and Theorems 1 through 4 above (see the remarks following Theorem 4 in 
9.2). The purpose of this section is to describe a method for generating the characters of 
F*, obtain an explicit formula for Mf using the identification of F* with ZxB, and show 
inversion holds for square integrable functions.

Since F* is algebraically isomorphic to Z x В (see (8) in 9.1), the character group F* 
must be isomorphic to ZxB. Thus we begin by identifying the multiplicative characters of 
B. For this it is important to realize that every element of В has a product representation.
LEMMA 3. To each x G В there corresponds a unique sequence of numbers y} = 0 or 1 for 
j G P (called multiplicative digits of x) such that

(71) *=П(со+ =,')”•
j-1

PROOF. Let y G в. According to (1) and (6) in 9.1 we can write у uniquely as

(72) у = e° +
j=1

Consequently, we can define a formal product on В by

фМ := П(ео+^)-
j=1

Notice for each yj G {0,1} that (e0 + yje-j) = (eo + Cj)y>. Consequently, the proof of the 
lemma will be complete if we show Ф is defined on all of В and is a 1-1 function from В 
onto B.

To show Ф is defined on B, fix y G В, set Po(y) '•= e0 and

pn(y) := flieo + yjej) (n G P).

j=1

For m G N with binary coefficients

m = ^2 1

>=1

(73)



9.6 The Mellin transform 447

set
Gm(v):= П (»>«/)”'• 

j = l
(Note: In this section we find it convenient to shift the indices of the binary coefficients 
of elements of N by 1 (compare (73) above with (3) in 1.1)). Clearly for each n E P, the 
2n-th partial sum of the series

(74) E G">(y)
m=0

coincides with Pn(y). Since ||е,|| = 2 J and

£iig».(v)||< EuIK'ii
m=0 m=0 j'=l

2"—1 oo

^ ЕП m;

< П(1 + 2-')
l-l

< П(1 + 2“') < СО, 

1=1

it follows that the series (74) converges. Consequently, the partial products Pn(y) also 
converge as n —» oo and Ф(y) is well defined.

To show Ф is 1-1 from В onto B, fix x E B. Since

ei = eí Ü G P)

we have for any choice of пг, n2,..., nm E {0,1} with m = nx -f 2n2 + 3n3 + • • • -f- mnm 
that

Пe? = nw)14 = em-
j=i j=i

П(е° + yjci) = 53 Grn(y)

j— 1 m=0

= e0 T 5 y emÿm(y)

m=l

Consequently,
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where
9m(y)--= 53 уГуГ •••Ушт (mod 2)

m+2nj+3n3H----(-m nm=m

for y G В and m G P. Since the gm's can be written as

Ут(у) = Ут + 5Z уГ1 Уз'"' Ут-I1 (mod 2)
ni+2n2+3n3H----Km—l)nm_i=m

and X can be written as

it is evident that

if and only if

and

OO

X = e0 + y^xjej,
j=1

* = Y[(eo+yjej)
i=i

= У1

(75) + £
П1+2п2+Зпз+1"+(т —l)nm_i=m

уТуТ Ут-V (mod 2)

for m = 2,3,, where the sum in (75) is by convention zero if the index set is empty. In 
particular, the map Ф is onto. In fact, by (75) the dyadic digits yi,y2,- • • can be defined 
recursively by

У1 :=

and

for certain functions

Ут •— xm -f- Am(xi,..., xm—\ ) (mod 2)

Am : Z2m 1 —> %2

for m = 2,3,.... Consequently, Ф is also 1-1. |
Notice that every rearrangement of (74) converges to the same sum. Thus the product 

(71) actually converges unconditionally.
COROLLARY 7. Let x G В and (yj,j G P) represent the multiplicative digits of x. Then

(76) x = JJ JJ(e0 + e2m-n)2 У2*(2т+1).
m=0 k=0

PROOF. For j G P choose fc,m G N uniquely so that

j = 2*(2m + 1).
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Then by unconditional convergence we can write (71) as

(7?) X = П Д(е0 + e2*(2m+i))!'2*(2m+1)-

However, an easy induction argument establishes

(78) eo + e2*(2m+l) = (eo + e2m+i)2

for k,m G N. Combining this with (77) we obtain (76). |
We are prepared to identify the multiplicative characters of the compact abelian group

B. Denote the circle group {е,в : в G [0,2тг)} by T. For each £ = 2*(2m + 1) G P define

к
(79)

for X G В with multiplicative digits (yj,j G P), where г = Í- For n G N with binary 
expansion

n = ^n^-1

define
yn ■= П(<мп<-

Notice each vn is a finite product, hence continuous from В to T and

v2i-1 = фе

for each £ G P.
THEOREM 18. The full set of multiplicative characters of В is given by the system

(vn,n G N).

PROOF. Fix k,m G N and set £ := 2k(2m + 1). To show each vn is a character of В it 
suffices to show

(80) фе(х ■ x) = фе(х)ф((х)

for x, x G B.
Fix such x, x and represent their respective multiplicative digits by yj, ÿj for j G P. For 

each integer 0 < s < к set

<* У2*-*(2т+1) + У2к~‘ (2m+l)
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and let ß9 represent the multiplicative digit of x • x of index 2* 5(2m + 1). Notice by 
Lemma 3 and its corollary that

x ■ x = f[(e0 + = f[ Д(е0 + e2v(2u+1))W“+i>+^(="+i>.
j= 1 U = 1 U=1

This is not a canonical product so it is not necessarily the case that a9 — ß9. Nevertheless 
we see by (78) that they are related by

as + f,+i — 219 + ß9

for s = k,k — tk+1 = 0, and t9 G {0,1}. Therefore,

к к
ехр(тп ^(a, - ßa)2 s) = ехр(тгг ^(2t, - f,+i)2 *)

s=0 s=0

= exp

= exp тгг \^2t0 

= exp 2mto = 1.

h+A 2k )

In particular,
к к

ехр(ттг ^2 ß» 2~J) = ехр(ти ^ a9 2~a)
5 = 0 5=0

and (80) follows at once from (79).
Conversely, let / be any multiplicative character of B. By Corollary 7 we have

(81) f(X)= П П -f(e° + e2m+l)2 !'2*(2m + 1)
m=0 k=0

for x 6 В with multiplicative digits (yj,j G P). Thus / is completely determined by its 
values

/(eо + e2n,4-i) (m G N),
Fix x G В with multiplicative digits (y>, j G P), and observe that /(e0 +e2k(2m+1)) —> 1 

as & —» oo. Thus for each m G N there is a qm G N such that

/(e о + e2im (2m+i)) = (/(eo + e2m+i))2 = 1.

Choose a natural number 0 < pm < 24m such that

2mpri
(82) /(eo + e2m+i ) — exp

2<7r
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for m G N. Suppose for a moment that for all m G N there is an sm G N such that
/(e0 + С2«т(2т+1)) = —1-

Since eo + e2*m(2m+i) —» eo as m —» oo it would follow from (82) and the continuity of / 
that /(eo) = —1, a contradiction. Hence such an sm can be found only for finitely many 
m G N, i.e., there is an M G N such that

Pm = 0
for m > M. In view of (81) and (82), we have verified that

(83) f(x) = exp 2m ^-2*y2*(2m+1)
m—0 k—0

and that these sums are finite.
It remains to show the right sides of (83) and (79) coincide for a suitable choice of n G N. 

Define n G N by

n := 22V(2m+1)_1

m=0 v—0
where for each m G N coefficients n™ — 0 or 1 are determined by

Pm

24™ = ^<2"(V+1)
v=0

and n™ := 0 for each v > qm. Thus the binary coefficients (n*,£ G P) of n satisfy 

(84) = ^2nV(2m+iy

By definition and (79)

2-0+1)
j=о

».(*) = П П
m=0 j—0

oo oo j
= Jj[exp7n^^2 an2i(2m+1)J/2;-.(2m+1).

m=0 j=0 5=0
Moreover, it is easy to see by substituting & for j — s that

oo j
exp m ^ ^2 2 *n2>(2m+l) У2>-*(2тп+1) 

j = 0 5=0
oo j

= exp тгг^^ 2fc™-,n2, (2m+1)t/2t(2m+1)
j=0 Jk=0

oo j
= exp 2ттг 2~(j+1)n2,- (2m+i) ^ 2fcy2*(2m+1) 

j=0 t=0

= exp 2тгг ^ 2_0+1)n2i(2m+1) ^ 2*y2*(2m+i>.
j=0 k—0
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Consequently, it follows from (84) and the calculation above that 

un(z) = exp2т, Y ^T2*i/2‘(2m+i)
m—0 k—0

We conclude by (83) that vn(x) = /(x) as required. |
The set of characters of any compact abelian group is itself a group. Thus for each pair 

n, t G N there is an integer n о l 6 N which satisfies

Vnof — VnVf.

An explicit description of the operation о can be given. Indeed, fix n, t G N and notice 
by the proof of Theorem 18 for j = 2m + 1 that

Vn(e0 + tj) = exp 7Г, y^nj2»2~J
4=0

for n with binary coefficients (n„,u G P). Hence if (l„, v G P) represents the binary 
coefficients of t then for each j G P we have

vn(eо + ej)ve(e0 + e,) = exp тг, ]>^(п,2. + ^2,)2"'
3=0

— Vnot(ë0 d" )

= exp 7Г, £(n 0 ^)j2* 2-'.
4=0

In particular, the operation о on N satisfies

(85) c i)(2„+1)2.2-<’+1> = f>(2m+1)2.2-<’+1> + f]Wi)2‘2'<,+1) (mod 1)
4 = 0 4=0 4=0

for every m G N.
Let Q°° denote the product group formed by taking the cartesian product of countably 

many copies of the group of dyadic rationale Q (with addition modulo 1 as the group 
operation ).For each n G N with binary expansion

n = ^2 ro>2ji-1 

j= i

define an element x = (xo, x\,... ) G Q°° by

xm •— 2m+l)2J2 ^ + ^

a=0

i

(

(m G N).
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Then (85) implies that the map n —* x is a group isomorphism of (iV, o) onto Q°°. In 
particular, the character group В is isomorphic to Q°°.

It is easy to see that the translation invariant measure /x when restricted to В is also 
multiplicatively invariant. Hence it follows from Theorem 18 that the system (un, n E N) 
is orthonormal on L^(B). Now the definition of <j>i shows that for each l E P there is a 
function B( depending only on the digits x\,..., x/_i of x (see (72)) such that

<}>l(x) = exp m(xe + Bt(xi,..., xt-\)) 

for x E B. Thus each <f>t is Ae- measurable. Moreover, since

£{4>t\Al~l) = exp 7nB((xi,...,xt-i)£(expmxelA1-1)

we also have
£(ф,\А'~') = 0 (Í6P).

In particular (see Schipp [14]) the system (un,n E N) is a convergence system. That is, if 
F E LJ(B) and

an(F) := [ Fvn d/x (n E N)
J в

then

N
(86) Jim y'an(F)un = F

N—KXD iy
n=0

a.e. [/x] on B.
We are now prepared to describe F* and show inversion holds for the Mellin transform. 

As we noted near the beginning of this section, F* can be identified with ZxB and F* can 
be identified with ZxB, where the group operation on Z is classical addition of integers 
and that on В is multiplication from F*. Thus by classical Fourier analysis and Pontryagin 
duality, Z is isomorphic to the circle group T. By Theorem 18 above, В is isomorphic to 
(N,o). Consequently, F* can be identified with the product group [0,1) x N where the 
group operation on [0,1) is addition modulo 1 and that on N is defined by (85) above.

With these isomorphisms in mind, we can identify Haar integrals on F* and F* as 
follows. If / E Lj, := Lj,(F*) then

(87) [ fdv=Y,Í /(t,z)d/x(z).
Jf- kez J в

If g E L!(P) := Ll(F* ), and V represents Haar measure on the group F* , then

gdv= V / g(a,n)da.
F* nGN

(88)
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Moreover, using the fact that the characters of a product group are products of the char­
acters of the factor groups, we see that the characters of F* are given by

7a.n(fc,*) ’— cQ(/;)un(z)

for (k,x) e Z X В and (a, n) G [0,1) x N, where

ea(k) := e*(a) := exp(27rika)

for к £ Z and a G [0,1). In particular, the Mellin transform defined at the beginning of 
this section takes on the explicit form

(89) (Mf)(a,n) =У]ек(а) ( f f(k,x)vn(x)

for (a, n) G [0,1) x N and / G Lj,.
This definition makes sense for any / in L* U L2. In fact,

THEOREM 19. i) If f G L* then the right side of (89) converges absolutely and uniformly 
on [0,1) x N, hence Mf is continuous.

ii) If f G L2 then the right side of (89) converges in L2 norm and a.e. on [0,1) X N. 
Moreover,

(90) \\Mf\\LH7) = ll/IU;.

PROOF. If / g Lj, then we have by (87) that

53 / l/(M)|<Mz) < oo.

Hence i) follows easily from the Weierstrass M-test.
If / G L2 and n G N then the sequence (c*(n), к G Z) defined by

Cfc(n) := / f(k,x)vn(x)dn(x) (k G Z)
в

belongs to i2(Z). Hence the right side of (89) is a trigonometric Fourier series, T^, of 
some L2[0,1) function. By Carleson’s theorem (see Carleson [1]; compare with Theorem 
14 in 3.7), converges a.e. on [0,1) for each n G N. By the Riesz-Fischer theorem, 

converges in L2[0,1) norm for each n G N. Moreover, by (87), Parse val's identity and
(88), we also have
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This verifies (90) and the proof of ii) is complete. |
By (88) the inverse Mellin transform of a g £ L^P) is defined by

(91) (M'g)(k,x) := ^ vn(x) f Í g(a,n)ek(a) da
r»6N ^

for (k, x) G Z X B.
THEOREM 20. i) Ifg£ LJ(P) then the right side of (91 ) converges absolutely and uniformly 
on Z x B.

ii) If g G L2(P) then the right side of (91) converges in L2 norm and a.e. on Z x B. 
Moreover,

\\М'д\\ьг =

PROOF. Notice for each fixed к G Z and g G L2(P) that the right side of (91) is a Fourier 
series of an L2(B) function with respect to the system {vn,n G N). Moreover, recall by 
(86) that this system is a convergence system. Consequently, we can verify this theorem 
by repeating the proof of Theorem 19. |

It is now easy to see that inversion holds for the Mellin transform.
Theorem 21. i) If f e L2 then

ЛХ'(УИ/) = /
a.e. and in L2 norm, 

ii) If g G L2 (P) then

a.e. and in L2(P) norm.
M(M'g) = g

PROOF. Fix m G N, j G Z and define functions fmj f on Z x В and gmj := g on 
[0,1) x N by

f(k,x) := Sjkvm(x)
and

g(a,n) := 6nmej(a).

By definition and orthogonality we have

(Mf)(a,n) = ek(a)6jk / vmvndfi 
ke z

— finmCji01)
= g(a,n)

for (et, n) G [0,1) X N. Similarly

(.M'gXa.n)

f(k,x)
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for (k, x) 6 Z X B. Thus Mf = g, M'g = /,

M'(Mfmj) = fm,ji
and

Àf(«M Çm,j) — 9m,j
for each m G N and j G Z. However, it is easy to see that

{fm,j : m G N, j G Z}
is a closed system in L2 and

{gm,j : m G N, j G Z}
is a closed system in L2(P). Hence inversion holds and the proof of Theorem 20 is com­
plete. I
9.7 The Fast Walsh Transform. Let g be a discrete function of order N, i.e., a function 
defined on the set {0,1,..., N — 1}. The Walsh Transform of g is the discrete function of 
order N defined by

(92) g(j) #W-^)
k—0

for 0 < j < TV, where each wj is a Walsh function as defined in 1.1.
The Walsh Transform plays the same role for discrete functions as the Walsh-Fourier 

transform does for functions in L^(F) and the Walsh-Fourier coefficient map does for 
functions in L^G). It is easy to see that the Walsh Transform is linear on the collection of 
discrete functions of order N. Moreover, when N is a power of two, say N = 2" for some 
n G N, then the collection {0,1,..., N — 1} forms a group under dyadic addition 0 whose 
characters are given by the maps к —► wj(k/N) for j = 0,1,..., N — 1. In particular, the 
Walsh Transform is a Fourier transform on a compact group, hence satisfies the kind of 
duality exhibited by (18) and (19) in 9.2.

There is a close connection between the Walsh Transform of order N = 2n and the 
Walsh-Fourier coefficients of An-measurable functions. Indeed, if g is discrete of order 2n 
and

(93) G(x) := g(k)

for X G [fc/2n, (k + l)/2n), к = 0,1,... ,2” — 1, then G is ^"-measurable on [0,1) and the 
map g —► G is a linear isomorphism between the collection of discrete functions of order 
2n and the collection of ^"-measurable functions on [0,1). Moreover, the Walsh-Fourier 
coefficients of G obviously satisfy

G(j) = f G(x)wj(x)dx 
Jo

= ^ E с(|гИ(|г)

= 9Ü)



for j = 0,1,... ,2” — 1.
Since an ,4n-measurable G satisfies
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2" —1

G(x) = (S2«G)(x) = ^2 G(k)wk(x)
, *=°

for X 6 [0,1), it is now clear that inversion holds for the Walsh Transform of order 2n: 
THEOREM 22. If g is discrete of order N = 2” and g is its Walsh Transform then

N-1
g(k)=

j=0

for к = 0,1,... ,N — 1.
The Walsh Transform can be used to approximate Walsh-Fourier coefficients. 

THEOREM 23. Let ne N, / be Riemann integrable on [0,1), and

9n(k) := /(^)

for fc = 0,1,..., 2" — 1. Then the Walsh Transforms of gn satisfy

f(j) = }™09nU)‘

PROOF. Let N = 2n and suppose N > j. By hypothesis

(94) =
Jfc=0

Since {k/N : к = 0,1,..., TV — 1} generates an even partition of [0,1), it is clear that the 
right side of (94) is a Riemann sum. Consequently,

lim gn(j) — f f(t)wj(t)dt = f(j). I n-+°° Jo
The chief advantage of this observation lies in the fact that a Walsh Transform of order 

N = 2n can be computed very efficiently (see Theorem 24 below).
Let £k represent the conditional expectation operator with respect to the cr-algebra Ak 

for A: G N. Recall from 3.1 that for each / G L1,

(96) ft(V) =
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for each A*-measurable function Л, and

(97) £t(£,f) = £,(£kf) = £,f 

for i < k, i, к £ N. Recall also that

(£kf){x) = ($2к1)(х) — ir / 41 f /

for X E [0,1). Since each A*"1"1 -measurable function Л is constant on any dyadic interval of 
length 2~k~1, it follows that

(98) (f»A)(*)«|(A(*0) + A(xi))

where Xq is any point from the left half of /*(х) and is any point from the right half of
h(x).

Let g be discrete of order 2n and fix an integer 0 < j < 2n. Let G be the An-measurable 
function corresponding to g (see (93) above). Thus

g(j) = [ wjG.
Jo

Write the binary expansion of j as

(99)
n —1

7 = Z>2

у—0

This suggests a recursive method for о imputing the Walsh Transform of g. 
THEOREM 24. Let n E N, N = 2n, and suppose g is discrete of order N. Set

(101) Fn(j) = g(j) (j = 0,1,... ,N — 1)

and recursively define discrete functions rjt of order n for к — n — l,n — 2, ...,0 by
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for 0 < p < 2k and 0 < g < 2n k 1. Then the Walsh Transform of g is given by

Ш) = Го(п(Л) и = о,1,...,лг-1)

where n(j) is the bit-reversal of j defined in at the end of 1.4.

Proof. Let G be the An-measurable function corresponding to g. Set G°n Gn and 
for each 0 < к < n and 0 < s < 2n~k let G9k be the Л ^-measurable function defined by

0’кф = Fk(pT'-k + s) (0<p<2‘).

By definition and by (102) and (103) we have

Gk2 = 2 (GUi(ÿ) + + 2НТ))

for i G {0,1}. Consequently, (98) implies

= 4WGJ+1) (0 < g < i = 0,1)

for к = n — 1, n — 2,..., 0. Applying this identity successively, we arrive at

G?(,) = foM-r’'...4-„VG)

for ç = ço + <Zi2 H------b <7n-i2n_1 and n(ç) = g02n_1 H------b qn-1- Specializing to := jv
where the jv's are given by (99), we conclude from (95) and (100) that

F„(nO')) = g;u> = £„(r’Vf ... rjiv G) = Ш) 

for j = 0,1,... 2n — 1. I
The algorithm suggested by (101), (102) and (103) is called the Fast Walsh Transform 

(FWT). It is presently the most efficient algorithm for computing the Walsh Transform. 
Notice for each fixed к that (102) requires N additions and (103) requires N subtractions. 
Hence apart from normalization by 1/2, the n step algorithm FWT takes

nN = N log% N

arithmetic operations to compute g. In sharp contrast, definition (92) takes N2 arithmetic 
operations. Thus FWT results in considerable savings. For example, if 7V = 1024 then 
N logg N = 10,240 but N2 = 1,048,576.

There is another “Walsh” transform which appears in the literature. Let (H^n\n G N) 
represent the Hadamard matrices. Thus the k-th row of is given by

{и>п(к)(ф) : j = 0,1,...,2" - 1}(104)
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for each n G N, 0 < к < 2n, where к —> n(k) represents the bit-reversal map (see 1.4).
Let g be discrete of order N = 2n. The Walsh-Hadamard Transform G of g is defined by 
the matrix equation

Though not widely circulated, there is a simple relationship between the Walsh Trans­
form and the Walsh-Hadamard Transform. Indeed by definition, if g is discrete of order
N = 2n and G is its Walsh-Hadamard Transform then

N — l

for 0 < к < 2n. Since bit-reversal is its own inverse it follows that

G(k) = g(n(k))

for к — 0,1,..., 2n — 1, where g is the Walsh Transform of g. In particular, the Walsh- 
Hadamard transform has a two- sided inverse and can be computed efficiently by a trivial 
modification to any existing program which computes FWT.

The Walsh Transform has many applications.
Most of these are based on the fact (see Theorem 23 above) that FWT approximates 

the Walsh-Fourier coefficients of a sampled function.
For example, consider the problem of pattern recognition. A known quantity (such 

as human speech, cursive letters, or handwritten codes) is analyzed by determining the 
relative strengths and distribution of its Walsh-Fourier coefficients. A standard is formed 
based on this characterization. An unknown pattern can be recognized by sampling it, 
applying FWT, and comparing the results with the standard. The unknown pattern is 
identified with the known quantity when its Walsh-Fourier coefficients fit the standard.

Another example is image enhancement. A picture is reduced to square gray levels 
(called pixels) to produce a discrete function /. The Walsh-Fourier coefficients of / are 
approximated by FWT. These coefficients are altered to produce subtle changes in the 
original picture. Since higher order coefficients tend to be generated by edges and sharp 
transitions, diminishing higher order coefficients tends to blur or reduce contrast in the 
original picture. This technique is helpful for images which contain interference (so-called 
noisy transmissions). On the other hand, diminishing lower order coefficients tends to 
sharpen the original picture. This technique is useful for images where lighting was too 
intense, too weak, or where the image was blurred by atmospheric effects such as fog or a 
light cloud cover.

Other applications stem from the fact that FWT is incredibly fast. Take, for example, 
matrix multiplication and matrix inversion. Since the digits of a number can be treated as 
a discrete function which can be expanded in a Walsh-Fourier series, multiplication can be
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done in transform space more efficiently. Even for something as simple as the multiplication 
of two numbers, this method can be as much as 40 times faster for 1000-digit numbers.

All these applications work as well with any Fourier transform, not just the Walsh one. 
There are other applications which use the Walsh Transform in an essential way. We close 
this section with such an application. Define a function e* on [0,1) by

ejfc :=
1 - Wk

2
(fceP),

and consider the associated Fourier coefficients

(105)

for к E P and G E L1. Clearly each e* takes only values 0 and 1, and by definition the 
7(fc)’s can be obtained from the Walsh-Fourier coefficients of G by

iW = |(G(o) - G(k)) (к e P).

In particular, if G is an An-measurable function and if G(0) arid 7(k) are known for 
к = 0,1,..., 2n — 1 then G can be reconstructed using FWT. This observation suggests a 
physical method for collection of data which simulates the Walsh Transform.

Suppose data is collectable in 2n — 1 separate channels and that the signal in each 
channel is constant over small time intervals. (Spectroscopy and Radio Astronomy offer 
good examples for this application.) For each i = 1,2,..., 2n — 1, let g(i) represent the 
datum coming through the г-th channel. Let G represent the An-measurable function 
corresponding to g. Under normal circumstances the data g would be collected by taking 
2n — 1 readings, one per channel.

Consider a different scheme for collecting the data g. Read several channels at once, 
adding the results and dividing this sum by 2n_1. Repeat this process 2" — 1 times to 
generate new data 7(1), 7(2),... ,7(2" — 1). At each reading, the decision regarding which 
channels to collect is mandated by the coefficients £{j := e,(j/2n). If = 1 then collect the 
j-th channel on the i- th reading. This process yields 7 as defined in (105). In particular, 
the original data g can be recovered from the collected data 7 by a single application of the 
Walsh Transform. This method is especially useful when background noise or interference 
is independent of the intensity of the signal and not multiplied across several channels. 
Indeed, the intensity of 7 is 2n_1 times that of g. Thus for large n the background noise 
tends to affect 7 very little.

Exercises

9.1. Suppose / and its Walsh-Fourier transform f belong to L^lV"). Suppose that / 
is W-continuous on R+ and sequency-limited, i.e., /(y) = 0 for y > 2” and some n E Z. 
Prove that f has the sampling representation

°° и
/№ = £/(5;;)Do(2”t + k) (t e R+).

Jfc=0
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(Hint: Show
Do(2"( + &) = (t + l)/2") (<)

for t E R+, к e N, n E Z, and

/•(*+ D/2”
m=2"/ /

Л/2"

for < E [k/2n,(k + l)/2”), Jfe E N, n E Z.)
9.2. Suppose / and / belong to L1(R+), that / is Ж-continuous on R+ and duration- 

limited, i.e., f(t) = 0 for t > T for some T E R+. Prove that / has the sampling represen­
tation oo ,

= + (<eR+).
k=0

Moreover, show the truncation error

Jc
R„(t) ■■= т-^Н^;)Оо(2п< + к)

k=0

satisfies
Г°° -Halloo := sup |Л„(<)| < 2 / |/|.

tGR+ J 2"
9.3. Show, unlike the trigonometric case, that there exist functions which are simulta­

neously sequency-limited and duration- limited.
9.4. Show the Walsh-Fourier transform of any / E I/(R+) can be estimated by

l/MI < ;) (y > 0).
^ У

9.5. Suppose f and d^f E L](R+) for some r G N. Show

um(f,S) = 0(6ruw(d^f,S))

as 6 I 0.
9.6. Suppose / satisfies the assumptions in Exercise 9.2. Suppose further that either
i) dE L!(R+) exists and belongs to Lipct, 
or
ii) f E Lip(a + r) for some a > 0 and r E N.
Show there is a constant L > 0 such that

II я
or+a—1

< jT _____ 2-n(r+0,_1)
r + a — 1
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For the remaining exercises we introduce the following notation. Let (Í2, Л, v) be a 
probability space, p and n be fixed integers greater than 1 and for к = 0,1,..., n — 1 let

$jfc := WÍ : j = 1}

be a fixed sequence of L2(i), Л, i/) functions. Denote the product system of the ’s by Ф, 
i.e., for m = (mo,mi,... , mn_i) with 0 < mj < p set

V'm :=

Suppose further there are cr-algebras

Exercises

A0 := {Û,0}Ç A Ç...ÇAnÇA
such that consists of Лк+i-measurable functions for к = 0,1,..., n — 1.

