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FOREWORD

This Colloquium is the third international conference organized on the 
Hungarian territory with the view to deal with problems of structural 
stability, the first of them having been held at Balatonfüred in 1977 and 
the second at Tihany in 1986.

The objectives of the 1990 Colloquium are very similar to those of the 
previous two stability conferences, viz. to summarize the progress in 
theoretical and experimental research in the field of stability of steel 
(and other metal) structures, special emphasis being given to new concepts 
of analysis, design rules and recommendations in recent national and 
international Design Specifications and Codes.

Of course, the success of our striving to a great extent depends on 
the support the Colloquium receives from specialists from various countries 
of the globe. And we are happy to say that the support the 1990 Colloquium 
has to date been given, with 139 contributions (from 23 countries of 4 
continents) being submitted, has even surpassed that which was granted to 
the two preceding stability conferences. All of these contributions are 
published in the Preliminary Report, while general reports and 
contributions to the Free Discussion will then appear in the Final Report 
of the Colloquium.

Besides the significant financial and other support by the Technical 
University, Budapest and the Hungarian Academy of Sciences, the Colloquium 
is fortunate to enjoy the important sponsorship of (i) the International 
Association for Bridge and Structural Engineering (IABSE) and (ii) the 
Structural Stability Research Council (SSRC). Therefore, the program of the 
Colloquium has been fixed up so as to aid these organizations in their 
continuous striving to achieve further headway in the field of 
constructional steelwork. Let us here mention, for instance, the important 
project "Stability of Metal Structures - A World View" sponsored by SSRC, 
in this respect our Colloquium desires to follow the same aims as the 1989 
New York session, 1989 Beijing session and the Istanbul and Western Europe 
conferences to come in the near future.

To conclude, we wish you a most rewarding and agreeable stay in 
Hungary and at the same time the Colloquium may provide possibility to 
establish new contacts and strengthen the old ones, thus giving new impetus 
to international cooperation in research and preparation of Recommendations 
for Design of Steel Structures.

On behalf of the Scientific Committee

Prof. Miklós IVÄNYI, DSc. 
Chairman
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GLAS, Hans-Dieter (1)
LUTTEROTH, Ascan (2)
NEW GDR CODES FOR STEEL STRUCTURES ESPECIALLY CONCERNING 
STABILITY

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990 
PRELIMINARY REPORT

Summary: There are presented the recently introduced codes for 
limit states design using partial safety factors, The stabili­
ty checks are based on calculation models proved in practice. 
For compressed members, an initial deflection is set up in 
place of the imperfection, and calculations are performed ac­
cording to second-order theory* For combined compression and 
bending, this imperfection and the bending moment are super­
posed* There are differentiated four groups of members as it 
ia also the case with torsional buckling. For buckling, the 
post-critical behaviour is taken into account.
le Introduction
In 1989, in the GDR the codes for steel structures concerning 
the fields of civil engineering changed to partial safety fac­
tor design. With that, the previous conception of the allow­
able stresses was left and the international trend is followed* 
The modular conception for the structure of codes having pro­
ved successful for years has been maintained. It comprises:
a) basic standard TGL 13 500 which includes the checks to be 

performed, strength values to be observed as well as rules 
for bolted, riveted and welded structural members ;

b) universally valid standards, as for instance TGL 13 503 
"Stability of steel supporting structures" or TGL 13 510 
"Manufacture of steel supporting structures";

c) specific standards, as for instance TGL 13 450 "Steel sup- 
portlng structures in building construction", TGL 13 460

(1) Professor Dr. sc. techn.. Technische Hochschule Leipzig
(2) Dr.-Ing., VEB Metalleichtbaukombinat Leipzig
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"Steel road bridges" or TGL 13 471 "Steel supporting 
structures for craneways".

The standards are binding for everybody, i.e. they are law. 
Variations are allowed, provided tney were proved reasonably 
by theory and tests, and the competent inspection office has 
approved them. Competent inspection offices, among others, 
are : State Building Supervision Authority, Acceptance Office 
of the Deutsche Reichsbahn or the Supreme Mining Office.

2. Form of checking in ultimate limit state
Generally, it can be written :

(1)
where :S L. □ - loading (stress or internal force) due to ...
ул - importance factor for taking into account social 
^ and economic consequences resulting from failure

of the structural member
Fn - standard load

- load factor
'у - combination factor
Rn - standard load-carrying capacity, general ; the

same dimension as with 5
- material factor
- modifying factor for taking into account special

0 influences.
This form of checking applies to such cases which have to be 
treated according to first-order theory as well as for those 
according to second-order theory, because the deformation in­
fluences the internal force. In the case of checking accor­
ding to second-order theory, the modulus of elasticity has to be substituted with its calculation value, i.e.E/^,/1/.
The regulations concerning the importance factor ÿnaccording 
to specification 207/88 of the State Building Supervision 
Authority are shown in table 1.
It should be emphasized that it is allowed to classify struc­
tural members in the next lower reliability category if in 
case of their failure the consequences will be locally re­
stricted. This is the case, for instance, with purlins, wall 
cross members, wall posts, stairs, railings and so on.
Standard loads Fn, load factors /, and combination factors y 
are defined uniformly for all building systems in TGL 32 274 
"Design loads for buildings'.'
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Table 1 % Reliability categories and importance factor

Reliability
category

Consequences in failure case importance
factor

I very severe dangers to the population
catastrophic conditions
very severe economic consequences

£ 1.1

II severe dangers to gatherings of people 
severe economic losses 
severe cultural losses

1.05

III dangers to groups of persons é
essential economic consequences

1.0

IV slight danger to persons 
slight economic consequences

0.95

V very slight danger to persons 
very slight economic consequences

0.90

It should be noted that, depending on the probability with 
which the respective standard load may still be exceeded du­
ring the service life of the structure, the value of the load 
factors is differentiated. So, the dead loads of structural 
members of steel or normal reinforced concrete show only little 
scattering, and for that reason, it is allowed to take ■
■ 1.1 in this case. Members of light concrete with a thickness 
3 50 mm or insulating materials, however, are to be calculated 
with ■ 1.3. A second example* floors, the service load of 
which lé < 3 kN/m2, are calculated with a load factor *
■ 1.4, for 3 up to <5 kN/m2 ■ 1.3 and for & 5 kN/rn^

■ 1.2. These regulations are entirely in accordance with 
progressive safety conceptions. The present definitions concer­
ning the combination factory, however, are conservative, for 
which reason they are under revision at present.
For steel building construction, a material factor V * 1.15 
has been defined. It takes into account the variations in 
strength as well as those in the dimensions of cross section 
and, furthermore, it includes a correction factor which, in 
connection with the importance factors and design loads defi­
ned for the whole civil engineering, ensures the required le­
vel of reliability. In other branches may be defined another 
value. In bridge construction will probably be calculated with 
У ■ 1.1, but with importance factors which are, on average, 
above those of civil engineering.
In contrast with the other partial safety factors, the modi­
fying factors are defined in a deterministic way. They take 
into account the accuracy of the calculation model and syste­
matic influences which were compensated up to now by safety



-4/6-
(4)
factors deviating from the common ones and by the allowable 
stresses, respectively.
Flexural stresses may be calculated taking into account par­
tial plastification with the section modulus

VA w,t +
(2)

unless a progressive plastification due to movable load is to 
be expected. Here, reference should be made to TGL 13 450/02 
which regularizes the plastic design of steel supporting 
structures in building construction. In section 2.1, it says: 
"By the design loads (i.e. -fold standard loads), a
statically admissible and safe moment distribution in the 
frame structure has to be checked. In places where the calcu­
lation value of the fully plastic moment (Mi/ y ) is reached, 
plastic hinges are to be assumed... The calCQlatSd plastic 
load is reached when in that place of the decisive statically 
indeterminate system where in case of further load increase a 
plastic hinge would be formed, the internal moment reaches the 
quantity MÇ/ y ."

Here is м" в wT
RÜ - standard yield point longitudinally to the struc­

tural member.

3. Stability checks
The tradition to regularize the stability checks in a special 
standard was followed by TGL 13 603 "Stability of steel sup­
porting structures". This standard la divided into a Part 1 
"Bases of limit states design using partial safety factors" 
and a Part 2 "Methods of limit states design using partial 
safety factors". Part 1 is binding. Part 2 is recommended for 
application; the project engineer is allowed to use other ap­
proved design methods, too. With the stability specification 
TGL 13 503, a high degree of uniformity in the treatment of 
the different stability cases is reached. This applies to the 
fora of checking, the definition of the calculated safety, 
the use of plastic design results and a uniform measure for 
the sensitivity to loss of stability. /2/
In principle, for all stability cases can be performed a stress 
check according to second-order theory (exceptions are made 
with interaction relations). The quantities of the standard 
values for strength, of partial safety factors and of assumed 
imperfections were defined so, that there are formed conti­
nuous transitions to the associated etreee problems according 
to first-order theory.
The check for a member of constant cross section subjected to 
compression and to bending in one of the two principal axes,



(б)
for instance, may be performed on the basis of the edge 
stress which is determined according to the following rela­
tions :

64mvV,)-£> и

where :
N * absolute value of compressive force 
M * absolute value of bending momentШ
d * section modulus referred to the compression edge

Wz 
For W . (2). d 
f N * fM

section modulus referred to the tension edge
and Wz may be substituted WT according to equation

■ factor expressing the increase of the bending mo­
ments according to second-order theory compared 
with those according to first-order tneory. For 
fN, a sinusoidal initial deflection is specified.

/JN ■ ( 93 Л - c1 ) / c2 ■ imperfection
For comparison. Eurocode and ISO:

oC ( Я - Л0 )

Л — _ A 
л5 т V E relative slenderness

TGL (TGL) EC, ISO
buckling curve C^ C2 OC яс OC A0

a 15 500 0,186 0.161 0.21 0.2
b 10 320 0.290 0.108 0.34 0.2
c 10 220 0.422 0.108 0.49 0.2
d 10 160 0.581 0.108 0.76 0.2

The variations in the buckling factor (%reap,) which result 
from the different imperfections specified in TGL and EC and 
ISO, reap,, are below 2 % with the buckling curves a, b and c. 
For buckling curve d, TGL gives values being higher up to 
6.5 %. This variation was introduced intentionally in order to 
provide a more uniform graduation. For very small slenderness, 
the buckling factor of the buckling curves a to d according to
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TGL is lower by 1 to 5 % than according to EC and ISO;
Equation (3) applies to the compression edge, equation (4) to 
the tension edge of the compressed member.
Substituting M = 0 into equation (3), we have the relation 
for the centrically compressed member

~ ( 1 ♦/'n ) (6)

In place of the check according to equation (5), it can also 
be written

-У-í R(6)

which gives the same result. У is the buckling factor which, 
in accordance with buckling curves a...d, depends on the 
shape of the cross section and on the level_ of residual stres­
ses as well as on the relative slendernessЛ, and which can be 
taken from a table. It can be determined as well according to 
the following relation:

f "i + (7)

The calculation having proved successful for years provides a 
sufficiently uniform reliability in the whole range of slen­
derness, as was demonstrated by calculations using several as­
sumptions of loading, imperfection, yield point and modulus 
of elasticity as stochastic variables. /3/
A girder subjected to bending may be checked for lateral tor­
sional buckling according to

* * s*/-*:■<?„!/n, (8)

Relation (8) is similar to relation (6). The torsional buck­
ling factor depends on
- torsional buckling curve a...d into which the member has to 

be classified, and
- the relative slenderness Л -^~Mj / Mkl'
M. . is the ideal torsional buckling moment which, for in­
stance, can be given for the single-span girder of constant 
double symmetrical cross section:

f m coefficient taking into account the development of the 
bending moment over the girder length

E ■ modulus of elasticity (210 000 N/mm2)
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(7)
Y buckling
ß ■ value taking into account the degree of elastic re­

straint at right angles to web plane
1 ■ girder span
V ■ distance of the points of application of the transverse 

loading from the girder axis, to be introduced posi­
tively in direction of the zone of combined compression 
and bending

■ radius of 
rotation

CM = warping constant
ß0 * parameter for the degree of warping restraint at supports
1Q i.e. eqpal to I
ID ■ torsional constant
The standard makes it also possible
- to determine the relative slenderness by a simplified re­

lation (flexural member analogy)
- to perform the lateral torsional buckling check as a stress 

check according to second-order theory.
The buckling check takes into account tne post-critical beha­
viour in case of compression by the effective width and in 
case of shear by the tension field model. The safety factors 
which, according to the previous regulations, are lower in 
some cases, are taken into account by modifying factors >1.
In accordance with the residual stresses to be expected due to 
welds and with the initial deflections, four buckling curves 
are differentiated. Proceeding from the ideal buckling stress, 
a real critical stress is calculated which in case of static 
loading may be above the ideal buckling stress. These regula­
tions were also proved by tests with structural members.
4. Summary
New codes for steel structures are presented which are now 
valid in the GDR. They are based on the conception of limit 
states and checks using partial safety factors.
Concerning the stability check, it is emphasized that a high 
degree of uniformity in the treatment of the different stabi­
lity cases has been reached and that to the checks according 
to second-order theory was given the place being due to them 
in accordance with the present state of engineering theory.
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PRELIMINARY REPORT

Summary
The General Provisions of the 2nd edition of "Stability of Metal 

Structures-A World View" are necessarily limited in length. Decisions had to 
be made on what topics to include and how extensive the coverage should be 
The World View document cover 78 specifications from six regions of the world.
“is total number indicated material would have to be limited. It was decided 

to provide quantitative information in the General Provisions rather than 
extensive philosophical discussions. This will enhance the use of the
document Summaries of the North American Region General Provisions are 
provided for Limits of Applicability, Materials and Design Basis 
Introduction

Early in the development of the outline for the 2nd edition of "Stability 
°î ÎJfïf1 Eructuros - A World View," common sense suggested that comparisons 
of differences and the reasons for these differences between design provisions 
f-Vari-S i4y^Ural components and systems might be meaningless because of 
p losophical differences about loads, combinations of loads, use of materials 
and design bases. Accordingly, a section of the document covering these 
dirferences i was included and designated General Provisions.

While the 1st edition of "Stability of Metal Structures - A World View "
«pk?i reco®?lzfd bbe need for some general discussion by providing a section of

ilosophical Background and Safety Concepts," no quantitative data was 
flen- J,n addition, there was not a consistent approach to the discussion

!ho«:lltsVia„rlr ZZdlî1™- IC haS h66" attemPted t0 ™ *ese
The first section of the General Provisions in the 2nd edition was 

designated Limits of Applicability." The initial concept was to provide 
verbatim extracts from each specification being covered to define the limits 
of appUcabiUty in the exact words of the specification writers. This would 
eliminate misinterpretation and possible unintentional expansion of areas not 
intended. This approach was attempted for the North American Region covering

(1) President, Iffland Kavanagh Waterbury, P.C. New York, New York
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some 17 specifications. The result was an 18 page document. If this were 
expanded to cover all regions, totaling some 78 specifications, the section on 
"Limits of Applicability" alone would be completely out of proportion to the 
rest of the document. Since much of the philosophical statements on "Limits 
of Applicability" in the individual specifications could be covered 
quantitatively in other sections of the General Provisions, it was decided to 
limit this section to a simple matrix covering types of structural members and 
structural systems covered by each of the specifications.

The second section of the General Provisions was designated "Material." It 
was decided to provide quantitative data on the materials covered by each 
specification. It was agreed that this would be of value and so, for each 
specification, for each steel material covered, the thickness limitations, the 
minimum yield stress and the minimum tensile strength are tabulated. The 
comparison, in matrix form, provides information on the specification 
requirements for other material properties. A similar coverage is provided 
for steel-concrete composite materials.

A third section of the General Provisions was planned designated "Loads and 
Load Combinations." Again, this approach revealed itself to be over 
ambitious, but also not even possible. Specifications for design of highway 
and railway structural members provided a voluminous amount of information on 
dead, live, wind, earthquake, temperature and other loads while those 
specifications that addressed building structures provided almost nothing and 
covered the topic by reference to other standards which in turn were also 
voluminous. It was decided that the actual design loads themselves and the 
philosophy behind their derivations was a subject to vast to be covered in 
this document. The important issue was the load combinations. Accordingly, 
it was decided to eliminate the section in the General Provisions on loads and 
include the subject of load combinations together with the section on design 
basis with which they were intricately linked to factors of safety or member 
factored resistances.

The third and last section of the General Provisions was designated "Design 
Basis" which includes load combinations. In this section, quantitative 
information is provided for each specification on factors of safety, load 
factors, load combinations, resistance factors, load combination factors, 
importance factors and other parameters used in the design basis for each 
specification. It is noted that some specifications provide more than one 
design basis and most have specific serviceability checks. Thus, by providing 
this quantitative information, the specification philosophical approach is 
presented.

Historical Highlights
The 1st edition of "Stability of Metal Structures' A World View," provided 

historical information for four world regions. These were Japan, North 
America, West Europe, and East Europe. Some of the following information was 
adapted from this publication. It is important to note that code and 
specification development is directly related to the particular social- 
political nature of each country. Centralization of a government and a 
structured social-political system is reflected in development of individual 
specifications and in building, bridge and other structure design codes. The 
2nd edition of the World View covers the following number of specifications by 
region:

(2)
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Australia
China
East Europe 
Japan
North America 
West Europe

7
5

18
10
17
21

Total 78

In addition, if a particular country had the wisdom, motivation, leadership 
and necessary consensus to establish a national standards association 
organization responsible for specification development, this status obviously 
is reflected in their code and specification development. There are two 
extremes represented by China (one country) reporting on 5 specifications and 
North America (two countries) reporting on 17 specifications. The former 
specifications reflects a minimum number of specifications and a consistent 
philosophical approach as well as in format while the latter covers many 
specifications, diverse philosophies of design bases and there is little 
consistency in format. Following are some generalized comments about 
specifications development in the several regions of the world covered by the 
World View document.

Australia. Except for a specification covering structural design of steel 
bins for bulk solids, all of the Australian specifications are developed by 
the Standards Association of Australia (SAA). This fact, and because only 
one country is being covered, results in only 7 specifications treated in 
the World View document. In addition, there is the obvious consistency in 
philosophy of design bases and format that can be expected. While 
Australia has a limit state specification for design of building 
structures, all of the other specifications are based on allowable stress 
design.

China. This region also covers only one country and has the further 
advantage of all specifications being developed by one organization, the 
China Technical Committee for Standards of Steel Structures. The result is 
that only 5 specifications are needed for full representation in the World 
View document. Four of these specifications follow the instruction of the 
Unified Code for the Design of Building Structures which has adopted the 
limit state design approach based on probabilities theory. The 
specification for design of highway and railway structural members utilizes 
the allowable stress approach.

East Europe. Because of the number of countries covered by the region 
designated as East Europe, the number of specifications is large, totaling 
18. While progress is slow there is an effort in progress aimed at 
unification of national codes and specifications. This was initialed in 
the 1970's under the framework of the Council of Mutual Economic Aid 
(CMEA). This organization has adopted and approved two unified 
specifications, one covering steel structures which is included in the list 
of 18 for the region. At present, those specifications within each country 
are those most commonly used. However, because of the existence of two 
approved regional standards (with more underway) there is a definite trend 
for consistency and unification. Most of the East European countries
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covered have national Boards of Standardization so that, at least in an 
individual country, there is consistency in philosophy of the design bases 
and format between the several national specifications. While there are 
some exceptions for specific types of members and structures, in general, 
most of the East Europeans specifications adopt some form of limit state 
design approach based on a probabilistic theory. Use of divided safety 
factors to express uncertainties due to loads and uncertainties due to 
resistance is common.

Japan. All of the Japanese specifications reflect the dominating load 
effect caused by earthquakes and accordingly both ultimate limit states 
permitting significant damage without collapse and serviceability limit 
states restricting damage are addressed for extreme earthquakes of low 
probability and moderate earthquake of reasonable probability respectively. 
All of the Japanese building specifications are developed by the 
Architectural Institute of Japan (AIJ) while the railway bridge 
specifications are developed by the Japan Society of Civil Engineers (JSCE) 
and the highway bridge specifications are developed by the Japan Road 
Association (JRA). This involvement by is minimum number of specification 
bodies helps in formulating consistent specifications. While limit state 
specifications are available for building design, the allowable stress 
approach is still most commonly used.

North America. Specifications in the U.S.A, except for bridges, are
generally industry initiated, while in Canada they are developed by the 
Canadian Standards Association (CSA). In the U.S.A., highway bridge 
specifications are developed by the American Association of State Highway 
and Transportation Officials (AASHTO) while railway bridge specifications 
are developed by a users group, the American Railway Engineering 
Association (AREA). Highway bridge specifications in Canada are developed 
by both the CSA and the Provincial governments. However, the U.S.A. is 
characterized by the local autonomy that modifies specifications for 
building structures for adaptation into city building codes and modifies 
specifications for highway bridge structures for adaptation into state 
highway bridge specifications. While these modifications are not 
necessarily substantial, every city and every state make enough
modifications to express their local independence and an engineer has to 
keep up with all the local variations in the areas he practices. The 
situation in Canada is similar. The U.S.A. situation is further 
complicated by the existence of private organizations that develop model
building codes which are often adapted by smaller municipalities. The
model building code groups, of course, first modify any industry developed 
specifications if they incorporate them into their model codes to 
demonstrate and establish their expertize over the industry groups. In 
establishing the 17 specifications reviewed in the World View document for 
North American, a list of 47 specifications was culled. Except for one 
Canadian Provincial highway bridge specifications, no local autonomous 
building codes or specifications were considered. However, one model code 
for earthquake design was included. Both building and bridge design 
specifications in Canada are limit state based while specifications in the 
U.S.A. are a mixture of allowable stress design and limit state design for 
buildings and a mixture of allowable stress design and load factor design
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for bridge structures.

West Europe. The region designated as West Europe has the largest number 
of specifications, 21, covered in the World View document. However, 
because this group makes up the Common Market Community, the future of 
unification and reduction in the number of design specifications looks 
good. Several of the Eurocode specifications are included in the total of 
21 although most of the specifications represent national codes of the 
counties covered by this region. While the prospects for unification look 
good, the date is still in the future and the specifications for each 
country will be continued to be used for some time after the Eurocodes 
become official. The Eurocodes will be mandatory for common market 
activities but each country can continue to use their own design 
specifications within their country although charges are frozen and 
eventually these specifications will be outdated. In general all West 
Europe specifications adopt limit state design concepts based on 
probabilistic theory although there ar still some allowable stress design 
specifications in use.

Limits of Applicability
Table 1 indicates the specification applications covered by the 2nd edition 

of "Stability of Metal Structures - A World View" by region. Lack of 
indicated coverage does not imply there is no specification on a subject, only 
that because of space limitations, nothing was included in the World View 
document.

TABLE 1

APPLICATION
REGION

EAST
AUSTRALIA CHINA EUROPE JAPAN

Steel
Building X
Bridges X
Transmission Towers 
Shells/Tub. Mem. X

Aluminum
Buildings X
Bridges

Cold-Formed Steel
Buildings X

Composite-Stee1/Conc. Col. 
Buildings X

Seismic
Buildings
Bridges

NORTH
AMERICA

X
X

X

X
X

X

X

X
X

WEST
EUROPE

X
X

X

X

X
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Materials
The material section in the World View document is lengthy.* For the purpose 

of providing an example of the information provided, a summary has been 
prepared of the maximum strength of materials covered by the North American 
Specifications. This summary is provided in Table 2. Svumariea for other 
regions would be similar.

STEEL PRODUCT
TABLE 2

MAX. OBTAINABLE YIELD STRESS (MPA)

Shapes-Groups 1 & 2
Shapes-Group 3
Shapes-Group 4
Shapes-Group 5
Bars-Up To 65 mm Thick
Bars-Up To 100 mm Thick
Bars-Up To 200 mm Thick
Bars-Up To 300 mm Thick
Plates-Up To 65 mm Thick
Plates-Up To 100 mm Thick
Plates-Up To 200 mm Thick
Plates-Up To 300 mm Thick
Plates-Up To 800 mm Thick
Pipe-Up To 25.4 mm Thick
Pipe-Up To 63.5 mm Thick
Tubing-Up To 38.1 mm Thick
Round Tubing-Up To 15.88 mm Thick
Shaped Tubing-Up To 15.88 mm Thick
Sheet and Strip-Up To 6 mm Thick
Coated Sheet-Up To 6 mm Thick
Hollow Sections-Up To 16 mm Thick

480
400
350
320
690
620
290
230
690
620
290
230
270
360
240
345
317
345
550
550
380

Design Basis
Summary tables have been prepared for the North American Region 

specifications to compare the design bases utilized. Tables 3 and 4 compare 
Factors of Safety for Allowable Stress Design of buildings and bridges 
respectively. Tables 5 and 6 compare Member Resistance Factors and Load 
Factors for Limit State Design or Load Factor Design for buildings and bridges 
respectively. 6
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(7)
TABLE 3

BUILDINGS

ALLOWABLE STRESS DESIGN

MEMBER
TYPE

SPECIFICATION FACTOR OF SAFETY
ON YIELD STRENGTH

Tension AA - 1986 1.65
AISC-ASD - 1989 1.52

AISI - 76 1.52
AISI - 86 1.67

API RP2A - 1989 1.52
Compression AA - 1986 1.95
(Buckling) AISC-ASD - 1989 1.67 To 1

AISI - 76
AISI - 86 1.92

API RP2A - 1989

Flexure AA 1986 1.65
AISC-ASD - 1989 1.67

AISI - 76
AISI - 86 1.67

API RP2A - 1989

TABLE 4 

BRIDGES

ALLOWABLE STRESS DESIGN

MEMBER
TYPE

SPECIFICATION FACTOR OF SAFETY 
ON YIELD STRENGTH

Tension AA - 1986
AASHTO - 1989 
AREA - 1989

1.85
1.82
1.82

Compression AA - 1986 2.20
(Buckling) AASHTO - 1989 2.17

AREA - 1989 1.82
Flexure AA - 1986 1.85

AASHTO - 1989 1.82
AREA - 1989 1.82



(8)

-1/18—

TABLE 5

BUILDINGS

LIMIT STATES DESIGN

SPECIFICATION
PARAMETER AISC-LRFD-1986 CSA S16.1 M89 CSA S136 M89

MEMBER RESISTANCE FACTOR

Tension 0.90 0.90 0.90
Compression 0.85 0.90 0.90
Flexure (Sym) 0.90 0.90 0.90

LOAD FACTOR
Dead Load 1.20 1.25 1.25
Live Load 1.60 1.50 1.50

TABLE 6

BRIDGES

LIMIT STATES DESIGN (OR LOAD FACTOR DESIGN)

SPECIFICATION
PARAMETER AASHTO-1989 CSA S6-M89 OHBDC-1983

MEMBER RESISTANCE POLICY FABRICATED ALL
SHAPES OTHER

Tension 1.00 1.00 0.95 0.90
Compression 1.00 1.00 0.95 0.90Flexure (Sym) 1.00 1.00 0.95 0.90

LOAD FACTOR
Dead Load 1.30 1.30 1.20
Live Load 1.67 2.17 1.40
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DESIGN CONCEPTS OF NEW HUNGARIAN CODES

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTX____________ ' _____________ /

Summary: A brief account is given of the philosophical 
background, safety concepts and formulae used in the new 
Hungarian specifications CMS2D for the analysis of stability 
phenomena of steel structures.
Part A. PHILOSOPHICAL BACKGROUND AND SAFETY CONCEPTS 

CHALASZ 19790 
Ai. Historical remarks

The Safety Concept, as adopted by most East European 
countries, was originally worked out and formulated mostly by 
Soviet experts in the 30’ s and 40’ s of this century Csee 
BALDIN 1951Э. It was officially introduced first by the Soviet 
Building Code in 1946 and afterwards by all Soviet 
specifications. Similar concepts were adopted in Hungary and 
Poland around 1950. These initiatives had great influence on 
the work of other international organizations ClSO, СЕВЭ in 
their standardizing activity as well.

The background, development and details of this process are 
summarized in several monographs CGVOZDEV 1949, BALDIN 1951 , 
BROUDE 1953, STRELECKIJ 1952, KORÁNYI 1952, BOLOTIN 1965, 
MURZEWSKI 1970, HALASZ 1070D.

The Safety Concept - called by different names as "limit 
states approach", "method of divided safety factors", 
"semi-probabilistic method" and lately as "level I. method in 
probabilistic approach", indicating thus the different stages 
of its development - was originally offered as an alternative 
instead of the previously generally adopted "allowable stress 
approach" and was motivated by its criticism. Based on 
contemporary comments CBALDIN 1951D this can be summarized as 
follows.

С1Э Professor of Structural Engineering 
Department for Steel- Structures 
Technical University, Budapest, Hungary
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/42. Limit states
With broadening knowledge about performance of steel 

structures in the elastic range and reinforced concrete 
elements in their different working stages, it seemed 
necessary to re-interpret the original and newly accumulated 
ideas hidden behind the desing formulae of the allowable 
stress approach:

<7 CF } < о e CF } < e CA1}К V К V
Ca} a = a /n CbD a - a /n CcD a = a/n CA2Dw у 1 V cr 2 V f 9

expressing comparisi on of the stresses C and deflections} due 
to code-specified loads F^ to their allowable values a Cand
e } , but the former one derived from yield stress cr , V у
critical stress a ̂  and fatigue strength by safety factors
n^, n^, ng respectively. First of all Eq. A2 CbD proved to be
problematic, as it represents in some cases the requirements 
of elastic behaviour under normative loads - giving thus but 
an indirect and often irrelevant information about margin of 
safety CKAZINCZY 1914} and bearing little relevance upon 
actual behaviour of reinforced concrete elements CGVOZDEV 
1949} - in other cases Cbearing in mind the design practice of 
trusses, connections and alike} it includes at least 
quantitatively the consequences of ductile behaviour and 
refers directly to failure. To avoid ambiguities and 
unreasonable differences in actual safety it was suggested

- to take systematically into account all known
phenomena rendering the structure unsuitable to 
satisfy anticipated design requirements, bringing it 
thus to a "limit state",

- to select parameters ф Cloads, load-effects,stresses, 
deflections and so on}, suitable for quantitative
description of the limit states by their values
depending on geometrical, strength and stiffness 
characteristics of the structure,

- to adopt adequate computational methods to monitor
the changing values of ф^ of this parameters in the 
loading process, and

- to judge safety by comparison of the most
infavour able value of <£>'’ during erection and

w i, Flife-time to ф^, considering the consequences of 
reaching the limit state.

Two categories of limit states were suggested Cfor steel} 
Group I. Ultimate limit states {rendering the structure unfit 

for further use}, follow:
a.} strength limit states
- excessive yielding, slip in connections, residual 

strains, if structure can not be used as designated
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any more;
- unrestrained flow Ccol 1 apse mechanism formation!);
- accumulation of residöal deflections;
- plastic fracture.
b. D stability limit states
- instability if loads to lose load bearing capacity or 
change of shape of structure;

- loss of equilibrium as a whole Coverturning, sliding, 
etc.D;

c. Э brittle fracture;
d. Э fatigue.

Group II. Serviceability limit states Crestricting regular use 
of the structure!) follow:

a. ) deflections, rotations, swings and vibrations 
causing difficulties in designated use of structure;

b. Э buckling of plate element Clocal buckling!) if does 
not occur simultaneously with losing load bearing 
capacity.

Most attention was paid to group I. , where in general the 
load F and carrying capacity R can be regarded as parameter 
and i#/ respectively.

A3. Divided, safety factors
Progress in understanding structural behaviour and in 

reliability of material was manifested by a successive 
increase of allowable stresses Cas for instance the raise of 
о for mild steel from 140 Mpa to 160 Mpa during the Second
World War in the Sovi et uni on!). It was of common opinion that 
further general increase would jeopardize safety and further 
progress can be achieved by differentiating among structures 
and loading cases only. As main view-point of differentiation 
C within a certain class of structures and materials!) 
differences in variability of loads offered themselves; 
reflecting the general experience, that structures with high 
proportion of Cunchanging!) self-weight are less vulnerable and 
superior in longevity, that light structures with high 
proportion of strongly varying live or climatic loads. This 
motivated the early Soviet specifications for reinforced 
concrete COST 90003/38, SACHNOVSKIJ 1950 to apply different 
safety factors depending on the ratio of dead load to live 
loads, and subsequently to the splitting up the general safety 
factors in Eqs A2. into two parts:

n = у T . Ym C A3!)
the first one expressing uncertainties due to loads, the 
second one those due to resistance.

A4. Semi-probabilistic approach
In this relation it was necessary to clear up the actual 

meaning of traditional terms as "characteristic" Cnormative, 
code-specified, nominal, guaranteed) values of load CF^) and



CHOCIALOV 1929, STRÈLECKIJ 1935, WIERZBICKI 1936), that they 
can be interpreted by regarding load and resistance as random 
values, characterised by a probability density function, mean 
values CFm<xxDm, R^; standard deviation s^, s^; and coefficient
of variation 6^, 6* respectively CFig. Al).

resistance CR^). This brought about the concept CMAYER 1936,

frequency

frequency frequency

Fig. A1
Following the interpretation of RZANICIN 1947, 1949, 1954,

the risk of failure Pf can be expressed by the probability

P<R-S<0>=Pf C A4)
Cshadowed area in Fig. Alb), which - in case of Gaussian 
distribution - depens on safety index:

CR-F ) R - CF )ß — __________wax m _ ________ m_______max m_____________  S
S*"F <[R .Ó324-[CF ) .0 ]2>1/2 CA5D

m max m F
allowing to establish correlation between risk of failure and 
"central" safety factor n

R
n = -------
C CF )

max
This can be - 

up:

l+<ftZCó2+ó2) + ft4Ó2Ó2>1/2 
-------- --- r * r CA6)

m
somewhat

1 - рг<

arbitrarily and approximately - split

n ~ n
C F

and thus - in 
- by

n* ; nF = 1 + ^ • <5, ; n - --- -------
1 - ft 6*

case of arbitrarily chosen characteristic
CA7) 

values

= nF
CF )max m

Fк CA8)
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the basic design formula can be established:

hFK 5 ~r— °r >VFk - Fd * "T^ ' Rd 1 Fd 5 Rdm - m
In case of combined loading - adopting different y

according to different 
components

Fj values

2 Fj

coefficients

PKj у

of variation of the

CA103

or more generally:

К Crn Fk? 5 m < c"y A3 CA113
where m represents correction factor for special circumstances 
in fabrication, tolerances, structural behaviour and A stands 
for geometrical quantities.

Л5. Resistance factors
Originally CBALDIN 19513 /3 = 3 was suggested. For

characteristic value of yield stress usually
C<y 3 = C<y 3 -2s CA123y K y m a

is chosen, equal approximately to traditional “guaranteed" 
minimum value. Thus for most steel grades

C o- 3 - 2s
h, = (.V- 3s" ~ 1-1 "IS CA133

y m a

For ultimate tensile stress у ~ 1.45 -1.6 .