9.7. (Generalized Fast Fourier Transform: GFFT.) For a given G € L2(fí, Л, и) set 
F® := £nG and

for m = 0 < к < n — 1, where represents conditional expectation
with respect to the er-algebra Л*.

i) Prove the recursion formula

Л" = С r ) (t = 0,1,..., n -1)

where m' = (mjt+i ... ,mn^i) for к < n — 1 and m' = 0 for к = n — 1.
ii) Prove

F(T = / GVm.
JQ

9.8. Adapt GFFT for the original Walsh system and the bit-reversed Walsh system and 
obtain an analogue of Theorem 24 in each case.

9.9. Repeat 9.8 for the two-dimensional Walsh system and for the multidimensional 
Walsh system.

9.10. Repeat 9.8 for the discrete trigonometric system and the multidimensional discrete 
trigonometric system.

9.11. Repeat 9.8 for the Vilenkin systems.
9.12. Suppose

£к(ч>к*Л) = 6ij

for 0 < i,j < p. Prove the product system Ф is orthogonal.
9.13. Let T be a Z2-linear transformation of {0,1,...,2n — 1}. Compute the Walsh- 

Fourier coefficients of An-measurable functions with respect to the system

WT(k) (0 < к < 2").
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(Hint: In the notation of Theorem 7 in 1.4 prove

9.14. For X = (x0,xi,... ) and y = (y0,yi ... ) in G define

z«y := (zo,I/o,%i,6 G.

Prove that the map (x, y) —* x • y is a measure preserving bijection from GxG onto G.
9.15 For n = n0 + rii 2 + ... and m = m0 + m1 2 + ... in N define

n о m := n0 + m0 2 + ni 22 + mi 23 + • • • € N.

i) Prove that the map (n, m) —♦ n о m is a bijection of N x N onto N.
ii) Let ф denote the Kronecker product system generated by the Walsh system ф := G.

Prove
Фп,т(х-> У) — ФпОт{х • У)

for n,m 6 N and x, y G G.
iii) Let 0 : G —» G2 represent the inverse of the map (x, y) —* x e y. Prove that

/(n,m) := / /фп,тп d(fi x р)

= (/ о 0)(n о m).

iv) Use (iii) to describe FWT for the two-dimensional Walsh system.
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0.0 Banach Spaces. Let F be a field. A linear space over F is a set X together with 
operations

: X X X —► A, • : F x X —► X

such that (X, +) is a group (see 0.3) and

a-(x + y) = a- x + a- y 
(a + ß)-x = a'X + ß- x

1 • X = X

a ■ (ß • x) = (aß) ■ x

for all a,ß e F, x, y G X, where 1 is the unit element of F. If F := R := (—oo, oo) then 
X is called a real linear space.

A normed linear space is (for us) a real linear space X together with a function

11-11% := IMI : X -» [0, oo)

such that
||x|| =0 if and only if x = 0,

||o-x|| = |a| llarjl,

and

conditions and, in place of the triangle inequality, there is a constant C > 0 such that

Il* + Vll < <7(11*11 + ||t/||)

for all x, y G X.
Let X be a normed linear space. A sequence (x„,n G N) of elements in X is said to 

converge to y in X if ||xn — y|| —> 0 as n —> oo, and said to be Cauchy if ||xm — xn|| —» 0 
as n, m —» oo. Clearly every convergent sequence is Cauchy.

A Banach space is a complete normed linear space, i.e., a normed linear space in which 
all Cauchy sequences are convergent. For any complete measure space (ÍÍ, u) the spaces 
Lp(fi) are Banach spaces for 1 < p < oo. The norms are given by
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For 0 < р < 1 the map / —* ||/||p is a quasi-norm, but Lp(i2) is still complete.
Let X, Y be normed linear spaces. A function A : X —» Y is called a linear operator if

A(a • X + ß • y) = a • A(x) + ß • A(y)

for all or, ß E R, x,y E X. A linear operator A from X to Y is said to be bounded if its 
operator norm

||Л|| := sup
11*11 JT = 1

||Л(х)||у = sup
z/0

l|A(z)||y
Ikllx

is finite. The collection of bounded linear operators from AT to У will be denoted by 
£(X; У). This space is a normed linear space under the operator norm and a Banach 
space when У is. Moreover, each A E £(X; Y) is continuous from X to У .

A subspace of a linear space X is a subset Z of X which is closed under the addition 
and scalar multiplication of X. Thus every subspace of a normed linear space is itself a 
normed linear space.

A closed system in a normed linear space X is a collection (x7,7 E Г) of elements in 
X whose linear hull is dense in X, i.e., given x E X there is a sequence of finite linear 
combinations of the e7’s which converges to x in the norm of X.

Denote the collection of natural numbers {0,1,...} by N. Let An E £(X; У) for n E N. 
The Banach-Steinhaus theorem states either

sup ||An|| < oo
n€N

or there is a dense Qs set E in X such that

sup ||An(x)|| = oo (iE E). 
n£ N

Thus An(x) converges for every x E X if and only if there is a closed system Z of X and 
a constant M > 0 such that An{z) converges for each z E Z and ||An|| < M < oo for all 
n E N.

An operator Л E £(Х;У) is called compact if any sequence (xn,n E N) in X with 
||xn|| < 1 (n E N) has a subsequence such that A(x„fc) converges in У as к —* oo. The 
collection fC(X; Y) of compact operators from X to У is a closed ideal in C{X\ Y).

The Banach space X' C(X\ R) is called the dual of X, and its elements are called 
bounded linear functionals. There is natural embedding of X in X" := (AT')', namely 
evaluation

x(x') := x'(x)

for x E X and x' E X'. If X = X" then X is said to be reflexive.
Let X be a normed linear space and Z a subspace of X. The Hahn-Banach theorem 

states that any A E Z' has a norm preserving extension to all of X, i.e., there is а Ф E X' 
such that Л = Ф on Z and ||Л|| = ||Ф||. Thus given x E X, x fails to lie in the closure of 
Z if and only if there is a functional Ф E X' such that Ф(х) = 1 but Ф = 0 on Z.



0.0 Banach spaces 467

Numbers 1 < p,p' < oo are called conjugate exponents (or conjugate indices) if

i + i
P P

= 1.

Let 1 < p < oo and p1 be its conjugate exponent. Let (fZ, u) be any a-finite measure space. 
The Riesz representation theorem states that a functional Л belongs to (Lp(fZ))' if and 
only if there is a function cp G Lp (ÍZ) such that

ИЛ!1 = \W\\p'

and
Л(/)= / (/ЕЬ'(П)).

Jn

Thus the dual of Lp is isometrically isomorphic to Lp (ÍZ) for 1 < p < oo. For the case 
ÍZ := [0,1) and v is Lebesgue measure we have from the isometry condition that

for 1 < p < oo and p> G Lp[0,1). We shall occasionally use this identity to compute an Lp 
norm.

The following result is also called the Riesz representation theorem. If fZ is compact 
Hausdorff space and if C(fZ) represents the continuous, real-valued functions on fZ then a 
functional Л belongs to (C(iZ))' if and only if there is a finite (real) Borel measure v on ÍZ 
such that

A/= //dr (/EC(fZ)).
J n

In particular, functionals on L°°(fZ) can be represented as finite Borel measures through 
this identification.

The Banach-Alaoglu theorem states that the unit ball in any Banach space is always 
weak*-compact. The version necessary for us is that if (i/n,n G N) is a sequence of Borel 
measures on some compact Hausdorff space ÍZ whose total variations satisfy

sup ||i/„|| < M < oo
nGN

then there is a subsequence of integers (n&, & G P) and a finite Borel measure v on ÍZ such 
that jjz/|| < M and

for all / G C(fZ). This form is easy to verify by diagonalization since C(fZ) is separable 
when ÍZ is compact.

Given Banach spaces X and Y define

(x, y) -f (z, w) := (z + z,y + w)
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a • (x,y) := (a • x,a • y)

||(x,y)|| :=max{||x||x,||y||y} /
for (x, y), (z,w) G X x У and a real. It is easy to check that these definitions make X x У 
into a Banach space. Moreover, any functional Л belongs to (X x У)' if and only if there 
exist functionals Ф G X' and Ф G Y' such that

ЦЛ|| = ||Ф|| + ||Ф||

and
Л(х,у) = Ф(х) + Ф(у)

for (x, y) G X x Y. This observation can be generalized to countable cartesian products in 
the following way.

Let (Jfn, У • ||„), n G N be a collection of Banach spaces, let X := Xo x X\ ... (see 0.4) 
and define addition and scalar multiplication on X coordinatewise. For £ = (£n,n G N) G 
X set

||£||oo :=: sup ||£n||n 
r»6N

and for 1 < p < oo define

11(11, :-(EHWK
It is a routine exercise to verify that

i /p

X’ := {( e X : Hill, < oo}

is a Banach space for each 1 < p < oo, and that

A'0°° := {( G I : ||Cn||n ~0 as n —> oo} 

is a closed subspace of X°°.

For each n G N denote the dual of Xn by (У„, | • |n). Let Xq° and Y1 be defined as 
above. Then the dual of Xq° is isometrically isomorphic to У1. Indeed, if Ф = (Фп, n G N) 
belongs to У1 then the map

Л(():=ЕФ"(Ы (( = ((«.n 6 N) e X°°)
n=0

is clearly a bounded linear functional on X°° with

<№|y-

On the other hand, if A belongs to the dual of Xq° and for each n G N we define 

An(£o>Cii • • • )'sn) :== A(i^o, Ci» • • • )£n)0,0 ... )
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then Лп belongs to the dual of Xo x X\ x • • • x Xn. We have seen how to represent the 
dual of the cartesian product of two Banach spaces. Iterating this representation we find 
linear functionals Ф; G Yj (j = 0,1,..., n) such that

||Л„|| = ЦФ1Ц H------- f ||Фп||

and

Лп(СоЛь---.Сп) =
j=0

for all (Co,Cb ••• >Cn) 6 Xq x X\ X • • • X Xn. Since

► (Co,Ci,••• )

in X°°, as n -too, for all £ = (£„,n G X) G A"o°, and since A is continuous on АГ£°, it 
follows that A has the desired representation. Moreover, since ||Л|| > ||Ф||у1 for

Ф := (Ф„,п G N),

we have also verified the isometry condition. (A similar representation holds for the duals 
of Xp when 1 < p < 00 (see Exercise 3.20)).

0.1 Orthonormal Systems. A Hilbert space is a (real) Banach space H whose norm 
II • II arises from an inner product, i.e., there is a function

( , ) : H x H —► R

such that
(af + ßg, h) = a (/, h) + ß (g, h),

(1) (f,g) = {g,f)

and

(2) ИЛ!'= (/,/),

for all f,g,heH and a, ß G R.
A projection on a Hilbert space H is a linear map P : H —> H which is idempotent and 

self adjoint, i.e.,
f(a/ + ßp) = af(/) + ßf(<,)

(3) P2(f ) :=(PoP)(/) = P(/),

and

(4) (Pf,g) = {f,Pg)

for all f,gÇ.H and a,ß G R. A collection of projections Pi, P2,. ■. is called orthogonal if

(5) P,oP,=0

The following result and its corollary will be referred to as Bessel’s inequality.
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THEOREM 1. If Pl, P?,... is an orthogonal collection of projections on a Hilbert space H 
then

£||я/112< ll/ll2,
1=1

for all f e H.

PROOF. Fix an integer n > 1 and observe by (2),(1) and (5) that

0<||/-i>/f
1=1

= ii/ii2-Ê №/./)•
t=i

Hence it follows from (3),(4) and (2) that

0< ll/ll2
i=l

for any integer n > 1. The desired inequality follows by letting n —► oo. |
A collection (фп,п G N) of elements of a Hilbert space H is called an orthonormal 

system if

i = j

i f j-

COROLLARY 1. If (фп,п G N) is an orthonormal system in a Hilbert space H, then

£l< ш i2< ll/ll2
i=0

(6) (4>>) =

for all f G H.

PROOF. For each integer i > 0 set

P,f := </,Vn}V>í (/ e H),

and verify that (Pn, n G N) is an orthogonal collection of projections. Since

PVII = I (ШI
for г G N, the desired inequality follows from Theorem 1. |

An orthonormal system G N) is called complete if (/, 0,) = 0 for i = 0,1,...
implies / = 0 in H. Bessel’s inequality becomes an identity for complete orthonormal 
systems. In fact,
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THEOREM 2. Let H be a Hilbert space and (i/>n,n E N) be an orthonormal system in H. 
Then the following four conditions are equivalent:

(7) (фп,п E N) is complete;

(8)
(if Snf := nToV-V-iH
1 then S'n/ —> / in H as n

(/ E Я, n E N),
—> 00 for аЛ f E Я;

(9) (f,g) = £(/,</>;}
i=o

(/,9ЕЯ);

and

(10)
ll/ll2 = £l (/,*-> I2

(/ e Я).
*=0

PROOF. Fix / and д in H.
Suppose (7) holds. By orthogonality it is clear that

m—1

*=n

for any integers m > n > 0. It follows from Corollary 1 that the sequence (Snf, n E P) 
is Cauchy in H. Since H is a Banach space, there exists а д E H such that Snf —> g as 
n -4 oo. Thus for each integer г > 0 we have

0 = lim (Snf - g, tpi)

П —1
= V’j) - (9, Vn) •

n^°° j"=o

In particular, (6) implies {/ — g, i/>,) = 0. We conclude by (7) that f — g = 0, i.e., Snf —> / 
in Я as n -4 oo.

If (8) holds then it is clear that

(/, 9) = (S„/, 5ng>.

(sn/, 5n5) = 53 53 (/> V’j) (V’i, V’j) (9, V’i)
i=0 j=0

= 53 (9,^)
i=0

However,
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by orthogonality. Therefore, (9) follows by letting n —> oo.
Since (9) implies (10) (set g = /), it remains to show that (10) implies (7). But if 

(/, — 0 for i = 0,1,..., then (10) implies that ||/|| = 0. Hence / = 0 and (7) follows
by definition. I

Equation (9) is called Parsevahs identity.
Identity (10) shows that the map / —> ((/, г/>;), i G N) takes H into the collection of 

square summable real sequences. The following result, called the Riesz-Fischer theorem, 
shows that this map is onto.

THEOREM 3. Let H be a Hilbert space which contains a complete orthonormal system
(ipn, n G N). If (a„,n G N) is a sequence of numbers which satisfies

53 N2 < 00
i=0

then there is an f G H such that

(И) °i — (/> V’i) (* € N),

and

PROOF. By Theorem 2 it suffices to show (11). For each integer n > 1 set

Observe by orthogonality that

m — 1

IIS™ - S„lli = £ hi2

for any integers m > n > 0. It follows by hypothesis that (S„,n G N) is Cauchy in H. In 
particular, there is an f E H such that 5n —> / as n —► oo.

Let n > г be integers. By orthogonality it is clear that

{Srn Ipi) — öj .

Hence let n —> oo to conclude that
(/, V’i) = a,-

for i G N. I
The space L2 of square integrable functions defined on the interval [0,1) is a Hilbert 

space with inner product
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\

Given a function f integrable on [0,1], its Fourier coefficients with respect to an or­
thonormal system (ipn,n G N) in L2 are given by

/(:')== ('EM).
Jo

Thus by the Riesz-Fischer theorem, an integrable function f belongs to L2 if and only if 
its Fourier coefficients with respect to any orthonormal system in L2 are square summable.

An orthonormal system (xpn,n € N) in L2 is called uniformly bounded if there is a 
constant M > 0 such that

(12) l№lloo<M (:GN).

The following result is called the Hausdorff-Young theorem. It is an extension of Bessel’s 
inequality from p = 2tol<p<2.

THEOREM 4. Suppose V’o> Vh> • • • JS a uniformly bounded orthonormal system in L2. If 
f G Lp for some 1 < p < 2 and q is the index conjugate to p, then

(pmA < м(2/'-1)ил|,

where M is given by (12).

PROOF. For every 1 < p < oo let

and let
Il/ll<~ := sup 1/(01-«ÉN

By Bessel’s inequality we have

(13) 11Л1/, < II/II2.

By (12), it is clear that

(14) 11/11,- < МП/ll,.

Fix 1 < p < 2 and choose 0 < t < 1 such that p = 2/(1 + t). If q is the exponent 
conjugate to p then q = 2/(1 — t). Thus

(15)
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and

(16)
1
Ч

1 - t 
2 + 0.

In the next section (see the interpolation result Corollary 3 in 0.2) we shall prove that if 
T : L1 —> £°° is a linear map such that

I|t/|!(> < a||/||2,

l|r/||,~ < Sll/llb

and p and q satisfy (15), (16) for some 0 < t < 1, then

(17) ЦГ/11,. < A—S'll/ll,.

Consider the map T : L1 —> i°° defined by

Т/ :=(/(%),% EN).

It is clear that T is linear. Hence by inequalities (13) and (14) and the interpolation result 
cited above, we have

11/11« <M2,p-' ll/ll,. I

The Hausdorff-Young theorem cannot be extended to the case p > 2. Indeed, for the 
trigonometric case there exist continuous f such that

= oo

for all 1 < q < 2 (see Zygmund [1], p. 199). This fact also holds for the Walsh case (see 
the remark following Theorem 10 in 2.4).

0.2 Interpolation Theorems. Let C represent the set of complex numbers. The three 
lines theorem from classical complex variables states that if f is holomorphic on the open 
strip

{zeC:fie(z) 6(0,1)},

continuous and bounded on the closed strip {z E C : Re (z) E [0,1]}, and

M{x) := sup |/(x + гу)| (x E (0,1))
!#GR

(where г := V—T), then

(is) M(<) <M(oy-'M(i)' (f E(0,1)).
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Let J be a countable index set and let L° denote the collection of elements of the form 
G = (G/, I G J), where each Gj is a function measurable on [0,1]. For each pair of numbers 
1 < p, q < oo and each GeL° let

i/?№'«•) - II (DG'I’) Ik"
iei

It is easy to check that if p' (respectively, q') is the index conjugate to p (respectively, q) 
then

I < |Mk'(")l|G|li,'("')
/GI

for all F,G G L°. This inequality will be called Holder’s inequality for mixed norm spaces.
A linear map T : L1 —» L° is said to be of type (Lr, Lp(l9)) for some 1 < r,p, q < oo if 

there exists a constant M, depending only on r,p, g, such that

l|T/b«,) < M||/||Lr

for all / G Lr.
Let 1 < rj,pi,g, < oo for г = 0,1. The following result shows that if T is of type 

(Lr*', LPi(l9<)) then T is of type (Lr, Lp(^?)) for all points

<№>

in R3 which lie on the line segment between

,111s ,,111,
( , , J and ( ) ) )•

Po qo r0 Pl Çi ri

THEOREM 5. Let T : L1 —> L° be a linear map. Suppose 1 < rj,pj,qj < oo for j = 0,1, 
and that

1 1 -t <
- =------- 1---- ,
P Po Pi
1 1 -1 t
q qo qi

r r0 r2

(19)

for some 0 < t < 1. If there exist finite real numbers Mj such that 

(20) ||Т/||^(т)<М,||/||ьг,

for / G Lr-> and j = 0,1, then

WTfhnt') < Mj-Xll/lkr
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for all f G I/.

PROOF. Fix / G Lr and assume without loss of generality that ||/||z,r = 1- Suppose for 
simplicity that 1 < p,q,r < oo.

For any 1 < s < oo let s' be the exponent conjugate to s. Observe that

\\Tf\\LP(ti) =

In particular, it suffices to show that

(21)
£ g yC'»(I7)i j <

for each / G Lr, 7 := (7/, I e 1) e £q and <7 G Lp with

ll/IUr = Ihrll/*' = II0II lv' = 1-

Moreover, we may assume that both f and g are simple functions, and 7/ = 0 for all but 
finitely many I G T.

To establish (21) fix such /,7 and <7, and for each complex number z set

Л := |/|K(i-.)/r,+./r,)sgn y_

:= |/|f'«>-*)/rt+*M)sgn g,

7« := 7/, I e I),

where for any real a,

Hypothesis (19) implies /* 
imply that

1 о > 0
sgn o:= 0 a = 0

—1 а < 0.

/, g« = g, and 7t = 7. Moreover, the simplifying assumptions

(““) ll/j + ty II — Wdj+tylfj+tyW^ 1

for j = 0,1, and all y G R. For example, by construction

\fly\ — \f\rRe dl-iy)/r0 + (iy)/ri) _ |y |r/r° 5
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thus
II/., Ill- = (ll/l|r)r/r° = 1.

Consider the function

(z € C).

Our simplifying assumptions force F to be a finite sum of holomorphic functions; hence 
F is holomorphic on the infinite open strip {z G C : Rez G (0,1)} and continuous and 
bounded on its closure. And, since ft = /, gt = g, 7t = 7, it is clear that the left side of
(21) is precisely F(t). Hence by the three lines theorem it suffices to show

sup \F(j + *y)| < Mj
y€R

for j = 0,1. This inequality follows immediately from hypothesis. Indeed, by (20), (22), 
and the mixed norm Hôlder inequality, we have for j = 0,1 that

/ 9j+iy ^~^(tj+iy)i(Tfj+iy)j
Jo I€I

< Mj sup H/j+.Jlo \\9Нгу1Н*у\\гР'И1я'п
yGR ь * '

< Mj. I

COROLLARY 2. Let A represent the interior in R2 of the triangle whose vertices are 
(0,0), (1/2,1/2), and (1,0). Let T be a linear map from L1 into L° which is of type 
(L2, L2(l2)) and of type (I/, L5(f°°)) for each 1 < s < oo. If

sup IF(j 4- гу)| = sup 
yGR y€R

(H)6A
then T is of type (Lp, Lp(f9)). In fact, if

\\Tf\\mo) < Ao||/||l2

and

for all 1 < s < oo , then

\\Tf\\L-(t°°)<Mf\\L‘

Proof. Let

l|r/|U,(„,<AV’A(1’-2,/’||/||1,,.

I
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and set
3:=p(2-q)

p-q

Notice that (1/s, 0) is the X-intercept of the straight line through (1/2,1/2) and (l/p, 1 /q). 
In fact, if

Я

then
1
P

1 - t 
2 + t

s’
and

1
Я

1-t
2 + 0.

In particular, the corollary follows directly from Theorem 5 applied to p0 = qo = r0 = 2 
and pi = ri = s, q\ — oo. I

Let L° represent the collection of functions measurable and a.e. finite on [0,1]. The 
following result is called the Riesz-Thorin theorem.

COROLLARY 3. Let T be a linear map which takes L1 into L° and 1 < pj, rj < oo. Suppose 
there exist finite numbers Mj such that

ЦТ/Il« < Mjll/li«

for / E Lr-> and j = 0,1. If

and

for some 0 < t < 1 then

1 1-t t 
P Po Pi

1 1-t t
Г r0 Г !

Цг/llí. < Mj-xii/iit

for all f E Lr.

PROOF. Let J = {!}, identify L° with L°, Lp(f1) with Lp, and apply Theorem 5 to 
Lp(fi) and Lr. I

The Riesz-Thorin theorem can be generalized. For each measurable set E of real num­
bers, let |£| denote the Lebesgue measure of E and

x(£) := {à ТЛ
represent the characteristic function of E. For each measurable g define the distribution 
function Лg on (0, oo) by

*g(y) := |{ar G [0,1) : |g(z)| > y}|.
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Notice for 0 < p < oo that

f1 /*! rlp(z)|
/ ЫР = pyp~l dydx

Jo Jo Jo

= [ f pvv~1x([o, №)IDW<W3/-
Vo Vo

Consequently,

(23) hll? = Í Pyp~l^g(y)dy
Jo

for all measurable <7 and all 0 < p < 00.
A map T from Lp into L° is said to be of weak type (p, q) for some 1 < p < 00 and 

1 < q < 00 if there is a constant A > 0 such that

Ar/Qz) < (^ll/ll„y

for all / 6 Lp and all у > 0. Notice by (23) that

Xg(y) <
V

for all y > 0,0 < p < 00, and measurable g. Hence any map of type (Lp, L9) is necessarily 
of weak type (p, q).

An operator T which maps a linear space of measurable functions on [0,1) in the collec­
tion of measurable functions on [0,1) is called sublinear if

\T(f + g)\<\Tf\ + \Tg\

a.e. on [0,1) and
|T(o/)| = H \Tf\

for all scalars a and all f in the domain of T. The following generalization of the Riesz- 
Thorin theorem is called the Marcinkiewicz interpolation theorem.

THEOREM 6. Let T be sublinear and of weak type (po,qo),(Pi,Çi) for some parameters 
1 < Pi < 00, 1 < qi < 00 with pi < <7, (г = 0,1). If p and q are defined by (19) for some 
0 < t < 1 then T is of type (Lp, L9), i.e., there is a constant В > 0 such that

т\\я < Bii/ii,

for all f e Lp.

PROOF. By symmetry we may suppose that p0 > p\. For simplicity we also suppose 
that po = qo and pi =91, hence p = q. (These are the only cases used in our book.)
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Fix / and suppose for a moment that / = /о + /1 • Since T is sublinear we have 

Ат/(2у) < Ат/оЫ + Ат/г(у) (0 < у < оо).

Hence (23) and hypothesis imply

\\ТЩ= Г py*-l\Tf{y)dy 
J о

= p2p Í ур_1Ат/(2у)с?у 
Jo

where for each г = 0 or 1,

and

ЛОО

f,:=/ \\M?tdvi{y)
Jo

dui(y) := yp~Pi~l dy.

To estimate Iq use (23) to write

h-Po [ I tPo~1\fo(t)dt dv0(y).
Jo Jo

Specify /0 (hence /1 ) by

aw:= {f{x) l/(;h)l-y
( у otherwise.

Since Af0(t) = 0 for t > у and A/0(t) = Af(t) for t < у we have by Fubini’s theorem that

/0 = Po [ [ tPo-1A/0(t) dt duo(y)
Jo Jo

~PQ So It tP0~1Xf^du°^dt

It follows from the definition of u0 and (23) that
!