A6. Load factors
The characteristic value of loads is chosen as the mean 

value of maxima:
F = CF 3 CA143К max m

F being the greatest load on individual structures of the max
population or similar structures, or the maximum load within 
certain characteristic time interval C f or instance one year 
for snow-1 oad3. Having very few data about 6^, load factors
were mainly estimated using as measure data of previous 
specifications and existing structures. Recently most 
specifications adopt

yF = 1 + 1.65 6^, CA153
in case of non-Gaussian distribution the value F. = y . F cha-d ГК
racterized by being surpassed with probability less than 5%. 
Examples for y^ values

Уг = 1.1 CO. 93 
exceptionally 1.2,

For limit states group I. : 
- Dead 1oad
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- Live load, distributed:
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if intensity q [kN/m2] : q < 2
2 < q < 5 

q > 5
- Live load, concentrated:
- Snow load
- Wind load

For limit states group II.

A~7. Load, combinations
To express the reduced probability of coincidence of maxima 

of more components in a loading process, loads are categorized 
as

- Permanent loads Cself-weight, earth pressure),
- Variable loads and actions Clive, climatic loads', im­
posed deformations), subdivided wholly are partially to
- sustained С1 ong-ternrû loads or load-parts,
- instantaneous Cshort-term3 loads or load-parts.

- Catastrophe loads Cseismic loads and alike3.
The combination factor y ^ expresses the reduced probability

of coincidence of high values of loads. Having more variable 
1 oads

- to the one causing the highest load effect у =1;
- to the other long-term loads у =0. 8;
- to short-term loads y^=0.6 is applied.

Part B. GENERAL RULES FOR STEEL STRUCTURE DESIGN
Bt. Analysis of load bearing capacity for static loads

General case: elastic design of frameworks
Cal Calculation of frameworks with spatial model [statical 

skeleton3 CFig. B13
When applying spatial statical skeleton, internal forces 

must be calculated either by second—order analysis or such 
succesive approximation process, where internal forces and 
displacements are determined by first order analysis, but 
during repeated calculations displacements from previous steps 
modify the shape of considered bar.

If statical skeleton contains initial imperfectness besides 
strength analyses only plate buckling analysis of elements 
should be carried out.

This method can be applied if designer proves with detailed 
analysis attached to the calculation, that the estimated 
magnitude and distribution of initial imperfectness gives 
reliable basis for judging the proper load bearing capacity of 
structure.

Applying spatial model makes stability analysis unnecessary, 
so there is no need to determine slenderness ratios of bars. 
On the other hand spatial model requires computer for
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performing voluminous calculation and extra 
taking the values of the initial imperfectness.
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analysis for

[2D] rigid frames

+
[ID] beams 

I (purlins and girls)

[2D] bracing
trusses

[3D] structure

Fig. B1

СЪЭ Calculation of plane frameworks (statical skeleton)
Spatial structures can be analyzed dividing the frame to 

structures loaded in their planes assumming planar statical 
skeletons. CFig. BID

If initial imperfectness is considered at planar statical 
skeletons; beside second order strength analyses only the 
buckling of plate elements and those stability limit states 

ke checked, which are in connection with displacements 
perpendicular to the plane of structure and twist of axis of 
bar.

Cc.) Calculation of frameworks by disassemble to elements 
Cto beams, columns, etc.D CFig. BID

The originally spatial or planar frameworks can be analyzed 
by disassembling to separate elements Ccolumns, beamsD. In 
these cases at individual bars such supports should be 
assumed, that they satisfactory reflect - occasionally with 
approximation for the safety — the supporting effect of 
connecting elements Ccolumns, beams, bracings, foundationsD.

If structure includes eccentrically loaded elements in 
compression, the effect of deformations on internal forces 
must be taken into consideration. For this purpose either 
internal forces should be calculated by second order analysis 
or bending moments calculated by first order analysis should 
be modified.

The effective length 1Q= v. 1 can be determined from insta-
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C8]
ЫНty of the whole structure loaded with axial forcess only. 
Writing the axial forces of individual elements in the form of

N. = m F CB1]
C where m^ is the ratio of axial forces, F is a common
parameter characteristic of magnitude of axial forces], first 
the critical value F of parameter F for buckling of
infinitely elastic structure must be determined. Afterwards 
with the known design values of length 1 of individual beams
and El ^ flexural rigidity the effective lengths can be 
calculated by the following formula:

CB2]

B2. Analysis of load bearing capacity for static loads 
Special case: plastic design of.frameworks 

Plastic analysis can be applied for structures
- where elements are at least single symmetrical I-sections 
and plane of symmetry coincides with the plane of 
structure or the plane of loading forces; furthermore

- where ratios of sizes of plate elements are such, that 
plate buckling does not occur even in significant plastic 
deformation. These conditions are fulfilled if limits of 
plate slendernesses in MSZ 15024/1-85 are satisfied;

- not sensitive for instability, such as
- continious beams,
- one- or two-storey frames,
- multi-storey frames with rigid connections, where 

internal displacements of connections in plane of 
structure are restrained by shear wall or bracing with 
efficient stiffness;

- whose connections Csplices and connecting] are of uniform 
load bearing capacity, despite if it is obvious that 
platic hinge can not be formed in connection;

- where the whole structure is stiff enough that internal 
forces can be determined by first order analysis.

In case of planar frameworks having bars with straight axis 
this condition is satisfied if all elements of structure 
fulfill the requirement

CB3]
where N is the axial force in the member

A is the cross sectional area 
O'n is the ultimate strength

= 93.01 {strength group "37"]
Xx is the slenderness ratio for buckling in

plane of structure.
If these requirements are slightly Cwith a maximum of 25%



- 1/27 -
С9Э
exceeding] not satisfied 
internal forces of cross 
reduced to

than at
sections,

calculation of
ultimate stress

ulti mate
must be

a = a

- whose elements

N ГХ j 2
A. XH L EJ

CB4D

atare supported continuously or 
sufficient locations against displacements perpendicular 
to the plane of structure and against twist such a way 
that buckling of bars perpendicular to the plane of 
structure or their lateral-torsional buckling can not 
occur until the computed load carrying limit.

Equations СВЗЭ and СБ4Э correspond to the modified
Rankine-Merchant formula.

The compression flange of I-sections bent about the major 
axis should be supported laterally in the assumed plastic 
hinge cross.section and in a distance to both direction, of

c < ft . i . X C B5DP У E
is the radius of gyration of I-section inIn this formula i

the plane of bending;
ft = О. 45, if 0,5 <

M
M

M
ft = 0. 675-0. 45 -r^ p M

<1.0 
M .

if -1 <
where
moment

Mmax
at

max
is the moment at 
the next lateral

Mmax
the plastic hinge,

<0.5 

M .

stituted with positive sign,
support, 
whi le M

M
i smin

should be

CB6]

the
sub­max

is positive if its
sense is 
opposite.

identical to the one of
min

M and negative if themax

Part C. APPROACHES AND DESIGN PROCEDURES FOR STRUCTURAL 
COMPONENTS

For the preparation of design codes and for the verification 
of new theoretical approaches for predicting the resistence of 
structure, test data relating to the behaviour of steel 
structures and structural components throughout the entire 
range of loading up to ultimate load are an essential 
requirement.

According to the semi-probabilistic concept adopted by the 
specifications a is to be design value defined by a given
probability of not being surpassed, taking into account the 
various random imperfections Cincluding eccentricity, initial 
curvature, residual stresses, scatter in mechanical and 
geometrical properties, etc.Э a "real" column exhibits 
compared to an ideal one. As - compared to the multitude 
required for a statistical analysis - only a limited number 
of domestic tests were available, experimental results 
published in the literature were relied upon, first of all
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those collected by FUKUMOTO 1982.

For the interpretation of the results it seemed to be more 
advantageous - instead of following the traditional way of 
prescribing fictitious or equivalent initial curvature - to 
use interaction formulae which can be fitted better to test 
results influenced by considerable residual stresses.

Cl. Centrally compressed sí ее l members
The limit load of a central1у compressed steel

uniform cross section governed by flexural buckling 
in the form C

N = A . <p . --—с у

member of 
is given

CCO
A denoting the gross cross sectional area, <p buck Ting factor
for column and о /у the specified yield stress, у m

Experiment

X<0,2)

( Л<0,2)

Fig. Cl

The basic column strength formula in the new Hungarian code 
C MSZ 15024/1-85} is compared graphically with the experimental 
curve СЮ which was determined through statistical 
manipulation of NDSS test data CFUKUMOTO, ITOH 1983/a} CFig.

CE. Lateral buckling of beams
The aim of the specifications was to follow the same concept 

as outlined in par. CÍ and to include into the computation the 
effect of various imperfections. The problem is much more
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complex, than that of a compression member, as cases differ 
not only in the end restrains, but in the shape of moment 
diagram, level of application of loads; and imperfections may 
have different importance depending on the actual features of 
the problem. Lacking the satisfactory number of experimental 
evidence - enough for statistical evaluation - different cases 
are supposed to be represented by a simple parameter, the 
fictitious slenderness ratio X defined by the equation

nZE M
X. = n.w

w
M

1/2
CC2D

^cr denoting the theoretical value of maximum bending moment
causing bifurcation of an ideal, elastic beam computed with 
due regard to end restrains and loading conditions - inclusive 
the level of application of loads - Cfor which in different 
cases formulae are offered in the specifications^.

The limit value of the bending moment is given by
a

buckling factor 
stress.

M = W . c
f or beams and

у
Гт
Cf У у У m the specified yield

Rolled Beams 
fexp-ip

Welded Beams 
'fliexp - 1P

^(Rolled Beams) (Welded Beams)

The basic beam strength formula in the new Hungarian code is 
compared graphically with the experimental mean curve СЮ 
which was determined through statistical manipulation of NDSS 
test data CFUKUMOTO, I ТОН 1983/bD . CFig. C2D
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СЗ. Plate buckling

The specification generally still contains formulae based on
the concept of linear buckling stresses, but this gives way in
special cases to different methods as well. The critical
stress is defined by the traditional critical value a ofe,cr
the equivalent stress , using the classical interaction
curves in case of different combinations of stresses 
originated by compression, bending and shear.

The buckling factor for plate in the new Hungarian code
is compared graphically with the experimental mean curve СЮ 
which was determined by FUKUMOTO 1984. CFig. СЗЭ

—• — M SZ

IP- 0,74 (X-0,85)
Vx2

von Kerman----- Without Residual Stress

rith Residual Stress 

___ ^Without Residual Stress
0,5-

With Residual Stress

(l<0t571)

Fig. C3

Von Kármán's <p^ = 1 /X and Euler's <p^= 1 /X2 are also given 
for reference in the figure.

FINAL REMARKS
Additionally analysis of structural response is growing more 

sophisticated: specifications have to incorporate an
increasing number of design rules, sometimes in form of tables 
and diagrams Coften derived directly from experiments}, making 
specifications voluminous, the number of their appendices 
increasing.

Although we are in possession of all facilities to carry 
through any complicated calculations, it seems necessary to 
regard them mainly as a tool for research and to find a good 
balance between the real needs of a safe and economic everyday 
design praxis and the way of feeding back the accumulating 
information gained by research.
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UNIFORM APPROACH TO METAL STRUCTURES STABILITY DESIGN

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990 
PRELIMINARY REPORT

SUMMARY: Uniform approach to the buckling design of several me­
tal structures has been proposed. The limit states method is 
prefered. Semi-empirical interaction formula of elastic and pla­
stic load-carrying capacities has been used. Universal character 
oi the derived limit strength formulas has been stressed, taking 
into consideration various forms of instability of bars, plates 
and shells. Design examples have been shown in a general form. 
Nomenclature and terms are conformable to the International 
Standards [ISO 3898, 1987 and ISO/DIS 8930, 1986].
1. INTRODUCTION
In order to compare and assess various approaches to providing 
a certain degree of design reliability of structures it is nece­
ssary to adopt a number of uniform assuptions and hypotheses 
which have sound theoretical bases and have been proved experi­
mentally with satisfactory results. The aim is to reduce the 
comparison to a common denominator. Only then will it be possi­
ble to draw both qualitative and quantitative comparisons. It is 
not an easy task because of various safety factors, especially

(1) Professor of Civil Engineering, Cracow Technical University
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when formulating stability conditions in which non-linear for­
mulas appear and which cover both elastic and elastic-plastic 
instabilities.
In the elastic range critical load-carrying capacity Ncf depends
on the geometry of structural element and elastic moduli of the 
material (E,v); in the plastic range plastic load-carrying capa­
city Npi depends mainly on the cross-section characteristics and
yield point of steel (fy), while in the elastic-plastic range
ultimate load-carrying capacity Ny depends on all these parame­
ters combined in the interaction formula. Thus, these parameters 
should be determined at the same probability level (due to sta­
tistic character of mechanical properties of material, geometric 
conditions and load-effects). They may be central (mean) or ex­
treme values, e.g. characteristic or design values. In the pre­
sented comparative analysis we shall consistently use design 
values in the sense of limit states method (method of devided 
safety factors). The essence of this approach is a comparison, 
in the condition of safety, of loads-effeet design value with 
load-carrying capacity design value :

F ^ N. (1)
where : ’fi*Gki + * V j*Qkj

N

%

s £ if*

U ■ “ A-fd-
- dead load and permanent actions-effect (characteristic v.)
- live load and variable actions-effeet (characteristic v.),
- load factors ( ^ = 1,1 - 1,4) ,
- load combination coefficients (Y, = 1,0 - 0,7)
- geometric characteristics of cross-section ,
- yield point of steel (characteristic value) ,
- material factor ( }fm * 1,1 - 1,25)

(Ç - factor of stability (buckling factor),

f. « —% - design strength of steel.%m

(3) 
Chari 
ca. 
(assi
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Characteristic values are determined at the probability level 
ca. 0,980 and design values at the probability level ca. 0.999 
(assuming the existence of control systems).

2. INTERACTION FORMULA OF ELASTIC AND PLASTIC RESISTANCES FOR
STRUCTURES UNDER COMPRESSION

(3)

The plastic load-carrying capacity (at the level of design 
value) of an element can be determined :

V E Nd ■ A-fd (2)
The critical load-carrying capacity (at the level of design va­
lue) of a compressed element in elastic range can be generally 
presented in the form:

Ncr 5 Ne = A-fcr-4 ■ A’V A 2 A‘fd - O)
where :
f* - elastic critical stress of an ideal structure (it is 

determined at the mean value level),
- parameter of imperfection sensitivity of the structure 
in the elastic range (partial factor of safety in the 
elastic range); for structures of lower imperfection 
sensitivity in pure elastic range к a < 1 and it is
accepted as a constant; for structures of high imper­
fection sensitivity к % = f(X) i const.
i с Ef = f .кл = —- - elastic critical stress of an actual (real)

X structure (at the design value level),
E - modulus of elasticity (at the mean value level),
A - an adequately defined slenderness ratio for a given form 

of structure instability,
m - exponent corresponding to the critical stress function 

power for an actual structure,
c - constant (or parametrically variable) factor correspond­

ing to an adequate value in the function of critical stress 
(it includes the к a parameter on the whole or partially 
together with exponent m).

For f = f. i.e. с E
e -d • 

ness can be determined :
fd , the so-called transient slender-
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Also, the so-called relative slenderness (slenderness parameter)
, t, 1/. N„ 1/.‘ '<> ' »> 

In order to derive a uniform formula of limit load-cyrrying ca­
pacity Nu , valid for the whole elastic and elastic-plastic 
range, we shall use the nonlinear interaction Rankine-Merchant 
formula, theoretically generalized by Murzewski [Murzewski 1974, 
Allen 1978]. The structure load-carrying capacity is treated 
here as an alternative of two independent random events (of 
Weibull distribution function): plastic resistance and elastic 
critical resistance. This formula can also be interpreted as 
semi-empirical interaction formula of elastic and plastic load- 
carrying capacities, namely :

(4)

N
-1/u = N"1/u + N "1/u d e (6)

in which:
Nu = A fd ^ = A fu "design load-carrying capacity of an element, 
Nd = A fd - plastic load-carrying capacity,
Ng = A fß - elastic (critical) load-carrying capacity, 
u - Weibull ' s generalized coefficient of variation, treated 

as empirical index of elastic-plastic (technological) 
imperfections (u = 1/n = 0,25 - 1,0),

(f - factor of stability.
Substituting values (2) and (3) in formula (6) we obtain :

-1/u -1/u -1/u
■ (A fd> + CA fe)(A fd ф)

and after the reduction and using dependence (5) we finally 
obtain a dimensionless uniform formula [Mendera, 1988] :

^ г % ■ V ■[ 1 ♦ c]V/u -u m/u -u
] = ( 1 + A ) (7)

in which A and m are characteristic of the given form of insta­
bility and its quantitative evaluation in structural elements in 
the elastic range. The index u is an evaluation of the effect



-1/37-

of technological imperfections and their interaction character 
in the elastic-plastic range. It is therefore a general formula 
and profitable since important empirical information can be 
used with it.

(5)

These considerations and results are explained in Fig.1.

f [MPd] x|
Mean value (plastic)

Design value 
fér Mean value (elastic)

fcr Characteristic value
cF

fe = design value

a) Dimensional way to present design strength fu

b) Nondimensional way to present factor of stability Y

Fig.1.



3. DESIGN EXAMPLES IN GENERAL FORM
(6) -I /38-

& ‘ 

fcr

G<FU) S fu = £d'^ i

ф = (1 +• A iïl/u) U ;

"X -
c Exm

Te

Xk = (£^)1/m ;
K *d

3.1. COMPRESSION MEMBERS m = 2 ; c = 7,40 ;

I
i=4-

Tf2-gE. 0,75 = ? ;

R = 2,72 E
<х/г

-uФ = (1 + A2/u)

Class of imperfection after [PN 1989]
Buckling curve ao a b c
Index of 
fection

imper-
u 0,4 0,5 0,625 0,833

3.2. LOCAL BUCKLING OF PLATES X = j î m = 2 ; c = 0,9 kQ ;

<Sy.<S2.

"c* E 0,9 kc E
12(

R =
cp =

X
0,95 k,

/d I/2
172

(1 + R^/U) -u

i

Class of imperfection according to new 
proposals by autor after [PN 1989 and 
Bornscheuer 1985]
Local buckling curve a

Index of imperfection u 0,5
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3.3. CYLINDRICAL SHELLS UNDER AXIAL COMPRESSION X= j i
m = 3/2; c = 2 ;

- E_________ ЗЛ - 2 Ee '[3(i-v2)]'l7^X "ÁÍ7? - ’

Ф E (fj = (1 + A13/2U)

Class of imperfection after [Mendera a)
1986]

Buckling curve ao a b c
Index u 0,23 0,50 0,75 1,00

3.4. CIRCULAR TUBES UNDER COMPRESSION

t
x=4

- :

r\ - according to 3.1.
- according to 3.3.

Interaction formula after [Mendera 1989]
If X (1 + A 2/U ♦ Д13/2и) U

Class of imperfection [as above]

Interaction buckling curve a
Index of imperfection u 0,5
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3.5. CYLINDRICAL SHELLS UNDER EXTERNAL PRESSURE %= £ ;
After [SNIP 1982, CSN 1978, DASt 013, 1980]

For 0,5 < -p < 15 : c = 0,55 у ; m = 3/2 ;

A - X
0,67(i)2/3 E<V,:

f = f, = (1 + A 3/2u) U Index 
u = 0,5

For 1 > 20 : c = 0,17 ; m = 2 ;

Í0 = 4(l-v2) X2 °’0 = ‘
л ■ éré"1 .

f = <f2 = (1 + A 2/u) -u
Index 
u = 0,5

3.6. CYLINDRICAL SHELLS UNDER TORSION 
After [Grigoliuk 1969]

M,

Л = J ;

For 10 < y < 3 : c = 0,5y^;m=5/4

V °-^°-5ф1/2 JW

л ■ ифтт <^>,/5 .

fa fj = (1 + A,/4U)5/4u "u Index 
u = 0,5

For i > 3 : c = 0,17 ; m = 3/2

°-é7 = ie " 3V2C1-V2) A372
-, _ X íd N 2/3

»

3/2u "uФ z ^ « (1 + A :>/<ÍU)
Index 
u = 0,5
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3.7. CYLINDRICAL SHELLS UNDER COMBINED STRESSES 
After [DASt 013, I960]

&2
ГнЧР- + 3( -)

3
2
< 1

Ф2 - according to 3.3. 
$2 “ according to 3.5. 
ф3 - according to 3.6.

3.8. SPHERICAL SHELLS UNDER EXTERNAL PRESSURE X= | ;
c = 0,6; m = 4/3 

- E 0.99 _ 0.6 Ee ' [3(i-v2f2XP ' t*73 ;

• (1 + Д 4/3u)
Class of imperfection after [Mendera b)

1986]
Buckling curve a b c

Index u 0,333 0,667 1,000

CODES. SPECIFICATIONS AND STANDARDS
ISO 3898, 1987
Bases for design of structures - Notations - Generals symbols, 
International Standard, ISO 1987.
ISO/DIS 8930, 1986
General principles for reliability of structures - List of equi­
valent terms, International Standard (Draft), ISO 1986.
ÈSN - 1978
Design of Steel Structures
Czechoslovakian State Standard, ÍSN 73 1401, Prague 1978.
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(10)
DASt 013, 1980
BeulSicherheitsnachweise für Schalen
Deutscher Ausschuss für Stahlbau, Richtlinie 013, Köln 1980. 
PN - 1980
Steel Structures, Design Rules
Polish State Standard, PN-89/B-03200 (Draft 4), Warsaw 1989. 
SNIP - 1981
Steel Structures, Design Rules
Soviet Union Standard, SNIP 11-23-81, Moscow 1981.
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Summary: The paper deal with the results of the experimental in­
vestigations of 23 specimens which were a members of a space 
structure. The length and the cross-sections area in the middle 
as well as in the ends of the investigated struts were diferen- 
tiated. The results of preliminary analysis were presented at 
previous Colloquium [3]. Here maximal values of an axial forces 
in compression and/or extension achieved in the following cycles 
of loading are examined with great care. The results of the 
theoretical considerations and experimental Investigations were 
taken into account in modyfled mathematical model of the strut. 
In the model proposed the possibility of the plastic hinge for­
ming in the middle of the strut as well as in the ends if they 
are connected with the nodes of restrained rotation is conside­
red. To enable numerical analysis of the force-deformation fun­
ction variability the computer program OPOS was worked out. The 
results of the computations are shown in the paper in the gra­
phical shape.

(1) Lecturer Warsaw University of Technology
(2) Professor of Civil Engineering, Warsaw University of Techno­

logy
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(2)
1. EXPERIMENTAL INVESTIGATIONS

The experimental arrangement description, goemetrical cha­
racteristic of the 13 from the 23 investigated specimens and ob­
tained results are presented with full particulars in paper[ 3]. 
In the second stage of the investigations ten specimens were 
tested. There were two full-size struts of ring cross-sections 
038x4 mm made with mild steel grade R35 - yield point stress 
and Young modulus evaluated with 95% probability 6y= 245 MPa,
E = 194975 MPa, and eigth full-size struts of ring cross-sections 
064x4 mm made with mild steel grade R45 - yield point stress 
and Young modulus 6y= 341 MPa, E = 195434 MPa. The length all of 
them was 2000 mm.
The different ends restraint conditions were simulated by reduc­
tion of the ends cross-sections. The relation between moments of 
inertia of the cross-section in the middle of the specimen 
and in the ende Jk was assumed 1, 5, 16 and 23.
During investigation above described specimens the deflections in 
the middle of the strut were taken additionally into'.account.

2. MAXIMUM VALUES OP THE AXIAL FORCES OBTAINED ON THE ANALYTICAL 
AND EXPERIMENTAL WAY

The maximum yielding force in extension for smallest cross- 
section of the strut were evaluated by formula

were
A - cross-sections area.
The critical force in the first cycle of loading was calcu­

lated as for strut with fixed ends'» On the ground of experimental 
investigations results one assumed that wefclàaàl strains which 
are occured after partially yielding of the cross-section in the 
first cycle of loading cause to reduction of the load carrying 
capacity. The critical force in second and following cycles of 
loading is evaluated like for strut with pin-jointed ends. In 
this case the Polish Cod of Practice s recomendations were 
adopted L5J
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(3)
Pc = У»*

where
Рс - critical force,
Щу - factor of buckling .

1 / L1 — 0,2 A. - 0,1 ( A1)2
ш = ■ -w [2 (A1)2
X' = ,

Л - slenderness ratio,

0,2(A.'^ for X 4 1
for A.' > 1 ’

Ap = 2E0/R ,
Eq - computational value of the Young modulus,
R - computational strength of the steel.

In comparative analysis of the computations and experiments re­
sults the characteristic values of бу, E were taken in the place 
of computational ones R, EQ •

The critical forces in first, second and third cycles of 
loading and maximum yielding forces for chosen struts obtained on 
the analitical and experimental way are compared in table 1. From 
second cycle of loading relation between critical forces in fol­
lowing cycles is described by coefficient shown in table 1.
3. MODIFIED COMPUTATIONAL MODEL OF THE STRUT

In order to attain more accura-te description of the strut's 
behaviour under cyclicaly variable loading the previously presen­
ted model C 31 was modyfied. The modyfications refer in substance 
to first cycle of loading. The possibility of the punctual plastic 
hinge forming in thé middle as well as in the ends of the strut 
is assumed. Behaviour of the strut as a member of a space struc­
tures can be described by function P(u) showing relationship bet­
ween axial force P and displacement of the strut s ends in rela­
tion one to other u - see Fig. 1. In above mentioned function 
displacement u is composed with four integral parts

u up , u*4 uT * R
t

where
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u

U

Ru

P- oxiol force
u - displacement of the struts, 

ends in relotion one to other
extension 
in elostic stage

extension in elostic - plastic 
stages ------7^——____

compression in elastic-plastic 
stages compression 

In elostic stage

- Pl/Ei - displacement resulting with elastic deformations
distributed along the length of the strut produced 
by axial force.

- ф(P,B,J,1,M^,C) - displacement resulting with variability of
the strut’s geometry during elastic-plastic buckling. 
This function is continuous with different shape in 
compression and extension [21. The stables of inte w- 
grate C and moment in the end of strut Mk are eva­
luated indyvidually for every stages of the strut's 
behaviour after lost of stability.

= j 9"M'(P) dt - displacement resulting with plastic axial defor­
mation in plastic hinges during plastic rotation.

9 - velocity of the plastic rotation,
m(p) - plastic conditions for cross-sections loading by 

axial force and bending moment.
- displacement resulting with plastic deformation 

produced during extension where P = Py.
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4. THE CONFORMABILITY ANALYSIS OF THE EXPERIMENTAL AND THEORETICAL 
INVESTIGATIONS RESULTS
Comparing the graphs of the functions P(u) obtained experi­

mentally for the struts with different ends cross-sections only 
-Fig. 2, one can notice that critical forces have nearing values.

iPtkN]120 I

(6)

EXPERIMENTAL CURVE P(u) FOR CYCLE N. 1

# 38* 4 mm 
1*2000 mm

STRUT NR9, w* 1 —
STRUT NR 10.w=5 -■ 
STRUT NR 13.w = 16 -

The shapes of the function investigated are similar also. The sa­
me resulting with theoretical formulas - Fig. 3.

The curves P(u) obtained experimentally in second cycle of 
loading occured different for different ends cross-sections-Fig.4. 
Disagreements are enough small to omit they in the computational 
model of the strut.

For two described cycles of loading the value of the criti­
cal force were evaluated with taking into account average values 
of the ratio ^ computed on the ground of the experimental in­
vestigations results presented here - Tabl. 1.

The theoretical functions shown in figure were ploted auto-
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THEORETICAL CURVE P(u)PLOTED FOR CYCLE N.1
♦ 38 * 4 mm 
l ■ 2000 mm

STRUT NR 9 . w- 1 
STRUT NR 10. w* 5 
STRUT NR 13. w *

ulmm]

Fig. 3

PlkN]
EXPERIMENTAL CURVE PIu) FOR CYCLE N. 2

♦ 38 * 4 mm 
l«2000 mm

STRUT NR9. W.1 
STRUT NR*. W.5 
STRUT NR 13. w.18

Fig. 4
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(8)
matically with utilization the computer program OPOS for IBM 
PC/AT
5. FINAL REMARKS

The results of the experimental investigations presented 
here confirm results obtained in previous preliminary works СЗ].

The computational model of the strut presented in the paper 
can be useful in analysis of the space structures. Elimination 
some of the simplifing assumptions assumed preliminary would be 
advisable in leiter investigation. The assumptions about punc­
tual plastic hinges in the first place belong to these problems.

The experimental Investigations some specimens with diffe­
rent end-restraint conditions simulating assumed in different 
way that it was done in presented work seem to be advisable too.
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Summary: The paper presents the results of a study on the maximum 
strength and behavior of wide-flange steel columns of large cross- 
sectional dimensions. Thus, hot-rolled and welded built-up shapes 
of flange thickness up to 150 mm and web thickness up to 75 mm were 
examined, using a variety of steel grades and manufacturing 
methods. It was found that there is a clear correlation between 
the relative maximum strength and the flange thickness for heavy 
hot-rolled wide-flange shapes. Specifically, the capacity drops 
by as much as 10 to 15 percent as the flange thickness goes from 
25 to about 75 mm. As the thickness increases further, the 
relative maximum strength goes up, and it has regained its full 
value when the flange is 125 to 150 mm thick. The effect is a 
function of the slenderness ratio of the column; it is most 
pronounced in the intermediate range. Welded built-up shapes 
appear to be less heavily influenced by the flange thickness 
variation, especially for short and long members. However, the 
welded shape data base was limited, and further studies need to be 
conducted to verify the findings for these shapes. The results are 
currently being evaluated for design code recommendations.

INTRODUCTION
Although heavy steel shapes are commonly used in structures such 
as high-rise buildings and off-shore structures, relatively little

'Professor and Chairman, Department of Civil Engineering, 
University of Pittsburgh, Pittsburgh, Pennsylvania, U.S.A.
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И
factual information is available on their strength and behavior. 
However, such columns are designed in the same way as those of 
small and medium size. The primary problem with this procedure is 
that the residual stresses and material properties of large 
thickness steel shapes and plates can be significantly different 
from those of smaller elements. It is therefore not clear whether 
the current design criteria can actually be applied for the design 
of such members.

The assumptions that sometimes have been used, namely, that columns 
are perfectly straight, made from isotropic and homogeneous 
materials, and free from any internal stresses, are convenient for 
limited theoretical analyses ; they do not reflect actual member or 
material characteristics. Real elements display a variety of 
geometric and other imperfections, such as residual stress, 
variation of the yield stress, and initial crookedness, just to 
mention three of the primary parameters of the maximum strength. 
It is well established that these have a significant effect on the 
strength of such members (Galambos, 1988; Beer and Schulz, 1970; 
Bjorhovde, 1972 ; Bjorhovde, 1988).

The process of cooling of the steel, after hot-rolling, welding, 
or flame-cutting, is greatly influenced by the amount of material 
in the heat-sink. The size of the cross section and its elements 
therefore plays a major role in the formation of the residual 
stresses, as well as in the variability of the material strength. 
Studies have shown that the maximum compressive residual stress, 
for example, can be as high as 200 MPa in heavy shapes and plates, 
and the yield stress may vary by plus or minus 10 to 2 0 percent 
from the nominal, specified minimum value (Tall and Alpsten, 1969; 
Alpsten, 1968 ; Alpsten and Tall, 1970 ; Brozzetti et al., 1970 ; 
Bjorhovde et al., 1972). Further, the effects appear to be very 
different in rolled and welded shapes (Alpsten and Tall, 1970; 
Bjorhovde et al., 1972). The latter has important implications for 
the use of the largest of shapes that are commonly used in steel­
framed structures.

The study that is detailed in this paper was undertaken to 
establish the characteristics of strength and stability of heavy 
rolled and welded built-up shapes, of the types that are used in 
steel construction today. Recognizing that physical testing would 
not be practicable, mostly because of the costs associated with 
such experiments, it was decided to base the evaluation on 
currently available data from tests and theoretical studies. The 
data base was expanded by making use of the knowledge that residual 
stresses, in particular, are not significantly influenced by the 
yield stress of the steel.

THE USE OF HEAVY COLUMNS
Heavy steel columns are used extensively in steel-frames for high-
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rise buildings and industrial structures, and occasionally for 
larger bridge superstructures. The most common section is the 
rolled wide-flange (W-shape), but welded built-up H-sections and 
box shapes are also utilized, along with a large variety of other 
forms (Bjorhovde and Tall, 1970) Blodgett, 1978).
In the North American market, W-shapes are rolled in sizes with 
flange thickness up 125 mm, and welded section component plate 
thicknesses up to 200 mm are commonly found in a number of 
prominent structures (some examples are the World Trade Center, New 
York City; the Sears Tower and the John Hancock Building, Chicago; 
and the Toronto Dominion Tower and the Royal Bank Building in 
Toronto). In the Europe, traditional shape sizes have been limited 
in flange thickness to approximately 80 mm (Aschendorff et al., 
1983) , although this is currently changing, as the mills are 
examining the prospects for an increased share of the world 
construction market.
On the basis of the needs of the construction industry, therefore, 
it is evident that detailed data on the behavior and strength of 
heavy columns are much needed.

COLUMN STRENGTH MODEL
Several column strength models have been developed over the years, 
but the state of the art reflects the need to incorporate all of 
the major parameters of influence. Thus, it was decided to base 
the study on the maximum strength theory (Bjorhovde, 1972; 
Galambos, 1988). This approach considers the residual stresses and 
the initial out-of-straightness, and the model that was used also 
had the facility of accounting for the variation of the yield 
stress throughout the shape. Numerous studies have shown that the 
maximum strength model gives excellent correlation with full-size 
tests (Bjorhovde, 1972; Tebedge et al., 1972).
It is known that the maximum strength theory does not yield a 
closed-form solution for the capacity of the column. Rather, a 
computer solution is needed to give the capacity through an 
incremental, iterative procedure, while reflecting the variability 
of the various factors of influence. This approach was used in all 
of the studies that are the bases of the limit states design 
criteria for steel structures around the world today. The 
solutions for the heavy columns would therefore be transferable 
into the appropriate codes with the least amount of additional data 
evaluation.
A detailed presentation of the maximum strength model will not be 
presented in this paper. The principles are well known, and 
numerous applications have been given in the literature (Beer and 
Schulz, 1970; Bjorhovde, 1972; Galambos, 1988).
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HEAVY COLUMN STRENGTH INVESTIGATION
The most important size data for the column shapes that were used 
in the investigation are summarized in Table 1. These shapes had 
all been the subject of detailed residual stress and material 
property tests (Bjorhovde, 1972 ; Brozzetti et al., 1970 ; Alpsten, 
1968; Alpsten and Tall, 1970 ; Bjorhovde et al, 1972 ; Aschendorff 
et al., 1983). In addition, due to the insignificant effect of 
yield stress on the magnitude and distribution of the residual 
stresses, it was decided to expand the data base by using the same 
residual stress results for identical shapes in all of the common 
structural steel grades. Thus, steels with yield stresses of 175, 
250, 350, and 700 MPa were used.

The strength data were developed for out-of-straightness values of 
L/500, L/1000, L/1500, and L/2000. The value of L/1000 was used 
in the development of the column strength criteria for the European 
(Beer and Schulz, 1970) and the Canadian (Bjorhovde, 1972; CSA, 
1989) column curves ; the value of L/1500, which is the approximate 
mean value, formed the basis for the American LRFD column design 
criteria (Bjorhovde, 1972 ; AISC, 1986).