Uol < f <po-1+(p-Po)A#(i) dt
Po — P Jo

Similarly,
\h\< Pi

P(p-Pi)' P*



0.3 Locally compact abelian groups 481

ЦТ/HJ < 2'

Consequently,
( P°Ao° + Pi-4!1 
Vo ~P P - Pi 

We conclude that the theorem holds in this case with

i Ip

ii/ii?-

в = 2 ( aéSL + PiÆLX
\P0-P P-PlJ

We notice without difficulty that these arguments are valid for any measure space in 
which the Riesz representation theorem holds. In particular, Theorems 5 and 6 hold if 
[0,1) is replaced by any a-finite measure space.

0.3 Locally Compact Abelian Groups. Let G be an abelian group, i.e., a set together 
with a binary operation + defined on G such that

x + y = y + x (x,yeG),
X + (y + z) - (x + y) + z (x,y,zeG),

there is an element 0 G G satisfying

x + 0 = x (x € G),

and, given x G G there is an element —x G G such that

x — x := x + (—x) = 0.

Let H be a subgroup of G, i.e., a subset of G which satisfies

x + y e H (x,y G H).

The sets
H + x := {x + y : y 6 H}

are called cosets of H.
Denote the collection of cosets of H by

G/H := {H + x : x G G}.

Define equality and addition in G/H as follows:

H x — H -\- y if and only if x — y G H

and
(Я + x) + (Я + y) := H + (x + y) (x, y G G).

It is easy to see that G/H is an abelian group, the so-called quotient group of G modulo 
Я. The map x —► Я -f x is called the natural homomorphism of G onto G/H.
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A group G is said to be locally compact if there is a locally compact Hausdorff topology 
on G for which the map (x,y) —► x — y is continuous from the product space G x G onto G. 
It follows for such a group that the translation map x —► x + y is continuous for each y G G, 
and the reflection x —» —x is continuous on G. Hence if W is open in G and contains 0 
then there is a compact neighborhood У of 0 such that

V + V C W.

Also, if W is open in G and E is any subset of G, it follows that

W + E := {x + y : x E W, y £ E} 

is open, for it is a union of open sets:

W + E= |J(Vr + y).
!ZGE

And, if К i, К 2 are compact subsets of G then Ki + Ki is compact, since it is the image 
under the map (x, y) —► x + y of the compact set K\ x Я2.

A set E Ç G is called symmetric if E = —E. Since E П (-E) is always symmetric, 
it is clear that every locally compact abelian group has a neighborhood base at 0 which 
consists of compact, symmetric sets. Also notice since + is continuous, that given any 
neighborhood W of 0 £ G there is a neighborhood У of 0 G G such that V + V C W.

Let G be a locally compact abelian group, Я be a closed subgroup of G, and

h : G -* G/H

be the natural homomorphism. A set U Ç G/H is said to be open if U — h(V) for some У 
open in G. It is obvious that the collection of open subsets of G/H form a topology. Since 
by definition the natural homomorphism is both continuous and open, it follows that G/H 
is a locally compact topological space. Moreover, since

h(x - y) = (H + x) - (H + y)

it is easy to see that the group operations on G/H are continuous. Hence G/H is itself a 
locally compact abelian group if we can show that the topology on G/H is Hausdorff. To 
this end, suppose H + x ^ H + y in G/H. Then x — у £ H. Since y + H is closed in G it 
follows that there exists a neighborhood W of 0 G G such that

(1 + Ж)р|(у + Я) = 0.

Choose a symmetric, compact neighborhood У of 0 G G such that У+У C W. In particular, 
we have

(х + Я + У)р|(у + Я+ У) = 0.
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Since h(x + H + V) and h(y + H + V) are open in G/H, we conclude that H -f x and H + y 
have disjoint neighborhoods in G/H, i.e., G/H is Hausdorff.

A Haar measure on a topological abelian group G is a non- trivial non-negative, regular 
Borel measure pi on G which is translation invariant, i.e., such that

ц(Е + y) = fi(E)

for all y G G and all Borel sets E Ç G.
It is a fact that every locally compact group (abelian or not) has a Haar measure (see 

Pontryagin [1], for example). For a slick construction of such a measure see Bredon [1]. 
In the abelian case, the construction can be carried out efficiently using Kakutani’s fixed
point theorem (see Rudin [2]).

We shall not construct Haar measure here because for the groups we consider, the 
construction is trivial. By regularity, Haar measure y is finite when G is compact.

It is interesting to note that Haar measure is unique up to constant multiples. Indeed, 
suppose that pi and p are both Haar measures on a locally compact abelian group G. Let 
/ and g be functions continuous on G with compact support, and choose g so that

By translation invariance of pi we have

It follows from Fubini’s theorem and translation invariance of p that

f fdn= f [ f(y)g(y - x)dp(y)dpi(x) = f f(y)dp(y) Í g(-x) dpi(x) 
Jg Jg Jg Jg Jg

Hence pi = cp for

When G is compact we normalize its Haar measure y by requiring that //(G) = 1. For this 
reason pi is called the Haar measure of a compact G, and we shall write

L'(G) := L|,(G)

for the collection of real-valued integrable functions on G.
A character of G is a continuous function tp : G —» C which satisfies

tp(x + y) = гр(х)ф(у) (z, y G G),

and
\гр(х)\ = 1 (x G G).
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Thus every character of G is a continuous group homomorphism from G into the circle 
group

T := {z G C : \z\ = 1}.

Let G represent the set of characters of G. It is clear that G contains the identity 
function

■фо(х) := 1 (x e G),

and it is easy to see that G is an abelian group under the operation

(Ф + Ф)(х) := ф{х)ф{х)

for x e G, and ф,ф £ G. Thus, if z represents the complex conjugate of an element z G C, 
we have that

-ф(х) = ф(х).

The group G satisfies the following orthogonality condition.

Lemma 1. If ф,ф £ G and ф Ф Ф then

/ = 0.
JG

PROOF. Fix у £ G such that ф(у)ф(у) ф- 1. Since у, is translation invariant we have

/ ффdц= / ф(х + у)ф(х + y)dy,(x) = ф(у)ф(у) / ффdy,.
JG JG JG

The choice of y implies that this integral must be zero. |
For each compact set K Ç G and each real number r > 0 let

N(K,r) := {ф G G : |1 — ф(х)\ < r for all x G К).

Then the identity фо of G belongs to N(K, r). Moreover, any finite intersection of sets of 
the form N(K, r) contains a set of the form N(K, r). Consequently, these sets can be used 
as a base for a topology of G at ф0.

Accordingly, a subset V Ç G is called open if given ф G V there is a compact set K Ç G 
and a real number r > 0 such that

It is clear that the map (t/q ф) —> ф — ф is continuous from G x G into G, since
(V, + лгщ :)) - (f + лгщ :)) Ç (^ _ ^) + ЛГ(Л, г).

Therefore G is a topological abelian group.
One can show that G is actually locally compact. In particular, it makes sense to talk 

about (G) . As locally compact abelian groups, it turns out that G and (G) are isomorphic 
(see, for example, Hewitt and Ross [1] or Rudin [1]). This result is usually referred to as 
Pontryagin duality (see Pontryagin [1]).

We do not need such heavy machinery since in our situation the group G is discrete. 
Indeed,
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THEOREM 7. If G is a metrizable, compact, abelian group then G is a countable discrete 
group.

PROOF. For each / 6 L*(G) let

/(VO := Í fi’dp
JG

where p is normalized Haar measure on G. Then / : G —* C and it is easy to see that / 
is continuous on G. Indeed, let £ > 0, set K := G, and define a real number r by

- := / \f\dP-

r JG
Then for any ip E N(K,rs) it is clear that

l/(V0 -/(V>o)| = I Í f{ip-l)dß\
JG

< II/IIli(g)IlV* - i||l°°(g)
< £.

Since f is continuous on G, the set

УГ.= {фе0-.т€(\,\)}

is open in G for all f E L1(G). But ipo := 1 belongs to I/(G) for compact G. And by 
orthogonality (see Lemma 1 above), we have

Фо(Ф) = Í Фо4>dp = i ^ 1
JG l 1 V’O = Ф-

In particular, for the case f = фо we have

Vf = {V^o}.

It follows that {^o} is open. Thus G is discrete.
To see that G is countable let C(G) denote the collection of continuous, complex-valued 

functions on G. Observe that G C C(G), and that C(G) is separable since G is metriz­
able. Consequently, G will be countable if we show the distance between any two distinct 
characters ф, ф in G is bounded away from zero. However, this follows immediately from 
orthogonality. Indeed,

\\Ф ~ Ф\\\°°(G) j \Ф — Ф\2 dp — 2. I

COROLLARY 4. If G is a compact, metrizable abelian group then G is at most countable, 
a locally compact abelian group, and an orthonorma.1 system in L2(G).

Given a subgroup H of a topological group G, the annihilator of H is defined by

JV(H) := {ф E G : ф(х) = 1 for all x E H}.

There is an interesting relationship between quotient groups and annihilators.
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THEOREM 8. Let H be a closed subgroup of a locally compact^abelian group G. Then 
there is a 1-1 group homomorphism A which takes ЛГ(Я) onto G/H.

PROOF. Let ф E Af(H) and define

Л(ф)(Н + x) := ф(х) (x E G).

Since ф belongs to the annihilator of Я, Л(ф) is well defined. Indeed, if H + x = H + у 
then ф(х — у) = 1.

Since the- natural homomorphism x —» Я -f x is a homeomorphism, it is evident that 
Л(ф) is a character on G/H. Thus A takes Л^Я) into G/H.

To show A is 1-1, suppose Л(ф) = A(</>) for some ф,ф E Af(H). Let x G G and choose 
x0 e G,y0 e H such that x = x0 + y0. Since ф,фе ЛГ(Я), we have that

ф(х) = ф(х0)ф(у0)
= Л(ф)(Н + xo)
= А(0)(Я + xo)

= Ф(хо)Ф(Уо)
= 0(x).

Hence ф = ф on G.
The definition of character addition shows that A is a group homomorphism. Hence it 

remains to see that A is onto.
Let 7 G G/H. To find the preimage of 7 under A, fix x G G, choose x0 G G,y0 € Я 

such that x = Xq + i/o, and set
ф(х) := 7(Я + x0).

The function ф does not depend on the decomposition xq + yo- Indeed, if x = x\ + y\ for 
some xi G G and yi G Я, then x0 - xi G Я, whence the coset

Я + x о — Xi

is the identity of G/H. In particular,

7(Я + x0 - 27) = 1,

and it follows that
7 (Я + x0) = 7(Я + xi).

Thus ф is well-defined.
Since the natural homomorphism x —► Я 4- x is a homeomorphism, it is clear that ф 

belongs to G. Also, by definition, Л(ф) = 7. Hence it remains to see that ф belongs to 
the annihilator of Я. But if x G Я then Я + x is the zero of G/H. Hence

ф(х) = 7 (Я + x) = 1
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SO ф e Af(H). I
The map A in Theorem 8 turns out to be a homeomorphism. This is easy to see when 

G is compact and metrizable since both G/H and Af(H) are discrete.
Let

m = ^2 mj n = ^2 nj 2J 
>=o y=o

represent the binary expansions of m and n. Define the dyadic sum of the pair 777,77 E N 
by

m 0 n := ^2 lmj — nj |2J .
>=o

Define the dyadic product of the pair m, n € N by

m © n := y^lfc2*
*=o

where
*

:= ^ rrijUk-j (mod 2) 
j=о

for fc 6 N.
Given m E N we shall denote by i9(m) the unique Me N which satisfies 2M 

2M+1. Define a norm on N by
||m|| := 2y(m)

< m <

for /л E P and
||o|| = o.

It is easy to see that
1077 = 7701=77

||m0 77|| < max{||777||,||77||}

and
llm О 77|| = ||t77I) ||77||

for all 777,77 E N. Hence (N, 0, ©) is a normed algebra with identity.
This algebra enjoys a division algorithm. Namely, if 777,77 E N and 77 ^ 0 there exist 

unique q, r E N such that
777 = q © 77 0 r

with 0 < IMI < Ц77Ц.
To prove existence let 2м = Ц777Ц, 2N = Ц77Ц and 2^ = ||g||. Notice by definition that 

||ç © 77II = \\q\\ + Ц77Ц. Thus we must find binary coefficients of q and r which satisfy

mM-i = ^2 nN-i+jQQ-j (mod 2) (0 <i<M-N)
j=0
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and

тл - na-jqj + г, (mod 2) (0 < s < TV - 1)
j—о

where nt := 0 for t < 0. By definition пдг = 1. Thus the matrix of the first system is 
triangular and every entry on the main diagonal is 1. It follows that the first system can 
be solved recursively to obtain the binary coefficients of q, hence q itself. Putting these 
values into the second system, we can solve for r. Moreover, the proof shows the solutions 
are unique. Hence the division algorithm is verified.

Let m,n G N. We shall call n a dyadic divisor of m if there is a q G N such that

m = n0 q.

We shall abbreviate “n is a dyadic divisor of m” by n||m. Notice that every integer m G N 
has at least two dyadic divisors, 1 and m. If it has no other dyadic divisors then it is called 
a dyadic prime.

An integer r G N is called a greatest common dyadic divisor of a pair m,n G N if 
r||m, r||n and if s||r for any divisor s of m and n. Since each pair m,n G N can have at 
most one greatest common dyadic divisor, we shall denote it by (m, n) when it exists.

Using the division algorithm it is easy to construct a dyadic Euclid’s algorithm and thus 
show that (m,n) exists for every pair m,n G N. Indeed, suppose ||m|| > ||n|| > 0. Set 
r_2 := m, r_i := n. Define r, G N recursively by

rj-2 := Qj © r,-i 0 rj, ||r,|| < ||r,-i ||.

Since 11 r j 11 is strictly decreasing as j increases, there is a к G N such that ||r*|| ф 0 but 
||rfc+i У = 0. The number r := r* is the greatest common dyadic divisor of m and n.

If m,n G N and p is a dyadic prime then

p||(m O n) implies p||m or p||n.

Indeed, if p is not a dyadic divisor of m then (p, m) = 1. Consequently, by Euclid’s 
algorithm there exist p', m' G N such that

p O p 0 m 0 m' = 1.

Multiplying by n we obtain,

p © (p © n) 0 (m © m') Qn = n.

Hence by definition, p||n.
Therefore, every positive integer has a unique dyadic prime factorization. Specifically, 

let Pr denote the collection of dyadic primes in N. Given m G P there are integers otp G N 
for every p G Pr such that

m = П par
pGPr
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where f] represents the dyadic product, and pap represents the dyadic product of p with 
itself ap times (the empty product is 1). Using the multiplicativity of the dyadic norm, 
we notice that

tf(m) = Y, <Хрй(р)-
pGPr

This observation gives us some information about the distribution of dyadic primes. For 
each к £ N let M* represent the number of dyadic primes p which satisfy

INI = 2*.
We shall presently prove that M\ = 2, Mg = 1, M3 = 2 and

M* > ----- 2k/2
к

for к > 4. In particular, for each к £ N there exists a dyadic prime p such that ||p|| = 2k.
To see this fix x £ R with |x| <1/4 and observe by the prime factorization of m and 

the formula for t9(m) above that

£**<"•>= n £*

m=l pGPr \k=0
kd(p)

By definition of d this identity is equivalent to

rrs-Ê2"**

n—0

PGPr
*(P)

= п( П
fcGN \p€Pr,||p||=2* /

=Д^М‘-
Consequently,

- log(l - 2x) = - Mk log(l - xk).
fc=0

Since Mk < 2k and | log( 1 — tt)| < 2u for |u| < 1/2, this series converges absolutely and 
uniformly when |x| < 1/4 and the steps taken before are justified. Moreover, term by term 
differentiation yields

2
1 — 2x

= E kxk lMk 
1 — xk
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Therefore,

2>v 2x
1-2®

у, кхкмк
kl~*k

= EsM*
я=0

By comparing coefficients we conclude that

2k = J2sM°
s\k

where s\k means s is a divisor of к in the usual sense.
It is now clear that M\ = М3 = 2 and М2 = 1. Moreover, for к > 4 we have

2* < 6M& + g2'
l<»<*/2

< t(M&+2^).

In particular,

Mk > ----- 2k/2
к

for к > 4.
Let к & N and let p be a dyadic prime which satisfies ||p|| = 2k. It is now easy to see 

that the finite group
F* := {m G N : 0 < m < 2*}

is a field under dyadic addition and dyadic multiplication modulo p. Indeed, by the division 
algorithm for every i,j E Ft there is a unique g, r1 E N with r E F* such that

iQj = qQp®r.

Define the product of i and j by
i 0 j = r.

Then о is commutative, associative, and distributes over ®. Moreover,

1 о i — i

for all i E F* so 1 is the identity of F*. Thus it remains to see that every non-zero element 
of F& has an inverse. But if i E Ft and i ^ 0 then by Euclid’s algorithm there exist г' E Ft 
and q E N such that

iQi'®pQq = 1.
Hence by definition,

so i' is the multiplicative inverse of i.

i о i' = 1
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0.4 Product Spaces. Let X\, X?,... be a sequence of sets. The infinite cartesian product

X := Xi X X-2 X ...

is the collection of elements (xi,x2,... ) such that Xj G Xj for j = 1,2,....
If each Xj is a topological space, the product topology on X is defined in the following 

way. A subset V of X is called a basic open set if

(24) V = {(*i,x2,...) : Xjk G Vk, 1 < к < n),

for some integer n > 1, integers j\ < jz < • • • < jn and open sets Vk Ç Xjk. A subset of X 
is called open if it is a union of basic open sets.

It is easy to see that the product topology on X is Hausdorff when each Xj is a Hausdorff 
space. Much more is true:

TYCHONOFF’S THEOREM. If X \,X2,... is a sequence of compact Hausdorff spaces, then 
the product space X is a compact Hausdorff space.

Suppose that (Xj, Mj, pj) is a non-negative measure space for j — 1,2,... Recall that 
a subset

R C Xi X ■ • • X Xn

is called an n-dimensional rectangle if R can be written as

R = B\ X " X Bn

where B} G M} for 1 < j < n. Denote the smallest cr-algebra containing the n-dimensional 
rectangles by Mi x ••• x Mn- It is well known that there is a non-negative measure 
p\ X • • • X pn defined on M\ x • • • x Mn such that

(Pi x •” x pn)(R) = pi(Bx)... pn(Bn)

for every n-dimensional rectangle R = B\ x • • • x Bn.
A subset E of X := X\ x X2 x ... is called a measurable cylinder with n-dimensional 

base В if
E = {(xj,x2,... ) G X : (xi,x2,... ,x„) G В)

for some B G M i x ■ ■ • x Mn. The smallest a-algebra containing the measurable cylinders 
of X will denoted by A4.

Product measure p on X is constructed in the proof of the following result.

THEOREM 9. For each j G P let (Xj,Mj,pj) be a non-negative measure space with 
\\pj\\ = 1. There exists a unique non-negative measure p defined on M which satisfies 
||/i|| = 1 such that

(25) p(E) = (pi x ••• x Pn)(B)
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for every measurable cylinder E of X with n-dimensional base B.

PROOF. Define pi on measurable cylinders by (25). It is easy to see that pi does not 
depend on the representation of E. Indeed, suppose that E can also be represented with 
m-dimensional base B'. Assuming without loss of generality that m < n, it is clear that

В = B' X Xm+i X • • • X Xn.

Hence hypothesis ||/ij|| = 1 implies

(/ii X ••• X //m)(H) = X • • • X pim^(B ),

and pi is well defined.
Let A represent the algebra of measurable cylinders in X, and observe that /г is finitely 

additive on A. Hence by the Caratheodory extension theorem, it suffices to show that \i 
is countably additive on A.

We claim that if C\ D C2 Э • • • belong to A and

(26) pi c„=0,
n= 1

then pi(Cn) —► 0, as n —у oo.
Suppose for a moment this claim is true. Let A1; A2,..., and E belong to A, and 

suppose

E = |J A„,
71= 1

where the An’s are pairwise disjoint. Write

En := (J At
1=1

for n = 1,2,... and observe that the hypotheses of the claim are met by Cn ■= E\En for 
n = 1,2,... Consequently, it follows the identity

ц(Е) = ,u(En) +/4Cn)

that n(En) —> ц{Е) as n —> oo. Since pi is finitely additive, we conclude that

—» /л(Е)
к— 1

as n —> 00. Hence /i is countable additive on A.
To verify the claim we may assume that each cylinder Cn has n- dimensional base Bn. 

Since the condition Cn+1 C Cn implies 5n+1 C Bn xln+1, it is clear that the characteristic 
functions of Bn+i and Bn satisfy

(27) x(En-\-i)(^-ii^'2>1 • • i-^-n+i) ^ x(7^n)(-'Cl,X2, . . . ,(Гn),
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for Xj G Xj, 1 < j < n + 1, and n = 1,2,....
Let

9n\*)'= '/ X(5„)(x, x2,..., xn)dfin(xn) ... dn2(x2),
Jx2 Jxn

for X G X\, and observe by definition that

9n} dpi

By (27), </n ) decreases, asn->oo, for each fixed X\ G X\. It follows from the Lebesgue
dominated convergence theorem that

where
hi := lim

If the claim is false, then this integral is positive, i.e., there exists an x\ G X\ such that 
/ii(z'1) > 0. This condition implies that x\ G B\. Indeed, if x\ £ B\ then

X(Bn)(x1, Z2, ..., xn) — 0,

whence g^\x\) = 0 for n = 1,2,.... This contradicts the choice that hi(x\) > 0. 
For n > 2 observe that

9n\*i)= f 9n]dp2
Jx2

where
gl?\x):= ••• / x(Bn)(x'i,x, x3,..., xn)d^n(xn)... d^3(x3)

for i G X2. By repeating the argument above, we can show that

where g^ j /12 as n —► oo. Since bi(x^) > 0, it follows that /12 (x2) > 0 for some a:2 G X2. 
As above, this condition implies that (x^, x2) G #2-

Continuing in this manner, we generate points x' G Xj such that

(xj, x2, X3,..., xn) G Bn,

for n = 1,2,... We conclude that

(xi, x2,... ) G Cn.
n= 1

This contradicts (26). Therefore the claim is true. |
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THEOREM 10. If G\, G2,... is a sequence of compact abelian groups then

G := G\ X G-2 x ...

is a compact abelian group. Moreover, if p represents the product measure on G inherited 
from the normalized Haar measures pj on Gj, then p is Haar measure on G.

PROOF. By Theorem 9 and Tychonoff’s theorem, G is a compact topological space and 
p is a non-negative measure on G of total variation 1. It remains to verify that G is a 
group, that its group operations are continuous in the product topology, and that p is 
translation invariant.

Define addition on G as follows. If (xi,X2,... ) and (yi,У2,•••) belong to G set 

(*i,*2,-.-) + (vi,lfe>---) := Oi +yi,x2 + У2,-.-)-

It is easy to check that G is an abelian group with additive inverse given by

—(xi, X2, ... ) = (—xi, —X2,...).

Moreover, since each pj is translation invariant on Gj, it is evident that p is translation 
invariant on all measurable cylinders in G. Consequently, it remains to check that the map 
(z,y) —+ z — y is continuous from GxG into G.

Toward this, let V be open in G and contain z — y. We may suppose V satisfies (24). 
In particular,

zik - Vik £ Vk

for 1 < к < n. Since Vk is open in Gjk, there exist open sets Uk and Wk in Gjk such, that 
Zjk £ Uk, yjk £ Wk, and Uk - Wk C Vk Ьг 1 < к < n. Set

U := {(xi,x2,...) : xjk £Uk, 1 < к < n},

W := {(xj, x2,... ) : Xjk E Wk, 1 < к < n},

and observe that U and W are open in G. Since z £ U, y £ W, and U — W С V, it follows 
that the map (z,y) —> z — у is continuous from GxG into G. |

0.5 The Moment Problem. A sequence of real numbers (an,n E N) is said to have a 
solution to the moment problem if there exists a function д of bounded variation on [0,1] 
such that

cik = I tk dg(t)
Jo

for к £ N.
For every sequence of real numbers (à*, к £ N) and every pair of non-negative integers 

n, к, set

Andk := ]T(-1 )J
j=0 '

The sequence (at, к £ N) is called completely monotone if Ana* > 0 for all integers 
n, к > 0.
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THEOREM 11. Completely monotone sequences have a non- decreasing solution to the 
moment problem.

PROOF. Let (a*, к G N) be completely monotone, and for each positive integer n define 
a step function gn with jumps at m/n for m = 0,1,..., n — 1 by the following process. Let

«0» := (")(-l

for j = 0,1,..., n — 1, set gn(0) := 0, д„(1) := а0, and

m —1

9n(x) := a(j,n) (—-----  < X < — ).
j=о n n

Extend gn to [0,1] by averaging gn at all jumps.
For each polynomial P(x) = ^"_0 Cjx\ let

нр) := Ylciaj-
j—0

Consider the Bernstein polynomials

B(k,n)(x) := J2 (") (”) - e)""'

and observe that

(28) A(B(k,n)) = [ tk dgn(t)
Jo

for n, к G N.
Since (at, к G N) is completely monotone, it is clear that

£K;»I = a(j,n) = d0.
j=o j—о

Hence the functions go, g\,... are uniformly of bounded variation on [0,1] with variation 
do- It follows from the Banach-Alaoglu theorem (see 0.0) that there is a function g of 
bounded variation on [0,1], and a sequence of integers r? j, n2,..., such that

lim f tk dgnj(t) = / tk dg(t)
]~*°° Jo Jo

for t G N. Moreover, since each gn is non-decreasing we may adjust g at points of discon­
tinuity so that g is also non- decreasing. Therefore, by (28) it suffices to show

lim A(B(k,n)) = ak(29)
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for к E N.
Since a0 Л(В(0, n)), we may suppose that к > 0. A direct calculation verifies

Indeed, a* = A(xk) and by the binomial theorem we can write

Consequently, the definition of Л implies

», - A(B(t,.)>. t ‘у -»*)*")

J=0

for у = j/n. Since (m — i)/(n — i) converges uniformly to x on [0,1], as n —► oo, it is clear 
that

lim J] ^ = X*
n—►oo 11 n — г i=o

uniformly on [0,1]. Hence given e > 0, there is an n0 > 0 such that

ny(ny - 1)... (ny - Ar -f 1) _
< £

n{n — 1)... (n — к + 1) 

for n > щ,- у = j/n, and к < j < n. Moreover, we can choose no so large that

6-1 /,4 653ïAO>)| < Í-) a0 < £ 

j=о Xn/

for n > n0. Therefore, it follows from (30) that

|a* - A(£(fc,n))| < e(a0 + 1)

for n > n0. I

0.6 Binary Derivates and Quasi-measures. Given an integer n > 0 and a point 
X E [0,1) we shall denote the dyadic interval of length 2~n which contains x by /n(x). 
Thus

(31) In(x) := P_ P+ 1 
2” ’ 2n
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where the integer p is determined by p < 2nx < p + 1.
A quasi-measure is a finite-valued, finitely additive set function defined on the dyadic 

intervals. The lower binary derivate of a quasi-measure v is defined by

(32) Dv(x) := liminf 2*V(/n(x)) (a: G [0,1)).