TABLE 1; HEAVY COLUMN DATA

Shape Designation Rolled or Welded Flange Thk. (mm)
w 12x120 (US) Rolled 28
HD 260x274 (Eur) Rolled 50
W 14x426 (US) Rolled 77
HD 400x685 (Eur) Rolled 80
W 14x730 (US) Rolled 125

H 12x210 (US) Welded 51
H 14x15 (US) Welded 60
H 20x354 (US) Welded 51
H 24x428 (US) Welded 51
H 24x1122 (US) Welded 152

With 4 steel grades, as indicated above, a total of 40 complete 
column curves were developed. Although this is still a data base 
of limited magnitude, the results were consistent for the rolled 
shapes ; they were not conclusive for the welded shapes. The reason 
for the latter finding is the relatively narrow range of sizes that 
were available for these types, and further study is therefore 
warranted for shapes of this type.
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COLUMN STRENGTH RESULTS
Table 1 indicates the geometric shape parameter that was eventually 
found to be the most characteristic for the strength of the heavy 
columns. Thus, the influence ori the results of various geometric 
parameters was evaluated, as follows: the flange and web thickness; 
the width-to-thickness ratio for the flange ; the area of the 
flange; the ratio of the flange area to the web area ; and the plate 
factor, given by 2 (b + t)/bt, which is a measure of the rate of 
cooling after rolling (Bjorhovde et al., 1972). In the preceding, 
b is the flange width and t is the flange thickness. It was 
determined that the flange thickness was the single most 
representative measure, and the final evaluations were therefore 
presented in this fashion.

As a sample of the results of the investigation, Figures 1 and 2 
illustrate the relationship between the relative maximum column 
strength, given by the expression PMX/Py, where Py is the yield load, 
for buckling about the major and minor axes of the shape, and the 
flange thickness of hot-rolled shapes. The data also demonstrate 
the influence of the slenderness ratio of the column, using the 
common slenderness term. Finally, the curves represent the data 
for columns with an initial out-of-straightness of L/1500; this was 
used in recognition of the basis of the AISC LRFD Specification 
(AISC, 1986).

Similar results were developed for all of the major column strength 
parameters that were evaluated. In view of the limited space of 
the paper, only a sampling of the data is given. Briefly, given 
that residual stress and initial crookedness are the most important 
column strength factors, the data illustrate the variations that 
will occur for a given column as a function of the flange thickness 
only.

Some very important conclusions for hot-rolled shapes can be drawn 
on the basis of the results that are shown in Figs. 1 and 2. Thus, 
buckling about both major axes appears to be equally affected. 
Further, as would be expected, the strength of very short columns 
(curves for slenderness of 0.4) is very little influenced by the 
thickness variation. This observation also appears to apply to 
long columns (slenderness of 1.2).

The most important information is reflected by the middle curves 
of Figs. 1 and 2. These represent the variation of the strength 
of columns of intermediate slenderness, and thus the major share 
of all columns in structures. For minor axis buckling in 
particular, there is a drop in column strength of about 15 percent 
as the flange thickness increases from 25 to approximately 75 mm. 
Further, following this reduction of the column strength, the 
capacity then increases as the flange thickness continues to go up. 
The reason for this is that shapes with such large flange thickness

(5)
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Fig. 1 Influence of Flange Thickness on Major Axis Maximum 
Strength for Hot-Rolled Wide Flange Shapes

Fig. 2 Influence of Flange Thickness on Minor Axis Maximum 
Strength of Hot-Rolled Wide-Flange Shapes
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(7)
also have a large cross-sectional area, and the strength decrease 
that is caused by the flange effect is offset by the amount of 
steel in the shape.

The results for the welded shapes are not presented in this paper. 
As already noted, these were not consistent as far as the various 
geometric parameters were concerned, and further study is needed. 
However, it is also reasonable to observe that differences in the 
method of manufacture between rolled and welded shapes, as well as 
the more favorable residual stress distributions in built-up 
sections are likely to be the cause of the differences. Thus, 
effects of flame cutting, for example, are significant.

SUMMARY AND CONCLUSIONS
The paper has presented a study of the maximum strength of heavy 
rolled and welded built-up steel columns. It is shown that the 
capacity of rolled shapes on the average decreases by about 15 
percent as the flange thickness increases from 25 to 75 mm. 
Thereafter the strength is gradually regained, reaching its 
original value for thicknesses of about 150 mm.

The results are not conclusive for welded shapes at this time. 
This is attributed to the narrower range of shape sizes of the data 
base of the study. However, it is also noted that many of the 
fabrication operations for such members may tend to override the 
negative thickness influence.
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Summary: Accepting the eine curve for the deformation of the 
standard bar of length "1" the "N" denominator of the relation 
P = EI/N is studied with a numerical integration method when 
the bar deflection covers the interval (0, 1/2), where P is 
the force which acts on the standard bar at the limit between 
the stable and unstable equilibrium, while E and I have 
known significances.

Thus I and Aäää are determined in order that the bar nec nec
would be on stable equilibrium under the force P.

The paper is finished with important conclusions for the 
design of bars, which are subjected to centric compression.

$ 1. Numerical integration method [l]. Let a function
F:A —► R*, A = [0,l] C R, the ensembles A^ C A, A^ C A,
*1 eí<XiÍ* * = 1'P * A2 ~{P$]9 d * and the polynomial

functions Pp, Qq of the "p" degree, respectively of the "q"
degree, where p and q are two natural numbers.

Proposition 1 . If the following conditions are 
accomplished:

Cl) the function F is indefinite derivative 

i d=q i i=p
C2)

(1) Associate Professor, dr.eng. "Traian Vula" Polytechnic 
Institute, Timigoara

(2) Eng., "Traian Vuia" Polytechnic Institute, Timigoara

#
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сз)

04)

-i d —Q -i i=pi à«*'-* & «"*>

-i d =q

/* 1 -i ifP z-1 -i d =Q
Jo V1' ■iiiV«!’1 /

C5) A C D, where D is the convergence domain of the
Taylor’s Series, then the following affirmations are 
correct:

al) there are two numbers о о ^ so that :
A i ijfP r z~i -i d —pJ F(x)dx - - L P( 0( ) < 6 ; f F(x)dx - -i I P(B .) <0.
о P 1=1 1 1 vo q d=l

a2> I % I < 2£ I I e-pi < , where

z*l i i =P
J P(x)dx - - & P( o<i)

i=l
eo<

Г P(x)dx 
о

Z*^- 1 d ”4jT P(:)d: _ - E F(fj)

V Д
J P(x)dx

Remark upon СЗ). Рог p = 3 and q = 4 the ensembles: 

A1 ={^ij ± T-j = {o,1464466-1; 0,5-1; 0,8535534 1 }

A2 ={Pj} = {o, 1026739-1; 0,4061987 1;
d"T’* 0,5938013-1; 0,8973261-1 J

verify the third condition of the proposition.
The arrays of the nodes .[cXjJ , } are constant and

they don’t depend on the function P.
In this paper we consider:

%
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(3)
J8, F(x)dx = (a;4).(P(0,1026739a) + F(0,4061987a) +

о + P(0,5938013a) + F(0,8973261a))
§2. Theoretical studies- upon the standard bar. Let us 

consider the bar of figure l.a and the initial conditions, 
ik, к = 1,5 , for investigations.

il) The initial length of the bar is "1" and the 
longitudinal axis of the bar is represented by the curve (C ) 
within vectorial form
-* *+ -*■
rc = xi + vQl sin -y- j , where "v0" is the initial

о о imperfection appraised to 1:1000,
12) The bar is centrically compressed in stages under

the forces P^ (in stage 1), P^ (in stage 2),...,”Pn (in stage n)
"P. = Í.P; P. if :BI S' 1, for any "i".

In the stage "i" the longitudinal axis of the bar is 
represented by the curve (C\) within vectorial form:

= zi + v^l sin -y^ T (figure l.b)

13). We accept the calculation of the deflection v^+^l 
with formula: т±+11 = M^^^m^^ds^ + v±l, where M±+1 ,

are the diagrams of the moments of flexure under the
force Ï* (figure l.c) and dsi is the element of arc.

14). Under deformations, it is accepted
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(4)
i = о,n, with out consider the axial contraction.

15). "n" is the integer solution of equation
ln-l0 - 10 - nPl0:EA = (1 - R:E).l0 ,

where R is the calculus resistance and 1^.1 is the chord
of the sine curve. In the stage "n" the bar is at the limit 
between the stable and instable equilibrium. We consider

e'1,
The calculus of deflection

ds^ = ((x*)2 + ((vil sin( ,Uxïlil))’)2)^ =
= (1 + (( TTv^i^DcosC 'Кх:1±1))2)Ъ

Of

and (1), we shall obtain:
1212 = (4,0454283 v4l4 - 4,855198 v2l4 + l4):!2 

1± = (4,0454283 V4 - 4,855198 v2 + 1)*

M±+i(x) = P(v1l)sin(5tx:lil) ; mi+1(x) == 0,5 %

1212 « (4,0454283 v4l

(2)

cos('iTx:lil) )2)%dx+

(3)

v±(0,0010305(1 + 9,6l5102(vi:l1)2)^ +

+ 0,0151216(1 + 6,3680592(vi:li)2)^ +

+ 0,0298109(1 + 3,5015422(vi:li)2)^ +

+ 0,0553551(1 + 0,2545013(v1:li)2A + v±

With the assistance of the computer we &ad obtained the graphicP.li2
constituted of the couple (i.P, v.: -ire—) (look at the first 
computation table). 1

Sentences, si). For the bar in figure 2.a, the axial 
force n.P induces the longitudinal contraction Al^=
= n.P.lîEA = (R:E).l. After we remove the walls, the bar can 
pass to an unstable equilibrium (figure 2.b). We draw a 
reference line in computation table 1 for 1Q = 1-R:B.

s2). The axial contraction Д1^ for the bar centrically
compressed cannot exceed Al^. The bar is capable for
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(5)
Computation table 1

i pi
vi

(for Pl^EIsrl) 4

0 0 0,0009 0,999998
1 P 0,001 0,9999972 2? 0,001101 0,999997
3 3P 0,001212 0,999997
4 4P 0,001334 0,999996
5 5P 0,001465 0,9999956 6P 0,001617 0,999994
7 7P 0,001780 0,9999938 8P 0,001960 0,999992
9 9P 0,002158 0,999990

10 10P 0,002376 0,999988
11 IIP 0,002616 0,99998612 12P 0,002881 0,99998313 13P 0,003173 0,99997914 14P 0,003494 0,99997515 15P 0,003848 0,99997016 16 P 0,004237 0,99996417 17P 0,004666 0,99995618 18P 0,005138 0,99994719 19P 0,005658 0,99993520 2 OP 0,006231 0,99992221 21P 0,006862 0,99990522 22P 0,007557 0,99988523 23 P 0,008322 0,999861
24 24P 0,009165 0,99983125 25P 0,010093 0,99979626 26 P 0,011115 0,99975227 27P 0,012241 0,99970028 28P 0,013481 0,99963629 29P 0,014847 ' 0,99955830 30P 0,016351 0,99946431 31P 0,018008 0,99935032 32P 0,019833 0,99921333 33P 0,021843 0,999044
34 34P 0,024057 0,99884135 35P 0,026495 0,99859436 36 P 0,029181 0,998295
37 37P 0,032140 0,99793238 38P 0,035400 0,99749139 39P 0,038991 0,99695640 4 OP 0,042948 0,99630741 41P 0,047308 0,995519

R=2100
cnr

cm
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stability on the condition that the moment of inertia should 
not permit the passing from 1 • 1 to 1^1 = (i _ |)i under 
the action of the secondary bending moment.

(6)

A

/

\Zz
z

2z

FIG. 2.

PI1 = 1:

P Г

s3) ^necessary > ^ I* where

I Vn V P -2 V pnecessary > ^ ^
Por R = 2100 datf/cm2, 1r = 0,999, n = 33,

I _ 0,021843 P.l2 n r,.Q Pnl2
necessary 0,001.33 “1 = °»66i9 -g— ,

where ?n is the force which acts on the standard bar.
s4). Of X 2 = and -ijj = R (4)

Toff6 ^ 9T^f 4? have the known significances and Ш = A 2(p

2ph i) vi-1 ш»., vn=-> inecessary= ¥

ph 2) (4), (5) and 1^ = 1 result in = 0«00ln E
(5)

ph 3) Of computation table 2 we obtain:
vn •*
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X = X ( VjV ) ; Anecessary
= (-^)2.i

necessary
Exemple. Determine the dimensions for a standard bar centri- 
cally compressed under the force F = 40000 daN. The length of
the bar is 1 = 150 cm and R = 2100 datj/cm2.

Resolution
ph 1). 1n = 1 " I = 0,999; n = 33; vn = 0,021843

n РГLnecessary= Ö.ÖÖln *V * • ”S = 283>67 c™4

ph2). v g . ^ . 2100000 . 1510>78

T T (40.4'2 
= 20,57 cm2

ph3). A = 40,4; Anecessary= ф2.1 . (^l)2.283,67 -
2

Observation.
^necessary ~ F;R 100 = 20,57 -19,04 . 7>4 % 

necessary 3'
3. Conclusions. This calculus method determines 

^necessary an(* ^necessary ^or standard bar without 
choose before the form of the section of the bar.
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Summary
The equilibrium paths of a simple discrete model for the Euler problem have been determined. 
Beside the trivial equilibrium position several types of other equilibrium positions exist, i.e 
with horizontal symmetry-axis, with skew symmetry axis and with no symmetry axis at all. 
By changing the ratio of the spring constants among the critical points we discovered fold, 
standard and dual cusp, butterfly and elliptic umbilic catastrophe points. The behaviour of 
the imperfect structure will be demonstrated on the basis of the equilibrium paths of the 
perfect one.

1 Introduction
Let us determine the whole system of equilibrium paths for the structure illustrated in 
Fig.l/а. The structure consists of two bars with unstressed length L and axial stiffness a. 
The two bars are connected by a linear rotational spring with spring constant 6, which is 
unstressed in the position illustrated in Fig. l/а. The magnitude of the vertical conservative 
load is \aL.

The analysis will be carried out by investigating the total potential energy function of the 
structure and by utilizing the results of Catastrophe Theory. For convenience the energy 
function will be normalized.

1 Research professor, Hungarian Academy of Science
2Assistant professor, Tech. Univ. of Budapest, Dept, for Strength of Materials
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The structure has three degrees of freedom, but we did not find three parameters suitable to 
describe each position of the structure in a non-singular wayt therefore other variables will 
be used for the description of the neighbourhood of the primary equilibrium path (Fig.l/b) 
and for other equilibrium paths (Fig. 1/c).
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Fig.l: The structure and the coordinate systems

2 The primary equilibrium path
Based on simple considerations the existence of asymmetric equilibrium positions can be 
excluded in the neighbourhood of the original (Fig.l/а) position of the structure, therefore 
it is sufficient to use the coordinates a and h illustrated in Fig.l/b. The normalized potential 
energy function is the following:

V „ c
V = — = (h - l)2 + ~(2a)2+ 2Ac°sa, (1)

where c = . The equation of the primary equilibrium path is

«o = 0, h0 = 1 - A (2)

since by introducing the new variable

h = h0 + и

the gradient of the function (1) is zero at the point (2). The stability of the equilibrium 
position can be investigated on the basis of the Hessian matrix of the function (1), composed 
of the second partial derivatives. In the case of stable equilibrium each eigenvalue of the 
matrix is positive. A subscript of V denotes partial differentiation with respect to the 
corresponding generalized coordinate, the 0 superscript denotes the equilibrium position. 
The Hessian matrix has now the following form:

2
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>u°u Vua ■ 2 0

Vau 0 4c-- 2A(1 - A) _ (3)
One eigenvalue is always positive, the other one is negative in the interval (Л", A^) and 
positive elsewhere. The endpoints of the interval are given by

Л"* = \ T 2*. (4)
In the case of c > | the values given in (4) are not real, i.e. the structure never looses its 
stability. To identify the type of the critical points the 4-jet of the Taylor expansion of (1) 
is derived:

/У = %2 + (2c - Л + Л2)а2 - Ли*: + (A - A")
12'

By substituting

и — V -\—-—, A — Aj^2 T A

we arrive at

j4V = V2 + Ç—— - ± —л/l — 8cj a4 ^ (A\/l — 8c + A2)a2.

Obviously V is the passive, a is the active variable. When substituting A" the coefficient of 
a4 is negative, i.e. we have a dual cusp catastrophe (A3 , unstable symmetric bifurcation). 
When substituting A" the coefficient is positive for c < i.e. there is a standard cusp 
catastrophe (A3 , stable symmetric bifurcation), in the interval ^ < c < | the coefficient is 
negative again. \i c = ~ then the analysis of j6V yields the result, that we have a standard 
butterfly catastrophe (A$). In the case of c = | the coefficient of a4 is positive, but in the 
coefficient of a2 the term being linear in A disappears. This does not change the type of the 
catastrophe, but as a consequence of the special role of A the equilibrium path is given by 
the following equation in the neighbourhood of the critical point:

a = ±4A.

The distinct types of the investigated equilibrium paths are illustrated in Fig.2. (Stable equi­
librium positions are represented by solid lines, unstable ones by broken lines.) Remark, that

3



the above problem is approached in POSTON & STEWARTJ (|97^) and in GOLUBITSKY 
& SCHAEFFER (1979), as weU.
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c = —

АЛ

ot

Fig.2: Distinct types of the primary equilibrium path

3 The secondary equilibrium paths
In this section the coordinates x,y and z will be used (illustrated in Fig.l/c). These co­
ordinates have a singularity at the vertical position of the bars, but the neighbourhood of 
this position has been already discussed in the previous section. The normalized potential 
energy function has the following form:

V = -y2 + - ( (1 + y)H( cos(z — x)
-1 + -(П-х)2 + Л(1+у) cos(z — x) (5)

The following equations describe the only secondary equilibrium path the limes of which is 
connected to the primary path:

A = —г—( 1 ± л/1 -1- 4c(2z — П) tan z^) ; x = 2z; у = —A : 
2 sin z X v )

(6)

since at the points described by (6) the gradient of (5) vanishes. In the interval — у < z < 0 
one value for A is negative, the corresponding equilibrium position cannot be reached from 
the trivial one by continuous loading, therefore this case will not be discussed. If z = 0, then 
Л = cH. If с > I then in the interval 0 < z < j two real solutions exist for A, else , beyond 
a limit, the solutions are complex.
The determinant of the Hessian matrix composed of the second partial derivatives of (5) will 
be expressed by substituting the equilibrium equations (6):

I H |= 2 s{s + Л- 2As2)(1 - As)(2c - A(s + A - 2As2))(l - s)~\

4



where s = sin z.
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c = 1/83/32 -c - 1/8c = 3/32c« 3/32

c = 2/ТГ

Fig.3: Distinct types of the primary and the secondary equilibrium paths

By using the symmetry of the structure it is sufficient to illustrate the equilibrium paths in 
the interval — j < z < j (Fig.3). On the lower branch we have at z = 0 always a critical 
point, the state of equilibrium becomes stable again after a dual cusp catastrophe point. The 
first three diagrams illustrate the behaviour in the neighbourhood of a butterfly catastrophe 
point. (Observe the change of the number and type of the equilibrium states while changing 
the value of c.) When c became greater than ^ then a fold catasrophe point appeared (A2, 
limit point). This limit point approaches the dual cusp catastrophe point, and at c = jp- 
they are united in an elliptic umbilic catastrophe point (D+ ). By increasing c they again 
fall apart, but the cusp catastrophe changes into a standard one. Between the two critical 
points a segment of the equilibrium path appears (represented by dotted line), where the 
Hessian matrix has two negative eigenvalues.
This pocess is well illustrated by the relation between the bifurcation set (see e.g. POSTON 
& STEWART (1978) or GÁSPÁR (1985)) and the load parameter A in the parameter space 
of one of the canonical forms of the elliptic umbilic catastrophe. (Minimum points are

5
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denoted by© maximum points by© and saddle points byO.

c = 2/ТГ2

Fig.4:Bifurcation set of the elliptic umbilic catastrophe and load parameter axes

It can be observed, that in the case of c = jp- and small imperfections the equilibrium 
path will not have any critical points in the neighbourhood of the original critical point 
(inspite of the forms investigated by THOMPSON & HUNT(1984) and GÁSPÁR (1985), 
where to each imperfection a critical load corresponded) , and all equilibrium positions in 
the neighbourhood are unstable.

4 The tertiary equilibrium paths
The primary and secondary equilibrium paths describe all equilibrium positions with hor­
izontal axis of symmetry. Point z = 0 is always critical. The tertiary equilibrium path 
passing through this point is described by

X = y = 0; A = сП cos z, (7)

since at these points the gradient of (5) vanishes. Equations (7) describe the positions, 
where the two bars cover each other, and there is no normal force in them. After a rotation 
of П radians we arrive at position, which corresponds to the buckling of a structure upside 
down, but in the opposite direction and not to the buckling of the upright standing (original) 
structure in the opposite direction. These pieces of the equilibrium path repeat periodically, 
therfore only one period length will be illustrated in Fig.5 (with fixed value of c ). This 
tertiary equilibrium path was first demonstrated by DOMOKOS (1989) for the continuous
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Fig.ö.The complete system of equilibrium paths of the perfect structure

™tl“nweÍrive^0nS °f the eqUi'ibriUm Path (7) int° the determinant of the Hessian

I H |= —2с2Г12 tan2 2 < 0,

te. only the point z = 0 is critical, all other equilibrium states are unstable.
In Fig.3 for each c-value we observed a dual cusp catastrophe point in the interval -П < 2 <

5 The imperfect structure
вШЩШЁШШ!



for the imperfect structure. By using this information the equilibrium paths of the imperfect 
system (Fig.6) are easily derived from Fig.5.
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Fig.6:The complete system of equilibrium paths of the imperfect structure

The change of the critical load is proportional to the |rd power of the corresponding im­
perfections in the case of the cusp catastrophe points and to the 1st power, in the case of 
limit points. By increasing the load the state change of the structure is continuous up to 
the point A. At this point a snap-through occurs to point B. In the interval BC again 
continuous state-change can be observed, followed again by a snap-through from C to D, 
from the latter point the state-change remains continuous up to arbitrary load parameter. 
If we start to decrease the load at a structure upside down, then the snap-throughs will 
not occur at points D and B, i.e. as an effect of cyclic loading with large amplitude the 
equilibrium path describes a hystheresis loop.

References
DOMOKOS, G. (1989):Large deflections of guyed masts (in Hungarian) Thesis, Hung. 
Acad, of Sei.
GÁSPÁR, Zs. (1985):Imperfection-sensitivity at near-coincidence of two critical points 

J. Struct. Mech. 13 (1), 43-45.
GOLUBITSKY, M. & SCHAEFFER, D. (1979):A theory for imperfect bifurcation 

via singularity theory Comm. Pure and Appl. Math. 32, 21-98.
POSTON, T. & STEWART, I.N. (1978): Catastrophe theory and its applications Pit­

man, London.
THOMPSON, J.M.T. & HUNT, G.W. (1984):Elastic instability phenomena Wiley, 

Chichester.

8



-1/77-

OIONCU, Victor (1)
BALÜT, Nicolae (2)
MOLDOVAN, Adriana (3)
PACOSTB, Costin (3)
DÜBINA, Dan (4)
THEORETICAL AND EXPERIMENTAL RESEARCH ON THE INTERACTION 
BETWEEN FLEXURAL AND FLEXURAL-TORSIONAL BUCKLING OF WELDED T 
SECTION COMPRESSION MEMBERS

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTX___________ _____________/

Summary: In tbe introduction it is shown that the optimization 
l>f welded T section compression members leads to tbe coupling' 
of flexural and flexural-torsional buckling. Chapter 2 presents 
theoretical research concerning the coupling of tbe above-ment­
ioned two forms of instability, and the approximate interaction 
formulae which take into account the effects of plastic defor­
mation. The theoretical data reveal an increase in the sensiti­
vity to imperfections around the point where the coupling of 
the two forms of instability occurs, but the behaviour of 
welded T section compression members nevertheless falls within 
the range of "weak interaction". In order to provide confirmat­
ion of these findings, an experimental program was implemented, 
which is described in Chapter 3. A practical method for design 
is suggested in Chapter 4.
1. INTRODUCTION
Welded T sections are widely used in Romania for truss chords, 
because this is an economical solution. Due to the monosymmetry 
of the T section, instability of compression members can be
(1 ) Head of the ICCPDC Building Research Institute, Timisoara 

branch(2) Senior Research Engineer, ICCPDC Building Research Institu­
te, Timisoara branch(3) Research Engineer, ICCPDC Building Research Institute, Ti­
misoara branch

(4) Lecturer of Structural Mechanics, Polytechnic Institute of 
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caused by flexural buckling or flexural-toreional buckling, as­
suming that the dimensions of the cross section are chosen in 
such a way as te prevent local buckling. In this case, since 
the members are manufactured from welded steel sheets, the di­
mensions of the cross section can be selected so as to obtain 
an economical section.
Mateescu, D., Dub ins, and Mateescu, G. (1983) have recommended 
that this section should be optimised so that the ulti ante 
loads, corresponding to the two forms of instability, be equal, 
and have developed a set of optimal cross sections, currently 
used in Romania in the design of trusses.
It is well knewn that when two forms of instability are coupled, 
member sensitivity to imperfections increases and the erosion 
of the bifurcation critical load is greater than that of either 
form of instability. The question therefore arises whether the 
common buckling curves can still be used for design. Gioncu 
(1989) has shown that the additional erosion caused by the 
coupling of two forms of instability can be weak or strong; in 
the first case, simple calculation methods can to used, whereas 
in the second case, specific methods must be devised.
This paper aims at presenting theoretical and experimental in­
vestigations carried out by the authors with a view to solving 
this problem in the case of welded T section members and pro­
viding a practical calculation method for design purposes.
2. THEORETICAL INVESTIGATIONS
The coupling of flexural buckling and flexural-torsional buckl­
ing was first studied by Grimaldi and PJjnatero (1979). Systema­
tic studies concerning elastic coupled instability were carried 
(19 82^ Gloncu 811(3 Ivan (1983) œd Gioncu, Ivan, and Bo tic i
Fig. 1 presents the three possible situations involving a T 
section member: the ideal unloaded member, the unloaded member 
with imperfections, end the deformed member with imperfections. 
The imperfections and deformations of the member are :

{di )T= [uLjVL.^fc] ; id}T= [u,Y,vf ] (1 a, b)

<2)

Assuming that the imperfections are affined with the buckling 
shapes, and taking into account the fact that the deformations 
V and t are coupled in fie xu г al-tor si onal buckling, Gioncu and 
Ivan (1983/ have shown that the coupling of the two forms of 
ins Lability results in the appearance of an additi eoal post- 
critical curve, which is unstable, and an increase in the sen­
sitivity to imperfections (Fig. 2). The ultimate load N is 
calculated using the interaction formula u

(1-
where
- Np : the flexural buckling critical load
- NpT : the flexural-torsional buckling critical load

Я7т)‘а'тгЛ+ dz (2)

a1 , a2 ' adimensional numerical coefficients which depend 
only on the geometrical characteristic# of the
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member undergoing buckling

loaded actual bar

ideal bar
^ unloaded actual bar
/ loaded actual bar

unloaded actual bar

ideal bar

bifurcationpoint

uncoupled forms erosion

limit point
coupled forms

actual structure

FIG.2

It is observed that when the member is ideal (U^ = cJk = o), the
two forms of instability are uncoupled. For an ideal member, 
the interaction formula assumes the form in Fig. 3. The great­
est erosion occurs when the two critical loads are equal.
Fig. 4 presents the reduction in the buckling critical load for 
T sections in the case of the imperfections u< = ^/500, vL =
VfcOO, and "fL = 1/100. It is seen that this reduction is not
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very substantial, this type of interaction falling within the range of '’weak interaction" as defined by Gioncu (19 69).

25 3.0

Motdovan-Gioncu equation
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(5)Moldovan and Gioncu (19 86; have extended the scope of research 
concerning the interaction between these two forms of instabili­
ty in order to allow for plastic deformations. Generalizing the 
formula for flexural buckling suggested by Maquoi and Rondái (1978), they have developed thè following interaction formula

Nu
‘FT

\ Ж
N min (3)

where 0( is the numerical coefficient specific to EGGS buckling 
curves (for curve b, CX = 0.339; for curve с. = 0.Ц89).
Fig. 5 presents the curve yielded by Eq. (3; when o( = 0.339 
and Ny = A.fy for Ny = N$,T, plotted against that yielded by Ma­
quoi and Rondái * s formula. Sufficiently large reductions can be 
seen.
Because these theoretical investigations have indicated an in­
crease in the sensitivity to imperfections when the two forms 
of instability are coupled, experimental investigations have 
been deemed necessary, which are presented in the next chapter.
3. EXPERIMENTAL INVESTIGATIONS
The experimental program implemented by the authors involved 
the testing of Ц8 msmbers, 36 of which were subjected to buckl­
ing, while the other 12 were used for determining the mechanic­
al characteristics aid residual stresses.
The cross sections of the members were chosen so as to facili­
tate the experimental study of the various possible types of 
buckling.

TABEL 1
L
mm

h
mm

b
mm

t
mm * Afr

? Nr
. 
of
 

pe
ri
me
ns a

mm II
\

75 80 4 4 A
——Î T 1 2700 110 160 10 0.544 0.566 3 7 В

- Iх 2700 80 160 10 107 73 2 4 A
b j T 2 0.351 0.626 2 7 В

к --- 4-rit T3 2700 140 160 10 58 88 3 4 A
У

i
0.679 0.502 3 7 В
80 84 3 4 Alx T4 3600 140 210 10 0508 0.533 4 7 В

110 210 10 106 77 2 4 ATS 3600 0.355 0591 3 7 В
69 90 5 4 A-T6 3 600 160 210 10 0.590 0.487 2 7 В

The members were made of 0L52 grade steel sheets (fy = 3,600
daN/cm2) using common industrial processes.
This experimental program included the following stages;
1, stub column tests;
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(6)
2. experimental determination oi' the residual stresses by means 

of the strip-cutting method, employing a Huggenberger mecha­
nical extensometer;

3. determination of tensile yield strength and ultimate 
strength by tests performed on stripe ;

4. optical determination of the geometrical imperfections of 
the members chosen to undergo buckling tests;

5. buckling tests - carried out in the 200 ten hydraulic press, 
For the buckling tests, support devices were developed which 
were meant to model as closely as possible the support condit­
ions assumed in calculations, namely:
- the prevention of dis place ne nt in any direction perpendicular 

to the longitudinal axis of the member ;
- the possibility of free flexural rotation in any direction;
- the prevention of torsional rotation.
In the case of T section members, there is no need to provide 
special support conditions as far as torsional warping is con­
cerned.
In these circumstances, a system consisting of a relatively 
large hardened spherical surface bearing on a hard flat plate 
was devised for the application of the compression load. The

support device generali­
zes that described by 
Klöppel and Unger (1971), 
in the sense that a sys­
tem of bearings and 
guides in both directions 
X and y enables the end 
sections of the members 
to rotate freely around 
these axes (the principal 
axes of inertia). Fig. 6 
shows a member being 
tested in the hydraulic 
pre es.
For reasons of space, it 
is not possible to pro­
vide a detailed descript­
ion of the results of the 
experimental program.
This is why Figs. 7 and 8 
present in a synthetical 
manner only the results 
concerning the buckling 
tests. Fig. 5 has put 
forth for comparison pur­
poses the value s determi­
ned experimentally for 
the members where theore­
tically N. NFT*

F!<S. 6

(7
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flexural-torsional buckling
luckling

a thickness of weld a =4mm 
• thickness of weld a *7 mm 
— average value

flexural-toreiopa l buckling

ж thickness of weld a = 4mm 
• thickness of weld a= 7 mm 
— average value



The following conclusions have been arrived at upon analyzing 
all the résulte (rather then just those mentioned herein) of 
the experimental program :
1. Although they display great scatter (within the limits com­mon to such tests), the valueè of the buckling loads for the 
members T1 and TU reveal both the interaction of the two forms 
of instability discussed herein and an increased erosion of the bifurcation load.
2. Given the same cross section and the sane values of the geo­
metrical imperfections, the members with thicker welds (type B) 
generally exhibit a poorer behaviour, collapsing under lower 
loads than the members with thinner welds (type A),
3. When discussing only the behaviour of type A members (the normal case), it becomes apparent that in almost all cases 
where one of the instability forms (flexural buckling for T2A 
and T5A, flexural-torsiónál buckling for T3A and T6A) plays a 
decisive role , the results are above curve b or immediately be­
low it. Figs. 5, 7, and 8 show that in the case of Ti and TU 
members, curve c is conservative äs far as type A members are concerned, and that the curve yielded by Eg. (3) covers favour­
ably both types, A sad B.
U. la this context, it seems reasonable that when only one of 
the two forms of Instability prevails (regardless of whs the r it 
is flexural buckling in the symmetry plane or fie xur al -tor si or­al buckling), the buckling coefficient X should be taken from 
curve b, and when the two forms of instability are coupled, 
this coefficient should be taken from curve o.
U. SUGGESTIONS FOR A TORMULA TOR PRACTICAL DESIGN PURPOSES 
The authors suggest a generalisation of Maquoi and Roitíal’s (1978) formula so that when the critical loads N . and Nш roiii m X(corresponding to the two buckling modes of the ideal elastic member) are equal, the bearing capacity N fits curve c; in the 
other extreme case, when N —>co, w ¥s calculated on the basis of curve b. tnax u
In this way the following interaction fbrmula is obtained:

(4)
where

°<1=0(C-(°<c bX1 - ) = 0,30910,15 (Amin )2 (5 )
™ mnv 4 X   .max A max

It will be assumed that the coupling of the two forms of insta­
bility can be ignored if it does not cause the buckling coeffi­
cient to_drop by more than # below the value of x correspond­ing to Xmqxln curve b.
Given



(9)
<x,-0,339

0,15

~ 1/85

(7)
the condition that must be satisfied in order for the coeffi­
cient X to be taken from curve b depending on \mx is $

X mm ^ J3X
ehere ш Vn

max )
refer to the two buckling modes.

(8)
кшх ß * 1 » and , therefore, since no coupling oc­

curs, the coefficient X can always be taken from curve b.
To facilitate practical calculations, it is recommended that 
the curve yielded by lq, (7) be substituted with two straight 
lines and a second-degree parabola (Fig. 9).

If ^min does not satisfy the condition (8), the buckling coef­
ficient X can be determined using the approximate formula be­
low ;

X -Xb- bmin/Л max - & (xb-Xc)
(9)
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(Ю)
5. CONCLUDING REMARKS
1. The experimental results confirm the theoretical ones on the 
basis of which it has been concluded that the interaction of 
the two instability forms in T section members is of the "weak" type.
2. The buckling со eff cient for welded T section compression 
members with Xmax 4* 0.4, as well as the buckling coefficient
for welded T section compression members where one of the pos­
sible forms of instability prevails - this is checked by me ans 
of the condition (8) - сел be taken from curve b. If this con­
dition is not satisfied, the buckling coefficients are located 
between curves b and c and can be calculated using Eg. (9).
3. This conclusion can be applied conservatively to otter mono- 
symmetrical members, such as hot-rolled channels, where residu­
al stresses are at any rate lower than those in welded T sect­
ion members.
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Summary: This paper deals with a calibration procedure of the parameters defi­
ning the imperfection factor in a Perry-Robertson type formula for assessing sta­
bility of extruded aluminium columns.
The obtained buckling curves are compared with the ones of some up-to-dated 
existing Recommendations.

INTRODUCTION
The subject of this paper is framed in the range of activity faced to the preparation of the Iso 
Recommendations for Aluminium Alloy Structures.

During the last meetings of the Committee ISO/TC 167/SC3 (Dubrovnik, October 1988 and 
Montreal September 1989), it was decided to develop a comparison between the method pro­
posed in the first draft of ISO Recommendations for checking stability and the available expe-

(1) Professor of Structural Engineering, University of Naples, Italy
(2) Research fellow, University of Naples, Italy
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DEFLECTIONS DUE TO AXIAL FORCES

rimental results. This 
comparison was also ex­
tended to the up-to-dated 
existing Recommenda­
tions (i.e. ECCS Recom­
mendations for

N
Aluminium Alloy Structu­
res, 1978; the italian UNI 
8634, 1985 and the british 
BS 8118, now under pu­
blic enquiry).

Fig.l

Different applications of 
the Perry-Robertson for­
mula can be used to inter­
pret the buckling curves

whether they are derived from simulation (ECCS, UNI) or they are simple mathematical rela­
tion- ships (BS, ISO).

The new ISO proposal leads to a formulation whose parameters can be calibrated by means of 
the experimental evidence.

THE PERRY-ROBERTSON FORMULA
The deflections produced by an axial force acting on a bar are influenced by the initial curva­
ture (fig.l).

If the initial shape of the axis of the bar is expressed by:

yo = v0 sin(rcx/l) (1)
the bar remain elastic if the following condition is satisfied:

N/A + Nvo/(l-N/Ncr)W<fy (2)
Equation (2) is the well-known Perry-Robertson formula, whose reputation is due to the possi­
bility to interpret all geometrical and mechanical imperfections present in the industrial bars 
by introducing a fictitious initial curvature, expressed by Vo.

The collapse value Nc of the axial force is given by the condition:

Nc/A + Ncv0/(l-N/Ncr)W = fy (3)

By introducing T| as imperfection factor given by:



(3)
-1/89-

л = Vo A/W (4)

equation (3) can be written as:

Oc + acT|/(l - Öc/Ocr) = fy (5)
and finally in the nondimensional form :

(l-NHl-N P) = T|N (6)

being N =Oc/fy and X the nondimensional slenderness: X=(X/Tt)(fy/E).

The nondimensional Perry-Robertson formula (6) provides the nondimensional failure load:

N = (1/2X2)! 1+T1+ X2- [(l+n+X2)2- 4X2]1/2) (7)

as a function of the imperfection factor rj.

THE RECOMMENDATIONS FOR ALUMINIUM COLUMN BUCKLING
The check of the load carrying capacity of aluminium extruded members in pure compression 
is carried out in many codes by means of different methods. Many of them can be interpreted 
by eq. (7) [Mazzolani, 1985].

ECCS Recommendations [1978] use a formulation similar to eq. (7) but not rigorously of the 
Perry-Robertson type:

N = (1/2X2){ 1+T|i+ X2^- [(1+Т|1+Х2)2-4Х2]ш) (8)

the ECCS buckling curves are obtained by introducing:

r\\=a(X2- Xo2)1/2 (9)

and:

T|2=l-2ß(Y-Xf(X2-Xo2)1/2 (10)

where ct,ß,Y,H and Xo define two buckling curves (a) and (b) respectively for heat- treated and 
work-hardened alloys. The parameters^ represents the limit of the range of stocky columns 
where the buckling curve is cutted by N=1. Their values are given in table 1.

The formulation adopted in the UNI 8634 Recommendations [1985] is rigorously of the Perry- 
Robertson type. In fact, it is obtained using for the imperfection factor T| the following expres­
sion:

1
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Л = a(ß- X)(X2- Xo2)1/2 (11)

where a,ß and Xo define two buckling curves: curve (a) for heat-treated alloys and curve (b) 
for work- hardened alloys. The values of oc,ß and Xo are provided in table 2.

The nondimensional curves Cl_C2, Сз given in the new BS 8118 are also derived from the 
Perry-Robertson formula, with Xo=0.2.

CURVE a
TABLE 1

0.2226
0.1590

0.966

0.2420

CURVE b
0.1876

1.478

PARAMETER
TABLE 2

CURVE a
0.2226

CURVE b
0.1876

Two numerical techniques for calculating a and Xo

In the draft of the ISO Recommendations 
for Aluminium Alloy Structures the follo­
wing relations for checking stability of 
extruded members in pure compression 
has been proposed:
N = ß-(ß2- 1Ä2)1/2 (12)

being:

ß = [l+a(X- XoHX2]^!2 (13)

where the values of a and Xo, which defi­
ne the buckling curves, are still matter of 
discussion.

Equation (12), with the notation (13), is a 
Perry-Robertson type formula. In fact it is 
easy to show that, by substituting eq. (13) 
in (12), we obtain eq. (7) provided that the 
imperfection factor is given by:

П = a(X- Xo) (14)

The parameters a and Xo can be evaluated 
using the available experimental results, 

are described in the following paragraph.

REGRESSION TECHNIQUES
Each series of experimental data is defined by the non dimensional slenderness Xj and by the 
characteristic value (mean value minus к the standard deviation) of the nondimensional critical 
load Ni,exp.

The «best fit» technique for the characteristic values given by eq. (12) and (13) by means of 
the parameters a and Xo requires the satisfaction of the following condition:



(5)
(15)f(a,Xo)-Ii=i,n{Ni,exp- [ßi-(ßi - IA,!2)*7' ]} -min

with:
ßi = [l+a(A<i- Ao)+X,i2]/2À, i2 (16)

being n the number of series of testing results.

The minimum conditions are:

ôf/ôa=0 and ôf/ôXo=0 (17)

and represent a system of equations in the unknowns a and Ào, which can be only solved in 
numerical way.

The formulation of the previous technique is not conservative because it doesn’t take into ac­
count the fact that the scatters between experimental and theoretical values can be also negati­
ve, leading to cases in which the probability to compute values of N smaller than the 
experimental ones is greater than 5%. An alternative technique is therefore proposed.

We define:

nv the number of cases in which the formulation is on the safe side:
Ni,exp- [ßi- (ßi2- lAi2)172] >0 (18)

ns the number of cases in which the formulation is unsafe:
Ni,exp- [ßi- (ßi2- lAi2)172] <0 (19)

In order to assure that, for each value of À, the probability to obtain unsafe values is not grea­
ter than 5%, the parameters a and Ào must satisfy the following condition:

ns = 0 (20)

At the same time the formulation must fit as close as possible the characteristic values of te­
sting results, what requires a second condition to be satisfied:

£i=l,nv{Ni,exp- [ßi- (ßj2- lAi2)172l}=min (21)

Also in this case the values of a and Ào can be derived in numerical way.
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(6)

The above techniques have been applied by using the testing results on aluminium alloy extru­
ded columns, which are available in technical literature [Mazzolani, 1985].

HEAT-TREATED ALLOYS

ALLOY SHAPE TEST PRODUCTION 1 8 3 4 5
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The «best fit» technique provides values of parameters a and Xo, which are practically in ac­
cordance with those proposed by C. Marsh in the first draft of the ISO Recommendations. 
They are:

- a = 0.2 and Xo = 0.3 for heat-treated alloys;

- a = 0.3 and Xo = 0.3 for work hardened alloys.

The alternative technique, which can be defined as conditioned curvilinear regression, gives 
the following values:

- a = 0.20 and Xo = 0.1 for heat-treated alloys;

- a = 0.32 and Xo = 0 for work hardened alloys.

These values of a and Xo are cohincident with those previously proposed in the discussion of 
the ISO draft [Mazzolani et al., 1989].

By introducing the above couples of values (a,Xo) in eqs. (12) and (13) we obtain the buckling 
curves plotted in figs. 2 and 3 for heat- treated and work-hardened alloys, respectively. The 
collected experimental data are also shown by means of their statistical scatters.

(7)
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For both heat-treated and work-hardened alloys the proposed technique is the only one which 
assure a safe use of eqs. (12) and (13) in a strict agreement with the statistical interpretation of 
testing results. The same curves are also compared with the codified buckling curves for heat- 
treated (fig.4) and work- hardened alloys (fig.5).

The proposed curves are in good agreement with ECCS and UNI, both for heat-treated 
(a=0.20,Ao=0.1) and for work- hardened alloys (a=0.32,Xo=0), whereas the curves based on 
the «best fit» technique are unconservative.
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Program, Boston-London-Melboume.
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COLUMN STABILITY INCREASING ON STEEL STRUCTURE RECONSTRUCTION

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTЧ__________________________ /

Summary: The present work is devoted to the problem of inves­
tigation of column carrying capacity reserves of steel struc­
tures at load increasing from bridge crane. The obtained re­
sults submit the ground to use existing columns without st­
rengthening while steel structure reconstruction. New struc­
tures should be designed with the account of increased stabi­
lity of the crane branch that permits to reduce steel expen­
diture . Crane branch stability research is carried out by 
matrix method. The evaluation of method accuracy is given by 
comparing with exact results. Calculated meanings of critical 
forces and corresponding designed length coefficients allow 
to make the design of new column structures. It is necessary 
to use direct matrix method according to given algorithm for
more complicated cases. __(1) Professor,Steel Structure chair,Civil Engineering
College,Dnepropetrovsk,USSR.
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Old norms and standards of steel structure design in the 
USSR [1] which were used for column structure design contain­

ed recommendations for crane branch column stability design 

from plane as for hinge fastened bar in two points;on the 

foundation of the column and on the level of the crane beam 
supporting. In modern design [2] it is allowed to determine 

effective length on the basis of- the effective scheme ac­

counting real conditions of fastening column ends.

While reconstruction of métallurgie works the increasing 
of load-carrying capacity of bridge crane may take place. 
Therefore existing columns should accept the increased load. 

Crane beam branches of column appear to be more loaded. In 

connection with this the task of accounting of all factors 
influencing the carrying capacity of crane branch may appear. 
But we may have a hope that we shall find definite stock of 

carrying capacity on stability. This was proved by laborato­

ry experimental data and tests of real columns under increas­
ed crane loads.

The task of bar system stability is solved more succes- 

sfilly by direct method of matrix 5 which is especially 

realised by computers. It is connected with that all the ini­

tial data are put in as numerical matrix.

To consider and understand the essence of direct matrix

method it is necessary to refer to differential eqations of
.Uequivilibrim for strait compressed bar,3 d У . d4y .0 c(2y (1)
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Each of two equations are valid only under definite 

action character of longitudinal compressive forces which ap­

pears during bending bar deformations. The first equation 

corresponds to that case when longitudinal forces are 

having properties of weight forces during the bar deformation 

remain parallel to their initial direction (Pig.1a). The se­

cond equation corresponds to 
such character of longitudinal 
iforce action ,which action

line of these forces is locat­

ed along tangent to resilient 
axis(tangent forces Fig.1b).

The essence of direct matrix 

method consists of that the 

composition of outer load in­
cludes equivalent loads which reflect action of longitudinal 

compressed forces. Coming out of the differential equations
(1) the equivalent loads will be those which contain longitu­

dinal forces W(x) and N*(x).
me(x)=W(x)"dx" ' tyV) = N(x) %% (2)
The first expression for equivalent load in physisal 

sense corresponds to the intensity of the distributed bending 

moment and the second expression corresponds to the intensity 
of distributed transverse forces along bar length. To solve 
this task of stability it is necessary to show those loads
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(4)
in discrete form. For longitudinal forces having properties 

of weight forces,discrete equivalent loads are finite number 

of concentrated moments applied in the middle of division 

parts of the compressed bar.
M[ = Ut (5)

For this purpose we have one more expression
о

w

The following notations are used in expressions (5) and (4).

Д у slope of division parts of the compressed bar, ф--cor­

ners of turn sections in the middle of division parts of the 

compressed bar.
If longitudinal compression elements have properties of 

tangencial forces И then discrete equivalent loads .„are re­

presented by the system of concentrated forces applied in the 

middle of division parts of compressed bars,
or (5)

whereAyX- mutual turn corners of bar section on the boundaries
и

of each division part of the compressed bar, - curvature 

of the division part middle.

Possibility of receiving of discrete equivalent loads 

which can be reffered to outer loads makes easier the solu­

tion of stability tasks essentially. Methods of building me­
chanics are more effectively used for bar statically undeter­

mined systems. Using force method we can compose equation for 

displacement which come into the expression for equivalent 

loads and also for displacement in the direction of the
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left ties which are equal to zero. Note slope vector of divi­
sion parts as A y ,vector of discrete equivalent loads as M 
and vector of unknown of forte method as X .

ду=У*М + У,Х" °r "y = tf**M + üX <6) 
0= + 0=ő, M+ÔX

Longitudinal forces like № give equations for displacement
in matrix form like (6).

0 = d,M+ÔX
or

«"=?*> T«I (7) 
0 = 5iM+6X

In equations (6) and (7) multipliers at vectors repre­
sent matrix of single displacement which are calculated by 
multiplying single diagrams of strains of bending moments and 
as a result of multiplying diagrams of strains of single 
pair moments and single concentrated forces we can obtain ma­
trix. The rest matrix are received analogically. (Pig.1b).

Hi

2.0 . 
(2.75)

2.25 1.75 1.25 0.75 0.25

2.25 6.0
(6.75)

5.25 3.75 2.25 0.75

1.75 5.25 8.0
(8.75)

6.25 3.75 1.25

1.Й5 3.75 6.25 8.0
(8.75)

5.25 1.75

0.75 2.25 3.75 5.25 6.0
(6.75)

2.25

0.25 0.75 1.25 1.75 2.25 2.0
(2.75)

fH

0.917

0.75

0.583

0.417

0.25

0.83

5,=f 5.27 II .81 13.85 12.39 8.44 2.98 5=i 2
6

>



Matrix f is received by|* changing of diagonal elements 

which are given in brackets. Stability task comes to the de­
finition of own meanings of stability matrix which we receive 
from equations (6) and (7) using expressions for discrete 
eqivalent loads.

For forces stability we use stability matrix as 

For forces stability matrix is

where ß is a diagonal matrix of uncountable meanings of 
longitudinal compressing forces.

- 1/100-(6)

Accuracy of obtained data can be seen from table 1

More exact results are obtained as middle numbers bet­
ween two meanings calculated by matrixf“and J*, and l>**.
Table 2 and 3 gives design results on stability of hinge and 
rigid fixed columns with longitudinal tangential forces in the
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(7)

Scheme

Table 3

19.74

15.22



span.
Data which are given in table 4 are calculated by direct 

matrix method and may be used in design practice.
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(8)

Table 4
N\ Scheme of....

^\firces
Scheme

FÍ
Fi%F2° 0 0.33 0.5 0.67 1.0

%X V*
A I Ne? 8.93 4.78 6.45 7.8 9.87

3x0.33 5 J
P 1.06 1.43 1.21 1.12 1.0

!
Ncz 18.2 12.89 16.3 17.6 19.74

3*0.335 [у /И 0.73 0.87 0.78 0.75 0.7
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COMPARISON OF NUMERICAL AND EXPERIMENTAL RESULTS OF BARS SUBJECTED TO LATERAL-TORSIONAL BUCKLING

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTV_--------------- --------------- J

Summary
The paper focuses on the experimental investigations of compression opened 
thin-walled members, made of high-strength structural steel. We compared the results we obtained with the analyses performed by numerical methods in oder to find out the reliability of high-strength materials.
I. Introduction
The modern manufacturing of structures can not be in lack of such 
structures that are made up from opened thin-walled members. Design for stength and deformation of thin-walled elements differs from the one of 
solid bars. Resistance of opened thin-walled members against torsion is 
very little. Their cross sections generally warp when under torsion. Should 
anything prevent warping of the cross section, warping normal stesses would arise in the cross section.
There is also a need of deeper theoretical thinking when tracing the 
isntability of sender compression members with opened cross sections. Thin- walled elements, when losing stability, deform as spacial plate-works. Plates building up the cross section might desplace both in the direction 
of their plane and also prependicular to it. Cross sections might twist 
with regard to each other and also might deform. Taking the simultaneous 
deformations into consideration, the element must be handled as spacial plate structure.
It is well-known that many disturbing effects appear in practice against 
the theroretical solutions with idealized conditions describing the loss of stability of sender compression members.
Disturbance is casued by the deviation of the physical properties in the material of the element alog or within the cross section,- Problems are caused by the much different state and effect of residual 
stresses due to the manufacturing processes (e.g. rolling, forming, trimming, welding, etc. and

(1) First Assist. Prof. Department of Steel Structures TU Budapest
(2) Assoc. Prof. Department of Steel Structures TU Budapest
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- also by the inaccuracy in the shape of the axle axis and the uncertainties in the location of application of forces, etc.
The following is the description of the experimental investigation of 12 
thin-walled opened cross sectional members, completed by the results of a 
numerical analysis.Elements were made of structural steel with increased yield stress (Ry=480 N/mm2). The goal of the investigation was to check the reliability of 
computational methods by experiments with respect to structural steels with increased yield stress and also to see the reliability of the applied 
numerical method in this cese, too.
2. Experimental program
Thin-walled opened cross sections for the experiment were made by cold 
forming. Material was a 3 mm thick cold-rolled plate with a yield stress of 
Ry=480 N/mm2. Table 1. contains the specific dimensions of the members.
We have investigated the initial imperfections and geometrical conditions of members. Figure 1. shows the results correspondig to members 6,9,10 and 
11.

(2)

№ G о V L
1 4Ц24 42,29 40 1096

2 40^20 42,18 3° 1Ю1

3 eqse 60,23 У 1109

4 60,45 62,17 3,0 1104

5 4Q35 41,43 40 1626

6 39,98 42,77 40 1600

7 60,53 6Ц42 30 1603

8 60,53 61,27 30 *1622

9 40,28 42,65 40 2097

10 39,80 42J64 40 2096

11 60,25 61,18 2124

12 60,04 60,82 40 2125

[mm]

Г L

MM

Table № 1.
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Figure 2. shows the sketch of the loading and the measuring system, while Figure 3. is an example for registrations.
For the sake of interest we determined the members' ultimate load-bearing capacity by reasonably applying the provisions of the Hungarian design 
Specification (MSZ 15024/1-85). Table 4. contains the sub-results of the calculations, as well as the values of the ratios k= Py/PKH. 
к values for the elemets of the experiment are in all cases larger than l.o., but their relation with slenderness is not expressed.
3. Numerical analyses
Those results of the experimental investigations, where the reason of losing the load-bearing capacity was obviouslythe elastic buckling (load 
instability or plastic deformation are excluded) were compared with the 
results of the STERUE computer program developed in the past few years for 
the analysis of spacial structures of bar elemets. (For more detailed informations on this program see the study of SZATMÁRI, I.: "A New 
Numerical Approach for the Calculation of 3-D Bar Systems ".)
Comparison was made with the members 6, 9, 10 and 11 of the experimental 
program. In Figures 1. through 4. we show the compression strain (ez) of bars in the direction of the longitudinal axes according to the numerical 
and experimental analyses. Figure 5. shows the deflection of the mid­section of member 10 in the plane of symmetry of the bar (ey), 
perpendicular to it (ex) and its rotation about the axis ( ) parelleito
the longitudinal axis of the member, also according to the numerical and experimental investigations.
Conclusions to be drawn by the figures:
- the STERUE program is capable to determine, with sufficiant accuracy, the

load-bearing capacity of compression members of opened cross sections, loaded by arbitrary initial crookedness (imperfections), the ratio of 
numerical and experimental ultimate loads fell, in all four problems, between 0.95 and 1.05,

- in a compression member with irregular shape, the program can follow not
only the value of the load carring capacity, but also the deflections 
of the member due to loading, with satisfactory accuracy therefore it 
can be fully considered as the numerical simulation of experimental investigations.

(3)
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THE EFFECT OF MATERIAL 
BUCKLING BEHAVIOR OF NON-LINEARITY ON BUCKLING AND POST- 

AXIALLY COMPRESSED COLUMNS

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTX___________ - ____________ /

Summary: The buckling and post-buckling behavior of axially 
compressed columns with bisymmetric open cross-section are in­
vestigated. A non-linear constitutive equation of the column ma 
tenal is assumed. The flexural and the torsional buckling are 
considered independently of each other because of bisymmetry of the column cross-section. The critical loads are calculated 
according to the tangent modulus theory. The considerations are based on the classical assuptions of the theory of bending and 
torsion of thin-walled beams with open non-deformable cross- 
section. The differential equations governing the initial post- 
buckling behavior are derived by utilizing the Euler conditions 
of stationary potential energy. The solution of the equations 
is obtained by means of a perturbation approach.
Some numerical examples, dealing with an aluminium I column are present eo. •
Introduction
ïhe flexural and torsional buckling and post-buckling behavior 
problems have been extensively studied with aid of various 
methods [1,4,5]. The results of investigation dealing with an 
axially compressed column made of material with linear consti­
tutive equation allow us to draw a conclusion that the bifurac- 

2Í t+o flexural buckling is symmetrical and stable. 
Concerning the torsional buckling a detailed analysis Г41 
carried out for I columns shov/s that the bifurcation point is

symmetrical, but it may be stable or unstable dependingon geo-
t№^e5Ü°Äisely
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(2)
theory [5] .
The main purpose of the paper is to give a corrected analysis 
of the flexural bifurcation point of the axially compressed 
column with non-linear constitutive equation according to the 
tangent modulus theory. Moreover, the considerations of the 
torsional buckling and post-buckling behavior of a thin-walled 
column with an open, bisyraraetric cross-section given in [4] 
are generalized for a non-linear constitutive equation.
Flexural buckling and post-buckling behavior of column
A critical stress of the flexural buckling of the axially 
compressed column Fig. 1 ,. according to the tangent modulus 
theory [6] may be written as

(1)

PP

/
У.*

Fig. 1. Axially compressed column
where 1^ is the moment of inertia of the column cross-sec­
tion area about x-axis, A denotes the cross-section area, lw 
stands for the effective length of the column and is the 
tangent modulus of elasticity.
Differentiating a constitutive equation of the column material

(2)

where G is the normal stress, e denotes the axial strain with 
respect to the strain e , the tangent modulus can be obtained

where is the critical strain.
After insertion of eqn.(3)into eqn.(1) and substitution e =6'cr 
and fise er into eqn. ( 2), the equation for the critical strain 
may be derived

ffecrJAl^-ir2! (4)
The solution of eqn.(4)provides us with the critical strain 
Bcr and after substituting it into eqn. (2) the critical stress 
is obtained.
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(3)
The normal stresses due to bending of the column after
the flexural buckling may be written as the expansion of egn. 
(2) into the Taylor a series around 6 =£cr

б\=Е*Е,+Е,&^+Е2&4 (5)

where , e-,=e-&cr , E,=05d2f/de2|e,€cP and
Ez=i"d3f/de3|£=£cr.

The total potential energy V of the column of length 1 can 
be written as the sum of the strain energy V. and the po­
tential energy of the applied end loads VQ

V=Vj +Ve =f£e,SttdAdz-Pf[l-U-v'2)0S]clz, (6)
where Síi is the variation of the strain, P stands for the
loads, V denotes the displacement of the column axis in the 
у-axis direction and (.../ = d (.. .) /dz.
After substituting eqn.(5) into eqn.(6) and utilizing the 
well known relation [5]

61 = v"(i~v,2J~D-5y> (7)
the total potential energy(6) is

V= ± E2Ixxv"*fl-v-2r2]dz - РЯИ1-у,2ЛсЬ: ,(a)
where I ^ = / y4 dA.

The differential equation governing the post-buckling beha­
vior results from the Euler condition of the stationary poten­
tial energy
EtIx[v,vii-V,2r1+4v,v"v"'(l-v,2)'2+v,,3(i+3v'2)(l-v'2r3]+
E2Ixx[3v,vv“za-v,2r2+Gv"'îv,'(l-v,2r2+24v,,V3v,(i-v,2}"3+ <9^

3 v,,5U + 5 v,2)(i-v,2f4]+P v"(i - v'2)-'-5 - 0.
The initial post-buckling equilibrium path is determined by 
means of the perturbation approach. The deflection v ( z) and 
the loads are expressed as follows

v(z) = svi(z)+52v2(z)+s3v3(z) + ..., (10)
Р = Рс,+5Р(1> + з2Ри)+...,

where s is the perturbation parameter, Pcr stands for the 
critical load and v. ( z) for i=1,2,3,... are functions of 
variable z which should fulfil suitable boundary conditions. 
Substituting eqns. (10) into eqn. (9) and equating the coe­
fficients of the power series in s to zero the following sy­
stem of linear differential equations are obtained

EtI wV^+Pctf-O,
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(4)

In order to find the solution for the simply supported column 
/Pig. 1/, the following boundary conditions are assumed

(12)vi(°)= V;(t) = 0,vf"(0) = Vi(l) = 0 for i = l,2,3,....
Moreover after insertion z=l/2 into eqn.(10) additional con­
ditions are obtained

Vi(t/2)= Í , Vf (L/2)=D for i= » C13)
Using the conditions (12) and (1-3) in the first equation (11) 
and equating the perturbation parameter s to the mid-span 
deflection v we can obtain

\ (N
After utilizing eqns. (14) the second equation gives

v2 = 0, P(1) = 0. (15)
Insertion eqns. (H) and (15) into the third equation (11) 
yields after some algebra

(16)

These results point out that the bifurcation point is symme­trical and it may be stable if p(2)>0 or unstable in the 
opposite case. It is easy to show that for the linear mateial 
(E2=0) the bifurcation is symmetrical and stable.
Torsional buckling and post-buckling behavior of column
In the similar way the torsional buckling of an axially loaded 
thin-walled column with open, bisymmetric cross-section is 
investigated. The analysis is based on classical assumptions 
of the theory of thin-walled beams with non-deformable cross- section [4,7]. It is assumed that the ratio a=E,/Gt for non­
linear constitutive equation is constant, where 5, is the 
tangent shear modulus of elasticity.
The total potential energy of the column due to torsion may be 
written as follows.

~f f dAdz Ч-y-fGi&2dz — P/wcfz ;0 A D , 0where 1^ is the St. Venant 's torsional constant,8 stands
for the rotational displacement of cross-section and w denotes
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the displacement of cross-section in the column axis direction. Utilizing eqn. (5) and the well known relationship [4]

E.1=WT+-|-r20 , (-] ß j
where r2 = x2 + yz, u is the.sectorial area, in eqn.(17) , 
we can express the total potential energy as a functional of 
displacements w,9 and its derivatives.
The Euler conditions of stationary potential energy with res­
pect to w and 9 , allow us to determine two differential 
equations which after elimination of the displacement w can be 
reduced to the fundamental differential equation depending on 
the displacement 0
EtIlü(l-2Pgl^)®lv+(P3f-GtId)0"+(6Pf; EfJoo)8'2S',>[(£1- (19) 
3P^)ÏM+3P ||^](8"э+W0m+0,20'v)+3E2W2®,,e''2+gl,20'>D,

where I is the polar moment of inertia, I00 = 100-1^/А,
Ioo= i dA* W VW^W^VcLA, I*> denotes the
warping torsional constant and Iо*и)ш h nvdA.Using the perturbation approach,,the rotational displacement 
0( z) is expressed as

®(z)= 5 91(2:)-h52^(z)4-S3©3(z) + ..., (20)
where @î(z) are functions of variable z which should fulfil 
suitable boundary conditions.After insertion of eqn. (20)and second eqn. (10) into eqn. (19) 
and equating the coefficients of the power series of s to zero 
the system of linear differential equations is derived.
In similar way as above mentioned we can obtain the solution 
for the simply supported column

(21)
P^=0, s04(z)=0osin^- , 02=O;

P<Z,= i(f)2{EtrM)-4Pcr-|ÿ+i(7f[(E1-3Pcr^)i0to+3Pcr|^]

It is easy to show that if the linear material is taken, (E^=Ep=0) then the results (21) correspond to those obtained 
in Ref. [4].

Numerical examples
The simply supported column made of aluminium is considered
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(Fig. 2). The constitutive equation of the column material corresponds to the Ramherg-Osgood curve [3]

°.°°2(4)n. (22)
where E is the modulus of elasticity, в0>2 stands for the 
conventional 0.2% offset yield stress and n* characterizes 
the hardening of the alloy. LFigure 3 presents the.graphs of the ratio /Рсг vs the 
column length and the post-buckling equilibrum paths (P/Pcr) , 
where Per stands for the critical load of the flexural 
buckling and P<£. is the same load for the linear constitutive 
equation of the column material.The same relationships for the torsional buckling are graphi­
cally presented in Fig. 4 where 80 is the mid-span rotational 
displacement.

n=12,E*70 GPa, v=0.3, ^*250MPa

Fig. 2. Simply supported column

Conclusions
The results of investigations allow us to draw some conclusio­
ns regarding the bifurcation points of the torsional and 
flexural buckling of axially loaded columns made of material 
with nonlinear constitutive equations.
The critical loads of the flexural buckling for the non-linear 
material are smaller than the ones for the linear model, if 
В, < E. Concerning the post-buckling behavior it should be 
noticed that the ratio Plz)/Pcr determining the initial curva­
ture of the post-buckling equilibrium path depends on the ge­
ometrical dimensions of the column and the material parameters. Therefore the point of bifurcation may be stable (P(2yPcr>0) 
or unstable { p<2>/R'cr(O) , whereas this point is stable for the 
linear constitutive equation. The bifurcation point is symme­
trical independently of the column material property.
In the case of the torsional buckling of the column, the cri­
tical loads may be smaller or greater than the loads for the 
linear material. The bifurcation point is also symmetrical as 
in the case of the flexural buckling and it may be stable or
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(7)unstable. This property depends on the column geometry and 
the material constants but it is stable for the linear const- 
tutive equation.

1.0005 ■
— linear material
— nonlinear material

Fig. 3. Results for flexural buckling of column 
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Summary :
The aim of the paper is to present experimental results on built-up elements 
composed of cold-formed C profiles with battened plates or C stitchs.

The test results are compared with theoretical predictions obtained by 
means of the classical design method taking into account the Q factor when 
the profiles are thin—walled, for battened plates, and by means of a new 
design method for elements using C stitchs.

The comparison of the results show that both methods lead to a safe and 
accurate design.

1. INTRODUCTION.

Battened columns composed of hot-rolled profiles are used since a long time 
for heavily loaded compressed elements. However, the use of battened 
elements using cold-formed C profiles is in increase for industrialized 
steel buildings.

The first objective of the paper is to present the results for an experi­
mental research on the behaviour of battened steel struts composed of cold- 
formed C profiles with thin walls. The results of an experimental investi­
gation on built-up struts where the members are connected by means of C 
stitchs are also given. This type of built-up profiles is normally not 
used as a column. In fact, this investigation is only the first step of a 
research devoted to the behaviour of lattice roof girders composed of C 
profiles (fig. 1).

(1) Associate Professor, University of Liège, Belgium.
(2) Research Engineer, University of Liège, Belgium.
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In this type of girder, the chords are joined by the C web members and the 
most difficult design problem is the calculation of the ultimate load of the 
girder when subject to uplift wind loads which lead to a compression of the 
bottom chord.

Figure 1 - Lattice roof girders with double C profiles.

2. EXPERIMENTAL INVESTIGATION AND NUMERICAL SIMULATION.
Eighteen tests have been performed on columns with battened plates and 
eighteen, also, on columns with C stitchs. Figure 2 shows the mam dimen­
sions of the elements. In each category, twelve specimens had four battened 
plates or stitchs and six specimens were tested with only three battened
plates or stitchs. , 2 , . _.The measured yield strength of the steel was of 455 N/mm for the profi es 
with a thickness of 2.5 mm and of 428 N/mm2, for the others, with a thickness
of 3 mm.

columns with
battened plates

columns with
C stitchs

180* 70 * 25* 3
( 120* 60* 20* 2.5)

120*60*20* 2.5
( 80* 40*15 * 2.5 )

Figure 2 - Main characteristics of the specimens.
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(3)
The dimensions of the profiles have been chosen in such a way that all the 
stability phenomena (local and global) can be met in the series of tests.

For some of the specimens, a numerical simulation has also been performed by 
means of the computer program FINELG*
This finite element program, developed at the University of Liège, takes 
account of the material and geometrical non-linearities. The local plate 
buckling of the profiles has been modelized by means of effective widths 
calculated in accordance with the Eurocode 3. (E.C.3, 1988).

Table 1 shows, for one profile with battened plates and one profile with 
stitchs that the results of the numerical simulations are in good agreement 
with the tests results. For the specimen with stitchs, the first and the 
second mode of buckling are very close to each other. For this reason, two 
geometrical imperfections have been used which are affine to the buckling 
modes. Figure 3 shows the load-displacement diagrams for a specimen with C 
stitchs and a geometrical imperfection corresponding to the second buckling 
mode.

Profiles Type 1 (mm) Nexp N„um (kN)

C 120 4 battened 223 231
plates 4000 249

265

C 180 3 stitchs 480 first mode second mode
3000 512

484 497 526

Table 1 - Comparison of experimental and numerical results.
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3. DESIGN METHOD FOR COLUMNS WITH BATTENED PLATES.
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The design method is based on the E.C.3 rules for built-up columns and the 
slenderness of the walls is taken into account by means of a Q reduction 
factor, which is calculated in accordance with the appendix on cold-formed 
sections of the E.C.3. (E.C.3., 1988).

Figure 4 shows the design curve in comparaison with the test results. For 
the series of tests, the mean value of the ratio N /N is equal to 1.23 
with a standard deviation of 0.08. exp th

N.

0.75 —

Figure 4 - Comparison of the experimental results and of the design curve 
for columns with battened plates.

4. DESIGN METHOD FOR COLUMNS WITH C STITCHS.
This type of junction between the profiles is more flexible than the battened 
plates. For this reason the model of the figure 5 has been adopted.
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mode 1. mode 2.

Figure 5 - Model of a column with C stitchs.

The critical load of the column is governed by the equation (JOHNSTON, 1971) 
ki sin kl + (-Í— 2) (1 - cos kl) = 0 (1)

single profile. 1
This equation leads to an equivalent slenderness given by :

where Aj is the cross-section of one profile.

Figure 6 gives the coefficient Cj as a function of the ratio I/I The 
curve has been obtained, from equation (1), by means of an iterative 
solution technique.
This solution can be approximated, with a good precision, by the relation:

In —— + 18

6 < I/I, <
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Figure 6 - Coefficient Cj as a function of the ratio I/I}

In the proposed design method, the equivalent slenderness calculated by 
means of equation (3) is then used in replacement of the equivalent slen­
derness used in E.C.3.