The upper binary derivate of v is defined similarly but “liminf” is replaced by “limsup”.
The theory of binary dérivâtes closely parallels that of classical Dini dérivâtes. For 

example, the following classical result is well known.

THEOREM 12. If F is continuous on an interval [a, b] and if the lower Dini derivate of F 
satisfies

(33) Z)+F(x) := liminf F(y + h) ~ F(x) < 0
h—►0+ h

for all but countably many x G (a, b), then F is monotone non- increasing on [a, b].

PROOF. We need to show F (a) > F(b). Suppose to the contrary that F (a) < F(b). 
By considering F(x) — x/n we may assume that D+F(x) is strictly negative for all but 
countably many x G (a, b). Thus if

E := (x G [a, 6] : D+F(x) > 0},

then the set F(F) has no interior. In particular, there is a point y0 in the interval 
(F(a), F(b)) which does not belong to F(F).

Let
zo := sup{x G [a,b] : F(x) < y0}.

Then F(x0) < y0. If JF(xo) < y0 then x0 ф b and by continuity we can choose an 
x\ G (xo, b) such that F(xi) < yo contrary to the choice of x0. It follows that F(x0) = yo- 
Hence for h positive but small,

F(x0 + h) - F(x0) У0 - F(xp) _ 
h h

Therefore xq G F, yo G F(F) and we have reached a contradiction. |
Let Q denote the dyadic rationale in [0,1). Set Гп(0) := 0 for n G N. For each x G Q 

with x ^ 0 denote the left end point of /n(x) by on(x) and set

(34) Гп(х) := [a„(x) - 2-n,an(x)) (n G N).

Theorem 12 has a binary analogue.

THEOREM 13. Let и be a quasi-measure and E be a countable subset of [0,1). If

(35) liminf u(I'n(x)) <0 (x G Q),
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(36) ' limmf i/(/n(x)) <0 (x € [0,1)),

and

(37) £*/(*)< 0 (x £ [0,1) \ JE7), 

then v(I) <0 for every dyadic interval I.

PROOF. By considering и — em for e > 0 (where m denotes Lebesgue measure) we may 
suppose the inequality in (37) is strict.

Suppose for the purposes of contradiction that there is dyadic interval Iq with v(Iq) > 0. 
Choose p £ N such that |/0| = 2~p. We shall construct a nested sequence I0 Э Ii Э ... 
of closed, dyadic intervals such that |/n| = 2~p~n, u(In) > 0 for n £ N, which enjoys the 
following property:

) [ if Q P|E contains a point which belongs to D^Lo
1 then u(In) < i/(fn+i) for n sufficiently large.

Let Q P| E = {xi,X2,...} and suppose that In has been chosen. Break In into two 
even, non-overlapping, closed subintervals Ji and J^- Then |J,| = 2_p_n_1 (i = 1,2), and 
v(In) = v(Ji) + ;/(J2). Thus u(In) > 0 implies 1/(Ji) > 0 for i = 1 or 2.

If Q P| .E has no points in fn, set In+1 := Л where i is the smallest index for which 
v(Ji) > 0.

Otherwise, let к > 1 be the smallest integer which satisfies x* £ In- If %k is the midpoint 
of again set f„+i := Ji where i is smallest and z/( J,) > 0. If x/t is not the midpoint of 

then choose i = 1 or 2 so that x^ £ Ji\ J,®i• Set fn+i := J,® 1 unless v{Ji<$\) < 0, in 
which case set fn+i := Here ® represents addition modulo 2.

It is clear that |fn+1| = 2-p-n-1 and i/(fn+i) > 0. Moreover, if к is the smallest index 
for which Xjfc £ In and if x* £ f„+i then by construction v(In \ In+i) 6 0. In particular, 
i'(In) < y(fn-n) and it follows that (38) is satisfied by the intervals Jq, /1, /2, • • •

Let

2-0 € In•
n=0

We shall show that either (35) or (36) fails to hold for x = xq.
First, suppose x0 Q. By construction,

(39) In = fn+p(x0) (n € N).

Since i'(In) > 0 and Di'(x) < 0 for x ^ E, it follows that xo £ E. Hence by (38) there 
exists an integer TV > 0 such that i/(f„) > u(I^) > 0 for n > N. In particular,

lim inf i'(/n(xo)) > i'{In) > 0

and (36) fails to hold for x = xq.
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Next, suppose that xq G Q and that xq is eventually a left end point of the intervals In. 
Then (39) holds for large n, and again (36) fails to hold for x = Xq.

Finally, suppose that x0 G Q and that x0 is eventually a right end point of the intervals 
Then

In = In+p(x o)

for large n. Hence (38) implies that

liminf u(Tn(x0)) > i'(In) > 0

for N sufficiently large. Thus (35) fails to hold for x = x0. |
The following result also has a classical analogue.

THEOREM 14. Let и be a quasi-measure. Then either

Dv(x) — —со and Dzv(.r) = +oo

for a.e. x G [0,1), or

(40) Di/(x) = D u(x) 

is finite for a.e. x G [0,1).

PROOF. We begin with the following claim. If for some £ > 0, measurable set Eq Ç [0,1), 
real number r, and dyadic interval J0 the following three conditions hold

(41) I So П Jq\ > (1 — б)|Л)|,

(42) u(I) > 0 for all dyadic intervals satisfying I C Jo, / П So / 0, 

and

(43) Dz/(x) > r (x G S0), 

then
u(Jo) > r(l — 2e)\Jo|.

To establish this claim, let £ > 0, x G So and suppose without loss of generality that 
S0 lies in the interior of J0. By (43) there is a dyadic interval Jx C Jo containing x such 
that i'(Jx) > r\Jx\. Hence by (41) and Vitali’s covering lemma there exist non-overlapping 
dyadic intervals Ji, J2,..., Jn such that

(45) ИЛ) > г|Л|, J,f|£o^0,

and

1=1
1JiI >(1— e)\Jo\.(46)
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Let Ii := {Ji, J2,..., and let I2 denote the collection of dyadic intervals I C Jo 
such that I P| Eq ф 0 and at least one of the halves of I does not contain any interval from 
I\. Choose an integer n0 so large that

(47) I J,| > (1 < % < n),

and consider the collection of dyadic intervals

J:= {/6 JiUT2:|/|>2-no}.

We claim that I covers Jo. Suppose to the contrary that some point of Jq is not covered 
by I. Then there is a dyadic interval Iq C Jo of length 2~n° which is not contained in any 
interval I G I- By (47) Iq cannot contain any interval from Tl5 and by choice Iq is not 
contained in any interval from X. Thus we can choose dyadic intervals Iq C I\ C . •. with 
\Ij\ = 2|/j_i| such that Ij Q Eq = 0 for j > 1. However, Iq C Jq so for j sufficiently chosen 
Ij = Jq. Thus Jofl£o = 0 contradicting the fact that Eq C Jo- In particular, T covers Jq. 

Let

A := [J J,.
1=1

Since these intervals are dyadic, any two of them which overlap are comparable. Thus we 
may suppose that these JJs are pairwise disjoint. Hence (45) implies that u(A) > r|A|. 
Moreover, since I covers Jq, the set Jo\A consists of a finite number of non-overlapping 
intervals from Z2. By the definition of J2 and hypothesis (42) it follows that v(Jq \ A) > 0. 
Consequently,

u(Jo) = v{A) + u(Jo \ A)

>"(A)
>r|A|.

However, (46) implies \J0 \ A| < e\J0| and it follows that |A| > (1 — 2s)| Jq|. Therefore,

v(Jo) > r(l — 2e)|Jo|

and (44) is established.
By symmetry, we shall complete the proof of this theorem by showing that (40) holds 

for a.e. X G (0,1) satisfying Dz/(x) > —00.
Fix e > 0 and consider the set

E := {x e (0,1) : Du(x) > Du(x) > —00}.

By (52) in 1.5 the set E is measurable. Hence it remains to verify that E is of Lebesgue 
measure zero.

Suppose that \E\ > 0. Then for some rational r > 0 and for some integer k, the Lebesgue 
measure of the set

{x G (0,1) : Di/(x) — Dz/(x) > r, ke < jDi/(x) < (k + l)e}

\
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is also positive. By replacing u(I) by u(I) — ke\I\ we may suppose that there is a number 
77 > 0 and a measurable set Eq with |Sq| > 0 such that

Di/(x) > r, 0 < Du(x) <2£ (x G E0),

v(I) > 0 for all dyadic intervals which satisfy

£ofW0, 1Л < V-

Let X G 'Eq be a point of density of E0. Then there exists a dyadic interval J0 with 
I Jo I < 77 such that (41) holds. Since (48) and (49) imply (42) and (43), it follows from (44) 
that i/( Jo) > r(l — 2e)| Jo|. Moreover, in view of (48) one can shrink Jo if necessary so that 
z/(Jo) < 2c|Jo|. Consequently,

2e| J01 > r(l — 2g)| Jo I

holds for all e > 0. In particular, if we let e —► 0 we conclude that r < 0. This contradicts 
the fact that r is a positive rational number.

The upshot of all this is that Dz/(x) = Dz/(x) for a.e. x which satisfies Di/(x) > —00. It 
remains to establish that Dt/(x) is finite. However, if Du(x) — -f 00 on a set Eq of positive 
Lebesgue measure, then (43) holds for every real number r. Hence by (44) we can choose 
a sufficiently small, fixed, dyadic interval J0 so that

(48) 

and

(49)

KJo) > r(l — 2e)| Jo I

holds for all r > 0. In particular, if we let r —>■ +00 we see that i/( J0) = +00. This 
contradicts the fact that v is finite-valued. |

0.7 Vilenkin Systems. The Vilenkin systems were introduced in 1947 by Vilenkin [1]. 
They include as a special case the Walsh system and many of the proofs presented for the 
Walsh system in this book generalize readily to the Vilenkin case. Some indication of this 
has been given in the Exercises and in the Historical Notes.

Below we give a brief introduction to the Vilenkin systems and relate them to other types 
of orthonormal systems which have come up in the course of our narrative. For a detailed 
study of Vilenkin systems see the book by Agaev, Vilenkin, Dzafarli, and Rubinstein [1].

Let m = (mu-, к G N) be a sequence of natural numbers such that 771* > 2 (k G N). We 
shall construct a compact abelian group Gm for each such sequence m. Let Zmk (fc G N) be 
the 7njt-th discrete cyclic group, i.e., Zmic can be represented by the set {0,1,...,m* — 1}, 
where the group operation is the mod ra* addition, and every subset is open. Haar measure 
on Zmk can be generated by insisting that the measure of a singleton is l/m*. The group 
Gm is defined as the complete discrete product of the compact groups Zmk (k G N). Thus 
on Gm we use coordinate-wise addition as the group operation, the product topology and 
the product measure. Thus Gm is a compact abelian group.

The group Gm is metrizable. Let M0 := 1 and M* := rrik-\Mk-\ (к G P). Define the 
distance between the elements (х&, к G N) G Gm and (y*, A: G N) G Gm by

e(*>y) E - У к 1
Mfc+i
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It is obvious that the topology induced by this metric coincides with that of Gm. It is easy 
to give a base for the neighborhoods of Gm:

•= Gm

In(x) := {y = (yi,i € N) E Gm : xji = x; for i = 0,1,... ,n — 1}

for X E Gm, n E P. Moreover, if 0 denotes the null element of Gm, then the topology 
induced by the sets /„(0) (n G N) (the base of neighborhoods of 0) coincides with the 
topology of Gm- Furthermore, it can be shown that the product measure introduced on 
Gm is the normalized Haar measure of Gm.

Clearly, if mjfc := 2 (k G N) then Gm coincides with the dyadic group. Thus no confusion 
will arise if we use some of the same notation introduced in the study of the dyadic group 
for these Vilenkin groups Gm.

Accordingly, for each n G N set

2mxn
Pn{x) := exp ——

for X = (xk,k G N) G G mi n G N. Clearly, each pn is a character of Gm- In fact, every 
complex-valued function defined on Gm whose values depend only on one coordinate of 
the elements x is continuous on Gm in the topology of Gm-

To enumerate finite products of the functions pn (n G N), write each n G N uniquely 
with the help of the sequence (M„, n G N) in the form

oo
(50) n = ^nfcMjfc (0 < nk < mk, nk G N).

k=0

As in the dyadic case, it can be shown that the set Gm consists of the functions

Фп :=Пй‘ (n 6 N)’

Jfc=0

where the sequence (n*, â: G N) has been defined in (50). The system Gm (Фп,п E N) 
is called a Vilenkin system.

A group operation © corresponding to that introduced earlier in the set N can be defined 
as follows:

n © j := ^(njk + jk (mod mk))Mk
k—Q

where
n = ^2 nkMk and j = YjkMk. 

k—0 k=0

It is clear, then, that ^n®j = V’nV’j (nij € N) and Gm isomorphic to N.
As in the dyadic case, Gm is a complete orthonormal system. First, the analogue of 

Theorem 3 in 1.2 can be realized as follows:
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Lemma. Let n = Y,kLo nk^k G N and for each pair 1 < j < me, i of natural numbers, 
define

A} :={te P: jMe <t<(j + 1 )Me}.

Then
OO 71/ —1

{0,1....... n-l} = U U (пфЛ"‘-"‘+‘).
1=0 к=0

Next, it can be easily verified with the help of this equality, that the kernels Dn := 
ZVo V’* (w G N) can be written in the form

OO / 771*-1 X

Dn = V’ti X! I 53 ,
*=0 \ jf=77lfc —71* /

and
Jfc-i

у«. = п(1+'"+<’Г"')
j=o

where n and n* are related by (50). Hence it is obvious that

DMk(x)
Mk X e h{0)
0 otherwise.

In particular, the partial sums of the Fourier series of an / G L^Gm) satisfy 

(SMnf)(x) = Mn f f (x G Gm, n € N).
Jln(x)

Using the theorem on differentiability of indefinite integrals, it follows that 5мп/ —+ / 
a.e. [/i], as n —> oo, for any / G L^Gm). In particular, Gm is complete.

Let к = ksMs G N, n G P and consider the sets /„(x*) where

X к • ( ко ,fcb...,fcn_b0,0,...) G G m.

Clearly,
мп

G 771 = IJ In(xk) 

k= i
is a disjoint decomposition of Gm- Denote by An the а-field generated by the sets 
In(xk) (к = 0,..., Mn — 1) and let A0 := {0, Gm}. One can easily prove that the conditional 
expectation operator En with respect to An has the form

£nf = SMJ (/eLl(Cm),n€N).

From this one can see that the Mn-th partial sums form a martingale. This observation 
makes it possible to use the results from martingale theory to investigate Vilenkin systems.
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The dyadic derivative can be defined on a Vilenkin group as follows. Let n G P and set
n —1 m.j—1 , m; —1

dnf(x) 53 ^ 53 ^(sej) /(* + ee,-)
j=0 k—0 * 5=0

where e; := (0,0, ...,0,1,0,...) 6 Gm has its only non- zero component at the j-th 
position, and sej represents the sum in Gm of s identical copies of ej. The function f is 
called (strongly) differentiable if there exists a function df G L^Gm) such that

rlimo||d/-dn/||i = 0.

Higher order derivatives, pointwise differentiability and a corresponding anti-derivative can 
be defined analogously to the dyadic case.

A precise analogue of the representation on [0,1) mentioned in 1.3 can also be constructed 
with the help of the mapping from Gm to [0,1) defined by

(xk, к eN) —> E Xk

As in the dyadic case, the order of growth of the Lebesgue functions for the system Gm 
can be obtained. Boundedness (or lack thereof) of the sequence m plays a very important 
role in the investigations of Fourier series with respect to the system Gm. In the case when 
m is bounded, the theorems on the dyadic group can easily be extended to the group Gm. 
One reason for this is that the sums

mic —1

E fi (* e N)
j — mic —nie

which appear in the representation of Dn (n G N) are uniformly bounded in this case. 
This makes it possible to adapt many of the dyadic methods to Gm when m is bounded. 
If the sequence m is not bounded, then the situation changes very much. Some theorems, 
which are true for the trigonometric system, for the Walsh system, and for Gm when m is 
bounded, fail to hold in the general case.

The system Gm, on the basis of what has been said, is often called a generalized Walsh 
system or Walsh type system.

We shall speak briefly about another type of system which is also connected with the 
name of Vilenkin, but starts from the Haar system and is therefore called a Haar type sys­
tem. Taking the possibility of the representation on [0,1) into consideration, the following 
construction will be given on the real line. Let к G P and write к in the form

(51) к — Mn -f- r(mn — 1) + s — 1

where n G N, r = 0,..., Mn — 1 and s = 0,..., mn — 1. It is obvious that this expression 
is unique for each к G P. Let us write an arbitrary element t G [0,1) in the form

(52) * = E
k=o

h
(0 < tk < Tn*).

/
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(There exist two such expressions for the so-called m-adic rational numbers. For such 
numbers we use the expression which contains only a finite number of terms different from 
zero.) Define the function system (ft„, n E N) by h0 := 1 and

(53) t(0 :—
r— 2mstn

V Mn exp---------mn
0 otherwise

r + 1
"mT

where г := \Z—L Extend hn to all of R by periodicity of period 1. (The numbers fn,s,r 
have been defined in (51) and (52).) One can easily see that the system (hn,n E N) is a 
complete orthonormal system in L2[0,1). Concerning the Lebesgue functions

ri n-i__________
<*„(x) := / I Vfo*(x)Mf)|d< (z E [0,1),n E P),

Jo k=o

it can be shown that

(i) aMn+rmn(t) = 1 (0 < r < Mn, n E N, i E [Q, 1)),

(ii) a„(f) < ci log mjt (Mjfc < n < Mfc+i, n E N, t E [0,1)),

(iii) lim sup -Qn ■ ^ ■ > c2 (Mt < n < Mjt+i, n E N, f E [0,1)),
n—>oo log mjk

and

(iv) an(t) < c3 logn (< E [0,1)), n = 2,3,...) 

where ci, c2 and C3 are positive constants.
In case mn := 2 (n E N), the system (/in,n E N) is the Haar system as defined in 1.4. 
An orthonormal set X of L2-functions is called multiplicative in Vilenkin sense if for any 

f,gEX the functions 1//, fg belong to X. It can be easily shown that the elements of 
X have the absolute value 1 and X is an abelian group with respect to the multiplication 
of functions. We give another characterization of these systems below. The reader should 
notice that the Vilenkin systems Gm are all multiplicative in the Vilenkin sense.

A great number of systems used in Fourier analysis can be expressed as a product 
system of certain systems. This property plays a very important role in questions related 
to convergence. Therefore, we shall introduce a generalization of the concept of product 
system in this section.

Let Фп := {ф„ : к E Jn} (n E P) be a sequence of function systems consisting of 
complex-valued functions, where Jn C Z, 0 E Jn, Фп = l(n E P). In order to define the 
product system generated by the sequence (Ф„,n E P) we introduce the set

J := (J ( J\ X • • • X Jn X {0} X {0} X ... ).
n= 1

\
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Define an order relation in the set J as follows. Given p— (pi,P2,-••)>9 = (tfi> Ç2,•••) in 
J we say p < q if there exists an index n G P such that pn < qn and pm = qm if m > n, 
and write p < q if p < q or p = q. It is clear that < is a linear order relation on J. Let

(54) фР := fl Фпп
П —1

for any indexp = (pi,рг,•••) G J. The system Ф := (</>„p G J) is called the product system 
of the function systems Ф„ (n G P). Since forp G J we have p„ = 0 for n sufficiently large, 
the product in (54) is finite.

The original definition of a product system can be obtained by taking the special case 
Фп = {1,7„}, Jn = {0,1} (n G P). In this case Ф is usually called the product system 
generated by the system 7 = (7*, n G N). Thus Ф consists of the finite products formed 
from the elements of 7. In this case the mapping

P= (Pi,P2,...) ^Pn2n 1
n= 1

is a bijection from J to N which preserves the ordering. According to this, the index set 
J is often replaced by the set of the natural numbers. Product systems of a finite number 
of systems can be defined in a similar way.

It can be easily shown that Vilenkin system Gm is a product system in the above 
sense. Namely, let Jn := {0,1,...,mn — 1}, and r) := ехр{кх2'кг) for x G Xn := 
{k/mn : к G Jn} (n G P). Let X be the cartesian product of the sets Xn (n G P) and 
Пп : X —> Xn (n G P) be the n-th projection of the space X. Then the product system 
of the systems Фп := {ф„ о Пп : к G Jn} (n G P) can be clearly identified with Gm. The 
order-preserving bijection

(nbn2,...) Пк+iMk
k — 0

from J to N makes it possible to identify J and N.
It turns out that any countable system F = (fn,n G N), multiplicative in Vilenkin 

sense, may be regarded as a product system. In fact, without loss of generality set /0 := 1 
and define the function sets Фп = {ф„ : к G Jn} (n G N) in the following way. Set 
Фо := {/о} and assume that the sets Ф1, Ф2,... Фп has already been defined. Denote by 
Fn the subgroup of F generated by the set и£_0Ф* and let s G N be the minimal index 
such that f3 Fn. Let us introduce the following notation:

sn+1 := min{fc : к G N,/* G Fn} (min0 := 00)

_ f {k e N : к < sn+i} S,l+1 < 00
Jn+1 s

l Z sn+i = 00,

Фп+1 fs (k G Л1+О1
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Фп+1 {<^п+1 " ^ ^ «Л»-н}-

Then it is obvious that Fi C F2 C • • • C Fn C • • • C F, U£l0Fn = F and every / G F can 
be expressed in the form

/= П«‘-

We remark that when F is periodic i.e., if there exists a к £ P such that /*=!(/£ F),
then F can be expressed as a product system of systems Ф„ (n £ N), in which the number
of the elements of Jn is finite for every n £ N.

Let (Í2, G, z/) be a probability space and7 := (7,,, n £ N) a (real-valued) function system 
in L°°(fí, G, u) If the system 7 is orthogonal in the space L2(Í2, G, v) then the integral of
the product of any two different elements equals zero. A number of systems possess the 
stronger property that the integral of any finite product of its element is also equal to zero.
These systems play an important role not only in the theory of orthogonal series but also 
in probability theory.

Denote by gn (n £ N) the elements of the product system of 7, that is, let

(55)

for n = n, 2* (rii £ {0,1}).
We say that the system 7 is
i) strongly multiplicative, if the system (gn, n £ N) is orthogonal;
ii) multiplicative, if gn du = 0 (n £ P);
iii) weakly multiplicative, if I In 9i < 00.
It is clear that every strongly multiplicative system is multiplicative and every multi­

plicative system is weakly multiplicative.
It can be shown that every orthogonal system contains a weakly multiplicative subsys­

tem. Additional properties of multiplicative systems and generalizations of the definition 
will be mentioned below. The Rademacher system is evidently strongly multiplicative. On 
the other hand, let (7„, n £ N) (7* £ L°°[0,1]) be any strongly multiplicative system, such 
that |7n(x)| = 1 for almost all x £ [0,1] (n £ N). Suppose further that the product system 
(<7n,ro € N) is equinormed (that is,

is constant for n sufficiently large). Then the following two conditions are equivalent:
i) (<7n,n £ N) is complete,
ii) there exists a measure preserving bijection zo : [0,1] —> [0,1] such that

gn(x) = wn(zu(x))

for a.e. x £ [0,1], n £ N. In particular, if a function / £ L1 [0,1] has the expansion Y^cn9n
with respect to the system (gn, n £ N), then the function fozz 1 has the Walsh expansion 
У1 CnU?n-
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Generalizing a property of the Haar system, we introduce the Я- property. Let (ÍÍ, Ç, v) 
be a measure space and Hn G L°°(f2, Ç, u) (n G N). The system (Яп,п G N) is said to 
have the Я-property if there exists a number К > 0 such that

(56)

for j = 0,1,,.., 2n — 1, n G N. A system which has the Я-property is said to be of Я- 
type. By definition (see 1.4), the Haar system has the Я-property. The Franklin system 
(f„,n G N) introduced in 5.4 satisfies

2" —1
Il Y, lfe»+i+i|IU<25v^2"'2:2" + i+l

and
||f2»+,ч-illi < 6x/3 2-"/2

for г = 0,1,...,2" — 1, гг G N. (See Ciesielski [1] and [2] for details.) In particular, the 
system (fn+i,n G N) also has the Я-property.

Let 7 = (7„,гг G N) be an arbitrary function system, and (gn,n G N) be the product
system of 7. Then the Я-system generated by 7 is the system (Яп, n G N) which is the
Hadamard transform of (gn, n G N) (see 1.4). It is clear that the Я-system generated by the 
Rademacher system is the Haar system. We shall show that if 7„ G L°°(íí, Ç, и) (n G N) 
is weakly multiplicative and ||7n||oo < 1 (n G N), then the Я-system generated by 7 has 
the Я-property.

Indeed, by definition, (56), and (55) we find that

2" — 1 n-1
tf2.+t = 2"”/27„ Y П(п(И-")7.Г'

j=0 i=0 
n —1

= 2-"/27„П(1 + п(И-”)7|)
i=0

for j = Х^Г=о1 i»2*. It follows, therefore, that



0.7 Vilenkin systems 509

Similarly

E №.+t| < 2-"/=
k=0

_ 2-»/2

= 2™n/2 

= 2n/2

The Lebesgue-functions Яп(х) := || 53*=o Hk(x)Hk\\i (n E N) of ал Я-type system 
generated by a weakly multiplicative system 7 = (7n,n E N) are uniformly bounded 
if llTnlloo < 1 (n E N). Indeed, since the Hadamard-Paley matrices A^n) (n E N) are 
orthogonal, it follows from (56) that

2n+1-l 2n+1-l
E Я*(х)Я* = E 9к(х)дк (x ей, ne P).

к—2п к—2п

In particular, the Lebesgue-functions fg« are uniformly bounded:

2" —1 n-1 2,+1-l
n E адя»ц, = ця„(1)я„ + E E м*)ньlu

*=0 j=0 t=2J
2" —1

= ii 53 0*000*111
k=0

= II П(! +7j(07i)l|i
j=o

00 .
< 531 / pt^i < 00.

fc=o «'n

Therefore, to show that the Fn’s are uniformly bounded it suffices to verify that

A := sup{ [ I V Я*(х)Я*(<)| du(t) : 2” < s < 2n+1, n E N} < 00 

•«* t=2"

for X E ÍÍ. This fact follows immediately from the H- property since

2n+1-l
A < sup{ 53 1^*(х)1 sup ||#*||i : n e N} < 00

fc=2" 2"<*<2"+i

(2n —1 2" —1 \
E E wÁk2~n)9j
k=o j=0 j

(2n —1 2n —1 \
E », E roAt2-”)
j=0 k—0 J

(1W-)
(n E N).
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for each x G X.
A closely related concept is given by a Ж-system or Ж-type system. Let

(■Hn,n G N)

be a function system with Hn G The system (Ж„,п G N) given by the
Hadamard transform of (Hn,N G N) is called the Ж-system generated by (Hn,n G N). 
Since the Hadamard-Paley matrices are orthogonal, every Ж-system generated by an or­
thonormal system is an orthonormal system. Furthermore if the system G N)
has the Д-property then the Ж- system generated by it is obviously uniformly bounded. 
Clearly, Walsh system is a Ж-system generated by the Haar system, and the Ciesielski sys- 
tem (S"+i >n € N) (see 5.5) is а Ж- system generated by the Franklin system (fn+1, n G N). 
Since the Franklin system is an Я-type orthonormal system, the Ciesielski system is also 
an orthonormal system whose elements being continuous, piecewise linear functions are 
uniformly bounded. Every Я-system is a Ж-system generated by the product system of 
its generator system.



HISTORICAL NOTES

Here we give additional comments and references about the material presented in this book. The bibliog­
raphy following these notes is not exhaustive. More information of this type can be found in Balasov and 
Rubinstein [1], 01evskii[4], Stankovic [2], Talaljan [4], Ul’janov [5], and Wade [8].

CHAPTER 1
1.1. Walsh functions were used for the transposition of conductors in open wire lines as early as the late 
1800's, and the complete system of Walsh functions seems to have been found around 1900 by J.A. Barrett 
(see Harmuth [1], p. 3).

The Rademacher functions were introduced to the mathematical world in 1922 by Rademacher [1]. They 
were probably unknown to Walsh [1] who introduced his system in 1923 and showed that the Walsh and Haar 
systems are Hadamard transforms of each other. Walsh’s construction of the Walsh system, presented here, 
is somewhat cumbersome but can be generated recursively. This is one of the main reasons this enumeration 
is preferred for applications.

What we call the Walsh system is often referred to in the literature as the Walsh-Paley system. It was 
introduced by R E.A C. Paley [1] in 1932. He was first to recognize that Walsh functions are products of 
Rademacher functions. Exploiting this, he obtained fundamental inequalities (see 3.3 below) which bear his 
name and used them to prove that lacunary partial sums of Walsh- Fourier series of / 6 Lp, 1 < p < oo, 
converge a.e. and that the full sequence of partial sums converges in I/ norm.

The Walsh-Kaczmarz enumeration was introduced in 1948 by Sneider [1]. This enumeration has not been 
studied as thoroughly as the other two, but it appears more frequently in the literature these days.

1.2. The fact that the Walsh system is the group of characters of a compact abelian group connects Walsh 
analysis with abstract harmonic analysis. It was discovered independently by Fine [1] and Vilenkin [1]. The 
latter actually introduced a large class of compact groups (now called Vilenkin groups) and corresponding 
characters which includes the dyadic group and the Walsh system as a special case. (For general references 
to harmonic analysis on groups see Pontryagin [1], Rudin [1], and Hewitt and Ross [1]. See also Appendix 
0.3.)

Paley’s lemma had its roots in the dissertations of Walsh [1] and Haar [1]. We have attached Paley’s name 
to it since he used it both frequently and skillfully, and was first to write it explicitly as presented here.

Paley’s lemma shows that the 2n-th partial sums of the Walsh- Dirichlet kernel are non-negative. It 
is interesting to note that among the uniformly bounded, complete orthonormal systems whose functions 
alternate signs on finer and finer partitions of [0,1], the Walsh system is the only one whose Dirichlet kernels 
have non- negative 2n-th partial sums (Price [2]).

1.3. Theorems 4 and 5 are due to Morgenthaler [1]. The concepts of W-continuity and the dyadic moduli! 
of continuity are due to Fine [1] and Morgenthaler [1]. Functions of bounded fluctuation were introduced by 
Onneweer and Waterman [1], [2] to investigate uniform convergence of Walsh-Fourier series.

1.4. Multiplicative systems were introduced by A (exits [2] who studied strongly and weakly multiplicative 
kinds.

Theorem 6 is due to Waterman [1], [2].
Schipp [9] proved Theorem 7 and introduced linear and piecewise linear rearrangements to study a.e. 

convergence of Walsh-Fourier series in the original and Kaczmarz ordering. Bahsecjan [2] has generalized 
these concepts.

The Haar system was introduced by Haar [1] in 1909. It came about in the following way. For most 
of the nineteenth century many analysts believed that trigonometric Fourier series of continuous functions 
converged everywhere if not uniformly on [0,2т]. After du- Bois Reymond showed this was not the case, 
work progressed by adding hypotheses sufficient to guarantee uniform convergence or by proving summability 
results directly. When Haar began working on his dissertation, Hilbert posed the question: does there exist 
an orthonormal system such that the Fourier series of every continuous function converges uniformly? Haar
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answered this question in the affirmative, showing Haar-Fourier series of continuous functions converge 
uniformly on [0,1]. (It is not an accident that the Haar system is unbounded. Olevskiï [1] has shown that 
no bounded orthonormal system has uniformly convergent Fourier series for all continuous functions.)

Walsh [1] first observed that the Haar and Walsh systems are Hadamard transforms of each other. The 
Hadamard-Paley matrices were exploited by Kaczmarz [1] and Alexits [2] to deduce convergence results 
for Walsh-Fourier series from Haar-Fourier series results. Hadamard matrices are important for certain 
applications (see 9.6).

1.5. For trigonometric Fourier series, the Riemann- Lebesgue lemma was proved by Riemann for Riemann 
integrable functions and Lebesgue for Lebesgue integrable functions. The Walsh version is due to Walsh [1]. 
It does not hold for improperly Riemann integrable functions which are not Lebesgue integrable, i.e., for 
functions which are not absolutely integrable.

The Walsh-Fourier coefficients of the indefinite integrals 7* were first computed by Fine [1]. He also proved 
(44) through (47).

Walsh-Fourier series and coefficients are special cases of the theory of general orthogonal series. In this 
regard see Kaczmarz and Steinhaus [1], Alexits [2] and Kasin and Saakjan [1]. For connections with functional 
analysis see Rudin [2] and Riesz and Sz.-Nagy [1].

The various formulae given in Theorem 8 for the Dirichlet kernels were used and generalized by many 
authors, e.g., Paley [1], Fine [1], Vilenkin [1], Bljumin [1], and Simon [1].

The fact that the 2n-th partial sums of Walsh-Fourier series of continuous functions converge uniformly 
was recognized by Walsh [1]. He also obtained several refinements of this result not mentioned here.

The identification of Walsh series and quasi-measures has roots in Fine’s work on uniqueness [1]. Yoneda 
was first to exploit the measure theoretic arguments this identification allows (see Wade and Yoneda [1]). 
He also introduced the concept of a Walsh- Fourier-Stieltjes series of a quasi-measure v. Fine [4] had studied 
such series earlier in the case when v is a finite Borel measure on [0,1) or the dyadic group G.

The fact that the 2n-th partial sums of a Walsh series must either converge a.e. or have limit supremum 
-hoc and limit infimum —oo was first discovered by Talaljan and Arutunjan [1]. A martingale proof was given 
by Gundy [2]. Arutunjan [1] has also shown that the 2n-th partial sums of a Walsh series S2« converges a.e., 
as n —► 00, if and only if

Y IS24-1 (z) - S2k (z)| < 00 
*=0

for a.e. X 6 [0,1). (For a martingale proof of this characterization, see Gundy [1].)
The computations leading to identity (53) are due to Bockarev [1]. He used them (as we do) to estimate 

the growth of Walsh- Fourier coefficients of non-constant, continuous functions (see 2.3).

1.6. Many of the estimates and results concerning Lebesgue constants for the Walsh system can be found 
in Fine [1], Sneider [3], and Vilenkin [1]. Theorem 9 is new. Theorem 10 is due to Fine [1] and has been 
generalized by Fridii and Simon [1]. Theorem 11 was proved by Sneider [1].

1.7. The Walsh-Fourier transform was introduced by Fine [2]. The idea of using it to motivate the definition 
of dyadic differentiation is due to Splettstößer.

The dyadic derivative has its roots in the work of Gibbs and Millard [1] who introduced it for discrete 
functions. The definitions presented in this section, together with most of the results (including Theorems 
13, 14, 15), are due to Butzer and Wagner [1], [2].

Theorem 12 was discovered by Skvorcov (see Skvorcov and Wade [1]). The situation does not change 
much if the function / is allowed some jump discontinuities. Indeed, Engels [1] has shown that if / is defined 
and bounded, and possesses only countably many discontinuities (all exclusively of the first kind), and if the 
set of discontinuities of / has only finitely many cluster points, then / is dyadically differentiable at all but 
countably many points in [0,1) if and only if / is piecewise constant. Butzer, Engels, and Wipperfürth [1], 
[2] have tried to remedy this narrowness by defining an extended dyadic derivative which includes classical 
polynomials among the “dyadically differentiable”functions. Although this extended dyadic derivative E 
does not agree with the dyadic derivative (for example, Ew3 — —w3 but dw3 = Зшз), it is the case that 
every dyadically differentiable function is differentiable in this extended sense. Moreover, this extended 
dyadic derivative enjoys a product rule which reduces to the classical one of Leibniz when the factors are 

I
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Rademacher functions. It remains to see whether this new derivative will play an important role in Walsh 
analysis.

The dyadic derivative has been generalized to Vilenkin groups by Onneweer [7] and to the dyadic field by 
Butzer and Wagner [3] (see also J. Pál [1]).

1.8. The first three formulae of Theorem 16 were obtained by Fine [1]. The remaining two are due to Schipp 
[14] and Yano [4], respectively. For generalizations to Vilenkin systems see Onneweer [7], [9], and Pál and 
Simon [1].

Theorem 17 appeared explicitly in Butzer and Wagner [1]. Penney [1] has other facts about the Walsh 
series W.

CHAPTER 2

2.1. Theorem 1 is due to Fine [1]. Estimates of the Walsh-Fourier coefficients of functions belonging to 
various other classes of functions can be found in Efimov [1], Horosko [1], [2], and Siddiqi [1]. For the 
Vilenkin case see Vilenkin [1] and Ohkuma [1].

Theorem 2 is due to Butzer and Wagner [1]. Theorem 3 was proved by Onneweer [5] who also considered 
the Vilenkin case. Trigonometric analogues of these results can be found in Вагу [1] and Zygmund [1].

2.2. Theorems 4 and 5 were proved by Fine [1] and Theorem 6 by Morgenthaler [1]. Theorem 6 has a 
classical analogue but Theorems 4 and 5 do not.

For each к E N let £(k) represent the number of non-zero dyadic digits in the binary expansion of k. Thus 
if к has binary coefficients (kj,j E N) then

((k) :=Ylki-
l=o

This number is called the Vielfalt (roughly, the diversity) of к by the Austrian school. It crops up in 
uniqueness as well (see 7.2 and 7.4 below).

A mild lacunarity condition is given by the assumption that f(k) = 0 for all integers к satisfying £(k) > n 
for some fixed n E N. P. Weiss [1] showed that if / is n- times classically continuously differentiable and if 
f(k) = 0 for all £(k) > n then / is a polynomial of order n (see also Liedl [1]). Roider [1] showed that if 
/ E L1 and f(k) = 0 for t(k) > n and if / assumes only finitely many values, or only integer values, then 
/ must be a Walsh polynomial. In the integer valued case the coefficients f(k) must be integer multiples of 
2~n. He also investigates this result for Walsh series lacunary in the Hadamard sense.

2.3. The results of this section were obtained by Bock arev [1]. Theorem 7 carries the tacit assumption that 
the Walsh- Fourier series of / converges absolutely. Coury [3] obtained conditions on the Walsh-Fourier 
coefficients of a continuous function / sufficient to conclude that / is constant which do not force Sf to 
converge absolutely (see comments at the end of 8.2). His results also show that a continuous / which 
satisfies &!/(&)! < 00 must be constant. Other results of this type can be found in Powell and Wade
[1], and Wade [8]. In particular, if / is continuously differentiable and satisfies

n /2*+1—1 ^
sup 152 52 7o>j(*o)"eP t=0 \ j=2*

< oo

for every dyadic rational z0 then / is constant.

2.4. Theorem 9 and Corollaries 2 and 4 are due to Onneweer [3], [5], and [6]. His results hold for any 
bounded Vilenkin group. Corollary 3 was proved Fine [1]. The condition “/ E Lip a, a > 1/2” has been 
weakened to “the series
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converges ”by Yoneda [1]. For any bounded Vilenkin group, Vilenkin and Rubinstein [1] have shown that if 
/ G L2 and

53 V™*w(2)(/> Vmt) < 00
k=0

then the Vilenkin-Fourier series of / converges absolutely.
The Vilenkin-Fourier series of a function in Lip(a,I/) * Lip(/?,L?) is always absolutely convergent for 

g > 1, 0 < a,ß < l. This was proved for bounded Vilenkin groups by Onneweer [6] and later for 
unbounded ones by Quek and Yap [1].

The problem of determining conditions sufficient to conclude that

k~\

converges is an old one. For a complete discussion see McLaughlin [1]. We have presented special cases in 
Theorems 10 and 11 (originally obtained for Vilenkin groups by Onneweer [5]). These theorems are analogues 
of trigonometric results of Bernstein- Szász and Hardy, respectively. They are sharp in the following sense. 
Bockarev [2] has shown that there is no complete orthonormal system for which Theorems 10 and 11 hold if 
ß > 2/(2a + 1) and ß > 1/2 - a are replaced by ß > 2/(2a + 1) and ß > 1/2 - a.

Theorem 12 is an analogue of a trigonometric result due to Steckin. Yoneda [1] has shown that if / is 
continuous, of bounded variation, and satisfies

53 < °o
t=i

tl\en the Waist! - Fourier series of / converges absolutely. On the other hand, Bockarev [2] has shown that if 
и is a modulus of continuity which satisfies

53 уУш(х/к)/к = °°
*=i

then for any bounded, orthonormal system in L2 there exists an absolutely continuous function whose 
Fourier coefficients in this system satisfy lat(/)| = oo but whose classical modulus of continuity
satisfies i?(/, 6) = 0(w(<5)) as 6 —► 0.

2.5. Theorems 13, 14, and 16 are due to Fine [1]. The trigonometric analogue of Theorem 13 is called the 
Riemann localization principle. It was obtained for Vilenkin systems by Vilenkin [1], and for 2n-th partial 
sums of Walsh-Fourier series by Walsh [1]. The trigonometric analogue of Theorem 14 is called Dini’s test. 
It was obtained for bounded Vilenkin systems by Vilenkin [1].

Skvorcov [17] has shown that localization does not hold for Cesàro means of Walsh-Kaczmarz-Fourier 
series. Namely, he constructed an / € L1 which equals 0 on [0,1/2] but whose Walsh-Kaczmarz-Fourier 
series is not Cesàro summable at the point x = 0.

Theorem 15 was proved by Walsh [1]. Its trigonometric analogue is known as the Dirichlet-Jordan test. 
Yano [3] obtained the following analogue of the Hardy-Littlewood test. If / € L1, if |/(i)| = 0(k~s) as 

к —* oo and if
2" [ \f(xU)-f(x)\dt = o(~)

as n —► oo, then the Walsh-Fourier series of / at x converges to f(x). Vilenkin obtained this same result for 
bounded Vilenkin systems.
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CHAPTER 3
3.1. Gundy ([1] and [2]) was first to exploit the fact that the 2n-th partial sums of any Walsh series forms 
a martingale. This allows one to use results from the general theory of probability to obtain results about 
Walsh series.

Dyadic martingales are part of the broader study of general martingales. These are sequences (/„, n € N) 
of functions on a probability space (fi,</, v) endowed with an increasing sequence of sub-<r-fields Bn, n 6 N, 
such that each /„ is Bn measurable and the conditional expectation E(/„+i j B„) is precisely /„ for n € N. 
Conditions (2) through (6) hold for any martingales if £n is replaced by E(- | B„) and An is replaced by Bn. 
General references can be found in Burkholder [2], Garsia [1], and Neveu [1]. Martingales with non-discrete 
index sets are discussed in Lipcev and Siriaev [1].

Theorem 1 in this form seems to be new. It is easy to check that it holds for any increasing sequence 
(Bn,n € N) of sub-tr-fields in any probability space (il, Ç, i/). Therefore, it contains the martingale maximal 
theorem and Doob’s inequality: if (/„, n € N) is a martingale then

Vv{fn >!/}</ \fn\dv < sup f \fn\dv
J{f:>y) neNJn

for all y > 0, and
sup ll/nlk < sup II/*||p < q sup ||/„||p
n€N ntN nfN

where p and q are conjugate indices, 1 < p < oo, and /* := supt<„ |/*|. In particular, if the martingale is 
regular (i.e., /„ = E(/ | B„) for some / €L(Q)) then

II/IIp < II sup/*||p < ç||/||p.

Theorem 2 is a Banach-Steinhaus type theorem for a.e. convergence. The earliest result of this type we 
know of was obtained by Kolmogorov [1] who used a special case to show certain lacunary partial sums of 
Fourier series are a.e. convergent. For necessity of weak type conditions with regard to a.e. convergence in 
the general case, see Stein [1] and Nikisin [1].

Corollary 2 is a special case of the convexity lemmas of Burkholder, Davis, and Gundy [1]. Namely, if 
(fln, n € N) is a sequence of non-negative, measurable functions on the probability space (Í2,(/,</) and if Ф 
is a non- decreasing, continuous, convex function on [0,oo) with Ф(0) = 0 and Ф(2у) < СФ(у) for all у > 0 
then

with the reverse inequality eventuating when “convex” is replaced by “concave”. For a simple proof of these 
inequalities see Garsia 12]. For a connection between these inequalities and the martingale maximal theorem 
see Mogyoródi [1].

3.2. Lemma 1 is due to Burkholder [2].
The definition and basic properties of stopping times in the general case are similar to the dyadic case 

presented here. In particular, Lemma 3 holds for general martingales (see Neveu [1]).
A decomposition for general martingales corresponding to Lemma 4 was obtained by Gundy [3]. A simple 

proof can be found in Burkholder [2].
Theorem 3 also holds for general martingales (see Garsia [1]), and again predictability plays an important 

role. For the trigonometric case, a decomposition similar to Theorem 3 can be proved if the dyadic maximal 
function is replaced by the harmonic maximal function. In this regard see Kasin and Saakjan [1].

3.3. Martingale transforms were first systematically studied by Burkholder. The inequalities of Theorem 4 
for general martingales were proved by Burkholder [1]. An earlier version for the Walsh case dates back to 
Yano [5]. The proof of Theorem 4 presented here is due to Schipp [15] (see also Burkholder [3]).

Theorem 5 first appeared in Burkholder, Gundy, and Davis [1]. They obtained this result for predictable 
martingales and, in the case where Ф is convex, without assuming predictability.
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For 1 < p < oo, Corollary 4 is a simple consequence of the inequalities of Paley and Doob. The case p = 1 
was obtained by Davis [1] in 1970.

The first inequality of Corollary 5 is called Paley’s inequality. It was obtained by Paley [1] in 1932. In 
fact, he proved the following. Let (A„, n 6 N) be a lacunary sequence, that is, a sequence of natural numbers 
tending to oo which satisfies An+i/A„ > q > 1 for n 6 N. If

6n ■= Sxmf - S\W_J

then for every 1 < p < oo there are absolute constants Ap and Bp such that

л,и,mil, < ii/ii, < b,ii«(/)ii,
for all / 61/. Notice that q(f) reduces to the square function Qf when A„ := 2n for n € N. Bonami [1] 
has shown that Paley’s result is sharp in the following sense. There exists a sequence (A„,n 6 N) tending 
monotonically to oo such that An+i/A„ —♦ 1 and An+j — A„ —* oo as n —► oo for which the inequality above 
fails to hold .

Paley’s inequality holds for general martingales if Д„/ is replaced by the martingale differences d„ := 
/n+i — fn (see Burkholder [2]). The special case when the dn ’s are independent and of mean zero was 
obtained by Marcinkiewicz and Zygmund [1].

Watari [1] proved the following version of Paley’s inequality for Vilenkin systems of bounded type. If

:= 5(j>i)Af./ - SjMJ

and

Q(f):=
OO Af„-1 \ 1/2

imi'+Ё Ê i#«j(/)I2
n=l ja1 J

then there exist absolute constants Ap, Bp such that

AP||Q(/)||, < Ц/Up < Bp||<3(/)||p

for all f 6LP, 1 < p < oo. He also considered these inequalities for the weights z°, building on earlier 
pioneering work done for the Walsh system by Hirschman [1].

Paley’s inequality fails to hold for Vilenkin systems of unbounded type. Watari [1] proved that given any 
such system and any p < 2 there is an / 6 I/ such that Q(f) = oo a.e. on [0,1).

Paley’s inequality also fails for p = 1, even in the Walsh case. However, Bockarev [3] has the following 
result. Let / 6 Ll. There is a monotone increasing sequence of natural numbers (n*, к 6 N) and a sequence 
of real numbers j/* such that

and if there exists a C\ > 0 for which

ХЛ* < CiУ™ (m G N),

OO 1 n*+1
II £- E 4h < 40,11/11,,
t=0 n=n* + l

then
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where dn represents the martingale difference introduced above.
Sjölin [1] has another proof of Paley’s inequality, and Gosselin [4] has a vector-valued version.
The second inequality of Corollary 5 was proved by Burkholder [1].
Corollary 6 was obtained by Paley [1]. It is equivalent to convergence of Sf in I/ norm for each 1 < p < oo 

(see Exercise 3.3). It holds for arbitrary Vilenkin systems, as was shown independently by Schipp [13], Simon
[2], and Young [3]: Schipp proved that Fourier series of / €ELp for 1 < p < oo converge in Lp norm for a 
large class of product systems which includes the Vilenkin systems; Simon introduced a conjugate function 
for Vilenkin systems, proved analogues of the inequalities of Riesz and Kolmogorov, and deduced Corollary 
6 from them; and Wo- Sang Young worked with a modified Dirichlet kernel in the Vilenkin system, showing 
directly that the associated partial sum operators were uniformly of weak-type (1,1).

3.4. Dyadic Hardy spaces and BMO are special cases of a general theory valid for any probability space 
with a fixed increasing sequence of sub-cr-fields ß„. In place of £„ one uses E(- | Bn), and in place of Д„/ 
one uses /„ - /„_j. Details can be found in Garsia [1].

In the classical case, Hardy spaces can be characterized in three ways: by the maximal function, by the 
atomic decomposition, and by the conjugate function. For Vilenkin groups of unbounded type these concepts 
may give rise to different Hardy spaces.

Simon [2] introduced a conjugate function for Vilenkin groups in the following way. Let

N [mj,/2]

Dn := -i YL 53 sgnj rt
t—0 -[(mi-l)/2]

t
and set

Tv := / * Dn (N e N).
He showed that /дг converges a.e., as N —*■ oo, for any / 6 L1. Moreover, if

7 := Jim Tv

then the map / —► / is of type (p,p) for 1 < p < oo and of weak-type (1,1). Simon [3] also introduced a 
Hardy-Littlewood maximal function M f to Vilenkin groups and showed that the map / —► Mf is of type 
(p,p) for 1 < p < oo and of weak-type (1,1). These operators are related by the Hunt type inequality:

\{Mf < y, \f\> Ay}|<CeAp

for / £ L1, А, у > 0 and C an absolute constant (see Simon [4]).
Fridii and Simon [1] have shown that martingale Hardy spaces for Vilenkin systems of unbounded type 

have no atomic structure.
Theorem 6 appeared for the first time in Coifman and Weiss [1]. For Vilenkin systems of bounded type, 

it was proved by Chao [3]. As indicated above, it is not true for Vilenkin systems of unbounded type.
For the classical case, functions of bounded mean oscillation were introduced by John and Nirenberg [1]. 

For general martingales there are two corresponding spaces: BMO+ defined by

sup (E(|/-E(/|S„)|2|S„))1/2<oo

and BMO defined by
sup (E (I/ - E(/ I Bn—i)12 I ß„))1/2 < oo.

In the dyadic case (because of predictability) these two spaces are equivalent. We have used BMO+ for 
convenience.

Theorem 7 was obtained first in the classical case by Fefferman [1]. Its martingale version (for BMO) can 
be found in Garsia. For BMO+, it was proved by Herz [1]. For certain Orlicz spaces it has been investigated 
by Mogyoródi [1].
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Theorem 8 i) is due to Ladhawala [1]. It is an analogue of a classical result of Hardy (see Zygmund [1]). 
Theorem 8 ii) for special case 6* = 0(1/к) is also due to Ladhawala. These results hold for bounded Vilenkin 
systems (see Chao [4]) but fail for unbounded ones if the martingale Hardy space is used (see Fridii and 
Simon [1]).

Notice by Theorem 8 ii) and Theorem 1 in 2.1 that Lip(l,L1) Ç BMO. Also notice that W := 1 + 
wk/k belongs to Lip(l, L1) but not to L°° (see Exercise 3.25). Hence the dyadic case is unlike the 

classical case (see Zygmund [1], p. 180).
Theorem 9 was discovered by Davis [2]. It can be used to obtain information about classical Hardy spaces 

by looking first at the more transparent dyadic case (see Garnet and Jones [1]). The simple proof of Theorem 
9 presented here is due to Chao.

3.5. Theorem 10 i) was proved for the classical case by Fefferman and Stein [1]. It holds for the general 
martingale case (see Garsia [1]) if BMO is used in place of BMO+.

The classical version of Theorem 10 ii) can be found in Coifman and Weiss [1]. The Walsh case is due 
to Schipp [16], but it is not known whether it holds for the general martingale case. For the case when 
the sub-<7-fields are not monotone increasing, the spaces VMO have a very complicated structure. In fact, 
Schipp [18] has shown that they are separable but need not have a Schauder basis (see also 5.6).

For duality of martingale Hardy spaces with non-linearly ordered stochastic basis see F. Weisz [1]. He also 
obtained an analogue of Theorem 8 for two-dimensional dyadic Hardy spaces.

There are many characterizations of Ho and BMO, even in the general case (see, e g., Garsia [1]). We have 
included two here, Corollaries 9 and 10.

Theorem 11 gives an atomic characterization of Hp for 0 < p < 1. In the classical case, it is due to Coifman 
(see Coifman and Weiss [1]). For the general martingale case, see Herz [2].
3.6. The usual definition of the K4 spaces is slightly different but equivalent to the one given here (see 
Garsia [1]). These spaces can be defined for general martingales and generalize the martingale version of 
Fefferman’s inequality in the following way. If p,q are conjugate exponents with 1 < p < 2, if / Elf and 
ф €K*, then the expectation operator can be extended to f<j> in such a way that

1ВД)|<У||ЛЫМ1к..

Theorem 12 is new in this form. It can be proved quite easily using the concept of intermediate spaces. 
We have presented an elementary proof here which uses the tools developed in this chapter. See also the 
paper of Echandia [1].