Figure 7 shows the design curve in comparison with the tests results. For 
the series of tests, the mean value of the ratio N /N is equal to 1.25 
with a standard deviation of 0.11. exp th

EULER'

Figure 7 - Comparison of the experimental results and of the design 
for columns with C stitchs.

curve
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Summary : After the collapse of Reichsbrücke in Vienna, in 
1976, a thorough inspection and reconstruction project was 
initiated by authorities, related to the Danube-bridges of 
Budapest -most of them had been blown up during the World 
War II. and rebuilt afterwards. Multiplication of traffic 
and accelerating corrosion due to salting (started in 1964) 
made the reconstruction necessary. The Department of Steel 
Structures of TU Budapest has been taking part in this 
project primarily as general adviser but carried out some 
delicate measurements too. This paper reports on the work 
performed by the Department in the reconstruction of the 
damaged compression columns of ’Szabadság' /Liberty/ bridge.

Liberty (formerly Ferenc József) bridge was originally 
constructed of Martin-Steel in 1894-96. Reconstruction of 
the bridge - reusing some of the old main elements - took 
place after the World War II. In 1979 the whole floor sytern 
and the balancing elements of the bridge were replaced. 
Replacement of walkways and the repair of main elements 
commenced only in 1985.

During the rehabilitation of the main structure the 
corrosion damage of the columns - especially that of noted 
by 6-61 - proved to be the most serious problem. This 
corrosion damage was found on those parts of the columns,

Senior scientific assistant, Dep't of Steel Structures,
Technical University Budapest
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where they were led through the walkway slab and was due to 
clogging partially of the walkway supporting angles, 
partially of the gap between the asphaltic cover and the 
column. The salted sand did not leave the 28-42 mm. gap 
between the double webs - where there were heads of rivets 
as well -, and this, together with the scale flaking off due 
to corrosion, inhibited the outflow of dirty (salted) water. 
The severe corrosion along a length of about 150-200 mm - 
particularly at the original main columns - resulted in a 
40-50 % reduction of the cross-sect ion that had to be 
replaced proper 1 y.

Corrosion at the diagonals in tension, where there were no 
walkway slab supports, therefore the outflow of dirty water 
was inhibited less - fortunately didn't exceed 10 %. 
Similarly, less than 10 % corrosion damage was observed at 
every bridge components rebuilt after the War, where this 
gap was larger.

The rehabilitation had to be solved so, that

a) strengthening should ensure the full trimming of 
the compression member,

b) strengthening shouldn't inhibit gaps to be cleaned 
beween webs

c) shape of the bridge should not change for landscape 
purposes,

d) no elements inhibiting the outflow of salted water 
should be placed on columns at the support of 
walkway slab.

A larger problem arised during the reconstruction of the 
bridge, when - while opening the southern walkway on 17th of 
October, 1986 - the Buda South column 6-6' cracked, moved by 
35 mm's sideway, shortened with about 15 mm. Fortunately, 
the broken ends were seated firmly on each other.

After having been closed the bridge from any traffic, the 
displaced ends were fixed first. Similar procedure was 
carried out at each columns still uncovered, but suscipious 
as possibly corroded. Afterwards the bar force in the 
damaged column was determined by measurement and the 
technology of rehabilitation was worked out.

The bar force in the damaged 6-6' bar and also in the 
neighbouring columns and diagonals was determined by the 
so-called trepanation method, by releasing the internal 
forces (stresses). Previous laboratory experiments showed 
favourable results using this method : the force at bar 
elements beeing in uniaxial state of stress can be 
determined with an accuracy of 15-20 %.
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To release the internal stresses a pair of holes with a 
final diameter of 12 mm were drilled in several steps at 
both ends of previously bojnded, 10 mm long strain gages. 
Stresses in different elements were calculated on the bases 
of strain measured after the drilling process. (Fig. 1.)

Fig . 1 .

As an interesting fact it should be mentioned, that these 
stresses in the webs of the columns proved to be compression 
but in the chord angles showed tension. The reason is, that 
during previous reinforcement longitudinal ribs and cover 
plates had been welded onto the chord angles causing tensile 
stresses.

From all of the results having been taken in many bars the 
ones measured in the damaged 6-6' column and in the 
9-9'column were of great importance.

In bar 6-6'-871 kN resultant force was measured instead of 
the -1930 kN bar force, calculated theoretically from dead 
load. This theoretical value showed a very good 
cor respondece with the force measured later, during 
rehabilitation. In the bar 9-9', - reconstructed after the 
War without pushing out the connecting chord points - the
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measurement showed a practically unloaded state : -83 kN 
against the theoretical -1450 kN.

To reconstruct bar 6-6' a pair of trimming bar-ends was 
built in between the lower and upper joints of the bar. 
They were equipped by four hydaulic jacks with a capacity of 
1000 kN each, enough to reach the designed -2500 kN bar 
force. (Fig. 2.)

Strain gages were bonded to each elements of the upper end 
of bar 6-6' to keep the reconstruction process under 
control. The bar force calculated from the data of these 
strain gages was continously compared with the jack-force, 
calculated from the readings of a pressure gage, built into 
the hydraulic system. Measurement data were on-line 
collected, processed and displayed in the form of diagrams 
(Fig. 3) by the help of a microcomputer.

Reconstruction of bar 6-6'was carried out in the following 
steps :

a) After the trimming system and the hydraulic jacks 
had been built in, -20 kN force was applied and the
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Trimmingfarce.

Barforce 
1500 RùderôlkN)

Fig. 3.

HS bolt connection, which temporarily fixed the 
broken bar ends, was released.

b) According to the -871 kN residual force determined 
earlier -1000 kN force was entered in 200 kN steps 
by the hydraulic jacks, trimming the bar this way. 
The force in bar 6-6' proved to be a little less, 
than forcasted ( —800 kN), because a part of the 
force was taken by neighboring bars. After that the 
column ends at the location of damage were fully 
cut. During the successive cutting of the elements 
of the column's cross-section, - as it can be seen 
on the bar-force vs. press-force diagram - no 
considerable change has been observed either in the 
press- or in the bar-force.

c) The trimming force had been increased to -2000 kN.
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Here the horizontally displaced upper bar-end was 
pushed back . When the trimming force acheived the 
value of -2500 kN, the position of the upper bar end 
was fixed. Meantime - as it is seen on the diagram 
- there were no significant change of the bar force
6—6 1 .

d) Next day's work started with cut tig out the 
defected parts of the bar and continued with welding 
in a filler plate at the corroded bar end. The 
upper and lower bar ends were worked plane. The 
trimming force had been increased to -2800 kN and a 
200 mm high prefabricated filler was placed in. 
Decreasing the trimming force back to -2500 kN four 
new cover plates were welded to the flanges placed 
under the gusset plates, using butt-weld. Gusset 
plates were connected to the eight chord angles by 
close tolerance bolts. Altought the four new cover 
plates would have been able to transmit the bar 
force sufficiently, for the sake of material 
continuity and more favourable transmission of 
force, the lower and upper bar ends were welded to 
the filler.

e) The rehabilitation work was finished with unloading 
of the hydraulic jacks, i.e. transmitting the press 
force from the trimming structure to the repaired 
column. Temporarily built-in trimmer and gusset 
plates were removed and the bracings between the 
flanges were replaced. While unloading the 
hydraulic system the transmission of the load to the 
bar 6-6' was linear (c.f. diagram). The reduction 
of trimming-force from -2610 kN to 2 kN resulted in 
a -2548 kN compression force on the upper end of the 
bar and -2816 kN in the lower one.

After the reconstruction of bar 6-6'had been completed a 
loading test was carried out so as to examine the behaviour 
of the reinforced bar when the live load is close to its 
maximum design value. A similar loading for the column 9-9' 
was carried out at the same time. During the test strains 
of the bar elements were measured and from these stresses 
and bar forces were determined. Bar forces obtained in bars 
6-6' and 9-9' were cca 20% less, then the calculated ones, 
probably due to approximations of the stringer’s statical 
system. It was also observed that dispite of the 
crookedness of bar 9-9'the measured bending moment was not 
significant.

A second loading test (both static and dynamic) was carried 
out after the reconstruction had been finished, prior to the 
start of traffic, using 30 trucks, 20 tons each.

)
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On the basis of experiences collected by the Departement 
during reconstruction work.and loading tests we concluded 
that present public transport (trams and buses) can be 
maintaned till the centenary of the bridge, of assuming an 
enhanced control 1. Afterwards only pedestrian and car 
traffic may be allowed. This decision means, that by the 
year of 2000 the construction of a new bridge ( at 
Lágymányos) and a new subway line will be necessary.
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Summary: In some large industrial buildings it is common to span large areas bv 
using primary trusses in one direction and secondary trusses in the other. The 
secondary trusses frame into the vertical web members in the primary truss. Because 
о their symmetrical cross-section and the ease with which the connections can be 
made, starred angles are frequently used as the vertical web members in primary 
trusses. These starred angles are usually designed as axially loaded members but the 
open nature of the cross-section and the fact that the secondary truss frames into 
one of the angles has raised some doubts about this loading assumption.

. Js t rüulti°í this concern, an experimental research program was undertaken to 
investigate the behaviour and strength of starred angles supporting secondary trusses. 
The results obtained indicate that these starred angle compression members are not 
concentrically loaded as the stress distribution across the angles varies greatly. It 
was found that if the slenderness ratio is modified, the load carrying capacity can be 
calculated in accordance with the requirements of the Canadian steel standard.

INTRODUCTION

The use of trusses is an economical way to support roofs which cover large
These trusses are often arranged in two mutually perpendicular directions but

at different elevations. The secondary trusses support roof beams which run in the 
same direction as the primary trusses. Thus the secondary trusses must frame into
the primary trusses at a lower elevation so that the top of the roof beams are at the
same elevation as the top of the primary trusses. A convenient way of framing the

ill Professor of Civil Engineering, University of Windsor, Windsor, Ontario, and 
( ) Former Graduate Student, Department of Civil and Environmental Engineering, 
University of Windsor, Windsor, Ontario, N9B 3P4; currently Plan Examiner City of 
Windsor, Windsor, Ontario. J
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secondary truss into the primary truss is to use starred angles as the vertical web 
members in the primary truss.

The worst situation for this truss-to-truss connection occurs at the exterior of 
the building, with the primary truss parallel to the exterior of the building and a 
secondary truss framing into the primary truss from one side only. This 
unsymmetrical connection will be used in this research.

Because of the ease with which the connections can be made, starred angles (see 
Fig. 1) are often used as vertical web members in primary trusses to support the end 
reactions from the secondary trusses. A typical connection is illustrated in Fig. 2. 
It will be noted that the work point of the connection coincides with the longitudinal 
centroidal axis of the starred angle. Thus, in design, the starred angle is designed as 
if the member is axially loaded. The open nature of the cross section and the fact 
that the secondary truss frames into one angle only, has resulted in some concern 
about this axial loading assumption. This concern was the reason this research was 
undertaken.

REQUIREMENTS IN VARIOUS STANDARDS AND SPECIFICATIONS

An examination of the standards and specifications reveals nothing directly 
related to the design of starred angles supporting secondary trusses. ASCE Manual 
52 "Guide for Design of Steel Transmission Towers" (American Society of Civil 
Engineers 1988) specifies that the effective length factor, K, depends upon the type of 
connection used. For example, with single angles with normal framing eccentricities 
at both ends of the unsupported panel and with an L/r < 120

[1] ~ = 60 + 0.50 ( j )

where L = length of the compression member, and г = the least radius of gyration. 
For members unrestrained against rotation at both ends of the unsupported panel, 
and 120 < L/r < 200
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[2] M = к
i j г г

EXPERIMENTAL PROGRAM

Test Program

The . experimental program involved the testing of eleven starred angle 
compression members. Five specimens were tested as concentrically loaded
compression members and the other seven were tested with the main load being 
applied through a truss. In order to reduce the number of variables the same size 
angles 1 3/4 x 1 3/4 x 3/16 in. (45 x 45 x 5 mm), were used in all tests. Two 
different lengths of specimens were used and these were 2100 and 1270 mm. These 
lengths were measured from the knife edge at the top to the corresponding knife edge 
at the bottom of the specimen. The two lengths resulted in slenderness ratios, L/r ,
of 124 and 75, respectively, where ry = the minimum radius of gyration of the cross
section. Thus the specimens can be classed as "slender" or of "intermediate length."

For simplicity the specimens will be referred to as a Type С, В or W in order
to differentiate between loading conditions and connection details. The different
types of columns may be described as follows:

(a) Type C Specimens. The letter "C" indicates that the specimen is a starred
angle that is loaded concentrically. These test results were run to provide "base 
data that can be used as a basis for comparison with the load carrying 
capacities of starred angles loaded through secondary trusses. Five type C
specimens were tested, three 2100 mm in length and two 1270 mm long.

(b) Type В Specimens. The letter "B" is used to denote a specimen in which a 
bolted connection is used to connect a truss to a starred angle. The starred 
angle was loaded to failure by applying a load to the truss. This is the most 
common type of arrangement and is illustrated in Fig. 2. Four type В 
specimens, two 2100 mm long and two 1270 mm in length, representing the 
vertical web-members of a primary truss, were loaded to failure by applying a 
load to the secondary truss.

(c) Type W Specimens. The letter "W" indicates that the gusset plate is welded to
the angles. In all other respects the specimens were the same as the Туре В 
specimens. J

Specimen Designation

Each specimen, for simplicity, was designated by a test series number. For 
example, B2100.1 indicates that the specimen was a Type В specimen, 2100 mm in 
length, and the first specimen of its type tested.

Test Set-Up

All specimens were tested with double knife edges top and bottom.
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FIG. 3 - TEST SET-UP

The Type C specimens were tested under an axial load in a loading frame in 
the Structural Engineering Laboratory.

The complete test set-up for Type В and Type W specimens is shown in Fig. 3. 
A simple steel truss was fabricated and bolted at one end to the specimen and at 
the other end to an existing column of the structural testing frame in the Structural 
Laboratory.

Strain Gages

Strain gages were attached to the legs of the angles in the Type В and Type W 
specimens in order to determine the stress distribution across each leg of each angle 
of the specimen. As many as twenty-four 90 degrees rosette strain gages were 
installed across the legs of the angles.

Test Procedure

During the testing of the Type C specimens, the load was applied slowly in 
increments of 8.9 kN. At about 80 percent of the predicted failure load, the load 
increment was reduced to 2.2 kN. The load increment was applied until failure 
occurred, which was taken as the load at which a large increase in lateral deflection 
resulted from a very small increase in load.
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(5) ,
At the start of each test for a Type В or Type W specimen, a load of 4.45 kN 

was first applied by using the jack at the top of the specimen. This load was kept 
constant throughout the test. This axial load was used to represent the load in the 
vertical web member of the truss that resulted from the loads applied directly to the 
primary truss but not including the end reactions from the secondary trusses. The 
total load applied to the specimen was measured by the load cell at the bottom of 
the specimen. The load was applied to the truss so that 4.45 kN increments resulted 
in the specimen. This load increment was used until the specimen failed.

RESULTS

General

The mechanical properties of the steel were determined from tensile tests. The 
average value of the yield stress and modulus of elasticity were determined to be 390 
and 205 400 MPa, respectively. These values were used in all computations.

Failure Loads

Theoretical Results. The compressive resistance for the Type C specimens, as listed 
in column 3 of Table 1, were calculated using the equations in the Canadian Steel 
Standard. A resistance factor of 1.0 was used.

Experimental Failure Loads. The experimental failure loads are tabulated in Table 1.

Table 1. Experimental Failure Loads

Specimen
Number

Experimental 
Failure Load

pex (kN)

Compressive
Resistancecr (kN)

PexCr
(%)

C2100.1 89.0 88.0 101
C2100.2 93.9 88.0 107
C2100.3 93.4 88.0 106

C1270.1 197.3 177.5 111
C1270.2 216.9 177.5 122

B2100.1 91.9 88.0 104
B2100.2 91.9 88.0 104

B1270.1 133.8 124.3# 108
B1270.2 123.8 124.3# 100

W2100.1 97.9 88.0 111
W2100.2 99.9 88.0 113

#Values are based on the modified slenderness ratios suggested by ASCE Manual 52.
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The experimental failure loads for the Type C specimens agree quite well with 
those predicted using the requirements of the Canadian Steel Standard. Hence, it 
can be concluded that these values can be used as "base data" for comparison with 
the failure loads obtained for the Type В and W specimens.

The slender Type В and Type W specimens, the starred angles loaded primarily 
through the secondary truss, had failure loads which are very close to those obtained 
for the same length Type C specimens, i.e. C2100. The reason for this will become 
evident when the stress distribution in the legs of the angles is examined. The 
W2100 specimens had failure loads which are six to eight percent higher than the 
failure loads obtained for the B2100 specimens.

For the B1270 specimens, the failure loads are 133.8 and 123.8 kN. These 
failure loads are some 30 to 40 percent lower than the failure loads obtained for the 
C1270 specimens. The drop in load carrying capacity can be explained when the 
stress distribution in the legs are examined. Thus, it can be concluded that starred 
angles of intermediate length supporting secondary trusses cannot be designed as 
axially loaded columns.

In order to achieve a better relationship between the experimental and 
theoretical results, a combined approach is suggested. In this approach, the starred 
angle members supporting secondary trusses are designed as axially loaded members 
according to the requirements of the Canadian Steel Standard. The effective length 
factors, however, are modified in accordance with the requirements of ASCE Manual 
52. In Table 1, a comparison is made between the compressive resistances calculated 
using this approach and the experimental results. It is observed that by modifying 
the slenderness ratio, the Canadian Steel Standard gives better results than simply 
calculating the compressive resistance of the starred angle as an axially loaded 
member.

Stress Distribution

Fig. 4 shows the stress distribution across the angles for Specimen B2100.1. In 
these figures, the angles have been straightened out to lie flat on the sheet of paper. 
Angles A and B, and Legs 1 to 4 are shown in Fig. 1. Both angles display a 
similar trend. The stress relationship is linear at small loads. This probably reflects 
the influence of the 4.45 kN axial load applied at the top of the specimen. As the 
load on the truss is increased, and hence the load on the specimen, the stress across 
the cross section becomes nonlinear. When the failure load is reached, the tips of 
Legs 2 and 4 are subjected to tensile stresses while the other edges of the angles are 
subjected to high compressive stresses, up to about 300 MPa, but still below the 
yield stress of 390 MPa. It should be pointed out that the stress distribution curves 
for the W2100 specimens are very similar to those shown in Fig. 4.

It will be noted that Angle A carries more of the applied load than Angle B. 
At about 50 percent of the failure load, Angle A carries about 60 percent of the 
load, but this gradually reduces to 55 percent at the failure load. It will also be 
noted that Legs 1 and 3 carry most of the applied load.

In the intermediate length columns В1270, the stress, as shown in Fig. 5 (a) and 
(b), at failure in Leg 1 is equal to the yield stress of 390 MPa. In Leg 2, although



(7)
-1/143 —

(a) Angle A

Angle A

66.7 kN

2.2 kN

4.45kN
/' Leg 2

-42.5-30 30 42.5
DISTANCE ALONG CENTRELINE OF ANGLE A (mm)

(b) Angle В

Angle В e
w Ol

44.5 kN

4.45KN

” -50L
-42.5 -30 30 42.5

DISTANCE ALONG CENTRELINE OF ANGLE B (mm) 

Fig. 4- STRESS DISTRIBUTION B2I00.I

measurements of strain were not made right at the tip, it appears that the stress 
reached the yield stress in tension. It will be noted that in Leg 3, the stress at 
high loads actually started to decrease. This is due to local buckling of the leg.

CONCLUSIONS

The following conclusions for starred angles supporting secondary trusses are 
based on the preceding work:

1. Standards and specifications do not cover the design of such members.
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(a) Angle A40»

89.0KN

44.5 kN
4.45 kN

Angle A

i0 15 3045S -200

-400
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(b) Angle В400
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Q. 200
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-45-30-H
§ - 200

F -300

-400b
30 42.5-42.5 -30
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Fig.5 - STRESS DISTRIBUTION BI270.I

2. The experimental results for intermediate length members indicate that such 
members cannot be designed as axially loaded members.

3. A simplified design method for such angles is proposed. In this approach 
the effective length factors are modified in accordance with the requirements 
of ASCE Manual 52. The compressive resistance is then calculated 
according to the requirements of the Canadian Steel Standard.

4. Angle A carries more load than Angle В (see Fig. 1) and Legs 1 and 3 
carry much more load than Legs 2 and 4.
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ANALYSIS OF THIN-WALLED MULTI CELLS BEAMS WITH DEFORMABLE CROSS 
SECTION.

INTERNATIONAL COLLOQUIUM 
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BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTX___________ _______________/

Summary :
A method for analysis of multi cells thin-walled beams with 

deformable cross section according the Sedlacek’s theory is 
carried out.The opportunity of simplification of the solution 
by “beams on elastic foundation" analogy is studied.
1.INTRODUCTION.

Many different methods for the analysis of thin-walled 
beams have benn presented in recent time.A good view of them is 
given in [5].The exact solution using numerical methods!finite 
elements,finite strips,folded plates) needs powerful computer 
programs and doesn’t offer the opportunity for studying the 
structural response to different kinds of actions.

Simplified models are applicable in everyday engineering 
practice.They are expected to give correct insight into the 
analysis of the various aspects of the structural 
behavior. Sedlacek’s theory [6] gives an opportunity for 
following the influence of the different kinds of loading to the 
structural response!axial loading, bending, torsion, distortion, 
shear lag, etc.).A relatively simple analytical model for each 
of them can be obtained.The influence of various simplifying 
assumptions in the accuracy of the analysis of single cell 
beams is studied in [3],[5],[8].

This article deals with a suitable method for analysis of 
three cells box girders using Sedlacek’s theory.

Ph.D.student
Department of Steel and Timber Structures
Slovak Technical University, Bratislava, Czechoslovakia
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2.THEORETICAL FOUNDATIONS OF THE METHOD.
The basic assumptions of the theory are presented in [6], 

[8]. According them a beam, with deformable cross section of 
three cells (fig.l), has three additional degree of freedom 
(cross sectional displacement) due to distorsion (fig.2).The 
associated deplanations (shape functions) obtained after the 
orthogonalization with the deplanations of rigid body (l,x,y,<^ 
- vt , . . . ,v4 ) are showed on fig.2. too.

3000 2000 3000 2000 3000r r 1

2.t

R

I
CM

Fig. l

Fig.2
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i

(3.)
The system of differential equations describing the problem in 
terms of displacements can be obtained from the conditions of 
equilibrium of the virtual works in form :

E • J V j - V L - G.Kij.Vt + RlJ.vl = P,. i = 1.2,..,7 (2.1)
where :

- dA is the axial .bending and warping stiffness 
respectively
- A is the area

KD = -fA 1■ ~t~ dA is the shear stiffness
m m ~ is the shear flow in closed parts

R,rTA —e.JR -dA is the transverse bending stiffness
- mL is the transverse bending moment

Ir is the transverse moment of inertia 
Four equations from this system are independent (vt,vz,v3,v7)- 
have only diagonal members. Three other are coupled together 
due to extra-diagonal members in matrices J* and R*. A linear 
combination of the general coordinates has to be done to obtain 
a separate differential equation for each degree of freedom 
The full forms of stiffness matrices are :

J =

JX10 0 0 !
0 Jzz 0 0 о
0 0 J 3 3 1 - 0--i--------------
0 0 0 i J««J50JO к z

0

1 * 4

° K*
-------------1 1

Js<si0 "" 1 ........ Ö Ö Ö 1
1-^64 i J<53 j06;o О 0 Kűö 01
000 J77 0 0 J77

0 O R*
1 : Rss R 3 <5 I 0

0 !R.e|0
;0 0 J77

Where :
J11 is the area
dzz are the moments of inertia for bendig (Jx>Jy)
J** is the moment of inertia for torsion (Jw)
0ss~077 are the moments of inertia for distorsion

The full orthogonalization of all three matrices is not 
possible, mathematically. The selection of suitable pair of 
matrices for orthogonalization is studied in Cl],[7],f9]. The 
works [7],[9] deal with the method using the pair of matrices J 
and R.Results obtained in Г7] shows, that the neglecting of the 
coupling effects in matrix к is not acceptable for the solution

I



3.THE ORTHOGONALIZAT ION METHOD FOR MATRICES J AND K.
of matrices and

in sub matrix J'
The process of orthogonalization

consists of two steps : .1. Zero setting the extra-diagonal members
2. Zero setting the members on opposite diagonal by solving the 

characteristic system :
I Iu, - xv ■ Kij I evj = 0 _ ,

After the orthogonalization process the sub matrices J 
become forms :

(3.1)

ÍJ220 К : о 0 
о о

оо
к за

к =
R44R45R33 

R33R33R33j (3.2)[О О J о о
The shapes functions of the cross section are transformed due 
to orthooonalization process (fig.3) and a fictive value of 
"transverse bending stiffness" for the torsion evaluates in
matrix R*. The system of differential equations is coupled only 
throw the extra-diagonal members in matrix R .

Fig.3
Fach of the equations is analogous to the equation of straight 
prismatic bar on elastic foundation subjected to bending and 
axial loading (fig.4). The "axial loading" exists only in the 
case of antisymetrical shape function and the elastic 
foundation" exists only if the transverse bending stiffness has 
nonzero value

EJjj
ГУ ff ТА

Rn
Fig.4

Ordinary beams static can be used for the 
coupling effect of the system is neglected, 
such assumption is parametrically studied in

solution if the 
The influence of 
part 4.
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4.NUMERICAL EXAMPLE.
The above method for using Sedlacek’s theory is applycated 

for three cells simply supported box girder according the 
static scheme on fig.5.

20 000 20 000 j
Fig.5

For solving the full system of differential equations an 
iteration was used. The influence of the simplified solution 
for changeable thickness of panels is showed in diagrams on the 
fig.6 in terms of the values of distortional bimomets for the 
cuopled degrees of freedom. The curves for the solution without 
and with the effect of shear deformations according the
Heilig's theory [3],[8] are presented.

4-diagonal with shear

30 40 50 6010 2010 20 30 40 50 60

[ kNm ]

20 30Fig.6
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(6)
The longitudinal stress is calculated f rom

Ww (4.1)
The influence of the plate thickness for the values of global 
stresses is exspressed by the coefficient r (fig.7). The 
additional stresses due to the distortion of the cross section 
get smaller with the increassing thickness.

rigid body

10 20 30 40 50 60 +"*+%+%+ <? 
Г -

Fig.7
The comoarision with the solution according the folded plate 
theory Г2] is showed on fig.8.
The results shows, that the application of above theory for the 
solution of three cells beams gives acceptable insight into the 
behavior of these kinds of structures.

Fig.8

folded plates
Sedlacek
Heilig
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AN APPROACH TO MORE COMPLICATED LATERAL BUCKLING PROBLEMS
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BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTV_____________ ________________ /

SUMMARY In this paper the lateral buckling of a girder with varying cross 
section, varying loading and one or two planes of symmetry is discussed. It 
is shown that the adapted Merchant-Rankine formula can be replaced by an 
ECCS-buckling curve.

1. Introduction

The codes regarding lateral buckling deal with the simplest,though very 
important, cases. Disregarding the finite element method and considering 
rigid cross sections only,some cases - to be met frequently in daily 
practice - cannot be dealt with:
- Cross sections with only one plane of symmetry are not discussed.
- If the cross section varies.it is not clear which full plastic moment has 

to be inserted in the adapted Merchant-Rankine formula:

(1) Senior lecturer Steel structures, University of Technology Delft



2. The Merchant-Rankine curve / ECCS-curve
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Lateral buckling is composed of two components : buckling and torsional 
buckling (Eq. (27)). For each buckling mode the (dutch) code allows the use 
of the ECCS-buckling curves. For lateral buckling however the Merchant- 
Rankine concept, Eq. (1), is used. This seems to be inconsistent. The two 
extreme situations, buckling and torsional buckling,are calculated using the 
ECCS-buckling curves,while a combination of the two requires a different 
curve.
A simple transformation of Eq. (1) shows the similarity between the curve 
obtained from Eq. (1) and the ECCS-buckling curve-а (fig. 1).

Conclusion:
Eq. (1) may be replaced by the ECCS-buckling curve-a.

3- The energy equation.

The energy equation describing the lateral buckling problem can be derived 
after some tiresome mathematical operations. Only an outline is presented 
here.
The displacement of the centre of gravity in z-direction, is w (fig. 2-b). 
The rotation of the cross section is Ф.
In an arbitrary point of the cross section,(y,z),the displacement in x- 
direction, u, is:

Starting from the fundamental situation, the strain energy in the girder, 
due to bending, is given by:

2 q/ dx [д/ (w+y Ф)2 z2 dA] (3)
With: w.ly-yj*

w :

w+уФ : =w+ (y - yQ) Ф

and for the centre of gravity Z,(0,0):

This equation is simplified by a 
transformation (fig. 2-b and 3):

Af y2 z2 dA = Г 

д/ y z2 dA = ф

we obtain the equation for strain energy :
T i? tt it и и

Ui = q/ 2 [ I w2 + Г Ф2 + 2 t|i w Ф ] dx

w - у Фо

и

Fig. 3
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Substituting Eq. (8) into Eq. (6) we obtain: 
V I [Iy (w2 - 2 yQ w
0 2 У0г Ф2 ) + Г Ф2 + 2 ф (w — уо Ф) Ф] dx
Suppose уо to be chosen so that: y°= 4
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(9)
(10)

From Eq. (7) it follows that the displacement of point D,(y ,0), is no 
longer determined by rotation, which means that D must be tRe centre of 
shear. Substituting Eq.( 10) into Eq. (9), eliminating ф, leads to:

i El Е(Г - у 2I ) n
U1 = 0^ w* + -----2----^ ] dx (H)

Strain energy due to torsion is given by:
L 01% , »

U2 = q/ ~2~ Ф2 dx

The increase in potential energy is given by: 

viv'1 [aU + * s‘,«J "x * Cti'.y * x‘,y * ï‘,y] °y *

(12)

[И,хИ,у * ï.xï.y* ï.xï.y] Txy * ^-,x-,z + X.xï.z" ï.xï.z] TXZ> dV 

Considering that:
(13)

- u x and u are relatively small and may be neglected,

- Oy << ox , so terms with о may be neglected.
Mz F 

" ° = T~ У + 7 (14)
- V = V - z Ф V = V-,x ; Y.y = ° : ~,z
w = w + Ф (y - yQ) ; w x = w + Ф (y - yQ) ; w w =0 -,z

substituting : Eq. (14) to (16) into Eq. (13),
eliminating : v, as buckling with respect to the strong axis is of no 

importance
introducing : the boundary conditions :„for „

x = 0 and x = L: Ф =0, Ф =0, w = 0, w = 0 
using : the identities

(15)
(16)

(17)

idA
Z

,/ y* + zA ^ = Ip
we finally obtain the expression for the total potential energy U

U = + u2 - u3

(18)

(19)

(20)
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« i i i » *Ф2 + | GIt*2 - М^Ф (w - У0ф) - м2Суф2

- I { (w - Уо ф)2 > фг } ] dx (21)

The principle of minimum total potential energy requires U to be a minimum. 
If necessary Eq. (21) can be extended by :
- additional conditions by means of the Lagrange multiplier method,
- additional energy terms to allow for lateral elastic springs.

4. Application of the energy equation

Consider a simply supported girder with one plane of symmetry, unchanged 
cross section, fork-like supports, loaded in bending and compression (fig. 
2-a). The boundary conditions Eq. (17) are fulfilled by the formulae:

П X (22)w = a sin —j— 

Ф = b sin (23)
Substitution of Eq. (22) and (23) into Eq. (21) and integration leads to:

U

(24)

From the conditions :
(25)

it follows that there is a solution, only if:

(Mz " yoF)Z = " F) [

F (i^ + yp] (26)

As there is only one plane of symmetry we obtain two values for M^, 
different in sign and different in absolute value.
For a cross section with two planes of symmetry Eq. (26) reduces to:

Obviously lateral buckling is composed of two components: buckling due to 
bending and due to torsion. Due to double symmetry we find two values for 
M , equal in absolute value, but different in sign.
To understand the practical implications a simply supported beam with two 
planes of symmetry,constant bending moment and axial force is investigated



—1/159 —

Suppose F = 0. From Eq. (27) we find, according to the usual procedure : 
- the elastic bending moment causing lateral buckling: M ,,
_ 4-Кл К, ,«lrl -Í ~ ~ _ b;lD- the elastic lateral buckling stress: о^.^, ’
- the relative slenderness ratio: Л *
- the reduction factor 7, using the appropriate ECCS-buckling curve.

However if F ф 0,this method gives unreliable results. As lateral buckling 
is composed of a bending and a torsion component we start with reducing 
these two components :

П2 El П2 Elis replaced by [ ^ y - ß^F ] (28)

is replaced by [ + GIt " ß2ip F ^ (29)
in which: ß = yE’p and 

1 pi
F (30a)

ß>2 = (see fig. 4) (30b)
2 pl

Fig. 4

Substitution into Eq. (27) gives:
П2 El ПгЕГ

1 - h F> (— * GIt - УрF) (3D
Having introduced these two corrections we can again follow the procedure 
listed above.
The buckling term and the lateral buckling term are adapted so as to find 
correct buckling and torsional buckling loads. Consequently the calculated 
moment might be supposed to equal the correct bending moment for lateral 
buckling. This leads to an inconsistent calculation method if F = 0. We are 
then left with the wellknown formula for lateral buckling, to which still 
the reduction factor T should be applied.
Matching the sort of cross section to the appropriate buckling curves, we 
determine ß^and ß^; for instance for a rolled section, using the ECCS- 
curve b.

5. Extension of the scope

- There is no problem in extending the method discussed, to cross sections 
with only one axis of symmetry.
If M - y F = 0. F acts in the required position for all lateral buckling
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Mz can now be eliminated from the torsional buckling term of Eq. (26) and 
one value of F is found, generating torsional buckling. The above 
procedure to determine ß^ and • can be applied again.
For beams with varying cross section, we determine the equivalent I , IIz> Г, yQ, i and C by equating similar terms in the energy in theyreaî 
situation an§ the energy in an equivalent girder with constant cross 
section.

- An arbitrary loading leading to lateral buckling is replaced by equivalent 
end moments at both ends of the girder. A varying axial force leading to 
buckling, is replaced by an equivalent force acting at both ends of the 
girder, through the centre of shear. Supposing the relationship between 
the real loading and equivalent loading to be linear,the problem can be 
solved.
By combination of these options we obtain a solution for arbitrary loading 
and varying cross section with one or two planes of symmetry.

6. Outline of the solution of the problem, shown in fig. 5-

1. Determine allowable supposing F to be constant.

F F

■1/4 L/2

Fig. 5

2. Calculate the cross section constants in sections 1 and 2:

3. Calculate the equivalent EI^ from:

i /? " i »
lW [£Iy “‘]2 - o' EIy “* d*2 'у [Ely w']i dx + 2 

with w = a sin

4. In this case the equivalent upper flange thickness can be determined
from I and the values for I , I Г, у , i and С , matching with the cross Section with the equivalent upper°flaRge. yand the values for I , I, Г, y , i Section with the equivalent upper°flaRj

5. From Eq. (21) to (23) we calculate elastically,

0 including ß^ and ß_, determined according to Eq. (30) and par. 5.
1 Mz = I x Plb

0 using the correct cross section constants (step 3 and 4),
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6. From Eq. (26) we calculate the equivalent end moments M elastically,with: Z
0 M is constant and
0 using the equivalent cross section constants (step 4)

7. From Eq. (14) we determine maximum compression: a

Ä = J
From the EGGS buckling curve we determine T

I

Plb

7. Conclusions

- The Merchant-Rankine equation can be abandoned and replaced by an ECCS- 
buckling curve.