Intermediate spaces (see Bergh and Löfström [1]) were used to verify interpolation between classical and 
dyadic Hardy spaces. We did this because it was simple and did not delve deeply into the trigonometric 
structure. A proof along the lines of Theorem 12 is possible for this kind of interpolation, but would require 
and exposition of a canonical decomposition for trigonometric Fourier series. (See Kasin and Saakjan [1].)

3.7. After 1873 when du Bois-Reymond gave an example of a continuous function whose trigonometric 
Fourier series diverges somewhere on [0,2т) it was not clear what should be sought in the way of convergence 
theorems for Fourier series. In 1915, motivated by connection between Fourier series and complex function 
theory, Lusin pointed in the right direction by making the conjecture that the Fourier series of any continuous 
function converges a.e. on [0,2т). In 1966 Carleson [1] verified Lusin’s conjecture. In fact, he proved that 
the trigonometric Fourier series of any L3 function converges a.e.

Hunt [1] showed this remains true if L2 is replaced by Lp for any p > 1. Both Carleson’s and Hunt’s proof 
reduced convergence to showing the maximal partial sum operator S* is of weak- type. This method was 
transferred to the Walsh system by Billard [1], Hunt [1] and Sjölin [1], and to bounded Vilenkin systems by 
Gosselin [1]. The proofs are difficult and at times hard to follow.

In this section we show that for the Walsh system, the necessary weak-type (p,p) estimates of S" can 
be obtained by martingale techniques. The martingales are not indexed by a linearly ordered set as in the 
classical case, but by the tree-like collection of dyadic intervals (see (67)). This approach is due to Schipp 
[14], who showed that any product system of complex valued martingale differences with absolute value 1 is 
a convergence system. Thus if / E L2 then the Walsh-Fourier series of / converges a.e. The case p > 1 can 
be found in Schipp [15]. For inequality (89), see Schipp [15]. For inequality (90), see Schipp [17]. For p > 2 
and the non-predictable case, see Fridii and Schipp [1].

518
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CHAPTER 4
4.1. Theorem 1 is due to Paley [1].

Theorem 2 is due to Onneweer [11]. A Walsh-Kaczmarz version of it has also been obtained by Skvor­
cov [18]. Similar results hold for Vilenkin systems of bounded type (see Onneweer [2], [11], Onneweer and 
Waterman [1], and Simon [5]). For Vilenkin systems of unbounded type, Simon [7] has proved the fol­
lowing. If / € L*(G) and = o(logMt+i)-1, as к —► oo, then the Vilenkin-Fourier series /
converges in L^G) norm. Moreover, the condition o(log Mt+i)-1 can be replaced by o(k~1) if and only if 
limsupi_0C1(logMfc+i/fc) < oo. (His techniques also establish the corresponding statement for the martingale 
Hardy space H^G).)

Concerning the rate of growth of the L1 norm of partial sums of a Walsh-Fourier series, Simon [9] has 
obtained an analogue of a theorem of Smith [1]. In fact, he proved that for any Vilenkin group G of bounded 
type the sequence

converges to ||/j|i, as n —+ oo, for all / 6 H!(G). This result also holds for some functions / G L1(G)\H1(G), 
but not all.

4.2. Theorem 3 is due to Onneweer [1]. It also holds for the Walsh-Kaczmarz system (see Skvorcov [19]) 
and for Vilenkin systems of bounded type (see Onneweer and Waterman [2]).

Some conditions on the coefficients are strong enough by themselves to imply a Walsh series converges 
uniformly. In fact, Watari [4] has obtained the following analogue of the Salem-Zygmund theorem. If 
(at, ik G N) is a sequence of real numbers such that

(log fc)1+e < oo

for some e > 0 then the Walsh series YlT=o a*r*(z)u’fc converges uniformly for almost every x G [0,1). 
Corollary 1 is due to Onneweer. It shows that any continuous function of bounded variation has a uniformly

convergent Walsh- Fourier series. This special case of Corollary 1 goes back to Vilenkin [1], who proved it 
for Vilenkin systems of bounded type. For the unbounded case, Simon [7] has shown it holds if and only if 
lirnsupt_œ(log Mk/k) < oo.

Theorem 4 is due to Onneweer and Waterman [1], who obtained it for Vilenkin systems of bounded type. 
In [2], they strengthened Theorem 4 to include functions of harmonic bounded fluctuation. Theorem 4 also 
holds for the Walsh-Kaczmarz-Fourier series (see Skvorcov [17]).

Li Luan Tan [1] has obtained the following analogue of the Steinhaus theorem. If g G Lip 1 on [a, 6] C [0,1] 
and / G L1 then Sn(fg) — gSnf converges uniformly to 0 on compact subsets of [a, 6]. This result has been 
generalized to Vilenkin systems of bounded type by Zubakin [1]. Further results along this line can be found 
in Tevzadze [1] and Efimov [1].

The estimate Snf = o(logn) for / G C(G) was obtained first by Fine [1].
Gulicev [2] has estimated the rate of uniform convergence of a Walsh-Fourier series using Lebesgue con­

stants Lk and the classical modulus of continuity !?(/, 1/ifc). He has shown that

for / G C[0,1] and

for / G L°°. This is in sharp contrast to the trigonometric case where Oskolkov and Busko proved that the 
corresponding limit infima are strictly positive.

This problem has been considered for Vilenkin groups G by Fridii [1]. Let X be a Banach space of 
integrable functions defined on G and let
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for к E P. If X = C(G) or LP(G) for some 1 < p < oo, then liminft—Vk(f,X) = 0 for / £ X. On the 
other hand, for X = LX(G) or H*(G) (the martingale Hardy space generated by the underlying Vilenkin 
system), analogy with the trigonometric system is restored. Indeed, liminft_0O к*(/, X) > 0 in both cases. 
When the Vilenkin group G is of bounded type, it is also the case that limsupt^^ V*(/, X) < oo but if G 
is unbounded then there is an / 6 X, such that lim supt_^ V*(/, X) = oo.

Fine [1] proved that the Walsh-Fourier series of / E C(G) is uniformly Cesàro summable. This result 
is true for any Vilenkin system of bounded type (see Vilenkin [1]), but Price [5] has shown that for every 
Vilenkin system of unbounded type there is a continuous function whose Cesàro means do not converge 
uniformly.

For uniform strong s'ummability of Walsh-Fourier series of / € C(G) see Schipp [3].

4.3. Although du Bois-Reymond was the first to show that the trigonometric Fourier series of a continuous 
function may diverge at certain points, the first simple construction of such series was obtained by Fejér. 
His method centered on constructing certain polynomials with properties like those in Theorem 5.

The Walsh-Fej ér polynomials were introduced by Schipp [1], and Theorems 5 and 6 are due to him. These 
results hold for Vilenkin systems, bounded or unbounded, as was proved by Simon [1], [2].

4.4. The definition of homogeneous Banach spaces on the circle group T is well-known (see Katznelson [1]). 
It can be formulated for subspaces of L*(G) for any compact group G (see Butzer and Nessel [1]). In this 
setting Lemma 1 and Theorem 7 are still true.

The definition given here is slightly different but (in our setting) equivalent to the usual one. We have 
substituted (iii) for

(Hi)' rHm У rxf - r*0/||x = 0 (f EX, X о € G).

Lemma 2 (especially that the Walsh-Fejér kernels Kn satisfy (9)) is due to Yano [4].
Theorem 8 i), for the case X = 17(G) where 1 < p < oo, follows immediately from the fact that the Walsh 

system is a basis for LP(G). The case X = L*(G) is due to Morgenthaler [1]. For the case X = C(G), it 
shows that a Walsh series S is the Walsh-Fourier series of some function / € Cw if and only if the series 
S is uniformly Cesàro summable on [0,1). Fine [1] was first to recognize that this characterization fails to 
hold if Cw is replaced by C[0,1], the collection of functions classically continuous on [0,1].

Theorem 8 ii) is due to Morgenthaler [1] and Theorem 8 iii) is due to Fine [1].

4.5. The proofs of Theorems 9, 10, 11 and Corollary 2 are routine adaptations of the corresponding trigono­
metric techniques developed by Kahane and Katznelson (see Katznelson [1]).

For the Walsh case they were first written down by Harris and Wade [1]. (For Vilenkin systems of bounded 
type see He)adze [2].)

Notice Theorem 11 is best possible for 1 < p < oo. Indeed, in view of Theorem 14 in 3.7, a measurable 
subset of G is a set of divergence for LP(G), 1 < p < oo, if and only if it is of Haar measure zero. It is not 
known whether the same holds for L°°(G) and for C(G).

The proof of Theorem 12 is an adaptation of the corresponding trigonometric proof due to Kahane and 
Katznelson. Of course such integrable functions had been constructed earlier (see Stein [1], and Schipp [5], 
for example). For multidimensional Walsh-Fourier series, Theorem 12 is due to Sanadze and Heladze [1]. 
Simon has proved Theorem 12 for Vilenkin systems (see Schipp and Simon [3]).

Sets of divergence for C(G) are more difficult to construct. Schipp [1] showed every singleton is one, and in
[3] constructed an uncountable one. Harris and Wade [1] also constructed uncountable ones by a Cantor-like 
process. And, Onneweer [10] has shown that every subset of G of logarithmic Hausdorff measure zero is one. 
It is thought that every subset of Haar measure zero is one, but this problem remains open. Theorem 13 is 
a partial solution to this problem. It is due to Harris [1], who proved it for arbitrary Vilenkin systems.

Sets of divergence for other classes of functions have been studied by Lukasenko [1], Harper [1], and 
Kobayashi [1]. Harper’s result is the following one. For each 0 < a < 1 let Sa represent the collection of 
functions / which satisfy

oo 2*+'-l
£ |/(i)|2 < oo.

• 1=0 n=2*
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Then a closed set E C G is a set of divergence for Sa if and only if E is of а-capacity zero. This is a 
refinement of Theorem 11 for p = 2, because Sa C L2(G) for 0 < « < 1 and Sa = L2(G) for ct = 1. 
Moreover, every countable set is a set of а-capacity zero, and every set of «-capacity is of Haar measure 
zero.

4.6. Theorem 14 was obtained for trigonometric Fourier series by Men’sov in 1940 (see Zygmund [1]). For 
the Walsh case, it was first verified by Kotljar [1]. The proof given here is due to Price [4]. His techniques 
show that the adjustment from f to g can be made to depend only on e and the modulus of cpntinuity of / 
(see Exercise 4.9). This result also holds for Vilenkin systems of bounded type (see Onneweer [4]).

Olevskii [5] showed that there is a classically continuous function / on [0,1) such that if g is any integrable 
function which coincides with / on a set of positive measure, then

X]|0(*)IP = oo 
4=0

for all 0 < p < 2. Thus Theorem 15 is a corollary of Olevskii’s result. The proof given here is essentially due 
to Katznelson [2]. It was adapted to the Walsh case by Gulicev [1].

CHAPTER 5
5.1. Theorem 1 was first proved for the trigonometric case by Harsiladze and Lozinski (see Cheney [1] for 
example).

It holds for any system of characters.
We have shown a best approximation in C(G) is not necessarily unique. The same is true of L1(G). 

However, since 17(G) is strictly convex for 1 < p < oo, the best approximation in one of these spaces is 
always unique (see Cheney [1]).

Theorem 2 shows a close connection between moduli! of continuity, best approximations, and certain tails 
of Walsh-Fourier series. It is not difficult to see that Theorem 2 holds for any Vilenkin system. For the 
Walsh case and X = C(G) or 17(G), Theorems 2 and 4 are due to Watari [2]. For the Vilenkin case they 
are due to Efimov [1].

Ul’janov has shown that the 17 norm of a function / can be estimated by the rate of best trigonometric 
approximations in 17 spaces for p < q. Golubov [1] has obtained a Walsh version of Ul’janov’s results. 
Specifically, if 1 < p, q < oo and / € 17 then

ll/ll, < C (\\f\\p + (f>/'~2(Et(/, 17))')'/«

X 4=0
and

/ oo
E*(/, 17) <C E*(/, I7)n1/p-1/« + (£ t'/P-2(E&(/, Lp))«)'/«

V 4=0
Here C is an absolute constant.

Theorem 3 was proved for the cases X = C(G) and 17(G), 1 < p < oo, by Watari [2]. It is easy to see 
that Theorem 3 holds for any bounded Vilenkin system. However, in the unbounded case only b), c) and e) 
are equivalent; conditions a) and d) do not follow from them.

By Theorem 7 in 4.4, crnf converges to / in X, as n —► oo for all / G X. Theorem 4 estimates the rate of 
convergence when / G Lip(«,X) for « > 0. The cases X = 17(G), 1 < p < oo were originally discovered by 
Watari [2]. They now are known to follow from a more general result of Bljumin [1],[2] which also contains 
an analogue of a theorem of Steckin and Fomin.

The rate of convergence of (C,ß) sums has also been investigated for the special cases X = 17(G) and 
surprisingly, no change occurs. First, Yano [1] proved that if / € Lip(«,C[0,1]) for some 0 < « < 1 and 
if ß > a, then ||- /Ц«, = 0(n-°), as n -* oo. And, if / G Lip(«, 17) for some 0 < « < 1 and if 
ß > a then IIf — f\\p = 0(n~a) as n —► oo. More recently, Skvorcov [16] has shown that these estimates 
hold for 0 < ß < a as well. Skvorcov also proves that if / G Lip(l, 17) for some 1 < p < oo and if ß > 0 
then Ua^f — /||p = O(log n/n) as л —► oo. Thus the second estimate in Theorem 4 cannot be improved by
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passing to (C, 0) sums. Skvorcov’s techniques are quite general and hold for Walsh-Kaczmarz series as well. 
Skvorcov [19] has also obtained these estimates for Vilenkin systems of bounded type.

Siddiqi [1] has used (C, 0) means to characterize Lip(ct, I/) for 1 < p < oo and 0 < a < 1. He proved that 
/ G Lip(a, 17(G)) if and only if ||<т£/ - <т^/||р = 0(n-") as n —► oo, for all 0 < ß < 1, and m> n. He also 
considered the case p = oo.

Concerning (67,/?) sums for -1 < /? < 0, Survillo [2] has proved analogues of trigonometric theorems due 
to Men’so V [1], [2], and Tevzadze [2] has considered uniform (C,/?) summability.

Kokilasvilt [1] has obtained the following estimate for (C, /?) sums when ß > 1. If / G C[0,1] and ß > 1 
then ||<r^_ i/ - /||оо < (1/n) 5Zk=i Efc(/,C[0,1]). The trigonometric analogue of this result is due to Steckin 
[!]• .

Other means have been examined. Tateoka [1] studied Abel means (see also Fine [1]). De la Vallee 
Poussin means have been studied by Bljumin [2]. (His results hold for Vilenkin systems of bounded type.) 
Triangular summability has been studied by Li Luan Tan [1] and Survillo [1]. And the summability method 
of Rogosinski has been studied by Harsiladze [1] and Morgenthaler [1].

For strong summability see Schipp [3]. His results hold for a large class of positive permanent summability 
methods which was investigated in the trigonometric case by Leindler [1]. Special cases of his results include 
the work of Sunouchi [2] on strong (67, p) sums, and that of Yano [2] on (C,p) means. All these results have 
analogues for the trigonometric and other polynomial systems (see Alexits [1], [3], Alexits and Kràlik [1], [2], 
Steckin [1], and Bljumin [1]). The trigonometric analogue of the first inequality of Theorem 5 goes all the 
way back to Marcinkiewicz (see Zygmund [1]).

Investigating Walsh analogues of results due to Marcinkiewicz and Zygmund, Sunouchi [1], [2] introduced 
the operators

%,(/) (P>2)

and

T(f) = У , IS&f ~ <T2kf\
1/2

for / G L1. He showed that the Lr norms of T(f), Up(f), and / are equivalent for each 1 < r < oo. Since 
this result fails if r = 1, it is of interest to determine whether T(f), Up{f), and / are equivalent in H norm. 
A partial answer to this problem was obtained by Simon [8]. He has proved that T is bounded from H to 
L1 but Up is not. His proof is valid for any Vilenkin system of bounded type.

For other results concerning summability and approximation by Walsh series, we refer the reader to Siddiqi
[4].

5.2. The strong derivative on the dyadic group was introduced by Butzer and Wagner [1]. For the cases 
X — 17(G) 1 < p < oo and X = C(G), Theorem 6 and its two corollaries are due to them. The case 
X = H was investigated by Ladhawala [1]. He also showed that any function strongly differentiable in H is 
continuous on the group, but there exist BMO functions (not continuous on the group) which are strongly 
differentiable in LX(G). (See also Penney [1].)

Onneweer [7] defined a “dyadic”derivative on Vilenkin groups. Pál and Simon [1] have proved a funda­
mental theorem of calculus for this derivative.

There are many properties satisfied by the strong derivative which fail to hold for the classical derivative. 
Lemma 1 shows one of them.

For the classes X = LP(G) 1 < p < oo and X — C(G), Lemmas 1, 2, and Theorems 7, 8 are due to Butzer 
and Wagner [1]. Their results have been generalized to Vilenkin groups of bounded type by Fridii [2].

Theorem 7 is the Walsh analogue of an inequality of Jackson. For a more general version see Butzer and 
Scherer [1].

Lemma 2 is a Walsh analogue of the Bernstein inequality. For Vilenkin groups of unbounded type, Fridii [3] 
has shown the following. Lemma 2 holds for X = 17(G) 1 < p < oo but fails to hold for X = L^(G), H(G), 
or C(G). For these three exceptional cases, he obtains replacement inequalities which are valid for Vilenkin 
groups of unbounded type, and shows that these inequalities cannot be improved.
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In connection with Theorem 8, we remark that Butzer and Wagner [1] have shown the following for 
X = LP(G) 1 < p < oo and X = C(G) If / G Lip(ar,X) for a > 1 then / is strongly differentiable in X. On 
the other hand, if / is strongly differentiable in X then / G Lip(a,X) for all 0 < a < 1.

Theorems 9 and 10 are consequences of known results.

5.3. In this section only particular bases are investigated. For general problems connected with bases see 
Banach [1], Kasin and Saakjan [1], Lindenstrauss and Tzarfriri [1], Ljusternik and Sobolev [1], and Olevskii
[4].

Haar [1] proved that the Haar-Fourier series of every continuous function converges uniformly on [0,1). 
Schauder [2] showed that the Haar system is a basis in Lp for every 1 < p < oo and Orlicz [1] generalized 
this result to a class of separable Banach spaces which today bear his name.

Paley [1] proved that the Walsh system is a basis in Lp for 1 < p < oo. The fact that the Lebesgue functions 
(constants) of the Walsh system are not uniformly bounded follows from a more general theorem of Olevskii 
[4] (see also Bockarev [4]). Namely, for every uniformly bounded orthonormal system the Lebesgue functions 
are unbounded on a set of positive measure.

Faber [1] introduced the system ( and proved it is a basis in C[0,1]. Schauder [I] rediscovered this system 
seventeen years later and proved his basis property. We call this system the Faber-Schauder system.

The biorthogonal expansion with respect to the Faber-Schauder system was used by Ciesielski [5] to prove 
that the estimate c„(/) = 0(n~a) is equivalent to the condition that / belongs to the classical space CIV (o). 
For approximation properties of the Faber-Schauder system see Matveev [1]. The Haar analogue of Theorem 
11 is due to Sz.-Nagy [1].

5.4. In 1928 Franklin [1] introduced the system which bears his name. It was the first orthonormal basis 
in C[0,1]. A systematic investigation of the Franklin system was begun by Ciesielski in [1] and [2]. Among 
others, the fundamental properties (25) through (34) are proved there. He also showed that the Franklin 
system is a basis in Lp for 1 < p < oo.

The upper Ti estimate in Lemma 4 was given by Wojtaszczyk [1]. The proof presented here is taken from 
Chang and Ciesielski [1]. The lower H estimate is due to Schipp and Simon [2].

Theorem 12 is due to Wojtaszczyk [1]. The simple proof here is adapted from Chang and Ciesielski [1].
The Walsh shift operators were investigated by Ciesielski and Kwapien [1]. Part i) of Theorem 13 is taken 

from here. The rest of Theorem 13 is due to Simon [6].

5.5. The first non-trivial result on equivalence of concrete bases was the theorem of Ciesielski, Simon, and 
Sjölin [1] that the Haar and Franklin system are equivalent in Lp for 1 < p < oo. The equivalence of these 
systems in (H,7f) and (VMO,VA40) was established by Wojtaszczyk [1]. (The proof of Lp equivalence 
presented here combines the Wojtaszczyk result with interpolation. This is quite different from the original 
Ciesielski-Simon-Sjölin proof.)

Corollary 4 was first proved by Maurey [1]. Later Carleson [2] gave a different proof using an explicit 
isomorphism. In showing that the Haar and Franklin systems are equivalent in (H,7f), Wojtaszczyk applied 
Carleson’s proof to the Franklin system.

The Ciesielski system was introduced by Ciesielski [1]. Hopei a [1] proved this system is a basis in Lp for 
1 < p < oo. Ciesielski, Simon, and Sjölin [1] proved the Ciesielski and Walsh systems are equivalent in V 
for 1 < p < oo. The proof of Theorems 15 and 16 presented here use the method Schipp introduced in [8]. 
Theorem 16 also follows directly from a result of Waterman [1].

The fact that the Walsh and Walsh-Kaczmarz systems are not equivalent in I/ unless p = 2 was proved 
by Bahsecjan [2]. This was based on results of Semjonov, formulated here in the second part of Theorem 17 
and in the Lp part of Corollary 5.

The first part of Theorem 17, i.e., the exact form for the H and BMO norms of R and the proof presented 
here are due to Schipp.

Theorem 18 was proved by Wo-Sang Young [4]. The proof presented here is different from hers and is 
based on the multiplier result (Theorem 19) of Harris [2].

According to the celebrated result of M. Riesz that the Hilbert transform is bounded, Hp is Banach space 
isomorphic to Lp for 1 < p < oo. Consequently, the existence of a basis for such p is obvious. The first 
basis for Kl was constructed by Billard [2] by means of the Haar system. Using an analytic extension of
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the Franklin system, Bockarev [4] constructed an orthogonal basis for the space of functions analytic on the 
interior of the unit disc and continuous on its boundary.

A basis (f„,n 6 N) in a Banach space X is called unconditional if for every bijection w : N —► N the 
sequence (сш(п), n G N) is a basis in X. Using Paley’s inequality, Marcinkiewicz [1] proved for 1 < p < oo 
that the Haar system is an unconditional basis in Lp. The Franklin analogue of this result is due to Bockarev 
[4]. It is easy to see that the Haar system is an unconditional basis in H and in VMO. Consequently, by 
Theorem 14 the Franklin system is an unconditional basis in 7i and in VMO.

It is known that the space of functions analytic on the interior of the unit disc and continuous on its 
boundary has no unconditional basis (see Pelczynski [1]). Furthermore, neither do L1 and C[0,1]. (For 
details see Kasin and Saakjan [1] or 01evskiï[4].)

5.6. The basis problem was posed by Banach [1] in 1932. It was solved by Enflo [1] in 1973. Other authors 
have since constructed other separable Banach spaces which have no basis (see Lindenstrauss and Tzarfriri
[1] and Szankowski [1], [2]). The fundamental step of Lemma 10 is due to Enflo.

The space BMO(<7) defined by

||/||bmo(0) := sup \\S(\f - £(f\Ç)\ I S)||oo < oo-
oeo

The space VMO(<7) is defined to be the closure of the set of dyadic step functions in BMO(£). Schipp [18] 
has shown that VMO(£) does not have basis.

CHAPTER 6

6.1. Theorem 1 is due to Schipp [6]. This result has been generalized to arbitrary Vilenkin systems (Simon 
[8]) and to double Walsh-Fourier series (Sidorov [1]).

Yano [1] proved that if 1 < p < oo and

l/(* + *)-/(g-*)lp
t

dtdx < oo

then the Walsh-Fourier series of / converges a.e. Lemmas 1 and 2 and Theorem 2 were proved by Schipp
[5]. A similar result where dyadic addition is replaced by the usual addition was obtained by Yano [1]. The 
trigonometric version is of course much older, and was discovered by Marcinkiewicz (see Вагу [1], p. 374).

A trigonometric analogue of Theorem 3 can be found in Zygmund [1], p. 66. Theorem 3 also remains 
valid if logg n is replaced by V(n), the variation of n (see Sneider [3]).

6.2. Fine [3] proved every Walsh-Fourier series is a.e. (C, a) summable for a > 0. His argument is an 
adaptation of the older trigonometric analogue due to Marcinkiewicz. Schipp [12] gave a simpler proof for 
the case a = 1 using the operators Tn. The operators 7Zn were introduced by Schipp [11] to study dyadic 
differentiability of Stieltjes measures. These techniques have been expanded here to obtain the new results: 
Theorems 4, 5, and 6. The weak estimate of <r* in Corollary 2 is due to Schipp [12]. That <re is (L1, H) 
bounded was discovered by Fujii [1]. Corollary 5 is a result of Fine [4]. For generalizations to Vilenkin 
systems see Pál and Simon [1]. Corollary 5 also holds if S2» replaces <rn.

Other types of generalizations replace Cesàro summability with strong summability. For example. Schipp
[2] proved that

a.e. for every / G L1. This result was generalized to strong (C, a) summability for a > 0 by Cybertowicz
[1] and to multiple Walsh-Fourier series by Sarasenidze [1].

Corollaries 7 and 8 and the dyadic analogue of the Hardy-Littlewood maximal inequality were proved by 
Schipp in [7] and [11]. These results have been generalized to bounded Vilenkin systems by Pál and Simon
[2] .
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6.3. Corollary 9 and Theorem 7 are due to Sjölin [1]. The idea of using martingale trees to obtain Corollary 
9 (in particular, Lemma 5) is new.

The block spaces were introduced by Taibleson and Weiss [1]. They proved Lemmas 6, 7, 8, and Theorem 
8 for trigonometric Fourier series. Their proofs were adapted here to the dyadic case.

There is quite a bit known about these spaces. Every function of finite entropy belongs to the block 
space Boo, hence to every block space (Taibleson and Weiss [1]). Thus functions of finite entropy have a.e. 
convergent Walsh-Fourier series. Moreover, Soria [1] proved that a function / belongs to Boo if and only if

I w<) (1+lo*+<â7(ÿ) dt<°°'

where A/(t) := |{|/| > <}| is the distribution function of /.
The block space Si is equivalent to L1. On the other hand, even the block space Boo is not comparable to 

Llog+L. In fact, Boo is not a subset of any Orlicz space except L1. Nevertheless, Boo does contain the Dini 
class, i.e., those integrable functions which satisfy

!/(*) - f(y) 1
l*-y|

dx dy < oo.

Block spaces have been used in higher dimensions to study a.e. Bochner-Riesz summability at the critical 
index (see Shan-Zhen, Taibleson and Weiss [1], and Shan-Zhen [1]). Connections between block spaces and
а. e. convergence of multiple Walsh-Fourier series remain unexplored.

б. 4. Theorems 9 and 10 originally appeared in Schipp [11]. Bahsecjan [2] generalized these results to 
piecewise isomorphic rearrangements.

Theorem 11 was proved by Wo-Sang Young [2]. Theorem 12 was proved by Schipp [6] and is a generalization 
of a result of Alexits. It was Alexits who introduced the notion of weakly multiplicative systems. For other 
results concerning such systems see Alexits [2] and Móricz [2].

Theorem 12 can be generalized. The best result along these lines is due to Tandori [5] who introduced the 
following notion. A system 7 = (7„, n 6 N) in L°°(fi, 1/) is called locally weakly 2-multiplicative if for every 
measurable subset E Ç fi and for every e > 0 there çxists a set Eq C E with v(Eo) > v{E) — e such that

9k dv\2 < 00

where g := (g&,t 6 N) is the product system generated by 7. He proved under the condition ||7n||oo < 1, n 6 
N, that the system у is a convergence system if and only if 7 is locally weakly 2-multiplicative.

Theorem 13 and Corollary 10 were proved by Schipp [8]. Corollary 10 has been generalized by Ciesielski, 
Simon, and Sjölin [1]. Among other things, they showed that if / GL(log+L)3 then the Ciesielski-Fourier 
series of / converges a.e.

6.5. Kolmogorov gave the first example of an integrable function with an everywhere divergent Fourier series 
(see Zygmund [1], p.310). For recent results connected with Kolmogorov’s example see Ul’janov [8].

The existence of divergent Walsh-Fourier series was first proved by Stein [1]. Bockarev [3] has shown these 
results to be part of the general theory of bounded orthonormal systems. Indeed, he proved that given any 
uniformly bounded orthonormal system there exists an integrable function whose Fourier series diverges on 
a set of positive measure. For bounded Vilenkin systems, see Heladze [2], [3].

Theorem 14 was proved in a slightly different formulation by Schipp [5]. This is an analogue of an earlier 
trigonometric result by Tandori [4]. From Theorem 14 in the special case Ф = 1 we obtain a result of 
Ladhawala and Pankratz [1], namely that there exist functions in H with a.e. divergent Walsh-Fourier 
series. In the same paper they proved that if (n&,t G N) is lacunary, i.e., nt+i/ni > q > 1 for к G N, then 
Snkf —► / a.e., as к —► oo, for every / G H. Another corollary of Theorem 14 is the result of Moon [1]. 
There exist functions / GL(log+ log+L)1-i for e > 0 whose Walsh-Fourier series diverge everywhere.

Theorem 15 is due to Schipp [5]. It is an analogue of an earlier result of Prohorenko for the trigonometric 
system. Riesz products were also used by Schipp and Simon [3] to construct a.e. divergent trigonometric 
Fourier series, and by Simon [10] to construct a.e. divergent Vilenkin-Fourier series.
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Theorems 16 and 17 are due to Schipp [5]. They are analogues of trigonometric results of Marcinkiewicz 
(see, for example, Bary [1]). For other counterexamples concerning the trigonometric system and for Theorem 
18 see Körner [1].

Theorem 19 is a special case of result of Fridii and Schipp [2]. Its trigonometric analogue is due to Galstian 
[1]. Lemma 12 is a modification of a result of Steókin (see, for example, Bary [1]).

Lemma 14 and Theorems 20 and 21 are due to Balasov [2].
Some rearrangements of the Walsh system are not convergence systems. This follows from a general theory 

obtained independently by Olevskiï [1] and Ul’janov [2]. They showed that every complete orthonormal 
system has a rearrangement which is not a convergence system.

An increasing sequence of real numbers (u„,n € P) is called a Weyl multiplier for a.e. unconditional 
convergence for an orthogonal system (y?„,n € P) if

53 апш» < oo

implies that every rearrangement of

is a.e. convergent. The first general result in this direction is due to Tandori [2], who proved that sequences 
tv„ = o(log log n) are not Weyl multipliers for a.e. unconditional convergence for the Walsh system. A
similar result for the trigonometric system was proved by Móricz [1]. The best known result was obtained 
independently by Bockarev [2] and Nakata [1]. They proved that if

then there is a sequence of real numbers (a„,n € N) such that апшп < oo and the Walsh series
tintán has an a.e. divergent rearrangement. Moreover, Bockarev has shown that if tv is a modulus of 

continuity satisfying

then there is a continuous function / with classical modulus of continuity satisfying i?(/, 6) = 0(tv(6)) as 
6 —*■ 0 such that the Walsh-Fourier series of / has an a.e. divergent rearrangement.

Positive results for Weyl multipliers for the Walsh system are no better than those for the general or­
thonormal systems. For a general discussion of these results see Olevskiï [4] or Bockarev [3].

6.6. Theorem 22 was proved by Móricz [3]. Theorems 23, 24, and 25 can be found in Harris [2]. In regard 
to a.e. convergence of rectangular partial sums of Walsh-Fourier series and trigonometric Fourier series see 
Móricz [4].

CHAPTER 7
7.1. Uniqueness of everywhere convergent Walsh series was considered by Walsh [1] and Vilenkin [1].

Fine [1] was first to obtain uniqueness for Walsh series which converge at all but countably many points 
in [0,1). In fact, he obtained Corollary 1 in the special case when / = 0 and the coefficients of S tend to 
zero (stronger than the C-S condition).

He conjectured this result would hold for any / 6 L1. His conjecture was solved independently by 
Arutunjan and Talaljan [1] (see 7.2) and Crittenden and Shapiro [1].

Crittenden and Shapiro [1] obtained Theorems 1 and 2 by using the first integral (a dyadic adaptation of
Riemann’s approach to uniqueness of trigonometric series) and the Baire category theorem (see Exercises 
7.18, 7.19, and 7.20). Their argument was simplified somewhat by Lindahl [1].

Grubb [1] proved Theorem 2 using quasi-measures. We present his simple approach here. Since it uses 
only that certain partial sums of Walsh-Fourier series are averages and every Walsh series is already a Walsh-
Fourier-Stieltjes series, Theorem 2 is valid for any Vilenkin system, bounded or not. In fact, Grubb [1] has 
shown that uniqueness holds in certain zero-dimensional compact spaces with or without a group structure.
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7.2. Amtunjan and Talaljan [1] solved Fine’s conjecture (see 7.1 above) by obtaining uniqueness first for 
Haar series (see Exercise 7.6) and deducing the Walsh result as a corollary by means of the Hadamard 
transform. They obtained Lemmas 4 and 5 and Theorems 3 and 5 for Walsh series whose coefficients tend to 
zero and whose 2n*-th partial sums converge off a countable set. Wade [1] noticed their arguments applied 
to Walsh series whose 2nj-th partial sums converge a.e. if a finiteness condition like (29) is assumed. The 
fact that these results also hold for Walsh series satisfying the C-S condition is a recent discovery (see Wade
[HD-

Generalizations of Theorems 3 and 5 have been intensively pursued by Skvorcov. Under the assumption 
that the coefficients of S tend to zero he has the following results. Theorem 5 holds if / is Denjoy integrable 
in the narrow sense [2], but need not hold if / is Denjoy integrable in the wide sense [15]. Theorem 5 holds 
if 2n> is replaced by a sequence of integers (mj, j E N) provided the m; ’s satisfy some additional conditions
[6], [10]. Examples of these additional conditions are

2j < rrij < 2j+1 (j € N)

or
t(mj) < M < oo (je N),

where t(mj) represents the number of non-zero dyadic digits in the expansion of m;- (see 2.2 and 7.4). Under 
the weaker assumption that S satisfies the C-S condition, Skvorcov [14] has shown if 2J < m; < 2,+1 for 
j € N, if / is a finite-valued Perron integrable function (i.e., Denjoy integrable in the narrow sense) such 
that

^lirn Smj(x) = f(x)

for all but countable many x E [0,1) then S is the Perron- Walsh-Fourier series of f.
Theorem 5 will not hold for arbitrary sequences. In fact, Skvorcov [7] has constructed a non-zero Walsh 

series S and a sequence of integers (rnj, j E N) such that Smj —* 0 everywhere on [0,1) as j —+ oo.
For other results along these lines see Skvorcov [4], [13], Movsisjan [1], and Wade [5], [7].
Theorem 4 is due to Crittenden and Shapiro [1].

7.3. Lemmas 6 and 7 are due to Sneider [2]. He used them to show the Cantor middle halves set is a set of 
uniqueness for Walsh series (see 7.5). In the case when 5г» converges to zero off a countable set, Theorem 
6 goes back to Sneider [2]. The version here first appeared in Wade [2].

Theorem 7 is due to Skvorcov [11]. Skvorcov [8] has also shown that a null series can diverge properly to 
oo on a perfect set.

7.4. Lemmas 8 and 9 are new here. Theorem 8 is due to Schipp [4]. Theorem 9 was discovered by Skvorcov
[12].

7.5. With the exception of Theorem 14, the results of this section are analogues of earlier results about the 
trigonometric system (see Zygmund [1], pp. 344-352).

The opening remarks concerning U-sets and M-sets are due to Sneider [2]. Coury [1], [5] has shown there 
exist M-sets of measure zero which are dense in [0,1]. Theorem 10, a Walsh analogue of a theorem of Bary, 
was verified by Wade [2]. Sneider [2] had proved it. earlier in the special case when the En's were contained 
in intervals /„ which were pairwise disjoint. Sneider also proved Theorem 11. A related result was obtained 
by Lippman and Wade [1]. They showed every closed U-set is a countable union of elementary U-sets (see 
Exercise 7.13).

Theorem 12 can be found in Wade [6]. It has been generalized by Yoneda [5].
Theorem 13 is due to Yoneda [2]. He has other results on Dirichlet sets in [4] and [7].
Theorem 14 is due to Yoneda [2] and has no known trigonometric analogue. The proof here is new and 

quite simple.
In the trigonometric case there is a fascinating connection between sets of uniqueness and number theory. 

Indeed, Salem and Zygmund (see Zygmund [1], p. 152) completely determined which Cantor sets of constant 
dissection ratio were sets of uniqueness and which were not. It followed from their work (Zygmund [1], p. 
349) that the property of being a set of uniqueness depends not so much on “thinness” as on the number 
theoretic properties that determine the set itself. In regard to the connection between algebraic numbers
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and harmonic analysis in general, see the book by Meyer [1]. For a dyadic group version of the theorem of 
Salem and Zygmund, see Aubertin [1].

If a growth condition is placed on the coefficients, then there exist U-sets of positive measure. In fact, 
Gevorkjan [1] proved given any sequence (£„,n € N) which decreases monotonically to zero there exists a 
set E in [0,1) of measure 1 such that if S := YT=o akwk, limy_eo = 0 off E, for some subsequence of 
integers (nj,j 6 N) and if |a&| < £t. & E N, then at = 0 for all к € N. A special case of this result had been 
obtained earlier by Shapiro [1]. For other results on sets of uniqueness for special classes of Walsh series see 
Crittenden and Shapiro [1], Wade [4], and Yoneda [3], [6], [8].

7.6. Theorem 15 is due to Arutunjan [2]. The idea of using dérivâtes for its proof goes to Skvorcov [3].
Theorem 16 and the proof presented here are Saginjan’s [2].
Theorems 17 and 18 and the proofs presented here are due to Skvorcov [9]. By publishing them he solved a 

long-standing problem concerning uniqueness of Cesàro summable Walsh series. The problem was first posed 
by V.L. Shapiro, who suggested it to Crittenden for a dissertation topic. Handicapped by the cumbersome 
first integral technique (see comments in 7.1), Crittenden [1] obtained a partial solution to the problem, but 
was unable even to show that uniqueness holds for everywhere Cesàro summable Walsh series. Wade [3] 
made no additional progress but did solve the problem for Haar series. In so doing, he brought the original 
problem to the attention of Skvorcov, who solved it in [9].

CHAPTER 8
8.1. The observation that ifo := (a*, fc 6 N) decays monotonically to zero then the Walsh series YT=о atu,t 
converges uniformly on compact subsets of [0,1) was made first by Sneider [1]. In sharp contrast, he showed 
that the corresponding Walsh-Kaczmarz series diverges a.e. unless a& = o(l/logfc) as к —► oo.

Theorem 1 is due to Rubinstein [1], who also examined it for certain multiplicative systems [3]. It is an 
analogue of trigonometric result due to Ul’janov.

Theorems 2 and 3 appear in Móricz and Schipp [1]. For the special case that a is quasi-convex, Theorem 3 
is due to Yano [1]. The example which follows Theorem 3 is also Yano’s. Fomin (see Balasov and Rubinstein 
[1], p. 774) has shown that if a is decreasing, quasi-convex and converges to zero then YtLo a*u,t converges 
in L1 if and only if at = o(l/logt) as к —► oo. Móricz [5], [6] has studied Lp convergence for 0 < p < 1 for 
Walsh-Fourier series with coefficients of generalized bounded variation.

Theorem 4 is due to Balasov [2]. The hypothesis cannot be weakened because there exist non-Fourier 
Walsh series whose coefficients satisfy YkLi ai//k = oo and at | 0 as t —+ oo.

Lemma 1 and Theorems 5 and 6 are due to Coury [3].

8.2. Butzer and Wagner [1], [2] introduced the dyadic derivative and began to study term by term dyadic 
differentiation of Walsh series. Theorem 7 can be found in Butzer and Wagner [2]. They also showed a 
Walsh series whose coefficients satisfy

X>i«ti < °°
k=0

is everywhere term by term dyadically differentiable. They conjectured that Corollary 1 iii) holds, and this 
conjecture was verified by Schipp [12] a year later.

Theorem 8 can be found in Skvorcov and Wade [1]. The condition on Rn had been used earlier by Coury
[3].to obtain sufficient conditions on the Walsh-Fourier coefficients of a given / sufficient to conclude / is 
constant.

Lemma 2 and Theorem 9 are due to Powell (see Powell and Wade [1]). Theorem 10 and Corollary 3 can 
be found in Wade [9].

The problem of term by term dyadic differentiation of Rademacher series has been completely solved by 
Onneweer [7]. He showed that a Rademacher series is dyadically differentiable if and only if its term by term 
dyadic derivative converges. He also obtained this result for arbitrary Vilenkin systems. Thus a Rademacher 
series on a Vilenkin group is either differentiable a.e. or almost nowhere. It follows that there exist functions 
continuous on the group which are nowhere differentiable.

8.3. 8.4. The problem of representing measurable functions by trigonometric series goes all the way back 
to Lusin. Men’sov [3] finally solved the problem in 1939, showing that given any function / a.e. finite and
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measurable on [0,2т) there is a trigonometric series which converges a.e. to /. Later, he showed [4] that 
there exist universal trigonometric series, i.e., series S such that given an a.e. finite measurable / there is a 
subsequence (n&, к G N) of integers such that Snk —► / a.e. as it —► oo. Men’so v [5] also showed that if / is 
measurable on [0,2т) (whether infinite on a set of positive measure or not) there is a trigonometric series S 
which converges in measure to /.

Talaljan has investigated these theorems for general orthonormal systems. In [1] he showed that there exist 
universal series in any complete orthonormal system. In [2], [3] and [4] he obtained analogues of Men’sov’s 
representation theorems for normed bases of 1У and for normalized convergence systems. In particular, a 
measurable function / can be represented in measure by Walsh series, and a.e. when / is a.e. finite. A 
specific construction of this last result for 2"-th partial sums was given by Arutunjan [1] (see Exercise 8.12). 
Talaljan and Arutunjan [1] also showed this result cannot be extended to functions which assume an infinite 
value on a set of positive measure. Indeed, they proved that the 2"-th partial sums of a Walsh series cannot 
diverge to +oo on a set of positive measure. A proof of this result using martingale techniques appears in 
Gundy [2]. Its trigonometric analogue was proved only recently by Konjagin [1].

The results and proofs of 8.3 and 8.4 are due to Talaljan. An excellent expository article on the problem 
of representation can be found in Talaljan [5] and in Ul’janov [7].

CHAPTER 9

9.1. The dyadic field was introduced by Fine [2] in 1950. He also constructed the additive characters of the 
dyadic field (the so-called generalized Walsh functions). Pichler [1] introduced a version of the generalized 
Walsh functions analogous to the original ordering of the Walsh functions. He showed that on the average, 
the number of sign changes of a generalized Walsh function is given by its index.

9.2. The Walsh-Fourier transform was introduced by Fine [2]. For other properties of the Walsh-Fourier 
transform see Crittenden [2]. For generalizations see Selfridge [1] and the book by Taibleson [1].

9.3. The eigenfunctions (Q*, Jb G N) of the Walsh-Fourier transform were introduced by Pál [5]. In [6] 
he used them (as we do) to define the Walsh-Fourier transform of square-integrable functions. A similar 
program was carried out earlier by Pichler [1]. Of course, the Plancherel theorem (Theorem 7) and the 
Hausdorff-Young inequality (Theorem 9) hold in much greater generality (see Taibleson [1] or Rudin [1]).

9.4. Corollary 3 is due to Crittenden [2]. Theorem 10 is due to Wagner [1]. The rest of the results in this 
section are dyadic analogues of well-known trigonometric results.

9.5. The dyadic derivative on R+ was introduced by Butzer and Wagner [3] and the dyadic integral was 
defined by Wagner [1] (see also Pál [2]). The strong dyadic integral was defined by Wagner [1]. The theorem 
for pointwise dyadic differentiability of the dyadic integral is new. A weaker version of it appears in Pál [3],
[4].

9.6. The multiplicative group of the dyadic field was investigated by Hagmark [1]. He constructed the 
characters of F* and defined the Mellin transform on the dyadic field. In this connection see also the book 
by Taibleson [1].

9.7. The Fast Fourier Transform originated in Cooley and Tukey [1]. The Fast Walsh Transform was 
discovered by Green [1] and generalized by Welch [1]. The idea of using it :rated conditional expectations 
to develop the algorithm is due to Schipp [19]. A good computer program to evaluate FWT can be found 
in Gonzalez and Wintz [1] (p. 65). The Fast Walsh-Hadamard Transform was introduced by Whelchel and 
Guinn [1], and Pratt, Kane, and Andrews [1]. A thorough discussion of the sampling simulation of the 
Walsh- Hadamard Transform which appears here can be found in Decker and Harwit [1].

Several books have been written about applications of Walsh series. For further reading on this subject 
we suggest Harmuth [1], [2], Beauchamp [1], Maqusi [1], and Bass [1].

Some recent applications of Walsh series do not rely on the Fast Walsh Transform. Examples include 
genetic algorithms (see Bethke [1]), which optimize non-differentiable functions by letting solutions evolve 
over several iterations, and ophthalmology (see Optican and Richmond [1], Richmond and Optican [1], and 
Richmond, Optican, Podell, and Spitzer [1]), where there is some evidence that two dimensional Walsh 
functions may be used to decipher the neural code which transfers information from our eyes to our brains.

1



APPENDICES
0.0. For more information about Banach spaces see Banach [1], Riesz and Sz.-Nagy [1], or Rudin [2].

0.1. For more information about orthonormal systems see Alexits [2], Kasin and Saakjan [1], and Olevskiï
[4]-

0.2. For more information on interpolation see Bergh and Löfström [1].

0.3. The general material presented here can be found in Hewitt and Roes [1] or Rudin [1]. Material on the 
dyadic multiplicative structure of N can be found in Berlekamp [1].

0.4. A good general reference here is Ash [1].

0.5. The proof presented here comes from Widder [1].

0.6. Theorem 13 is due to Lindahl [1]. Theorem 14 is due to Ward (see Saks [1], p. 141).

0.7. For detailed information on Vilenkin systems see Agaev, Vilenkin, Dzafarli, and Rubinstein [1].
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Abelian group, 481 
Abel’s transformation, 13 
Abel means, 183, 380, 381 
Absolutely continuous functions, 57 
Absolute convergence of Walsh series, 63, 64, 65 

69, 74, 180, 352, 368, 390, 395 
Adapted sequence, 87 
Adjoint of a Zg-linear map, 18 
Adjustment of functions, 171, 180, 184 
A-integral, 408
Algebra of dyadic intervals, 30, 75 
Almost everywhere convergence-see partial sums 
Almost everywhere summability-see Cesàro means 
Annihilator of a subgroup, 485 
Antiderivative, 43
Applications of Walsh functions, 460, 461, 529 
Approximate identity 156, 157 
Approximation by Walsh polynomials 

-see rate of approximation 
Asymptotic convergence, 387, 401 
A — T condition, 367 
Atomic decomposition, 105, 106, 110 
Atoms:

for block spaces, 283 
for Hardy spaces, 104, 105 
for <7-algebras, 248 

Banach-Alaoglu theorem, 467 
Banach algebra, 50, 63, 418 
Banach space, 465 
Banach-Steinhaus theorem, 466 
Basis:

characterization, 227 
definition, 199 
equivalence, 226
summary for concrete systems, 245 
the basis problem, 245 
unconditional basis, 255 

Base for the topology of G, 4 
Base for the dyadic topology, 11 
Bernstein’s theorem, 69 
Bessel’s inequality, 470 
Best approximation:

by Walsh polynomials of order less than n, 
186, 187, 189, 192, 196, 252 

by Walsh polynomials of order < 2n,

186, 187, 188, 189, 252 
by Walsh polynomials having at most n 

terms, 69
Binary coefficients:

of integers, 1 
of numbers, 9

Binary dérivâtes, 31, 269, 333, 497, 498, 499 
Bit reversal, 23, 145, 350, 459 
Biorthogonal expansion, 200, 202, 255 
Biorthogonal systems, 200, 205 
Block spaces, 283, 284, 286, 330 
Borel measure of bounded variation, 30, 31, 266, 

332
Bounded divergence of Walsh-Fourier series, 305, 

306,307
Bounded fluctuation, 15, 55, 147 
Bounded mean oscillation:

classical, 114, 210, 213, 214, 226 
dyadic, 107, 114, 118, 137, 138, 139, 140, 

213, 226, 253 
B-property, 227, 234
Calderon-Zygmund decomposition, 90, 263, 266 
Canonical decomposition, 94, 96, 105, 122, 132, 277 
Canonical isomorphism:

induced by Fine’s map, 9, 10, 14, 15 
induced by bases, 226, 229 

Cantor set, 60, 73, 369 
Cesàro means:

a.e. summability, 265, 272 
definition, 45 
pointwise summability, 72 
rate of approximation, 189, 191, 199 
rate of growth, 159, 183, 184, 189, 198, 

264, 265, 360
summability in a homogeneous Banach 

space, 157, 159
uniform summability, 74, 149, 159 
uniqueness, 363, 366 

Cesàro summability -see Cesàro means 
Characteristic function, 11 
Characterization of Walsh-Fourier series, 159 
Characters:

definition, 483
of the dyadic field, 414
of the dyadic group, 4, 5, 6, 14
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of the multiplicative group, 446, 449, 453, 
454

Ciesielski system, 229, 245, 295, 329, 401 
Circle group, 8, 111, 449, 485 
Classical Hardy spaces-see Hardy spaces 
Closed system:

definition, 466
the usual closed system, 4, 414 

Compact approximation property, 245 
Compact groups, 485, 494 
Compact operators, 245, 466 
Complete orthonormal system, 470 
Completely monotone sequence, 381, 408, 494 
Completeness of the Walsh system, 29 
Complex interpolation, 123 
Conditional expectation, 75, 247, 262, 453, 458 
Conditional Holder and Jensen inequalities, 76 
Conditions sufficient for a function to be constant, 

40, 57, 58, 59, 73, 191, 252, 393, 394, 408 
Conjugate elements of the dyadic group, 8 
Conjugate exponents, 467 
Continuous functions on the dyadic group, 9 
Convergence-see partial sums of Walsh-Fourier 

series or Walsh-Kaczmarz system 
Convergence systems, 292, 294, 330, 453 
Convex coefficients, 376, 377, 380, 382 
Convolution, 24, 155, 272 (of a function and a 

measure), 418 (on the dyadic field)
Coset, 481
C-S condition, 333, 334, 340, 363, 367 
(C, 1) summability-see Cesàro means 
De la Vallée Poussin means, 192 
Differentiation:

characterization of the dyadic derivative, 
42, 194, 419

on the dyadic field, 415, 416, 420, 421 
on the Vilenkin groups, 504 
pointwise dyadic derivative, 40, 273, 276 
strong dyadic derivative, 42, 194, 195, 196, 

198, 199, 252, 253
term by term dyadic differentiation, 384, 

386, 390, 393, 408, 409 
-see also fundamental theorem of calculus 
Dini dérivâtes, 41, 497 
Dini-Lipschitz theorem, 148 
Dim's test for pointwise convergence, 71 
Dirichlet kernels:

for a general system, 202 
for the Vilenkin system, 503 
for the Walsh-Kaczmarz system, 36, 315 
for the Walsh-Paley system, 7, 27, 34, 35, 

375

on the dyadic field, 425, 428 
Dirichlet series, 333, 348 
Dirichlet set, 358
Dirichlet test for pointwise convergence, 71 
Discrete group of order 2, 3 
Discrete Walsh-Fourier transform, 179 
-see also Walsh transform and the FWT 
Divergent Walsh-Fourier series, 148, 152, 298, 301, 

302
-see also bounded divergence 
Double Walsh-Fourier series, 240, 241, 318, 319, 

322
Duality of Hardy spaces-see Hardy spaces 
Duality principle for bases, 227 
Duration limited, 462
Dyadic addition of natural numbers, 5, 487
Dyadic addition of real numbers, 10, 38, 421
Dyadic antiderivative-see dyadic integral
Dyadic atom, 104, 105
Dyadic block of integers, 20
Dyadic derivative-see differentiation
Dyadic expansion, 9
-see also binary coefficients
Dyadic field, 413
Dyadic group, 3
Dyadic Hardy space-see Hardy spaces 
Dyadic integral:

characterization on F, 435 
continuity, 194 
definition, 43, 272, 435 
dyadic integrable functions, 435, 436, 437, 

438
-see also fundamental theorem of calculus 
Dyadic intervals, 3,11, 124, 496 
Dyadic martingale, 79
Dyadic maximal function-see maximal operators 
Dyadic metric or distance, 10 
Dyadic norm-see norm
Dyadic product of natural numbers, 250, 487, 490
Dyadic product of real numbers, 357, 411, 413, 414
Dyadic g-block, 282, 283, 286
Dyadic step function, 11
Dyadic stopping times, 86, 88
Dyadic topology, 11
Dyadic translation, 13, 415, 417
Dyadic В МО-see bounded mean oscillation
Dyadic VMO-see vanishing mean oscillation
Eigenfunctions of the Walsh-Fourier transform, 422
Elementary U-set, 368
Enumeration of Paley, 1
Equivalence:

of bases, 226 (definition)
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Haar and Franklin systems, 228 
Walsh and Ciesielski systems, 229 
Walsh and trigonometric systems, 240 