- The presented method:
0 avoids the Merchant-Rankine concept and generalizes the use of the 
ECCS-buckling curves.

0 can be easily adapted if ever a torsional buckling curve is presented.
0 allows the calculation of a girder with varying cross section,one plane 

of symmetry and arbitrary loading.
0 allows lateral springs to inserted.

8. Notations

A : Cross section of the beam
Cy : Constant defined in Eq. (19)
D : Centre of shear
E : Young's modulus
F : Axial force in compression
Fgk : Euler buckling load; collapse due to bending
FE>t : Euler buckling load; collapse due to torsion
Fpl : Full plastic axial force
G : Shear modulus
Iy : Second moment of inertia with respect to the y-axis
Iz : Second moment of inertia with respect to the z-axis
It : Torsion constant
L : Span of the beam
My : Bending moment with respect to the y-axis
Mz : Bending moment with respect to the z-axis
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V
ME;lb
Mr;lb
U

Full plastic moment with respect to the z-axis
Elastic lateral buckling moment
Factored lateral buckling moment
Total potential energy

uiU2
U3
V

Strain energy due to bending
Strain energy due to torsion
Potential energy
Volume of the beam

Z Centre of gravity

u
Polar radius of gyration
Displacement in x-direction

V Displacement in y-direction
w Displacement in z-direction
yoг Distance between Z and D

Warping constant
¥ Constant defined in Eq. (5)
ß Ratio,defined in Eq. (30), and explained in fig. 4
°x Stress parallel to the x-axis

°y
°e

Stress parallel to the y-axis
Yield stress

^E; lb
A

Elastic lateral buckling stress
Relative slenderness ratio

T
Ф

Reduction factor, according to the ECCS-buckling curve
Rotation of the rigid cross section

Txy
Txz

Shear stress in the cross section, parallel to the y-axis
Shear stress in the cross section, parallel to the z-axis

Note
- w means differentiation of w, or any other variable, with respect to x
- index ,x or ,y or ,z means differentiation with respect to x, y or z 

respectively.
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LATERAL BUCKLING OF SLANDER BEAMS MADE OF ELASTIC-PLASTIC STEEL MATERIAL

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTX_________________________ /

SUMMARY: Stability problems of slender steel beams are handled by the 
equilibrium method using a sinle sinusoidal deformation as an approximation. 
Initial curvature of the beam, nonlinear deformational properties and 
restraint by the transversal ultimate moment are taken into consideration.
A table has been compiled for several load cases, simplifying analiysis of 
simple beams encountered in practice.

1. INTRODUCTION

The problem of buckling of slander flexural beams made of a linear 
elastic material may be considered to be solved [Praidtl (1901),
Timoshenko (1961)]. So are the buckling problems of beams suspended on 
vertical [Csonka (1954)] and on skew cables [Korda (1963)], and even the 
problem of the gradual deformation of suspended beams of an imperfect elastic 
material. Several achievements in the scope of plastic buckling of steel 
beams are presented in [Trairhar (1977)] . Analysis methods for the 
buckling of beams with an initial imperfection on forked-end supports, and 
for the effect of nonlinear deformability of r.c. beams and of the 
transverse ultimate moment to reduce the critical load are, however, missing.

These effects will be analysed in the following. For the sake of 
simplicity, only beams with ends suspended on cables, of with forked-end 
supports at the extremities will be examined, approximating by lateral 
deformation a single sinusoidal buckling ware due eclusively to the buckling 
effect of dead load acting in the beam gravity line.

(1) Structural chief engineer of
Institute of Architectural Development and Technology
HUNGARY, 1075. Budapest VII. Asbóth u. 9-11.
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The applied analysis method will be illustrated on a straight, compressed 
bar. Let the bar be initially rectilinear, with an initial imperfection 
w =0 (Fig. la). In this case the bending moment M for a sliest displacement w:
M = Nw. о nii — и« • 2 о

The sinusoidal deformation has an amplitude w=Ml /Ц; El. Substituting the 
2 2M value above, N = 7Г EI/1 , the Euler's critical force, in the following

denoted by N^.
Next, let the amplitude of sinusoidal imperfection be wq (Fig. lb), the 

incremental deformation w^, and the total deformation w = wq+w^. Now,

w^ = M l2/r2 El, and M = Nw = N(wq+w^), (1)
leading to the well-known relationship:

w = w / ( 1-N/N^) . (2)
The lateral buckling analysis may be similar to that. Let us consider 

first a straight beam suspended both ends, such that wq = 0 (Fig. 2a). For
a slight lateral twist of the beam, it is bent by horizontal load ph=«.g.
Centroid of the deflected beam is absolutely in the plane of suspension.

Under this condition, oC = 2w/Xe, where e is the height of the point of 
suspension above the beam gravity line. Hence w=Teoz/2. Or, expressing w
in terms of deformation, w = ( phl2/B^l2/9.6EIyj =o4gl4/76.8EIy. Equating
both w values leads to the well known relationship:

g «120 EJye/l4. (3)
It being a critical load similar to the Eulerian critical force of the 

straight bar, it will be termed Euler-type critical load, denoted by g^.
Let us consider now the suspended beam with initial imperfection wq.

In this case w = wQ+wh and oC=2(wQ+wh)/?ce.
Furthermore, w = JTeo<./2 ^OCg l4)76.8EIy + wq. 
Substituting gE, and simplifying, 1 = g/g£ + w/wq.

Expressing w:
w = wQ/ ( l-g/ge) . (4)

(This formula is similar to (2), thus, the suspended curved beam behaves 
similarly to the compressed curved bar.) Introducing notation | = w/wq,

g/gE = 7 = • (5)
For a beam suspended on skew rather than on vertical cables, horizontal 

component of the cable force causes a compressive force in the bar (Fig.2b). 
The compressive force N=gl/2tgf , where the cables include an angle f with 
the horizontal. The horizontal bending moment
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(6)
Hence w = wQ/ ( l+g/g^+N/N^ J ,
where gE is the Euler-type critical load (3), and

Nr the Euler-type critical force.
In conformity with (6),

w —►* oo for g/gE + N/N^ = 1
the Dunkerley formula.
Using notations В = бе/ltgÿ*, O'} -g/gE and | = w/wq ,

"} = (l - l/fJ/(l+B; .

(7)

(8)
Let us consider now the case of a simple beam on forked-end support 

(Fig. 3). In this case, mid-beam deflection c* has to be written as twist 
of length 1/2.

The torsional moment of the beam end:

My= J I ( l2-x2) w^^2" cos dx = 0.38 gwl 

Twist angle of middle cross section:

oc =
1/2 Mf 2

Pj dx = 0.38 gwl /XGIT, 
о U1T 1

and the horizontal mid-beam deformation:

I

w ph 1'
IT2

T
T2ei.

= <*g i 
T4ei.

у у
For WO, substitute torsional moment of inertia in twist:

TT = IT(l + 10 Iuj/It12).

Expressing w from (10) and equating to (11):
2 f5 . El GIT

(9)

(10)

(11)

(12)

0.38 ,6
Hence

gE = 28.4 V EIV GIT (13)
practically identical to the value pbulished in [ Timoshenko (1961)]
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For a curved bar, w_ ^ 0, then:
(14)

Taking values of (10) and (13) into consideration,

w = -------
i-(g/gE)

(13)

Hence 'У =Vl -4/^ •Hence (16)
It is obvious from (13) that deformation under load of the curved beam 

on forked-end support grows slower than that of the suspended beam. It has 
the physical explanation that the torsional moment of the suspended beam is 
limited by the equilibrium condition of suspension while the same for forked 
end support is not. The lesser deformation is due to the higher torsional
moment.

3. NONLINEAR DEFORMATION
The applied steel material is elastic-plastically characteristic, and 

these are causing nonlinear deformability, to be reckoned with in terms of 
the curvature:

(17)11 M
R = E 3

The same results from the substitute moment of inertia:
T- lot1 - (M/Vml > (18)

where I is the initial "elastic" moment of inertia, and M^ the ultimate
moment • ... -, , • •Taking m = 6 for the cross section of a beam of ideal elastoplastic
material is a rather close approximation of the exact curvature (Fig. 4).

Our analysis showed curvature of lateraly bent elastic-plastic, elasto- 
.plastic steel I beam, to be fairly approximated for a value m=6.

For ideal elasto-plastic cross sections under eccentric load, the 
ultimate condition is better expressed in terms of ultimate force Ny of the
cross section for a given eccentricity t. In this case, M/My has to be
replaced by N/N^ in (17) and (18) where

N »N / ( 1 + nt/h) . (u u,o
The N being ultimate force of the cross section under axial load. 

Factor n was found to be fairly approximated as:

(19)

n#*2 ( 2 ” 1+1.5 t/h ) * (20)
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4. DETERMINATION OF THE CRITICAL FORCE OR LOAD

Let us consider first a straight bar of an ideal elasto-plastic material, 
with an initial imperfection of amplitude w . Takint (18), (19) and (20)
into consideration, and introducing notations "f = w/wq ^vf= wQ/h and
(b = Nu q/Ne, (5) may be written as:

(21)
Assuming a value J>1 in (21), the equation may be satisfied by 

assigning values to by the trial and error method, to obtian an N value 
for a given w. Assuming a succession of J values yields a set of N values. 
This set yields curves N/w/ and ^(f) convex from upside, with the critical 
load for a given eccentricity wq as maximum.

For slander beams, equations similar to (21) may be written. These 
equations ^ , and the resulting critical load paramteres have been
plotted in Fig. 5. In cases a) and b), parameter A = newq/Mu q has been
applied. For the sake of uniform treatment, in case c) parameter (b has 
been replaced by parameter A in the value M = N •/£.) of the ideal 
elasto-plastic cross section. u’° u,m

As an axample, variation of the critical load parameter of a beam
suspended on skew cables vs. parameter A and cableskewness-dependent 
parameter В has been plotted in Figs. 6a,b, while variation of load parameter 
4] is in Fig. 6c.

Diagrams point out that neglect of the initial imperfection and of the 
material nonlinearity may cause serious errors to the detriment of safety.

5. ACCOUNTING FOR INITIAL IMPERFECTIONS

Stability of suspended beams is impaired by the inaccurate position of 
lugs, by beam twisting, and by its curvature in the horizontal or vertical 
plane. Of them, horizontal curvature is the most essential, the other 
inaccuracies may be converted to horizontal curvatures by some convenient 
method. This is why our former studies concerned the effect of horizontal 
curvature alone.

A beam may suffer horizontal curvature from the following causes: 
a) Manufacturing inaccuracies caused by the rolling and voiding an curvature, 

of an empirical value
wo,a* 1/500 ’ (22)

i.e., for 1 = 24 m, w «• 2400/500 = 4.8 cm.o,a
b) Curvature due to unilateral warming by sunshine, amounting to

At i^
(23)

where is the coefficient of thermal expansion, b the beam width, and 
t the thermal gradient across width b.
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For b= 30 cm, 0,00001 and t= 20°C, and 1= 24 m, wq b = 4.= 4.8 cm.

c) Horizontal wind load on the beam, causing a displacement
3 Pwind l4 

wo,c" 384 • El (24)
For 1= 24 m, I = 15750 cm4, E= 20600 kN/cm2, Pwind= 0.45 kN/m2:

d) Horizontal bending caused by slanting roadway. The resulting displacement:
(25)

where G - uniform dead load of the beam, - slope of the roadway. For 
G= 3,0 kN/m, and = 0.03, wq d= 1,20 cm for the same beam as above.
Beam curvature due to the centrifugal force exerted by the transport 
vehicle in a bend. The resulting horizontal displacement at mid-beam:

5 - V (26)wo,e " 384 m R
where v is the vehicle speed, R the curvature radius of the bend, and
pn — П / n iwhoro n ic +ho nraui+w arrolpra + inn

The w values sum up to 20.63 cm. Coincidence of wq values from different
causes is, however, rather unlikely. The probable value may be estimated 
as о2

о,max wo,i or, in our example: (27)w

4.82+4.82+5.982+1.202+3.852 = 9.9 cm.w =o,max
For the considered beam of width b= 30 cm, relative curvature

= 9.9/30 = 0.33.
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compression

F/ÿ, 2 Suspended beom



(8) - 1/170

Approximation of the „nonlinear" curvature
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(1)
LOOS, Wolfgang (1)
GOEBEN, Hans-Ehrenfried (2)
LEHMANN, Edwin (3)

SYSTEMATICS FOR A RESEARCH SYSTEM (EXPERT'S) IN THE 
FIELD OF "STABILITY OF BEAMS"

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTV__________________________v

Summary : Precondition of an analysis of knowledge available in 
journals, research reports, dissertations etc. is its systema­
tization as a field of knowledge. Such a systematics has been 
developed for the analysis in the field of stability of steel 
columns. An account of it will be given as well as an explana­
tion by an example.

1. Introduction
In GOEBEN, LOOS /1/ an attempt is made to analyse the field of 
knowledge "Stability of steel beams". The knowledge of this 
problem important for design an existing throughout the world 
will be made available. Thus unsolved problems in research be­
come evident on which in GOEBEN, LOOS /2/ a preliminary report 
was given, with an important partial aspect of this work, i.e. 
the systematization of this field being dealt with.
This is not only done because this systematics is of general 
scientific concern, but to stimulate similar analyses in other 
fields at the same time.
2. Systematics of the field of knowledge
The knowledge to be systematized exists in the form of infor­
mation sources. These are in order of frequency : articles from 
journals, conference papers, research reports, dissertations, 
special technical books, monographs, manuals, codes, guidelines, 
commemorative volumes.
Way of description, aims etc. of authors are as different as 
those types of publication. The present tasks consists in 
systematizing the scientific content of those publications.

(1) Dr. sc. techn., VEB Entwicklungs- und Musterbau Berlin, DDR
(2) Dr. sc. techn., Technische Hochschule Leipzig, DDR
(3) Dr.-Ing., VEB Entwicklungs- und Musterbau Berlin, DDR
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A systematics is to be established which makes it possible to 
systematize easily any item occuring in practice. According to 
this systematics, after breaking it down into individual re­
sults, the content of each source can be used in practice.
To put it metaphorically: The field of knowledge is to be sub­
divided into drawers, into which the knowledge to be analysed 
is distributed and from where it can be retrieved by the user 
on request.
Before systematizing knowledge, i.e. breaking it down into its 
constituent parts, the framework is to be clearly defined. The 
present limited field is flexural torsion as a problem of bi­
furcation, stress or ultimate load of the second order of 
single steel bars or bar systems subjected to bending and/or 
lateral loading at any load level, cross section, shape of 
cross section, and shape of the bar axis.
Thus the following related fields have been distinguished from 
the field to be systematized:
- buckling, torsional buckling, flexural torsional buckling 

(also constant moment, if any axial force exists)
- dynamic stability
- lateral buckling of compressed flanges of through bridges
- stability under simple torsional load
- stability of ribs of plate structures
- stability of lattice beams
- stability of beams made of other materials than steel (timber, 

aluminium, concrete etc.), if the investigation concerned does 
not deal with material-independent problems

- fields whose results serve as aids for the present limited 
field (general bar theory, torsion theory, elasticity and 
plasticity, mathematics, testing etc.)

The remaining field of knowledge make up practical partial pro­
blems, which are determined by 15 independent parameters :
These are :
a. Configuration of the bar axis (Fig. 1)

(2>

Position 1
Code Description Explanat

A general
В bar system; spatial

C bar system; plane , xz-plane æ
D bar system; plane, yz-plane ^ F
E single bar ; spatial с
P single bar ; plane ; yz-plane; Adiscontinuous ; knee-shaped once / \
Q single bar; straight

Z single bar; straight ; preformed ;
about z-axis

m

Fig. 1 Systematics Pos. 1 - configuration of bar axis
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(3)
Here, as with all other parameters, the general case comes 
first, the most specialised is the last.
Problem solutions of general cases apply to all kinds of con­
figurations, irrespective of the fact whether the bar axis is 
spatial or in a plane, straight, knee-shaped or curved, whether 
it is a bar system or a single bar. This case can bi coordina­
ted with all special cases. Problem solutions for other cases 
would not be required, if there were a solution for those most 
general cases that would meet all requirements.
Principally this seems to be the case. Theoretical fundamentals 
have been adequately investigated. Computing has attained a 
level that makes it possible to cope with any work load requi­
red. Only the expenditure of work is tremendous because the 
present problem is demanding mathematically and mechanically.
In the design process stability is a partial problem only, the 
expenditure of work being inappropriate. Simple cases require 
simple solutions to be found in manuals an specifications as 
simple formulas, tables an graphs. Therefore, in addition to 
general cases, all special cases are given, as to parameters 
of "Configuration of bar axis". For the same reason the same 
approach is used with the remaining parameters.
b. Number of supports in the main load plane
c. Location of supports in the main load plane
For reasons of practicality three parameters concerning complex 
parameters "Supports for the main load plane" are summed up. 
With these parameters an unexpected problem was encountered 
which became increasingly evident with the following parameter 
of "Supports in the subordninate load plane", i.e. denoting 
support conditions. It is common to denote support conditions 
by symbols rather than verbally. Such an approach is practical 
and, what is more important, familiar to the designer.
The problem was that symbols commonly used are rather complex 
and denote one support condition only. But such symbols were 
not known and used for all support conditions that were encoun­
tered when the present field was analysed. Many new symbols 
would have been necessary in order to meet all requirements. 
Instead a new approach was used. New symbols similar to those 
already known have been divised that characterize each consti­
tuent of a support condition individually. Summing them up re­
sults in the entire support condition. This practical, can be 
overlooked easily, an extended any time (Fig. 2).

i
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Code

A
Description

general
Explanation

В point supports ; any number of supports

F point supports ; 2 supports ; at bar ends %---7$

P point supports ; 2 supports ; at bar ends %

У point supports ; 1 support; at bar end

Z point supports; deviation of positions

Symbols for support conditions :

spring support about x-axis

rigid support about x-axis

rigid support in direction of y-axis
—f—
T-rigid support in direction of z-axis

p-----

Fig. 2 Systematics Pos. 2 - supports in the main load plane
The following three.parameters (Fig. 3) can also be summed up 
forming a complex parameter "Supports for the subordinate load 
plane".
The yz-plane is the main load plane and the xz-plane the sub­
ordinate load plane, with y being the minimum mean axis and x 
the maximum mean axis and z the bar axis.
e. Number of supports in the subordinate load plane
f. Location of supports in the subordinate load plane on the 

bar axis
g. Type of supports in the subordinate load plane
The following two parameters refer to the beam cross section.
h. Type of bar cross section
i. Shape of the bar cross section about the bar axis
Fig. 4 and Fig. 5 show each, as Fig. 2 and Fig. 3 do, part of 
the parameter concerned.
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(S)
Position 3
Code Description Explanation
AA general

AG point supports and linear support

AP point supports and linear support

CE point supports; two different type
of support

te-

^ and$~§ 

s Щ— and^>"

DA point supports

EA linear support

FA no support

Symbols for support conditions: 
spring support in direction of x-axis
rigid support in direction of x-axis

spring support about y-axis
rigid support about y-axis
spring support in direction of z-axis
rigid support in direction of z-axis

spring support about z-axis
rigid support about z-axis
spring support against cross section 
distortion
rigid support against cross section 
distortion

Г
JD£

Fig. 3 Systematics Pos. 3 Supports for subordinate load plane
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Position 4
Code Description
AA general

BC asymmetrical;

CC monosymmetrical about x

1/176

Explanation

ЕС

FF

point symmetrical about z-axis 

double symmetrical

GA various types of cross sections

Fig. 4 Systematics Pos. 4 - Types of bar cross section

Position 5

Code Description Explanation

A general

G variable cross section dimensions ;
depth, width, 'wall thickness of pl.

N variable cress 
depth variable

section dimensions ;
; discontinues

0 variable cross 
depth variable

section dimensions ;
; discontinuous

S variable cross 
depth variable

section dimensions ;
; disontinuous

cross section values and cross section 
dimensions respectively of each type of 
cross section occuring invarible

Fig. 5 Systematics Pos. 5 - Shape of bar cross section about
bar axis
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(7)
Position 6
Code Description
AA general
BA invariable direction ; general

FA
!

invariable direction ; linear loads ; 
point loads ; general

NE invariable direction ; point loads ; 
one moment; at the end

OK invariable direction ; moments ; 
one moment ; at the end

OB variable direction ; general

RA no loads
Fig. 6 Systematics Pos. 6 - Loads in the main load plane 
The parameters j to 1 (Fig. 6) and m to о (Fig. 7) can also be 
summed up, forming one complex parameter.
j. Number of loads in the main load plane
k. Location of the loads in main load plane on the bar axis
l. Type of loads in the main load plane
m. Number of loads in the subordinate load plane
n. Location of loads in the subordinate load plane on the bar 

axis
o. Types of loads in the subordinate load plane
Thus each case is described eventually by seven rather complex 
parameters. The description ist done alphabetically. A code word 
emerges consisting of seven digits, whose constituents are made 
up by one or two digits depending on the complexity of a para­
meter .
Position 7
Code Description

A general
В uniform and different from main 

load plane ; general

I different from main load plane ; 
general

J different from main load plane ; 
linear loads

К different from main load plane ; 
point loads

R uniform from main load plane
S no loads

7 Systematics Pos. 7 - Loads in the subordinate load planeFig .
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3. Example
This will be demonstrated by an example. In an article publi­
shed in a journal Kitipornchai, Trahair /3/ report on research 
results on elastic stability of tapered I-beams. An analysis 
has shown than this work contains useful solutions an results 
concerning six different individual problems. One of them is 
shown in Fig. 8.

(8)

Fig. 8 - Example for the systematic description of an 
individual problem

The code word characterising it is obtained as follows :
(1) Configuration of bar axis : It is a single bar, which is 

straight. The systematics gives: Q
(2) Supports in the main load plane : The bar has statically 

determinate supports at the ends. The systematics shows : G
(3) Supports for the subordinate load plane : Both supports are 

identical, are rigid against torsion, displacement free 
under bending and distorsion. The systematics shows : DA.

(4) Type of bar cross section : Double symmetrical I-cross 
section: FF

(5) Shape of the bar cross section about the bar axis :
This symmetrically tapered shape is denoted with 0 by the 
systematics.

(6) Loads in the main load plane : A point load in the middle 
with invariable direction: NE.

(7) Loads in the subordinate load plane : In the subordinate 
load plane, perpendicular to the bar axis, there are no 
loads : S.

By the way, the analysis of the present field concerning this 
code word resulted in 10 different entries. In 10 scientific 
papers results on this problem have been presented which are 
now available the user as a result of the present analysis and 
systematics.
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TORSIONAL STABILITY OF NEW CONSTRUCTIONS OF SPAN’S
BEAMS.
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Summary: In experimental-theoretical way the problems of tor­
sion and stability of plane-bend of cross-section thin-walled 
metalic beams with pipe belts were investigated. It is disco­
vered that the real moment of inertia of tested sections at 
free torsion is lower in comparison with theoretical premise. 
Corrected coefficient is within 0.18 - 0.83. In this work the 
corrected coefficients are given and the analyses of stabili­
ty of open section beams with pipe belts supported with bars 
are done.

(1) Professor of Civil Engineering, Dniepropetrovsk Civil 
Engineering Institute.
(2) Professor of Mechanics, Dniepropetrovsk Civil Enginee­
ring Institute.
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The development of engineering thought led to creation 
of new constructions of open cross-seetion teams with large 
spans and belts of pipes. It's known that efficiency of using 
of open cross-sections is often limited with stability of pla­
ne bend and increase of stability may be got at the expense 
of torsional rigidity. As open cross-sections, as a rule, con­
sist of sheets, they donit possess large torsional rigidity.
The use of beams with box-like cross-section that have consi­
derable torsional rigidity is not economic profitable for lar­
ge spans because of its large weight and labour-intensiveness 
making.

hew constructions of thin-walled metalic open cross-sec­
tions beams with belts of pipes are successfully used for tra­
velling gantry cranes frameworks for woods with carring capaci­
ty 16 and 12.5 tons and operation zones in 65 and 81 m (1)'.
Such beams have significant moment of inertia in torsion tests 
that allows in some cases to cancel the usage of box-like be­
ams.

In order to eliminate deformation and to increase the 
plane bend stability the travelling gantry cranes frameworks 
with carring capacity 12.5 tons are reinforced in a span and 
on cantilevers with bars (fig.).

The analysis of construction decisions of open cross-sec­
tion beams with large spans and belts of tubes shows that the­
ir large practical usage is limited because of the shortage of 
studing their work at torsion and plane bend stability.

As it shown (2) moment of inertia of tested beams with 
belts of pipes is largely depended upon the rigidity of late­
ral diaphragms. With the help of tests in our institute the 
torsion of such beams at free and limited torsions is inves­
tigated. With the methods of mathematic statistics the experi­
mental data reduction has been done and analytic expression 
for moment of inertia in torsion test has been received.

It is known, the moment of inertia of beams consisted of 
open and closed areas of sections at free torsion has been 
taken as equal to algebraic sum of moments of inertia of its 
separate elements (5): f O) (o)

4-
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where the first item is corresponded to closed and the second 
to open contours of sections. As it is said in (3) it is true 
only in the case of installation of "gréât ammount of suffici­
ently rigid lateral diaphragms". Due to our tests on 212 lar­
ge-scale models with spans from U.25 to 4.00 m it is investi­
gated the moment of inertia at free torsion of beams with bel­
ts of pipes have decreased numeral value in comparison with tho­
se calculated by the formula (1)•

It is suggested to evaluate this effect with the help of 
coefficient jf ^ which takes into account the level of 
"switching on" closed elements to the operation of the whole 
section to free torsion. In this case the coefficient j is 
determined as relation of pilot value moment of iqertla at 
free torsion 3-t *° the moment of inertia 31, theo­
retically calculated. Tests data determine the coefficient 
У 3 has the interval of values within 0.07-0.83* To deter­

mine the influence of lateral diaphragms rigidity on the 
grade of "switching" of pipes belts at free torsion dimensi­
onless parameter ft, is calculated in accordance with the 
following formula:

к = a 3s l/3t hj, (2)

where Л^ is a reduction moment of inertia of cross-secti­
on diaphragm determined from the condition of equivalent def­
lection of fixed in cantilever bar with consideration of ver­
tical wall operation on t= 1,0 m from horizontal force acti­
on T = 1, applied in centre of gravity of pressed belt, cl - 
dimensionless coefficient (a = 100), - distance between
beam belts centres of gravity.

Tests showed the increasing of paramétré ft increases 
"switching" coefficient У 3 . The relation between un­
known value ft, and у 3 is determined to be described 
with such equation:

У 3= 0,0178 4- 0,0754 fe (>)
It is possible to assume the theoretical "switching" 

coefficient for open-section beams with pipes belts )f is 
equal to V 3 , so the moment of inertia for tested beams
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at free torsion can be valued with the formulas

3* = X , (J, )m
where - is the reduction moment of inertia of open-sec­
tion beams with pipes belts at free torsion.

Test results proved the sector moment value of inertia of 
beams with pipes belts can be determined as for compound open 
profile thin-walled bars and their value does not depend upon 
the type of fixing of cross diaphragms to belts.

Knowing the geometric characteristics of tested open-sec­
tion beams with pipes belts we now evaluate their stability of 
plane bend with fixing them by bars (see fig,).

For the investigation of stability of plane bend of tes­
ted beams with bars direct matrix method has been used (5).

The direct matrix method is based on the idea of load 
brokenness equal to parameteric forces action. Equal loads 
are obtained from prof. Vlasov's differencial equilibrium eq­
uations for thin-walled bars.

To get equal loads the components relative to the pre­
sence of parametric loads in Vlasov’s equations are transfé­
ré d to the right part and considered to be external. The sa­
me is done with component which takes into account free tor­
sion.

Integrating these equations we get the following equal 
loads (4)î

Using equal loads (5) we compose the relations which 
connect linear and anglular displacements with forced action

au1 = saM ;

9 = «j H + g, H„ + 9,в ;
б^о = 9'°_H + cj„„ JHi0 + в •
д0 = û, ÏÏ + Űo TT. + V 1 !



-1/187-

The solution of obtained equations (6) is own numbers of 
determinant

Minimum crucial force value corresponds to maximum own 
number \

The physical sense of these dependences is given in the 
work (5). Three possible schemes of fixing bars on span struc­
tures are taken for searching these problems. Due to scheme 
"a" (see fig.) bars with area of cross section Д T support 
the carrying beam along the line of cross section bend cent­
res. Due to scheme "b" the bars are installed on the upper 
belt of carrying beam. Due to the travelling gantry crane 

К К (\ - & type scheme the bars are installed on the up­
per belt of span beam (see scheme "c” on fig.).

Cross section tested beam is given in fig., scheme "c". 
For calculated schemes ”a” and "b" the deformation of bars and 
span structures was taken into consideration, as for scheme 
"c" the pliability of bars, span beams, crane supports and 
struts was taken into consideration as well.

For all calculated schemes it is considered that the 
cross load is applied to the centre of the beam span (see 
fig.).

Test results of investigation of plane bend stability 
for calculated schemes are given in figure as a dependence 

F<.% —At where Fc ? - the parameter of
crucial load, A T - area of bar cross-section.

The analysis of obtained results showed:
1. Presence of bars on the span beams increases the sta­

bility of plane bend of beams up to 2 times.
2. The most effective method of fixing the bars in beam 

span is on the upper belt level (see fig., scheme "b”).
3. The stability of plane bend is increasing when the 

bars section area is growing.
4. The pliability of supports is considerably lowing the 

parameter of critical force (see scnemes nb”, "c") which must 
be considered in calculations.
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Fig.

a) Bars are installed in the centre of bend
b) Bars are installed on the upper belt
c) Bars are on the travelling gantry crane КKfl'8 type.
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Summary: Por traverses with channel sections and suspension 
rods the analysis has to take into account the deformations 
of the beam and of the suspension rods, the rotations of the 
suspension rods and the special condition of the introduction 
of the load. The equations of the mathematical model are pre­
sented, which are nonlinear. An incremental-iterative proce­
dure is used for solution. The results of the application are demonstrated by examples.

1. Introduction

Traverses with channel sections and round suspension rods (Pig. 1) are often used in industrial building to carry tech­
nological equipment. So it is usefull, to investigate the me­
chanical behaviour of the system. The analysis has to take 
into consideration:
1. the deformations of the channel-beam (bending and torsion 

II. order)
2. the bending deformation of the suspension rods
3. the rotation of the suspension rods, which are fastend 

with a hinge at the bearing construction,
4. the special condition of the introduction of the load

(1) Professor of Civil Engineering, Hochschule für Bauwesen 
Cottbus
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Fig.1 a System, b characteristic angles , c cross Sektion

perm. Fv 
(channell )

U10 n. TGL 0-1026 perm. F\
(susp rodtu= 1 000 mm

l = 5 000 mm

Fig.2 Example 1 = Characteristic angles in dependence of a vertical 
single load at the back of the profile
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(3)
The first three effects are considered in the mathemati­

cal model presented in 2. The solution of this problem is 
used in 3« to implement the 4. condition.

The load may be an inclined uniformly distributed load q 
or an inclined single load P (Pig. 1).

The deformation state of the system (Pig. 1b) is charac­
terized by the rotation of the suspension rod щ, the rela­tive rotation of the beam at the suspension points ^ and
the relative deformations of the shear centre of the cross section at the middle of the span u^, vm, l)^m*

Por the calculation of the action effects a elastic theory 
is used, which takes into account little deformations for tiie 
evaluation of the elastic resistance and arbitrary angles v\9 
1^2» for the distribution of the action components.

The proof of the cross-section capacity considers an 
elastio-partially plastic behaviour.

Imperfections may be taken into account using an angle 
considering the slip at the bore-holes of the beam and added to (i?1 + vU), or an additional horizontal load compo­
nent.

2. Mathematical model and solution method

In this part the case is investigated, when the in 1. 
specified loads act at an abitrary point (Pig. 1c). Por the 
evaluation of the unknown deformation's V},u^, vm,
- the equilibrium conditions of the whole system
- the deformation relations of the suspension rods and
- the solutions of the bending-аnd-torsion-problem of the 

channel-beam with supports, which prevents lateral deflec­
tion and twist but which allows both lateral bending and warping to occur freely, (Hoik, Carl, Lindner 1972,
TGL 13503)

are available.
The equations of the mathematical model are derivated in (Raboldt 1990). Here the final equations are presented.

The moment equilibrium condition of the whole system gives:
av ev1 + (Fy+0,637 Qy) ev2+RHeH1+(Pjj+0,637 QH) eH2 -

* -Rv ly sin — Ry ly cos (1)
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(4)
with: Q. Чу x« 9H * ЧН 18 Н,

'v1

‘v2

а а. 008

аН1 °Н 
еН2 e um ain

JJ . sin
-U^ cosoh +

iP - a., sin'll

Pv+Qv$ RH

vm ain -/ + 'J13m (aH COS
Этт cos

ÍjI+Qjj (2 a,b,c,d) 

(3 a)
V^-av sin'll) (3 b)

(3 c)
J1+ V cos m 3m (ан sint/+av 008i7+a,, cobiT)

(3 d)
ajj ■ 0,5 h-e ; ay - a+exiíj1-г^+^ sign( г^+ í^)(4 a,b,c)

The deformation relations of the suspension rods give: 
^2-0,167(Rv sin^+Bjj cos ^>^(3/ y1+h/lIi)/(B IH) (5)

with: Jf.,*? 2 sinh? /(£ cosh e-sinh6 );£ - /EI^ (5 a,b)

The solutions of the bending-and-torsion-problem of the channel-beam (Roik, Carl, Lindner 1972, TGL 13503) give:
» Z/N; With! (6) (7)

Z - 1,273(-qy ex+qx ey)+0,0139 qxqy 14/(B Iy) +
+ 2 (-Pyex+Fxey) + 0,0368 ?x Fyl3/(E Iy) (6 a)

В . % - 0,01218 l2 (qy2 12/B Iy+qx2l2/ В Ix) -
- (qy îy+qx ex) - 0,0335 1 (Fy2l2/E Xy+Fx2l2/B Ix) -
- <Py 8y + Px fx> = _ = _ (6 b)

Пц -T2(T2 в Cy/ÂG Ijj)i ay-eyi e =ex-fR(ry-2x„) (6c,d,a)
fR - 0,57 for F . 0; q i<0| fR » 0,37 for F + 0} q • 0 (7)
3 Iy % - W (qx 003 ^3m + 0,97 qy sin +

+ l3 (Px 008 + 0,90 Fy sin ,^) (8)

E Xx vm * 3S4 l4 (qy 008 ^3m " °’97 qx sltl ^>) +

+ %8 l3 (Py 003 - °>90 Px 8in'^3m) (9)
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\

(5)
with:

Fy cos S' - PH sin $; Fx
qy - qv cos J7 - qH sin V i q.

7+

sin -J1 +
Py Sin V + Ffí

qH

cos г/7 
cos tT7

do a,b) 
(10 c,d)

- incremental proceeding:
• internal determination of the start value
• íhftLhLi=?:?L?^pa84!epae,ldent 00
' ÂÎionX àiaVaÆe°f ateP bl8ht and P--billty of further

- iterative proceeding:
• nse of an Aitken acceleration %
• ®°dh?f iteration, if W(i)// / // V(i)//< SC(.0,002) (11)

I!avÍí)II - (lIj(i)-V1(i-1))2+(Z^(i)-^(i-i))2+(j/^(i)_^(i_1 ))2

//V(i)|/- i/j(i)2 + i^2(i)2 + a)2 (lib)

or™11§Ь7/7ХШвГв'if i>5° 
with: i ... ordinal number of the iteration step

(12 a) 
(12 b)

Figure 2 shows as results of an example the dependences of 
the characteristic angles from a vertikal single load at the 
Jack of the profile. The system with a span of 1 « 5000 mm is eiender. The typical effects of deformations are to be seen, 
but they appear clearly above the permissible loads F , cha-
A »cî,er^z^ ik® elastic-partially plastic carrying capacity 
of the suspension rod respectively the channel-beam.

3. Influence of load introduction
Por the realistic analysis of the traverses the influence 

of the special load introduction has to be taken into consi­
deration. As a rule the traverses bear bar-like elements with 
an effective bending stiffness like pipes or ventilation 
channels. If the traverse twists, the bar-like elements are 
supported by the highest point of the cross section.

I
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In figure За the dependence of the angle Vq on the load
position along the upper flange is shown for an example. If the vertikal load acts at the back of profile (eL * 0) the
total angle ^ becomes negative and the highest point of the
cross section is the free end of the flange, where a bar-like 
loading element would be supported. The position of the load 
at the free end of the flange results in a positive angle
and the supporting for a bar-like element at the back of the 
profile. So a bar-like loading element counteracts a rotation 

and acts as a rotation restraint.
This behaviour may be described by a modified mathematical 

model with new boundary conditions. But there is another pos­
sibility, using the solution method, described in 2.. A rota- 
"bion pestre int means that the rotation ъ q becomes zero# Such
a supporting effect transmits the load F or q, acting on the 
upper surface of the profile and additionally a fixing moment# 
The combination of the vertical component of the load Fy or
q and the fixing moment may be substituted only by Fy or qy
acting at a horizontal displaced position. In order to evalua­
te this position, the vertical load is moved on the upper sur­
face of the profile perpendicular to the axis of the beam un­
til the rotation tTq becomes zero. If a determinate load level
is given, the relation between the rotation 1q and the charac­
teristic value of the load position e-^ is linear (fig. 3 s)
and the substituting position of the vertical load is easy 
to evaluate. An imperfection Q causes a parallel displace­
ment in sections (fig. 3 a)o

Figure 3 b shows the influence of the load position on the
stresses in the profile (6^, 6^) and in the suspension rod
( 6" ), in the environs of the axis throuqh the suspension
rods the stresses in the suspension rod are low. They in­
crease linear with the eccentricity of the load position 
from the suspension rod. This fact influences the permis­
sible load, how fig. 4 shows.
4.References
/1/ Raboldt,K.,1990: Berechnung der Verformungen und Span­
nungen von pendelnd aufgehängten Trägern mit U-Querschnitt, Wissenschaftliche Zeitschrift HfB Cottbus 12 (1990) 1
/2/ TGL 13503 - Stahlbau,Stabilität von Stahltragwerken,
01: Vorschriften,02: Erläuterungen und Berechnungsmöglich­
keiten,April 1982
/3/ Roik,K., Carl, J»,Lindner, J.:1972: Biegetorsionsprobleme 
gerader Stäbe,Berlin,München,Düsseldorf
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SOLUTION OF THE ELASTIC AND UNELASTIC FLEXURAL TORSION PROBLEM 
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Summary: This article gives a survey on how the finite-element 
method (FEM) is used to solve flexural torsion problems and 
describes algorithm and programmes to solve flexural torsion- 
ally stressed straight bars with any load and support in case 
of the existence of geometric and structural imperfections 
(internal stresses) in the elastic and unelastic ranges of 
stress. The programmes are available for large computer systems 
and, for the first time, for a 16-bit PC.

1. Introduction

The need for an economical utilization of steel in building 
construction and the development of modern strength technolo­
gies of steel construction resulted in using preferably sup­
porting members with open thin-walled cross sections today. 
Therefore more emphasis has to be placed on the questions of 
spatial instability phenomena. The elastic flexural torsion 
problems which have been subject of research work over a long 
time were replaced by researches to utilize the plastic material 
reserves.

The solution of the general flexural torsion problem is com­
plicated and it is advisable to use large computer systems or 
16-bit personal computers /1/. For this the finite-element me­
thod (FEM) has proved to be specially suitable. By 1981 appro-

(1) Aspirant, Dipl.-Ing., Technische Hochschule Leipzig, GDR
(2) Dr. sc. techn., Technische Hochschule Leipzig, GDR
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ximately 90 publications were available for axially and trans­
versely loaded bars /2/. Early applications of the method can 
be traced back to BARSOUM/GALLAGHER (Diss. Cornell Univ., 
1970), POWELL/KLINGNER (Proc. ASCE, 1970, ST) and NETHERC0T 
(Diss. Univ. Wales, 1970). Other authors perfected the solu­
tion for elastic bifurcation problems of beams with specific 
loads and boundary conditions, e. g. NETHERC0T/R0CKEY (Inter­
nat. 0. Mech. Sei., 1970), HANCOCK/TRAHAIR (Civil Eng. Trans., 
1978), ATTARD (Diss. Univ. New South Wales, 1984), with va­
riable stiffness behaviour, e. g. NETHERCOT (M&m. AIPC, 1973), 
TEBEDGE (Diss. Lehigh Univ., 1972), SCHROETER (Diss. TU Mün­
chen, 1979), and for elgStic stress problems, e. g. EHELEBE 
/3/ (Diss. TH Leipzig, 1986) as well as unelastic stress pro­
blems with imperfections, e. g. RAOASEKARAN (Diss. Univ. Al­
berta, 1971), KINDMANN (Diss. Ruhr-Univ. Bochum, 1981) and 
RAHAL /\/ (Diss. TH Leipzig, 1989). In the following a solu­
tion according to FEM for the general flexural torsion problem 
is given /3/ /1/.

2. Basis

The starting point for deriving an FEM solution for thin-wall­
ed, true to shape and flexural torsionally stressed bars is 
the potential energy of the work performed by internal and 
external forces. The potential energy (1) (2) is formulated 
for the analysis of an optionally loaded and supported bar 
with geometric and structural imperfections in the unelastic 
range of stress. The deformations u, v,#, and w are related 
to any reference point s (see fig. 1) because of the asymme­
tric, elastic residual cross sections developed by plastici­
zation :

(2)

ÏÏ - Ж (l) + JT (a) (1)
Л ■ T / {EA^2 -2EAxnsUs -2EA^h's Vs ~2ЕАын£ iT" + EAxxus2

+G1d tT2 +Cx[u5-ecx]2 +Cy[vs+ecy г/-]2 z/"2)dz

V { fx U-S + VS + + mZ ^ + [• fyCfy fx Cfx I l/*

Z ( fx, U5 * fyi VS + fz/ W5 f ^ fy/ efyj fx/ eFxi ^ ^

~~T [ fx, eFxi +fy, eFy,] J2)- Z [ MXI + МуЩ' + Мд f+Mcjj J']

(z)
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Hith ûs - uso * us ;
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fig, ; Definitions along bar element subjected to ar?y loads and supports

a) Loads and supports
b) Deformations and cross section forces

A loaded system is in the equilibrium when the first vari­
ation of the potential energy disappears :

J[ - Min. —► cOr -О У)

d% - "dvfdVj - 0 ^

The spatial state of deformation of a beam divided into 
elements is given by 7 deformation values at every element 
edge and by 14 deformation values at the element as a 
whole which 14 components of cross section forces are at­
tributed to. The criterion for the equilibrium at the bar
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(4)
(3) is then :

(5)

(6)
For the flexural deformations and twist there are applied 
cubic functions of solution by use of the Hermite interpo­
lation polynomials of the 4th degree and for the bar s longi­
tudinal displacement there is applied a square or cubic func­
tion of solution by use of the Hermite interpolation poly­
nomials of the 3rd degree.
LL - Ü7 U-1 + 0-2 U-2 + ^7 *

V " CL-j Vi + Ű2 v2 + a3 W + a4 v2 (7)

т/ ' CL} т/j + Т?2 * ^7+ ^2
IV - Ű5 W} + 0.6 W2 + O.7 W3
It will be necessary to choose at least one square function 
of solution for w in case of an unelastic analysis if any fix­
ed reference axis system is chosen for the asymmetric unelas­
tic residual cross sections occurring in case of plasticiza­
tion /1/. For an elastic analysis with principal axis system 
there are linear functions of solution for w sufficient /3/. 
The functions of solution (7) are put in the potential ener­
gy (2). The derivation of the potential energy to the compo­
nents of the deformation vector results in a local equation 
system (7) for every element which is composed of matrices 
and vectors.

(8)[K/]{Vi} +ШМ + [G/ ]{V0j} ~{Fj}

[ Kj ] element stiffness matrix 

[ö/ ] element geometric matrix 

{ Vi } element disp Lacement vector

(VOj) element initial displacement vector 

{pj } element load vector

The local equation systems (8) of the elements are compiled 
in a global system equation (9) by incidence tables /4/ un­
der consideration of geometric compatibility conditions at

and veThe matricesthe element boundaries
tors {v.} {VO.} (Flare superposed in global matrices 
[G 3 and 1globai vectors {v} iVOJ \FJ .

Lk]{v}+[ö]{v} + [ ö HvO) = { F } (9)
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(5)
The system equation can be homogeneous or inhomogeneous. The 
inhomogeneous system equation of a stress problem will re­
sult in deformations which can be used to find out cross sec­
tion forces and stresses according to equations (10) (11).

N - / g_ gM A/x * / (5 y cLA Afy = I (5 xdA
(70)

Mu’fö76jdA Mr-l6zr2dA r2 =x2 f y2

tfv5") -y(Vs^üj) -шт?'1+г2т/"2)] (77)6Z = Ы5 - x(u
3. Determination of critical loads

The system equation (10) provides the critical loads of bi­
furcation, stress, or ultimate load problems depending upon 
the valuation of the equation systems and the determination 
of the stress-strain relation.

a) Bifurcation loads
Bifurcation loads are calculated from the homogeneous system 
equation (9) according to the following condition :

02)Det([K ] » [ 6 ]) -0
It is the minimum eigenvalue of the problem only which is of 
interest for the construction. It is found out according to 
the incremental method with correction of loading (see ulti­
mate loads).

b) Yielding loads
The system equation (9) of the elastic, geometrically non­
linear flexural torsion problem is inhomogeneous in case of 
a stress problem. The critical load is found out iterative­
ly according to the Newton-Raphson process, the 1st itera­
tive step according to equation (13) being the solution ac­
cording to the first-order theory providing an associated 
residual load vector (14) (see fig. 2a).

[kHvIMC HVO) ■ {F} — (vi) 1st order theory (13)

(отНИ -[K]{vr} -[б]{и}-[б Kvo} (74)
The 2nd iterative step together with the cross section for­
ces of the 1st step will provide the solution according to 
the linearized second-order theory.

[K ]{vz} +[6 ]{YZ} » [G ]{V0} -{RF7} 2nd order theory (15)
If the iteration is continued with improved deformations 
and cross section forces the solution will be found after
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approximately 5 steps according to the non-linear second-or­
der theory.

Function of solution■Function of solution

Deformation ИDeformation V

Fig. I Iteration procedures far dater mi nation of critical Load 
a) fielding Load problems (Nekton - Raphson - method)

b) Ultimate toad problems (Incremental method, with correction 

of loading)

c) Ultimate loads
The ultimate loads of geometrically and physically non­
linear problems can be calculated by means of the total-step 
iteration and incremental iteration methods. The incremental 
method with correction of loading according to fig. 2b has 
proved to be specially efficient using a bilinear stress- 
strain diagram.

[ К ]{AV}* L 6 ]{av} + [ ö Hvo}- {ДГ} ( 76)
By checking the equilibrium in every load increment, the re­
sidual loads of the system weakened by partial plasticiza­
tion are recorded as follows :

{acf} =[agH'V} Г7)
[<_G] being the change of the geometric matrix in the load 
increment under consideration compared with the previous 
load step.
The elastic residual cross sections developed by plasticiza­
tion are recorded in the iteration process by a cross-sec­
tional iteration through the cross section forces N, My»
and M . Here it is possible to take into consideration 
the initial stresses.
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(7)
d) Computer programmes
The algorithms were transformed into the following computer 
prog rammos :
_ programme SIETŐ for the elastic flexural torsion problem in 

the large computer system EC 1040 in FORTRAN /3/
- programme IMBIT for the unelastic flexural torsion problem 

for a 16-bit PC with 460 Kbyte RAM capacity in FORTRAN 77 /1/ 
The implementation of the programme into a personal computer 
required an extremely economical utilization of the memory 
space whereby an element number of 40 was achieved.
The critical loads can also be limited by the condition that 
the torsion must not be higher than 3 ^ 0,2.

4. Examples of calculations
a) Yielding and ultimate loads of a rigidly stressed beams

with distributed loads

^ i i i i \ \ \ A ^

V
10000

f y "

X efx- -300 mm 

IPB 600, DIN-1025 ,Bl. 2

Critical Load Load Dim. LINDNER 161 KINDMANN/71 EHELEBE 131 PAHAL/11

Yielding Load fy, el Nimm 47,2 - 48,45 48,32

Ultimate load fy ,u Nimm 95,9 108,2 - 109,44 /111,6 *

Error to /1! A 7» - 12,37 -1,13 0
--------V

* by nonLinear second-order theory

The comparison between the results shows that there are plas­
tic ultimate reserves of up to 100 % available for statically 
indeterminate systems due to transposition of the cross-sec­
tion force. Calculations for statically determinate systems 
have shown that those reserves are between 20 and 50 % only.
The loads according to the non-linear second-order theory are 
within practically interesting ranges of beam lengths by appro­
ximately 0,5 to 2 % above the values found out according to 
the linear second-order theory. The differences are still 
smaller in case of an elastic analysis and, thus, without any 
importance for practical use.

b) Comparison between ultima te loads by means of
tors ion ac cording t о TGL 13503/02 /5/ ♦

In line w it h the sta'oi lity regulation of the GDR,
it is possibl a to make a s t r ess proof according ti
ord er t heory for flexu ral t 0 rsionally stress ed ba
pro xima tely p lastic ma teria 1 reserves can be used
tia ily plastic section modul i W_ are applied . The
moo ns о f a gl obal safe ty fa c tor has t о be ma de as
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<5 = М\ Y к* + -М\ М*^' X ку - 0,9 Еым & í öF (78)

N:К, ei
Нт

Y Y

•Ч-П^
Tx ' "Гу

L..L æ

Nj - ^ ^pL £1,2h/eL (Dp •yield, stress

j Ll L ■5 4
x 5/rx = -300mm 

1Р8Щ m70/5,

Ultimate load Dim. h

Length L mm 2500 5000 7500 10000 12500 15000

FÉM IU Nimm 953,7 222,12 9128 47,19 27,60 17,4-2
T6L 13503 /51 Nimm 553,6 193,6 65,05 36,45 22,85 15,3
Difference 7 о 47 35 28 227 17,2 12,1

The example shows the considerable ultimate reserves of the 
calculation according to /5/ which can be reduced by adapt­
ing of Y; .

References

/1/ Rahal, M., 1989 , Beitrag zur Traglas termit tlung von räum­
lich belasteten Durchlaufträgem mit Hilfe der Finiten- 
Element-Methode, Technische Hochschule Leipzig, Diss. A

/2/ Goeben, H.-E., Loos, Vif., 1986, Stabilität von Trägern aus 
Stahl - Analyse eines Wissensgebietes, Technische Hoch­
schule Leipzig, Diss, В

/3/ Ehelebe, K., 1986, Beitrag zur Lösung des allgemeinen 
Biege-Torsions problems als Spannungs problem der Theorie 
II. Ordnung nach der Finiten-Element-Methode, Technische 
Hochschule Leipzig, Diss. A

/4/ Szilard, R., 1982, Finite Berechnungsmethoden der Struk­
turmechanik, Bd. 1 - Stabwerke, Berlin (-V) - München

/5/ TGL 13503/01 and /02, April 1982, Stabilität von Stahl­
tragwerken, Berlin

/6/ Lindner, 3., 1970, Näherungsweise Ermittlung der Trag­
lasten von auf Biegung und Torsion beanspruchten I-Trä­
gern, Technische Univ. Berlin (W), Diss.

/7/ Kindmann, R., 1981, Traglastermittlung ebener Stabwerke 
mit räumlicher Beanspruchung, Inst. Konstr. Ing.-Bau, 
Ruhr-Univ. Bochum, Techn.-wiss. Mitt. Nr.. 81-2, Diss.

I



-1/207-
(1)
SZATMÁRI, István (1)
TOMKA, Pál (2)
ANALYTICAL AND NUMERICAL STUDY ON THE LATERAL INSTABILITY OF A PLATED 
BRIDGE

INTERNATIONAL COLLOQUIUM 
STABILITY OF STEEL STRUCTURES 

BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTX____________  ______________/

Summary: Theoretical and experimental investigation of simple supported 
cantilevered beam with open, monosymmetrical cross-section is given. 
Approximate energy solution for the critical load, results of second-order 
computer analysis, model tests and actual design problem are presented. 
Numerical approaches were developed or applied with special attention to 
critical situation that may arise at free erection of continuous beams.
1. Introduction
At the free erection of bridges especially in case of continuous beams 
special problems arise. Relatively long cantilever as a continuation of the 
erected simple supported beam in itself requires close attention. 
Furthermore, some technologies use cranes where the application point of 
the load due to the unit to be built in is relatively high above shear 
center as it is illustrated in fig. 1.

The above mentioned circumstances may cause critical situation, especially 
in case of open cross-sections restrained only at internals by cross-beams 
and cross-ties.

Because of the relatively few available theoretical result the paper offers 
three approches for the analysis of the problem:

- energy method to obtain the critical load,
- a second-order elastic computer analysis with program STERUE 

(Szatmári 1990.),
- test results of small scale model specimens.

(1) Assoc. Prof. Department of Steel Structures TU Budapest
(2) Senior research assistant, Research Group for Applied Mechanics of the 
Hungarian Academy of Sciences, Department of Steel Structures, Technical 
University Budapest

I



2. CRITICAL LOAD BY ENERGY METHOD
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The notations are shown in fig. 1. Actual dimensions refer to the test 
specimen discussed later.

IE

F

У

figure 1

The angle of rotation j and the lateral deflection u are assumed in the 
form of polynom of forth degree:

(1)
(2)

The constants aQ through a^ and b0 through bj can be obtained by 
substituting the four boundary conditions for 'f and u respectively:

u = u"= у = y = 0 at z = 0 
at z = ■£ 
at z = L

u = г = 0 
u"= = 0

The above listed boundary conditions do not take into consideration the 
shear force in the plane of lateral deflection u and the torque at z=L. 
Furthermore, one free parameter per displacements у and u allows only an 
upper bound solution.
Leaving the estimation of the degree of approximations induced for 
subsequent discussion of numerical and experimental results, after 
substitutions the assumed functions may be written in the following form:

T = A|4f 
u = BL4f , with

(3)(4)

X = f X L 
c = z X L
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(3)
The total potential energy of the system is expressed by the well-known 
equations:

Pi = Dzdz + zJm у u dzj

L L
P = |ГеС fcu'Vdz + EjJcy
2 2[ wj

о о
where:

M = FC1 - 1ZXDz

У
Fd -

z <. I

M = FCz -LD l < z < L
fyCx2 + y2D

= b - 1 (angle of rotation at z = L)

Substituting the functions (3) and (4) for f and u, putting the first 
variations of the total potential energies P^ and P2 equal to zero the 
determinant of the system of linear equations obtained must vanish. 
Finally, the critical value of F may be obtained by the following non- 
dimensional formula:

/GJEJy
+ а С ПгС + С Э

2 3 C5)

where

ci

a

Va

Ze I + s у уз
2

d‘ L

C2
nZ£ZI

£y - ' h (positive if application point is below shear center)
£ , - d / h

/ " 2 * / » 2 
IA = J Cf ) d( ; I2 = I Cf

о о
X i

I3 = Cl - 1ZXDj CfS2CdC + J СГ*Э2СC - lDdC 

о X

(V
lr
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To check the results equation (5) was applied to a simple cantilever beam 
completely fixed at the support by putting % = 0.
The results for doubly symmetric I section ( £w ~ 1, 6y = 0) with

£d = 0 (loading at shear center)
£d = - 0,5 (loading on top flange)

i------ 1------ 1------ 1 г
05 1Û 1.5 20 25

figure 2

are shown in fig. 2. For comparison some of the available solutions are 
also plotted. Due to the nature of the method applied the curves computed 
from equation (5) lie above the other, partly exact but partly also 
appoximate curves. The agreement is closer in case of top flange loading at 
relative high value of oL .
3. Experimental investigations

Arrangement and dimensions of the specimens are given in fig. 3. Test 
specimen No 1 was made with open cross-section while No 2 was restrained at 
intervals by flats. Equivalent thickness of the restraint on lower flange 
was found as 0.012 mm.
The load was applied on the attachement fastened to the end of the 
cantilever. The application point was adjustable in steps. Lateral 
deflections were measured at the top of the attachment and the bottom of 
the beam allowing to evaluate the angle of rotation y and the lateral 
deflection of the shear center u respectively. Tests were carried out using 
a small initial twist ^ .
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400-

300-

Notation-
measured
computed

200-
-150

-100

co-

figure 3

The plot of experimental data is given with solid line on fig. 3. in the 
form of angle of rotation y versus load F. The ultimate loads were

Ful = 122 N and Fu2 = 451 N.

Experimental data were confronted by two numerical approaches.
The results of program STERUE are also given on fig. 3. The f versus 
F curve of test speciemen No 2 was computed in two different ways:

- with varying cross-section due to the exact geometry and
- assuming a constant closed profile using the previously mentioned 
tgqu,= 0.012 mm.

It can be seen that in case of the open profile the agreement of measured 
and computed ultimate load is quite satisfactory. On the other hand, in 
case of the restrained cross-section the application of semi-opened, true 
numerical model results in a good match while the use of the equivalent 
closed profile can be accepted only as a first-order approximation.
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Critical forces for the two cases were calculated by formula (5) giving 

Fçri = 141N and FqR2 = 2500N.
In praxis it was found that a good approximation of the ultimate load can 
be get using the following formula:

Fu/Fy = 0.5( fb - Jß2 - 4n FCR/Fy) (6)
where
F - the force causing full plastic moment (with a yield stress of 270 

N/rmr in our case Fy = 715 N)
ß = n (1 + FCR/Fy) and

n = 1.2
Applying the above formula to the test specimens:

f

Fu,appr,l " 156 N and Fu,appr,2 .
In the first case the agreement between the approximation and test result 
seems to be surprisingly good. The second approximation exceeds the 
measured ultimate load by some 50 per cent.
4. Analysis of the erection phase of a highway bridge
Having proven the efficiency of program STERUE by the comparison with the 
results of 
buckling of

model test the next 
a highway bridge at the

example is the analysis of the lateral 
erection phase.

J4T

I 33500

*■
liciis3 SEÇJffll

4 "53
106000

4- SECnONI SECT

Cross-sectional
pÄj И» [■ 28» .pBLj

58070
dimensions in mm

T
К

Л

1 2 3 4
tu 16 12 12 12
hw 5000 4000 2900 2500

16 12 12 12
b, 1200 720 720 540
tl 50 40 40 30
figure 4

ifi

38M

12500
♦ Z

For the input of the computer program a slightly modified layout shown in 
fig. 4 was used. This was the most critical stage of the free erection from 
point of view of lateral buckling: continuous beam over three supports with 
a 58 m long cantilever. The crane at the end of this cantilever raises the 
application point of the loading by 12.5 m above the traffic deck. Actual 
cross-sections were appriximated by four typical ones (notation 1 to 4).

/
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(7)
Actual loadings are the nominal values of dead- and erection loads, the 
weight of the crane and the last unit to be built in, the latter magnified 
by a dynamic factor of /4=1.5 (see figure).
Displacements and stresses were computed as functions of a loading 
parameter p. This way the actual numerical values of loadings at different 
loading levels can be obtained from the following formulae:

that is full intensity of loading would be reached at p = 1.0.

A---TV
♦256
♦247

1-986%
[N/mm2]

figure 5 figure 6

Horizontal displacement normal to the longitudinal axis of nodal point 24 
(ux) and normal stresses at cross-sectional points of special interest 
versus p are shown on fig. 5. The distribution of normal stresses 
over the cross-sections 17 and 13 can be seen on fig. 6 et loading level of 
p = 0.473. The results illustrated by the two figures indicate a lateral 
buckling at critical value of pç^ 0.475. The conclusion is that the 
erection of the given structure can not be carried out in the form 
illustrated by the scheme in fig. 4.
5. Conclusion

In case of delicate problems associated with lateral buckling where exact 
solutions are not available relatively simple analytical and numerical 
approaches give satisfactory results for the design praxis.
It should also be noted that at the free erection of bridges with open 
cross-section the use of temporary bracing against lateral buckling is 
generally unavoidable.
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TCMKA, PAl CID
Lateral buckling of haunched members

INTERNATIONAL COLLOQUIUM 
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BUDAPEST, HUNGARY, 1990
PRELIMINARY REPORTX_________________________ /

Summar у : The paper is a contribution to the complex problem 
arising at the design of members with varying section subject 
to non-uniform moment. Restraint of upper flange at intervals 
is assumed. Details of a parametric study illustrate the 
effect of different structural parameters. A practical design 
proposal based on the results of the parametric study is also 
given. The proposal is supported by other solutions and 
experimental evidence.
1. Introduction

Haunchi ng is frequently used at the ends of rafters to 
reduce the value of normal stresses arising from the relatively 
high but rapidly descending bending moment.

In almost all cases rafters are restrained at intervals by 
purlins ensuring full restraint against lateral displacements 
at their attachments. Conservative approaches developed for the 
design of overall lateral buckling of rafters and columns take 
into consideration the above mentioned restraint only, 
neglecting the torsional restraint supplied by purlin to rafter 
connection, elastic restraint against warping and lateral twist 
at the ends.

Test programs carried out by the Department for Steel 
Structures of TUB yielded precious informations about the 
nature and extent of the contribution of cladding, purlins, 
side rails and other structural elements of secondary 
importance to the load bearing capacity of frames. The general 
conclusion was that this composite action, with careful 
consideration, may be explored at the design , and 
conclusively, at the check of overall lateral buckling as well.

C1D Senior research assistant, Research Group for Applied 
Mechanics of the Hungarian Academy of Sciences, Department 
for Steel Structures, Technical University Budapest



The aim of the paper is doublefold: to give a qualitative 
view to illustrate the effect of some of the factors 
influencing the structural performance of the member in 
question, and, based on the critical loading obtained by- 
elastic stability, to suggest practical design method for the 
praxis.
2. Elastic lateral buckling

To survey the effect of different structural factors 
influencing the critical value of the uniformly distributed 
load w a parametric study was made using the Timoshenko-Ritz 
method. Roots of the non-standard eigenvalue problem were 
obtained by iteration.

Some of the numerical results are listed below. The notation 
is given in fig. 1. The common parameters and circumstances 
are:

- haunching is made by halfing the profile of rafter,
- enforced axis of rotation and application level of loading 

is assumed at a distance of 0.25h above upper flange,
- boundary conditions: free- warping and lateral twist,
- both end moment parameters m are taken as unity,
- the effect of axial force is neglected.
Plots are given in non-dimensional form. In the ratio of 

moments :

—1/216-
С2Э

MCR = mw L^Vl 2 cr critical end moment,

Mor.^ : critical value of uniform bending moment with
constant cross-section, without haunching.

D~2h

axis of restraint 
-*•*---к----X---- X-

wlrML-mL^
nimnintmiw

wb^ 12

figure 1
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The effect of variation in the length of haunching can be 

seen in iig. 2. It is oi interest that for stock y beams the
critical moment decreases at longer haunches. It is to be 
mentioned that a similar anomaly was experienced by Bradford 
1988. as well. By aspecti on the curves it is clear that the 
increase in the length of haunch itself has not a decisive 
effect on the stability . Therefore the choice of the length 
depends rather on the proper reduction of compressive normal 
stresses arosen from major axis bending moment.

The influence of uniformly distributed torsional restraint к 
is shown in fig. 3. There is a remarkable increase in critical 
moment even in case of relatively low к values. On the other 
hand, at the choice of the numerical value of к a careful 
consideration has to be done involving all circumstances 
mentioned by Horne and Morris 1977.

- /217-

06 08

l/L-0.12*

0.6 0.8

figure 2 figure 3

Solution for negative value of w is given in fig. 4. This is 
a problem of semi-closed and open buildings with light weighted 
cladding on the roof subject to wind suction. Despite of the 
1ac^ that in this case a relatively long part of the 
outstanding flange in span is in compression, values of 
critical moment show a marked increase. This is due to the 
advantegeous position of the application level of loadirtg.

Finally, the stabilising effect of restraint against lateral 
displacement of lower flange at midspan is illustrated in fig. 
5. In the lack of other restraints this solution — represented 
for example by a longitudinal tie or rafter bracing - is used 
to increase the resistance of rafters.
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C43

l/L-0.125

0.2 06
figure 4

l/L-0.125

05 Q8

figure 5

3. Practical application
lies in 

? algorithm 
taken into 

properly chosen 
situations, or, 
instant answers

The advantage of the use of the bifurcation theory 
the fact that by means of relatively simple 
practically all structural factors can be
consideration. A parametric study with
parameters may cover all practical 
alternatively, even a home computer may gi ' 
for particular problems.

On the other hand. all effects of initial imperfections can 
not be analysed this way. For this reason, results of elastic- 
stability require transition for practical use.

This transition is illustrated by a practical example, taken 
with slight modification from the experimental program 
mentioned in 1ványi-Kál1ô-Tomka 1986.

Geometrical dimensions of the rafter in question are shown 
in fig. 6. Results of subsequent procedures are given in term
of load factor defined by the ratio of design moment M ov<

the full-, or in some cases the modified plastic moment MCM y 
of the deep cross-section.

3.1 Problem 1 : Restraint against torsion at midspan but 
no uniformly distributed restraint С к =0 3

3.11 Proposed design due to Hungarian Standard MSZ 
15024X1-85 C HS 3

The critical moment derived from the value marked on fig. 5
i s :

Mrp = 273 kNm
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Distribution of
normal stresses 
in lower flange

Mechanical
properties

[N/mm2]
fy - 235 
E-206000 
G - 78000

figure 6
As it can be seen from the distribution of normal stresses 

in the outstanding lower flange the critical cross-section is 
at left end with critical stress of
f= 295 N/mm2 .

The equivalent slenderness ratio can be obtained from the 
general formula slightly modified by HS :

x= /-2^-SL

V CR
The design stress :
fd = >pLj(p^ / Factor of Safety 

where :

and with
Xg = 93 C for low carbon steel Э
PLj = 0. 806

The design moment:
Md = y / F. S. CW = 1.1 X elastic sectional modulus)
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The modified plastic moment :
M = Wf / F. S.У У

Consequently :
Md / My = ^LT = °-8?6 '

C6D

3.12 Design moment obtained by transition formulae
3.121 Formula derived on the basis of experimental 

evidences
“ultimate / My = 5 ( P - - 4ni> ]

where:
* = MCR / “y 
/9 = n С 1 + <p Ï 
n = 1.2 »

and the full plastic moment :
M = 244 kNm .У

In our case, with M , . . = M, :ultimate d
M , / M = O. 748 . d ' у

3.123 Formula suggested by Klöppel and Unger 1969
1 LT c
fy

У

n
f CR

wi th
^el / Spl

^el spi : elastic and plastic cross-sectional moduli,
respectively,

1 LT design stress for lateral buckling for the use in
formula : Md - fLTSel,

n = 3. 35 .
In our case c = 1 .12 thus
f LT
f = 0.959 , and this way :
У
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С 73
3.13 Design procedure introduced by Horne and Morris 1977.
The basis of this procedure is the torsional differential 

equation applied to a member of constant, double symmetrical 
cross-secti on, with an assumed initial deflection of the 
outstanding lower flange subject to uniform bending moment.

The solution is an equation for the normal stress from 
bending moment about the minor axis. The design criterion is 
that the sum of normal stresses from major and minor axis 
bending moment shold not exceed the yield stress. The basic 
formula was extended to non-uni form members subject to varying 
major axis bending moment. Hereby an effective length factor 
was defined computed from the distribution of normal stresses 
in the outstanding flange. In case of haunching the benefit of 
the increase in torsional costant due to the middle flange was 
also explored.

Experimental verification was done by Morris arid Packer 
1977.

Because of the differences in Universal sections and the 
fabricated profile in question cross-sectional properties ,f 
the reference section C the deep section at the left. see fig. 
6) were substituted into the original formula Cequ. C 6.) ioc. 
cit.} giving a design criterion with only slight deviation 
from the original one:

2. If X X wi t h
20. 6 +

X = Ук L 100 г
Introducing load factor } the effective length factor is

Substituting the above -expression for к and, assuming that 
the function of angle of rotation is non-symmetrical, for the 
maximum stress in span the one at the end of the haunching into 
the design criterion the solution for the load factor is :

Regarding }i as the design value of stress, according to
3.11

Mj/ M 0. 720
The range of the different load factors obtained extends 

from 0.720 to 0.856 .Keeping in mind that the procedure giving 
the lowest value. due to the approximations involved and
experimental evidences, is on the safe side the proposal seems 
to be satisfactor v at least in this particular case. Therefore 
the next problems are analysed by this proposal .
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з. 2 Problem 3 : no intermediate restraint against torsion and
к = О

The cri ri ti cal moment according to fig. 2 is :
= 89.1 kNm .

The load factor computed by the method shown in 3.11 :
M , / M = 0. 362 , d ' y

consequently the rafter under these circumstances is quite 
unpractical.

3.3 Problem 3 : same as Probien 2, but the uniformly 
distributed restraint к ^ 0

Practical1 у, this was the configuration investigated by the 
experimental program previously mentioned. The corrugated steel 
cladding was supported by Z purlins of 200 mm heigth with 1500 
mm spacing and 6000 mm span. Purlin to rafter cleat connection 
was made by a four bolt moment resisting one. This allowed to 
consider the elastic restraint against torsion. In the lack. of 
stiffeners the spring constant computed from the flexural 
rigidity of purlin has to be reduced. Examples for this 
reduction is given in Dooley 1967. and Lindner 1986. 
Additionally, the constant was further reduced so that actual 
bending moment at purlin to rafter connection due to a 
predetermined value of angle of rotation should not exceed 50 
per cent of the lesser of the load bearing capacity of purlin 
and connection. Numerically, a uniformly distributed restraint 
represented by К=200 was adopted.