Everywhere divergent Walsh-Fourier series, 298, 
301, 302

Faber-Schauder system, 205, 207, 208, 245
Feist Fourier Transform (FFT), 463
Fast Walsh Transform (FWT), 458, 459, 463, 464
Fefferman’s inequality, 108, 210
Fejér kernels, 45, 431
Fine’s map, 9
First integral, 370, 371
Formal product, 342
Fourier transform on groups, 419
Franklin-Fourier coefficients, 213
Franklin-Fourier system, 208, 210, 221, 228, 245
Fundamental theorem of calculus:

for pointwise dyadic derivative, 275, 276, 
445

for the strong dyadic derivative, 43, 193, 
436, 442

Generalized Dirichlet kernel-see Dirichlet kernels 
on the dyadic field

Generalized Fejér kernel-see Fejér kernels on the 
dyadic field 

Group, 481
Haar integral on the multiplicative group, 453 
Haar measure:

definition, 483 
on a product of groups, 494 
on the dyadic field, 416 
on the dyadic group, 4, 14 
on the multiplicative group, 446, 453 

Haar system, 22, 203, 205, 228, 235, 245, 255, 367, 
371,410

Haar-Fourier coefficients, 52, 113 
Hadamard matrices, 23 
Hadamard-Paley matrices, 21 
Hahn-Banach theorem, 466 
Hardy spaces:

classical, 110, 111, 113, 114, 141, 210, 213, 
226

duality, 114
dyadic, 104, 111, 114, 119, 137, 138, 139, 

140, 203, 253, 301, 328, 329 
-see also isomorphisms 
Hardy’s theorem, 68, 109 
Hardy-Littlewood maximal inequality, 275 
Hausdorff measure zero, 345 
Hausdorff-Young theorem, 427, 473 
Hilbert space, 469

Homogeneous Banach space, 154, 159, 161, 162, 
185

Holder’s inequality for mixed norm spaces, 475
H-property, 293
H-set, 357
H-system, 508
H(*)-set, 370
.//’-property, 329
Indefinite integral of Walsh functions, 26, 51, 61, 

428,441
Inner product for H and BMO, 108 
Integer dyadic intervals, 124 
Integer part of elements in F, 413 
Integrability of Walsh series, 372, 374, 375, 378, 

379, 381,408 
Intermediate spaces, 124 
Interpolation of operators:

in dyadic Hardy spaces, 120 
in mixed norm spaces, 475, 477 

-see also Marcinkiewicz and Riesz-Thorin 
Interpolation theorem, 84 
Inversion:

of the Mellin transform, 455 
of the Plancherel transform, 424 
of the Walsh transform, 457 
of the Walsh-Fourier transform, 430 

Isomorphisms:
of BMO and bmo, 114 
of BMO, and bmo, 214 
of BMO and BMO, 229 
ofC(G) and Cw, 9 
of G, Gq and (N,®), 6 
of H and h, 114 
of П and H, 220, 229 
of 17(G) and 17, 14 
of Z X В and F*, 413 

Kintchin’s inequality, 103 
Kolmogorov-Seliverstov-Plessner theorem, 331 
Kronecker product of matrices, 23 
Kronecker product system, 239 
K* spaces, 120, 138
Lebesgue constants, 34, 35, 50, 187, 306 
Lebesgue functions, 203 
Lebesgue measure, 13 
Linear Franklin-Fourier coefficients, 213 
Linear hull, 466
Linear rearrangements-see rearrangements 
Linear space over Zg, 4
Lipschitz classes, 14, 15, 50, 52, 54, 65, 67, 78, 74, 

141, 188, 189, 198, 199, 253, 462 
Local modulus of continuity 
-see moduli of continuity
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Local operators, 262 
Localization principle, 70, 343, 344 
Locally compact groups, 419, 482 
Logarithm spaces:

a.e. convergence of Walsh-Fourier series, 
279, 287, 306, 316 (the Kaczmarz 
arrangement) 

definition, 77, 279 
rate of growth of Snf, 136, 
relation to dyadic Hardy spaces 137, 139 

Lp-modulus of continuity -see moduli of continuity 
Marcinkiewicz interpolation theorem, 98, 135, 445 
Marcinkiewicz quasi-norms, 127, 130 
Marcinkiewicz spaces, 127, 128 
Marcinkiewicz test for a.e. convergence, 260, 302 
Martingale maximal theorem, 81 
Martingale transform, 95, 99, 137 
Maximal operators:

dyadic Hardy-Littlewood maximal func­
tion Pf, 275

dyadic maximal function €* f , 80, 81, 98, 
101, 136

maximal function for Cesaro means <r*/, 
265,269

maximal function for nonlinear square 
function Q* f , 126, 131, 135 

maximal function for partial sums S* f, 82, 
135, 278, 281, 283 (for ^-blocks),
287 (the Kaczmarz arrangement),
320 (two-dimensional case), 322, 331 

maximal martingale transform, 97, 99, 
101,102

non-linear dyadic maximal function £’/, 
131, 276

non-linear martingale maximal function, 
126, 131,135, 276 

Mean zero, 96
Measure-see Borel measure, Haar measure, or 

Lebesgue measure
Measure preserving transformations, 15 (defini­

tion), 16, 17 (sign-like systems), 18 (adjoint), 
204, 234, 237 (norm), 238, 349 

Mellin transform, 446, 453, 454, 455 
-see also inversion 
Metric on G, 4 
Mixed norm spaces, 130, 475 
Moduli of continuity: 

classical, 207 
dyadic, 14, 331 
local, 15, 64, 73, 74
Lp or Lp(G), 14, 15, 51, 53, 74, 143, 256, 

462

on a homogeneous Banach space, 187, 189, 
195, 196

on the dyadic group, 14, 148, 185, 195, 331 
Moment problem, 494
Monotone coefficients, 182, 153, 308, 372, 374, 376, 

377, 379, 381, 382, 387, 393, 408, 409 
M-set, 357
Multiplication in F, 411 
Multiplication formula, 418
Multiplicative characters-see characters of the mul­

tiplicative group 
Multiplicative digits, 446, 448 
Multiplicative group, 413, 446 
Multiplicative system-see systems 
Multiplier, 241, 243, 244, 254 
Non-linear martingale maximal function-see maxi­

mal operators
Non-tangential maximal function, 110 
Norm:

dyadic norm, 4, 411, 412 
non-Archimedean norm, 412 
quasi-norm, 282, 465 
semi-norm, 465

Normalized convergence system, 401, 403 
Null series, 342, 345, 348, 350, 352 
Operator of type (p, q), 76, 78, 475, 477, 478 
Operator of weak-type, 266, 269 
Operator of weak-type (p, ç), 76, 78, 81, 262, 322, 

445,479
Order of a Walsh polynomial, 30 
Ordering of groups, 7, 8, 49 
Original Walsh system:

a.e. convergence, 287, 288 
basis properties, 232, 245 
definition, 2
linear rearrangement of the Walsh system, 

19
sign changes, 20
uniqueness- see partial sums of order 2n 

Orthogonal projections, 129, 469 
Orthogonality of the Walsh system, 6 
Orthonormal system, 470 
Paley Lemma, 7, 61, 503 
Paley’s inequality, 102 
Parseval's identity, 472 
p-atom, 119
Partial sums of Walsh-Fourier series of order n:

a.e. convergence, 256, 260, 279, 285, 331 
closed form using Dirichlet kernels, 27 
definition, 25 
norm convergence, 182 
pointwise convergence, 70, 71
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rate of approximation, 69, 198 
rate of growth, 136, 149, 152, 185, 187, 

261, 298, 301
relation to martingale transforms, 96, 127 
uniform convergence, 72, 74, 145, 147, 148, 

173, 183
-see also absolute convergence, and diver­

gent Walsh-Fourier series 
Partial sums of Walsh-Fourier series of order 2": 

a.e. convergence, 29, 82 
closed form using averages, 29 
norm convergence, 51, 158, 160 
rate of approximation, 188, 189, 252 
rate of growth, 160, 183 
uniform convergence, 29 

Partial sums of Walsh series of order n: 
a.e. convergence, 395 
asymptotic convergence, 397, 401 
convergence in measure, 184, 401 
uniqueness, 51, 338 
-see also Walsh-Fourier-Stieltjes series 

Partial sums of Walsh series of order 2n :
a.e. convergence, 31, 32, 360, 410 
C — S condition 334 
relationship to Cesàro means, 360, 361 
relationship to quasi-measures, 31, 332 
uniqueness, 160, 183, 333, 338, 340, 342, 

367, 368,371
-see also sets of divergence and Walsh- 

Fourier-Stieltjes series 
p-bounded fluctuation, 15, 67 
Piecewise linear rearrangement-see rearrangements 
Plancherel transform, 424, 425, 426, 433 
-see also inversion
Pointwise convergence-see partial sums 
Pointwise derivative-see differentiation 
Pointwise summability-see Cesàro means 
Pontryagin duality, 484 
Predictability for martingale trees, 130 
Predictable sequence, 92 
Product measure, 4, 491, 494 
Product representation of the multiplicative 

group, 413 
Product spaces:

for Banach spaces, 139, 468 
for compact abelian groups, 494 
for measure spaces, 491 
for topological spaces, 491 

Product systems-see systems 
Product topology, 491 
Projections on a Hilbert space, 469 
çr-block, 330

-see also dyadic ç-block
Quasi-convex sequence, 377, 378, 379, 384, 408 
Quasi-local operator, 262, 266, 445 
Quasi-measure, 30, 31, 75, 138, 266, 332, 336, 360, 

367, 497, 499 
Quasi-norm- see norm 
Rademacher functions, 1, 10, 369 
Radon-Nikodym derivative, 31, 272 
Rate of approximation by Walsh polynomials, 69, 

186, 187, 189,196 
Rearrangements:

definition, 16 
linear, 16, 18, 19, 204 
measure preserving, 235, 349 
of the Haar system, 235, 238 
piecewise linear, 20, 204, 205, 234, 289 

Regular martingales, 79
Riemann-Lebesgue lemma, 24, 50, 51, 53, 379, 422 
Riesz-Fischer theorem, 473 
Riesz Representation theorem, 467 
Riesz-Thorin theorem, 478
R-summability of double Walsh-Fourier series, 320, 

322, 325
Semi-norm- see norm 
Sequence spaces, 12, 117 
Sequency limited, 461 
Sets of divergence:

definition, 162 
for C(G), 167, 171 
for 17(G), 164, 166 
union, 163

Sets of uniqueness-see U-set 
sgn (the signum function), 476 
Shift operators, 25, 176, 184, 351 
Shifted orthonormal systems, 221, 222, 226 
Sign changes, 19, 529 
Sign-like-see systems 
Simple transformation, 349 
Singular measures, 270, 276, 336 
Spectrum of a function, 29 
Square function, 97, 101, 102, 136, 137 
Square partial sums of double Walsh-Fourier 

series, 319
Steckin’s theorem, 69 
Strong antiderivative-see differentiation 
Strong derivative-see differentiation 
Strong dyadic integral-see dyadic integral 
Strong means, 253, 328 
Strongly multiplicative system-see systems 
Sublinear operators, 76, 479 
Summability-see Abel means or Cesàro means



1

556 Indices

Systems:
multiplicative system, 16, 509 
product system, 16, 232, 348, 292, 506 
p-weakly multiplicative system, 330 
sign-like system, 16, 17, 349, 351 
strongly multiplicative system, 16, 232, 

349, 351, 509
weakly multiplicative system, 292, 330, 

509
Szász theorem, 67
Term by term dyadic differentiation-see differenti­

ation
Three lines theorem, 474 
Topological field, 413
Topological group-see locally compact groups 
Topology of the dyadic group, 3, 4 
Trace of operators, 246
Translation invariance of Lebesgue measure, 13 
Translation operators, 13, 191 
Triangular partial sums, 325 
Trigonometric system, 240, 401 
Uniform convergence-see partial sums of Walsh- 

Fourier series or Walsh-Kaczmarz system 
Uniform summability-see Cesàro means 
Uniqueness problem, 333
Uniqueness of Walsh series-see partial sums of 

Walsh series or Cesàro means 
Unit ball in F, 412, 416, 446 
U-set, 354, 355, 356, 358, 369, 370 '
Usual closed system-see closed system 
Variation of a number, 34, 187 
Vilenkin systems, 501 
Vilenkin-Fourier series, 503 
Walsh-Dirichlet integral, 427, 439^
Walsh-Dirichlet kernel-see Dirichlet kernels 
Walsh-Fejér integral, 430, 432 
Walsh-Fej ér kernel -see Fejér kernels 
Walsh-Fej ér polynomials, 149 
Walsh-Fourier coefficients:

approximation by FWT, 457 
of absolutely continuous functions, 57, 58 
of continuous functions' 58, 59, 60 
of functions in BMO or H, 109, 307 
of function in Lipschitz classes, 65, 67, 68 
of functions in logarithm spaces, 313 
of function of bounded fluctuation, 55 
of integrable functions, 24, 53, 379 
of strongly differentiable functions, 54 

-see also absolute convergence of Walsh-Fourier se­
ries

Walsh-Fourier-Stieltjes coefficients, 30, 332

Walsh-Fourier-Stieltjes series, 30, 159, 183, 184, 
269, 272, 332, 336, 342, 367 

Walsh-Fourier transform, 39, 416, 417, 421,
426 (relation to Plancherel transform),
427 (Hausdorff-Young inequality),
462 (rate of growth)

Walsh Transform of a discrete function, 456 
-see also Fast Walsh Transform and discrete Walsh- 

Fourier transform
Walsh-Kaczmarz-Dirichlet kernel-see Dirichlet ker­

nels
Walsh-Kaczmarz system:

a.e. convergence of Walsh-Kaczmarz- 
Fourier series, 289, 291 

basis properties, 21, 204, 245 
definition, 2
divergent Walsh-Kaczmarz-Fourier series, 

315,316,317
equivalence to the Walsh-Paley system as 

a basis, 234, 238
integrability of Walsh-Kaczmarz series, 

380
piecewise linear rearrangement of the 

Walsh-Paley system, 21 
uniqueness-see partial sums of Walsh series 

of order 2”
Walsh Hadamard Transform of a discrete function, 

460
Walsh-Kolmogorov polynomials, 296, 305, 310 
Walsh-Paley system, 1 (definition)
Walsh polynomials, 11, 75, 166, 178, 185, 350, 351 
-see also best approximation, dyadic step 

function, Walsh-Fej ér and Walsh- Kolmogorov 
polynomials

Walsh series with monotone coefficients-see mono­
tone coefficients

W-continuous, 11, 40, 49, 72, 204, 205, 253, 331, 
430, 461, 462

W-systems, 254, 293, 294, 510 
Young’s function pair, 182 
Zero series, 333
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Symbol, description page(s) defined
a, a graded sequence of Walsh polynomials .....................................................................................................95, 126
An, the linear martingale difference operator .......................................................................................................... 95
Д/, the non-linear martingale difference operator........................................................................... .....................126
C = (Cn,n G N), the Faber-Schauder system............................................................................................................ 205
к = (к„, n € N), the Walsh-Kaczmarz system .......................................................................................................... 2
H, Haar measure on the dyadic group or the dyadic field ........................................................................... 4, 416
V, a general quasi-measure or Haar measure on F* ....................................................................30, 332, 446, 453
T*, shift operators on the dyadic group .......................................................................................................... 176, 351
7T„, coordinate projections on the dyadic field .......................................................................................................414
(/>n,n € N), the Rademacher system on the dyadic group..................................................................................... 5
Q, Fine’s map........................................................................................................................................................................9
<r„, Cesaro means of a series........................................................................................................................................... 45
<r„/, Cesaro means of the Walsh-Fourier series of /...............................................................................................45
<ruf, the Walsh-Fejér integral of /..............................................................................................................................430
<r*, the maximal operator for Cesaro means............................................................................................................ 265
Ту, dyadic translation by у..................................................................................................................................... 25, 415
ф = (фп,п 6 N), the original Walsh system................................................................................................................ 2
x(E), the characteristic function of a set E.............................................................................................................. 11
(V’m n € N), the Walsh system on the dyadic group............................................................................................... 5
w(/, 6), the dyadic modulus of continuity.................................................................................................................. 14
u/p)(/, S), the dyadic Lp modulus of continuity .................................................................................................14,15
w*(/,6), the modulus of continuity on a homogeneous Banach space............................................................ 187
/?(/, 6), the classical modulus of continuity............................................................................................................ 207
Í2*, eigenfunctions of the Walsh-Fourier transform............................................................................................... 422
A, the normed algebra of graded sequences of Walsh polynomials............................................................95, 126
A("), Had amard-Paley matrices................................................................................................................................... 21
A, the space of absolutely convergent Walsh series.................................................................................................63
An, the algebra of sets generated by dyadic intervals of length 2"..................................................................... 75
A1, the algebra of sets generated by dyadic intervals of length |/|....................................................................125
A, the algebra of sets generated by the collection of dyadic intervals .............................................................. 30
B, the unit ball in the dyadic field..............................................................................................................................412
Bq, block spaces............................................................................................................ ....................................................283
bmo, the sequence space corresponding to BMO.................................................................................................113
BMO, space of functions of bounded dyadic mean oscillation............................................................................107
BMOo, functions in BMO with zero linear Franklin-Fourier coefficients......................................................... 213
BMO, the classical space of functions of bounded mean oscillation................................................................. 210
C, the complex plane............................................................................................................................................................ 1
CL(e), the closed linear hull of a system e................................................................................................................ 200
C(G), the space of continuous functions on the dyadic group................................. .............................................. 9
Cw, the space of uniformly W-continuous functions on [0,1)............................................................................... 9
C[0,1], the space of classically continuous functions on [0,1)..............................................................................205
d„, dyadic derivative difference operators...................................................................................................40, 41, 415
dW, the strong derivative operator of order r.................................................................................................42,415
df, the strong derivative of/.......................................................................................................... .................... 42, 415
Dn, Walsh-Dirichlet kernels.............................................................................................................................................27
Dt, the generalized Walsh-Dirichlet kernel................................................................................................................425
Df,, Dirichlet kernels for an orthonormal system §............................................................................................... 202
D^a\ generalized Dirichlet series................................................................................................................................. 348
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|jE7| , the Lebesgue measure of a set E of real numbers........................................................................................... 13
e = (e,-, i E N), the usual closed system................................................................................................................ 4, 412
e„(/), the L2 distance from / to Walsh polynomials with at most n terms.................................................... 69
£„, the conditional expectation operator for An ................................................................................................... 75
£/, the conditional expectation operator for A1 ...................................................................................................125
£*, the dyadic maximal operator..................................................................................................................................80

, the non-linear dyadic maximal operator............................................................................................................ 131
£„/, predictors of the linear martingale (£t,k E N).................................................................................................80
£jf, predictors of the non-linear martingale (£i,I E J)....................................................................................... 131
E rate of approximation in X by Walsh polynomials of order n ...................................................... 186
/M, the pointwise dyadic derivative of/...........................................................................................................40, 415
/(n), Walsh-Fourier coefficients of/.............................................................................................................................24
/, the Walsh-Fourier transform of /............................................................................. ..................................416, 421
/, the Walsh Transform of /....................................................................................................................................... 456

f(n), Haar-Fourier coefficients of /............................................................................................................................113

/(n), Franklin-Fourier coefficients of /.......................................................................................................................213
F, the dyadic field............................................................................................................................................................ 411
F0, the dyadic group in F............................................................................................................................................. 411
F", the multiplicative group in F.................................................................................................................................413
Tn, operators used to estimate <r*............................................................................................................................... 264
J", the Walsh-Fourier-Plancherel transform..............................................................................................................424
f=(f„, n E N), the Franklin system............................................................................................................................208
G, the dyadic group..............................................................................................................................................................3
Go, the dyadic rationale in the dyadic group............................................................................................................... 3
GS, self conjugate elements in the dyadic group..........................................................................................................9
G, the Walsh system on G....................................................................... ....................................................................... 4
g=(g„, n E N), the Ciesielski system..........................................................................................................................229
hp, the sequence space corresponding to Hp............................................................................................................ 113
h, the sequence space corresponding to H................................................................................................................ 113
h+, the positive part of a real valued function ..........................................................................................................77
h = (h„, n E N), the Haar system......................................................................................................................... 22,113
H^n\ Hadamard matrices.................................................................................................................................................23
H, Hp, dyadic Hardy spaces........................................................................................................................................... 104
Ho, functions in H of mean zero..................................................................................................................................114
Hoo, functions in H with zero constant and linear Franklin- Fourier coefficients.........................................220
7f,7fp, classical real Hardy spaces....................................................................................................................Ill, 210
I2, the unit cube................................................................................................................................................................318
/„(x), the dyadic interval of length 2-n which contains x............................................................................... 3,11
I(p,n), dyadic interval with endpoints p/2", (p + l)/2"............................... .............................................. 11, 124
I+, the double of an integer dyadic interval I.........................................................................................................126
I', I", the left and right halves of an integer dyadic interval I........................................................................128

strong dyadic antiderivative of order r................................................................................................................. 43
I, the dyadic integral...............................................................................................................................................43, 435
I*, the dyadic Hardy-Littlewood maximal operator.............................................................................................275
2, Jo, collections of dyadic intervals............................................................................................................................107
Jk(x), the indefinite integral of wt...................................................................................................................... 26, 428
J, Jo, collections of integer dyadic intervals.......................................................................................................... 124
Kn, Walsh-Fej ér kernels.................................................................................................................................................... 45
K?, intermediate spaces between H2 and BMO.......................................................................................................119
IC(X), the collection of compact operators on a Banach space................................................................ 245, 466
t°, the sequence space of real numbers........................................................................................................................ 12
P, sequences in t? whose p-th powers are summable.............................................................................................12
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/

L, the space of linear operators from V to V ................... ......................................................................................96
Ь(ЛП), the space of An measurable functions.......................................................................................................... 75
L(e), the linear hull of a system e................................................................................................................................200
L„, Lebesgue constants for the Walsh-Paley system............................................................................................... 34
L°, the space of a.e. finite, measurable functions..................................................................................................... 11
1/, I/(G), the spaces of functions whose p-th powers are integrable........................................................ 11, 12
L(log+L)p, Logarithm spaces................................................................................................................................ 77, 379
Lp(tq), mixed norm spaces........................................................................................................................................... 475
L°, the space of measurable function sequences ...................................................................................................475
Lip(a,G), Lipschitz classes on the dyadic group.....................................................................................................14
Lip(a, W), dyadic Lipschitz classes on [0,1)...............................................................................................................15
Lip(a,X), Lipschitz classes on a homogeneous Banach space..........'................................................................ 188
M, 1M(G), spaces of finite Borel measures.....................................................................................................266, 332
Mp, Mp,i, Marcinkiewicz spaces........................................................................................................................127, 128
M, the Mellin transform.....................................................................................................................................  446, 454
N, the natural numbers.......................................................................................................................................................1
N2, the collection of integer lattice points in the plane....................................................................................... 318

the annihilator of a subgroup H.................................................................................................................... 485
P, the positive integers........................................................................................................................................................ 1
V, the collection of Walsh polynomials........................................................................................................................12
Vn, the collection of Walsh polynomials of order less than n............................................................................185
Q, the collection of dyadic rationale in [0,1)................................................................................................................ 1
Q+, the collection of dyadic rationale in R+...................................■.................................................................. .. 412
QM, QM(G) spaces of quasi-measures ............................................................................................................  30, 332
Qf, the linear square function.........................................................................................................................................97
Qif, the non-linear square function............................................................................................................................126
Q*, the maximal operator for the non-linear square function............................................................................126
r = (r„, n E N), the Rademacher system...................................................................................................................... 1
R, the real numbers.............................................................................................................................................................. 1
R+, the non-negative real numbers............................................................................................................................. 412
7Zn, operators used to estimate I* ............................................................................................................................264
sgn, the sign operator.................................................................................... 476
Snf, partial sums of the Walsh-Fourier series of /...................................................................................................25
Stf, the Walsh-Dirichlet integral of/........................................................................................... .............................427
5д(7)/, Д-partial sums of a double Walsh-Fourier series..................................................................................... 320
5*, the maximal operator for the full sequence of partial sums Snf ................................................................ 82
S*f, partial sums of the §-Fourier series of /.......................................................................................................... 202
S^x, partial sums of the biorthogonal expansion of x with respect to a basis c..............................................200
T, the circle group.......................................................................................................................................................... Ill
t = (tk, к G N), the trigonometric system................................................................................................................ 240
T(a)f, the martingale transform of /.......................................................................................................................... 95
Tj(a)f, the non-linear martingale transform of f .................................................................................................126
7*(a)/, the maximal martingale transform of /.................................................. .................................... 97, 126
(v„, n 6 N), characters of the multiplicative group F*......................................................................................... 449
VMO, the space of functions of vanishing dyadic mean oscillation..................................................................107
Wr, the kernel for fH........................................................................................................................................................ 43
w = (wn, n G N), the Walsh-Paley system......................................................................................................................1
w = (tym>n, (m, n) € N2), the double Walsh-Paley system................................................................................... 240
|*|, the dyadic norm of x......................................................................................................................................... 4,411
||i||, the non-Archimedean norm of * ...........................................'.......................................................................... 412
Z, the collection of integers............................................................................................................................................... 1
Z2, the discrete cyclic group of order 2.......................................................................................................................... 3
4-, dyadic addition on [0,1)............................................................................................................................................. 10
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ф, dyadic addition of integers.................
•, dyadic multiplication of real numbers 
©, dyadic multiplication of integers ....













This book is suitable for use as an introduction to harmonic analysis. Except for 
material usually covered in a first course on Lebesgue integration, concepts are 
developed as needed and in this sense, the book is nearly self-contained. In particular, 
it is accessible to beginning graduate students and the doctoral candidates in various 
specialities in engineering. This book includes very recent results and covers topics 
very broadly, and thus is also suitable as a reference for specialists.

A large part of this book is devoted to the study of Walsh functions. Topics covered 
include convergence and summability of Walsh-Fourier series, growth of Walsh- 
Fourier coefficients, uniqueness and representation by Walsh series, approximation 
by Walsh polynomials, inversion of the Walsh transform and the Fast Walsh Trans­
form. We also examine the role that Walsh functions play in the development of new 
spaces (the dyadic Hardy spaces and BMO), resolution of the basis problem, and the 
study of other systems (e.g. the Franklin system and certain multiplicative systems).

Another important theme is that the Walsh functions provide a vehicle to link 
harmonic analysis, probability theory, tree-like nets, and the theory of finitely additive 
set functions (quasi-measures). This allows problems to be recast in several different 
ways and so provide an alternative approach to classical theorems. To illustrate this 
point, we offer a fairly simple proof of the most general theorem on a.e. convergence 
of Walsh-Fourier series, and construct an explicit isomorphism from classical Hardy 
space (defined by means of analytic functions) to dyadic Hardy space (defined by 
means of martingale maximal functions).
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