The corresponding critical moment using fig. 3 is :
= 761 kNm .

the load factor in this case :
M / M = 0. 979 , d ' у

almost full load bearing capacity. This was supported by the 
actual test because no sign of overall lateral instability 
could have been detected even at ultimate load of frames under 
test. On the other hand free lateral buckling - not discussed 
by this paper - developed near midspan between the purlins at 
ihe vicinity of ultimate load.

Summarising the last example, the proposed method is in good 
agreement with the experimental experience.
4. Conclusions

A parametric study based on elastic critical load is in 
itself a. powerful help to analyse the effects of different 
structural parameters influencing the stability of members with 
non-uniform sections, restrained at intervals subject to 
practical loading conditions. Moreover, results obtained by the 
bifurcation theory, with a relatively simple transition, may be 
used for practical design too, as proven by detailed 
comparisons with other met nods and experimental evidences.
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Summary

Results from a finite element program specially developed to study 
the behaviour of braced beams are presented. These show that 
providing a beam is braced with restraints of stiffness sufficient 
to induce "complete support", a force of 1% of the axial load in a 
flange at failure may generally be assumed as the bracing strength 
requirement.

introduction

For a laterally unrestrained beam, lateral torsional buckling is 
often the controlling failure mode. The stability of a beam may, 
however, be improved through the provision of lateral bracings, 
which, in many practical arrangements will be present to some 
degree in the form of components such as floors, purlins, 
secondary beams etc. Although research into the bracing of beams 
and columns has a long history, rarely have the two key aspects of 
this problem, - the bracing stiffness necessary to increase the 
loading carrying capacity of the main member to the required level 
and the bracing strength necessary to withstand the loads 
transmitted to the bracing by the main member - been addressed 
satisfactorily.

Flint [1] showed that the ratio of the buckling load for a 
braced beam of zero warping stiffness to that for an equivalent 
unbraced one wasVl+1, where X is defined as:___________________________
/1/ Postdoctoral Fellow, Department of Civil and Structural

Engineering, University of Sheffield, U.K.
/2/Professor of Civil Engineertrrgr University of Nottingham, U.K.
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bracing stiffness X [beam length}3
4 8 X [beam rigidity about its minor axis]

but did not address bracing strength requirements. In an 
ingenious simplified approach that assumed a fictious hinge at the 
bracing point, Winter [2] determined the minimum bracing stiffness 
necessary for "complete bracing" on a column i.e the bracing 
stiffness which causes the bracing to have the same effect on the 
main member as a rigid support. He also found in a series of 
simple tests that increasing the bracing stiffness in excess of 
this minimum value resulted in the reduction of bracing strength 
requirement. Zuk [3] obtained the bracing strength requirement 
for 8 cases of braced beams and columns by solving the 
differential equation of equilibrium or using the energy method. 
For elastic members without imperfections, Trahair and Nethercot
[4] summarised the minimum stiffness necessary for complete 
bracing for a number of cases. Large-scale experimental studies 
conducted by Wakayabashi and Nakamura [5] have confirmed the 
theoretical view that comparatively light bracing can improve the 
stability of beams enormously; tests by Wong-Chung and 
Kitipornchai [6] have confirmed the ineffectiveness of bracing 
located on the tension flange of a beam and showed that shear 
centre bracing would be as effective as torsional bracing.

Realistic study of the bracing requirements for real structures 
requires that the effects of plasticity and imperfections be taken 
into consideration. With this in mind, the authors have extended 
a rigorous finite element program for three dimensional ultimate 
strength analysis of beam-columns to include bracing effects. 
This paper presents the results from a study using the modified 
program, in which the interrelationship between bracing stiffness, 
bracing strength and load carrying capacity for a number of 
representative cases of braced beams, are presented.

Theoretical Analysis__and_Program__Verification

Theoretical__Analysis
A finite element approach has been used to produce the results 
reported herein. This represents three dimensional beam-column 
behaviour with a line element, which has seven degrees of freedom 
at each node representing the actions of thrust, bending about 
both major and minor axes, torsion and warping of a thin-walled 
open cross-section. Using the virtual work principle, a second 
order analysis has been performed by Rajasekaran [7] to derive the 
tangent stiffness matrix for this type of element. This stiffness 
matrix formed the basis for extensions by El-Khenfas [8] to 
consider ultimate strength problems of simply supported beam- 
columns. In this analysis, instability effects are accounted for 
by a geometrical stiffness matrix; plasticity is considered by 
dividing the cross-sect ion into a number of small regions; 
imperfections (including initial deflections) are included by 
establishing the member stiffness matrix for the deformed position
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and transforming it to the reference coordinate system using a 
geometrical transformation matrix. This program has now been 
extended by the authors to study the effects of end restraint and 
intermediate bracings. Bracings are assumed at nodal points and 
their effects are included by adding their contribution to the 
energy of the overall system, which result in an additional 
stiffness matrix for each braced node. These matrices are simply 
added to the overall stiffness matrix for the member as explained 
in ref. [9] .

Program__Verification

One series of validations for the program has used the set of 
tests on I-beams braced by either purlins or sub-beams of 
Wakayabashi and Nakamura [5]. Purlins were modelled as torsional 
braces with an elastic perfectly plastic moment-rotation curve and 
an elastic stiffness of 8.88kNm/rad and a limiting moment of 
0.444 kNm. The sub-beam was assumed to be an elastic rotational 
spring with a stiffness of 6.24 x 10~3kNm/rad located at the beam's 
shear centre. Table 1 gives the ultimate strength comparison 
between the authors' results and the test results in terms of the 
ratio of applied maximum moment Mu to the plastic moment capacity 
of the beam Mp. That the analytical result is generally lower than 
that from the test, especially for beams involving a large amount 
of yielding, is principally due to the neglect of strain hardening 
in the analysis. Figure 1 compares selected calculated and 
experimental load-deflection curves. A second validation using

Type of major 
axis moment

Type of 
bracing

Length
(m)

Slender­
ness

Mu/Mp
Ref.5 Present 

Analysis
percentage
difference

/... \ Unbraced 5.0 459 0.35 0.33 -6.0
A A

2.5 229 0.59 0.573 -4.4
Unbraced 6.5 596 0.45 0.42 -7.0

A 5.0 459 0.58 0.53 -8.4
3.5 321 0.80 0.80 0.0

Unbraced 6.5 596 0.60 0.54 -10.0
* \y 3.5 321 0.86 0.82 -5.2

/ \ Purlins 5.0 459 0.63 0.63 0.0
*~K------ JT* 2.5 229 0.84 0.83 -1.3

Purlins 5.0 459 0.92 0.88 -4.4
__ 3.5 321 1.08 0.90 -17.0

Purlins 6.5 596 0.99 0.89 -10.0
4,------- Ä Sub-beam 5.0 459 0.52 0.49 -6.0

2.5 229 0.90 0.83 -7.5
Sub-beam 6.5 596 0.60 0.56 -6.3

3.5 321 0.90 0.88 -2.3

Table 1 Comparison of author' results with tests 
of Ref. 5 - ultimate loads.
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the tests of Wong-Chung and Kitipornchai [6] gave discrepancies of 
less than 2% for most cases and less than 5% for every case 
considered. Numerous checks for unbraced members, covering a 
variety of load types, cross-sections, slendernesses etc. [8] [9]
have also been made.

Test - Ref. 5 Present Analysis

#—#—# Braced +-+-+ Braced

I I I I I Xy = 229 лг-А-А Unbraced x-*-x Unbraced

60 -0 01 rad

0O = 001 rad

10 0 8 ( radu (mm

Fig. 1 Comparison of authors' results with tests cf ref. 5 
uniform moment on central segment.

Results__q£__Peremetric__study
The program has been employed to study the * interrelationship

254x102 UB22
1

0y= 275 N/mm2 
E = 200,000 N/mm2

Assumed Initial Lateral Deflection

Eh* 6°=löoöL0o= 0 30y
Residual stress

ILD 2
r

Assumed Initial Lateral Deflection

Fig. 2 Basic data for Parametric Study.
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between bracing stiffness, bracing reaction force and the ultimate 
strength of the main member for a number of representative cases 
of beams with single or multiple bracing systems. In all cases 
the beam was assumed simply supported at both ends and load was 
applied to the upper flange at midspan. Figure 2 illustrates the 
basic arrangement used in the parametric study.

Single Bracing_System
Type 1 ILD was assumed for this case. Figures 3(a) and 3(b) give 
the load versus shear centre deflection and load-bracing force 
relationship for a brace located at the upper flange with a
stiffness of 1.0 X 48^. (Trahair and Nethercot [4] gave a value 

of у- X 48Е1* as the value required for "complete support" for this

Fig. 3a Load-deflection relationship 
for upper flange bracing,
upper flange loading —“1.0

Fig. 3b Load versus bracing force 
relationship for upper
flange loading, upper

flange bracing. — = 1.0

type of bracing arrangement). Although given for a particular 
combination of problem parameters, the behaviour is generally 
representative of the results as a whole.
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It is apparent that both curves are highly r>on-linear from the 
start. A tendency for the sign of the deflection to reverse is 
present in Figure 3(a). This is expected since the brace at the 
upper flange initially holds the movement of the flange but the 
shear centre tends to deform towards the straight beam position 
relative to the upper flange because of torsion. At higher loads, 
however, the rapid increase in lateral deflection overcomes this 
tendency. For stiffer braces, the effect is more pronounced, 
leading to a slight deformation in the opposite direction and thus 
a slight reduction in the ultimate strength [9]. Fig 3(b) 
indicates that bracing force increases rapidly as beam failure is 
approached. Figure 4 presents the main member ultimate load - 
bracing stiffness and bracing force - bracing stiffness 
relationships for both upper flange bracing and shear centre 
bracing. The bracing stiffness Sb is nondimensionalised as 
Sb/(48EIy/L3) , while the ultimate load Pu and the ultimate bracing 
force Fu are expressed as Pu/Pp and Fu/Fd respectively. Pp is the 
load when the beam cross-section at midspan reaches its plastic 
moment carrying capacity Mp i.e. Pp = 4.0 x Mp/L and Fd is one 
percent of the axial load in a flange at this state i.e. Fd —
0.OlOytfdf.

Q- 60

—6— UF bracing , UF loading 

-+— SC bracing , UF loading

Non-dimensional bracing stiffness

i—UF bracing , UF loading 

— SC bracing , UF loading

Non-dimensional bracing stiffness

Fig. 4a Ultimate load - bracing 
stiffness curves for 
translational bracings.

Fig.4b Bracing force - bracing 
stiffness curves for 
translational bracings.

Clearly placing the bracing at the upper flange means that 
"complete support" is achieved with bracing of quite modest 
stiffness, while the improvement for the main member due to the 
shear centre bracing is small principally because of its inability 
to restrain torsional deformation. Fig. 4b shows how the bracing 
force decreases with the use of braces stiffer than those needed 
to just provide "complete support". Providing the bracing
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stiffness exceeds about twice the value for "complete support", 
bracing forces are relatively insensitive to changes in stiffness 
and Fig 4b suggests that taking Fu/Fd as 1 percent would be safe 
and reasonable.

This agrees quite well with the value specified in the British 
Standard [10] for lateral and torsional restraint, although the 
standard does not link the force requirement to any particular 
bracing stiffness level. Torsional bracing has also been 
considered [9] and similar conclusions emerge. Furthermore, 
changes in initial deflection seem to result in a straightforward 
proportional change in the bracing force [9].

■—One brace at midspan 
3 Equally spaced braces 

— 5 Equally spaced braces

Non-dimensional bracing stiffness

—6—One brace at midspan 
—9— 3 Equally spaced braces 
—+— 5 Equally spaced braces

Non-dimensional bracing stiffness

Fig.5a Ultimate load - bracing
stiffness curves for beam 
slenderness = 600 (L=12m). 
UF bracing, UF loading.
ILD type 1.

Multiple Bracing

Fig.5b Bracing force - bracing 
stiffness curves for bea 
slenderness = 60 (L=12m) 
UF bracing, UF loading. 
ILD type 1.

A beam slenderness of 600 was assumed in this study so as to 
provide a large margin for bracing enhancing main member strength. 
Equally spaced arrangements of 1,3 and 5 braces were considered. 
Figure 5 shows similar behaviour in all cases, although the 
bracing stiffness for complete bracing and the bracing strength 
requirements are higher when more braces are present. In figure 
5, a non-dimensional stiffness value of 40 is obtained for the 3 & 
5 restraint arrangements compared with a value of 5 for a single 
bracing system. Nevertheless, figure 5(b) indicates that a value 
of less than 2 percent of the axial load in a flange at failure is 
still sufficient as the total bracing strength requirement 
provided, of course, that sufficiently stiff bracing is 
used.Whilst the bracing strength requirement for the whole of the 
multiple system is quite steady, the requirement of an individual 
brace varies significantly according to its location and the 
assumed initial deflection type. Figure 6 shows an example of
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bracing force distribution along the beam for the 3 brace case. 
It clearly demonstrates that the highest values always occur in 
the brace at the highest initial deformation and that a maximum 
value of 1% of the flange axial force at failure is required in 
design as the bracing strength for each brace regardless of its 
location.

Conclusions
A brief parametric study has been performed using a rigorous 
finite element program to address the problem of bracing

300 г

2 50 -

3 2 00
—a— Fu (1) (ILD type 1 ) 
—V— Fu(2)(ILD typel ) 
—+— Fu (1) (ILD type 2 ) 
—*— Fu(2)(ILD type2)

50

_ 1-00

g 0 50

Non - dimensional bracing stiffness
-0 50

Fig. 6 Bracing forge versus bracing stiffness relationship for 
different bracing components for different initial 
lateral deflection (ILD) types. Upper flange loading, 
upper flange bracing.

requirements for unrestrained beams. It is concluded that for a 
single bracing system, one percent of the axial force in a flange 
at failure may be taken as the bracing strength requirement in 
design. For multiple bracing systems, this value may be unsafe in 
certain cases, especially for beams with high slenderness. 
However, a value of 2% may be considered more appropriate as a 
total figure, with a maximum value of 1% for each brace.
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Summary: While geometrical imperfections are equivalent to addi­
tional transverse loads, mechanical imperfections cause a decrea­
se in stiffness. Since these two categories of imperfections are 
different by their nature, and their effects on the behaviour of 
structures are different (which can be easily observed by compa­
ring for instance the cases of braced and of unbraced frames),it 
is preferable to consider them separately whenever the deformati­
on caused by primary loads includes the fundamental buckling sha­
pe. A simplified method (based on the equivalent stiffness con­
cept) is suggested for the second-order analysis of frames.

■ 2 л

1.Introduction
Second order analysis methods are more appropriate for checking 

the stability of frames, as compared to the traditional approach 
based on the effective length concept. The inadequacies of the 
latter concept have been clearly demonstrated by Vogel (1986).
More accurate results can be obtained by using the second-order 

plastic zone theory ; however,approaches based on the plastic hin­
ge theory or the elastic theory are generally preferred for prac­
tical design purposes. Their use requires some simplifying assum­
ptions about the influence of imperfections. The most habitual 
procedure is to assume an equivalent geometrical imperfection, 
allowing for both categories of imperfections: geometrical (main­
ly initial deformations) and mechanical (mainly residual stress­
es). The equivalent geometrical imperfection concept was brought 
in by Ayrton and Perry (1886) for flexural buckling of compressi­
on members. Maquoi and Rondái (1978,1979) suggested an equation 
based on a single imperfection parameter, which is able to offer
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the roost accurate analytical expressions for the ECCS column cur­
ves. A few years later, Boraeve, Maquoi and Rondái (1933) formu­
lated the equivalent imperfection in such a way that it re­
flects the decrease in the detrimental effect of residual stress­
es with increasing yield strength and allows for any amplitudes 
of geometrical and mechanical imperfections. More recently, Costa 
Ferreira and Rondái (1987) proved the applicability of the Ayr- 
ton-Perry formulation for the mathematical modelling of instabi­
lity phenomena, such as: flexural, torsional or flexural-torsion­
al buckling of compression members;lateral buckling of beams; lo­
cal buckling of plates.

However, the author's opinion, expressed in a previous paper 
(1988), is that the use of this concept should be restricted to 
cases when the deformation caused by primary loads does not in­
clude the fundamental buckling shape, i.e. when the deformation 
characterizing the instability phenomenon under examination is 
merely due to imperfections. If this is not the case, it seems 
preferable to consider separately the effects of the two kinds of 
imperfect ions.

To illustrate this view-point, the simple example of a beam- 
column made of an ideal elasto-plastic material will be consider­
ed here (Fig.la). The first yield condition can be expressed as:

M + Nf.
(1 - N/Ng)W X У

(1)

where N is the axial load, M are the equal end moments, fe is the 
initial bow, A is the cross section area, W is the elastic secti­
on modulus, is the yield strength and Ng is the Euler load:
Ng = JCZ EI /1* = 7T*S/1* <2)

In this case, the nonlinearity is me­
rely geometrical. According to some re­
cent design specifications (e.g. Euroco­
de Nr.3 and DIN 19300), the geometrical 
imperfection can be replaced by a uni­
form transverse load (Fig.lb).

By actual members, mechanical imper­
fections occur besides geometrical o- 
nes. If the maximum compressive residual 
stress in an extreme fibre is

(3)
the first yield condition becomes:

M + Nf0
+----------------^ ( 1 — ûi ) Öy ( 1 )

(1 - N/Ne)W r 7

If the load is increased beyond this 
limit, the bending stiffness of the mem-
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(3)ber is gradually diminished, because partial plasticizing occurs 
in certain zones. The curvature is known to be a nonlinear func­
tion of the axial load N, the second—order bending moment M* ,
the yield strength and the residual stress pattern, see e.g. 
the paper by Beer and Schulz (1969). Since the bending moment va­
ries along the member, the bending stiffness is also variable; 
the exact solution of this problem can only be obtained by a fi­
nite element analysis. Chen (1971) suggested analytical nonlinear 
moment-curvature-thrust relationships for different cross section 
shapes and residual stress patterns. For current design, however, 
one can be tempted to define an equivalent constant bending 
stiffness Se. The limit state criterion for plastic (Class 1) or 
compact (Class 2) sections can be approximated as follows:

N M + Nf*
(1 ')+

(1 - N/Nfe)W^A
Here
NEe = (2)

where S* is the equivalent bending stiffness. For semi-compact 
(Class 3) sections, which are often used especially by welded co­
lumns, it is suggested to replace W,by KW 
K = (W + Wf< )/2 (4)

where Wp/ is the plastic section modulus. It can be shown that 
the longitudinal strain in the most compressed fibre correspon­
ding to this partial plasticizing is still at the beginning of 
the yield plateau and therefore can be accepted for Class 3 sec­
tions. Eq.(1") becomes:

M + Nf*N
(V" )+

(1 - N/N£e )KWA
According to the equivalent geometrical imperfection concept, 

the material is assumed to behave elastically, but the actual ge­
ometrical imperfection is replaced by a greater imperfection foe :

N
)

A
By comparing Eqs.(l"* ) and ( l** ), it can be observed that the 

first is more correct, because it allows for the detrimental ef­
fect of mechanical imperfections in increasing both the primary 
bending moment M and the moment Nf* from geometrical imperfecti­
ons. The two kinds of imperfections are different by their natu­
re: while geometrical imperfections are equivalent to additional 
transverse loads, mechanical imperfections bring about a decrease 
in the member stiffness. These effects are by no means identical.
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U)
It should be recalled here that, in a comment concerning the 
well-known secant formula, Vinnakota (1973) emphasized the arbit­
rary character of an equivalent eccentricity e0 (the effect of 
which is similar to an equivalent initial bow 19 ): "Finally, the 
formula though simple,is irrational in that, this single variable 
ee, has to do the job of so many variables..."

In the case of frames (braced or unbraced), geometrical imper­
fections are always detrimental to columns. As for mechanical im­
perfections, their influence in decreasing the stiffness of col­
umns causes by unbraced (sway) frames an amplification of the 
bending moments produced by horizontal loads. On the contrary, by 
braced frames, moments are mainly due to vertical loads and the­
refore column end moments are decreased by the second-order ef­
fect. This decrease is intensified by the influence of mechanical 
imperfections. It follows that a conservative procedure would be 
to check the stability of each column of a braced frame by consi­
dering an isolated beam column with the end moments resulting 
from a second-order analysis. But one would thus overestimate the 
restraint degree of the beams and consequently underestimate the 
beam moments in the span, especially in the case of single-bay 
frames, see the paper by Kindmann (1984).
2.The Equivalent Stiffnesses
Returning to the case of Fig.1, it must be pointed out that 

the equivalent bending stiffness 3e cannot result directly from 
the assumption that N£e is the buckling load of an imperfect com­
pression member (according to a column curve), since such curves 
include the effects of both geometrical and mechanical imperfect­
ions and do not include the effect of primary bending moments. 
Instead, an interaction equation for flexural buckling of beam- 
columns will be considered, namely in the form specified by Euro- 
code Nr. 3 s

N
(5)1 - CN/(X N . )3(XX )* M

P'
X N U

where
(6-9)

In Eq.(9), Me is the equivalent uniform bending moment. Repla­
cing Wp/ by KW (for the above mentioned reasons), one obtains:

1N
(10)

i - cn/( Xa ^ mxA)2X A
benot ing

A
then assuming that N and Me are a set of limit values, and com­
paring Eqs. ( V* ) and (10), the limit value of nt is obtained:
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(5)

i

A

fo + e f61
n/x- И/,

e
i — /&y ) X A

(15)

where 6L results from Eq.(ll), replacing N by Ng (the limit va­
lue of N complying with Eq.(10) for a given e). If N 4 Nc (the 
limit value of N complying with Eq.d ) for a given e), the mem­
ber behaves elastically and % - 1. Assuming a linear variation of 
the stiffnesses as N varies between Ny and Nj, one obtains:

^ = F(A,W,K,X, ,Me,N) =
1 (for N 4 N,)

ъ
N/ - N
N, - N* 

(for N > N0)

( 16)

(17)

Fig.2
Once the member forces have been computed, the strength of each 

column must be checked for compression and in plane bending. An 
additional check is required against f1exural-torsional buckling

/
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(6)(based on an interaction equation). This check becomes unnecessa­
ry if a second-order space-frame analysis is carried out (which 
is advisable in all cases when primary biaxial bending occurs). 
If mechanical imperfections are considered separately,then the 
bending stiffnesses about both principal axes of inertia arc aff­
ected. One cannot use the same procedure as in the case of plane 
bending, because only one equation is available, while the number 
of unknowns is two (if only biaxial bending is considered) or mo­
re (if bimoments from torsional warping are also taken into ac­
count). In the case of box-sections (Fig.2a), the bending moment 
My is mainly carried by the flanges 1 and 2, and the moment Mz by 
the webs 3 and 4. Therefore, it will be assumed that the bending 
stiffness about a principal axis of inertia is not influenced by 
the moment about the other axis:

(18)
(13')

where refers to the maximum compressive residual stress in 
the flanges, and refers to the webs.
For I-section members, the problem becomes even more intricate, 

because torsional warping (which is usually disregarded by box- 
section members) must be considered in addition to bending. It 
can be assumed that the bending stiffness about the strong axis 
remains unaffected by bending about the weak axis and 'Vy is given 
by Eg.(13). Only the case of doubly symmetric sections will be 
considered herein. The axial forces in the flanges (assumed to be 
positive when compress ive) are due to N and Mey:

N
[--- i

A
f + i=>

И ± (19)
Г 1

where
(20-21)M^/N ; j£e

The bending moments (about the /-axis) in the flanges are due 
to Mez and the bimoment hi

(22-22)= Mg% /2 + B/h -, Mp2Z '* MeZ/2 ‘ B/h

The geometrical imperfections of the flanges in the у-axis di­
rection are:

(23 23')fo<y ~ fojr + ^l/'2 ' ^oty ~ *oy foK h/2
where 1is the initial bow at the shear centre level in the y- 
axis direction and dgx is ttie initial twist at mid-length (posi-
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(7)tive when directed clockwise). It will be assumed that these geo­
metrical imperfections are affined with the fundamental elastic 
flexural-torsional buckling shape of a beam-column under compres­
sion and bending (with zero lateral displacement and torsional 
twist, and respectively free flexural rotation and torsional war­
ping at each of the member ends):

Tf ez - h/2
(24-25)f

tfez + h/2 
' = N^/iNz - Nrt>Tf - Nrt/(NZ (26)

where Nz and are respectively the elastic critical loads for 
flexural buckling about the z-axis under axial compression and 
for flexural-torsional buckling under compression and bending. 
The value of fo4y (the maximum initial transverse deflection of 
the most compressed flange) is chosen in accordance with the de­
sign specifications, and its sense must be the most unfavourable 
(so that it increases the maximum stress resulting from a first- 
order analysis without imperfections).

The equivalent stiffnesses in bending about the z-axis and res­
pectively in warping, are:

(27-28)
(29-30)

(31)
(3D

where lw. is the cross section warping constant,
(32)

and Krz=_ 1.25. The factors and obtained by merely re­
placing Xz by z\win Eqs. (31-31'). While Az is computed consider­
ing the area A and the moment of inertia 1^ of the whole cross 
section, the area and the moment of inertia of a conventional 
cross section (consisting of the flange and _l/6 of the web depth) 
should be taken into account when computing X*.
As for the pure (St.Venant) torsional stiffness.it was conclu­

ded by Lindner (1971) and Ackermann (1981) that assuming it to be 
purely elastic does not lead to significant errors.
3.Conclusions

The above procedure can be subject to further improvement, but 
it seems to be more accurate than the equivalent geometrical im­
perfection concept whenever the deformation from primary loads 
includes the fundamental buckling shape (which is the usual case 
by frames). The described method for computing equivalent stiff­
nesses can easily be incorporated into any of the available com-
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analysis of plane frames. Since 
forces (N, M) and on their ef- 

known beforehand, the process is 
more complex than in the equivalent imperfection alternative, be 
cause their determination requires an iterative analysis. Taking 
into account the approximate character of this method and in or­
der to spare computer time, it may be suggested to estimate them 
by some simplified procedures.

Besides geometrical and mechanical imperfections, the stability 
of statically indeterminate structures is also influenced by the 
initial state of stresses due to lack of fit by erection. This 
aspect is, however, beyond the scope of the present paper.
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Summary: The column, consisting of segments connected by elastic or
viscoelastic transverse-slidable joint, subjected to circulatory load is 
considered. Analitical solution to the problem was found by the transfer 
matrix method. In the case of viscoelastic structure the generalized 
Mikhailov stability criterion was applied. It was shown that the value of 
critical force of such a structure depends of joint position and in the case 
of elastic structure of joint flexibility too. Near twofold increase in 
critical force is possible when discontinuity modeled elastically is 
localized in the centre of column. However when viscoelastic joint is taken 
into account the critical load is never higher than in the case of uniform 
column. For selected values of joint parameters the effect of discontinous 
changes of critical force caused by qualitative differences of 
characteristic curves shape on frequency-load plane was observed.
1.Introduction

The problem of stability of structures subjected to nonconservative 
load find many aplicat ions in egineering practice, particulary problems 
connected with columns subjected to circulatory loading. A wide review of 
literature related to this theme is given in [1]. Present paper is the 
continuation of earlier investigations concerning the influence of localized 
loss of stiffness on value of critical load, which were began by the Authors 
of [2]. Results of investigations related to the column with elastic and 
viscoelastic hinge-joint are to find in [3], [4], and to the column with 
transverse-slidable joint in [5],[6]. Effects of stabilization or 
destabilization of column were observed. Above fourfold increase of critical 
force is possible when hinge-joint modeled elastically is localize in the 
centre of column [3].

Present paper is devoted to the generalization of the results related 
to the Beck-Reut column with localized loss of shear rigidity, modeled as 
elastic or viscoelastic joint. The problem is solved by using the transfer 
matrix technique.
2. Formulation of the problem 
2.1.Case of elastic structure

The structure shown schematically in Fig.1, will be considered. It 
consist of segments connected by elastic transverse-slidable joint, Fig.lb), 
placed at position x^ and characterized by the stiffness parameter or
flexibility parameter y = ~ sometimes more convenient in calculations.ej Kej

Analitical solution of the problem was found by the transfer matrix 
technique .The equation of motion for a segment of column is assumed as:

(1) Professor of Mechanics, IFTR Polish Academy of Sciences
(2) Assistant Professor, IFTR Polish Academy of Sciences



Fig. 1.a)Beck-Reut column with localzed discontinuity of displacement 
b)Elastic model of transverse-slidable joint c)Kelvin-Voigt model of joint

d)Segmentat ion of column

(1) (EJ ) + P ^ + p A ^4
dx dx dx dx

The boundary conditions for column (Beck problem)

(2)

(3)

0

X = L

У = 0

=
dx2

• l = °

— (EJ ^-У) = 0 
dx dx

The exact solution of Eq.(1) i.e. for the segment of constant mass and 
stiffness distribution has the form

(4) y(x,t) = eiwt(A shA x+A chA x+A sinA x+A cosA x)
11213 24 2

(5)

where

1/2

All dependent variables у , ф , M , Q , have a similar constitutive 
form and they are closed in state vector G defined as

(6) G = [ y,*,M,Q ] = [ y, y’ , -EJy’ ’ , -EJy’ ’ ’ ]

Two states vectors on both ends of i-th segment are connected by the
partial trasfer matrix T

(7) 5i+i=

5 G (x =0) -i+l - - (xi+l=0)(8) and
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For the complete structure we have

(9) G = T . -n+1 —n
The partial transfer matrix for the segment can be found using the 

solution (4) of Eq. (1) and is given e in [7], . For the transverse-s1idable 
Joint, characterized by a parameter к . or у. we have

(10) Ay (Kej) = s Q(Xj) = Q(x )
Kej

* 3 * 3where к = к 1 /EJ is the nondimensional stiffness and у .= ? . EJ/1 the“J “J GJ G J
nondimGnsional flexibility of joint in the shear force direction .

According to (10) nonzero elements of the transfer matrix for such a 
joint are :
(11) hi *1 l14 - Kej

Satysfying the boundary coditions (2) , (3) , we get a characteristic 
equation as the relation betweem force and frequency

(12)
l33 l34

fc43 t44 G (Р.ы)

2.2. The structure with viscoelastic joint
In the case of viscoelastic joint , Fig.1 c),the Kelvin-Voigt model is 

assumed
(13) de*" = = *e + dt *d

where e means strain, elastic stiffness and damping coefficient.
Because the solution (4) of Eq. (1) is of harmonic form e = e eiwt, in 
which eQis amplitude and w frequency of vibrations we can write Eq.(13) as

(14) сг = e e*^ к = с к ,
°

where stiffness of joint is written as a sum

(15) к = к + i у к,e d
In the case of weightless elastic joint, Fig. 1 с), к = к and for viscous 
only joint к = i w . *

The characteristic equation (13) for dissipative structure is of
complex form
(16) Ф (P,w) = ®Re(P,w) + i Фjm(P w)

* * * pIn order to get critical values of P = P , p = p i /EJ , the
generalized Mikhajlov stability criterion is used. A typical configuration
in the force-frequency plane corresponding to (16) is shown in Fig.2. The 
full and dashed lines represent the real and imaginary parts of the
characteristic equations respectively. The point of intersection determines
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the critical value P* = P as illustrated on the right-hand side of Fig.2*
por p = p the column is stable and the shape of Re Ф, Im Ф plane for P
P is typical for unstable case. hi

(4)

Fig. 2. Force-frequency plane and shapes of Mikhailov curves for the stable 
(p ), critical (Pjj) and unstable (P^) case of the column

3.Results of numerical calculations - elastic structure
A typical configuration of curves on the frequency - load plane for 

Beck-Reut column is given in Fig.6 (dotted line). Appearence of displacement 
discontinuity causes qualitative and quantitative changes of the shape of 
characteristic curves and is connected with continous and discontinous 
changes of critical load. * 2The nondimensional critical force P^= РСГЛ /EJ versus Joint
flexibility у for various joint position and on the other hand, the
relations P* = P* (x ) for diffrent yg are shown on graphs in Fig.3,Fig.4 .

It can be seen ,Fig.3, that for Xj e < 0.0,0.25 ) the critical force 
decrease with increasing of flexibility taking its minimum at Уе ~ 0-2 
for x = 0.0 .Further change of the joint position to the centre of column 
effects that this minimum grows up, relocating to higher value of Уе
simultaneusly
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Fig. 3. Critical load versus a relative flexibility 
of elastic joint for various values of x

Fig. 4. Critical load versus joint location, 
for various values of flexibility y
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For x = 0.5 critical value of load increase monotonically taking for 
* 1 2 *

y = 2.0 a value 34.4 EJ/1 . For y -> со the value of critical force droppede 2 e 2 
from P =39.3 EJ/1 to P = 27.25 EJ/1. cr cr

The effect of considerable reduction of critical load for a small 
values of joint flexibility, for x = 0 , and near twofold increase in critical force for a small values of 1 joint stiffness, when x = 0.5 , are 
well seen in Fig. 4 . For each localization of joint above the center of

'065 0.6

0.4 0.529 0.7 0.8

Fig.5."Jump" of critical load (ДР ) 
and its flexibility (yg ) versus 
joint location.

/

Fig.7.Critical load versus joint lo­
cation for elastic (к =0) and visco­

elastic (к 0) properties of joint

column a discontinous changes of critical load is noticed. When joint is
located in 0.5 < x < 0.65, and when its flexibility у changes from 0 to », 1 e *
we observed discontinous decrease of critical load value, ДР in Fig.5, * cr 
which appears with у different for each position of joint plotted with e *
dashed line . For x^>0.65 a "jump" of P^ causes an increase of critical
force. At last, when x =0.65 critical force changes without "jump' in whole ш 1
range of y , Fig. 5 . It is important to notice that this discontinous 

% 2changes of P appears for y > 0.038 EJ/1 only. How it is seen in Fig.4, cr 0 ®
Fig. 5 , each value of yg from this range causes two "jumps" in diffrent 
cross-sections placed above centre of column.

The configuration of the characteristic curves in the P,w- plane, 
Fig.6 , enables the explanation of the phenomenon of discontinous changes of 
critical force. It is caused by gualitat ive change of the shape of 
characteristic curves.

* e *
Parameters y , x. characterize the discontinues changes on P ,w eP JP
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chart.For the value of parameters y * _
У_ ,Fig.6a) or Xe "ep ” -'J Xjp »Fig. 6b),

instability occurs with the first and the second natural form while for r 
* + + e Уер or Xj Xjp the column loses its stability oscillating with the

second and the third mode. This skip of critical force is connected together
with a discontinous increase of critical frequency.
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The configurations of characteristic curves connected with increase of 
* * * *P for X = 0.75 (y = 0.12 , у = 0.125) and with decrease of P for у mCi 10 0 CP 0

(x1=0.495,0.5,0. 502) are shown in Fig. 6a) and Fig. 6b) respectively. For x^=
0.5 , Fig.6b) we observe an intersection of the characteristic curves for 
second and third modes and a skip of the critical force and critical 
frequency cosequently .

4.Results of numerical calculations - case of viscoelastic joint
The computational results , Fig.7, have shown that in case of single 

viscoelastic or viscous only joint the critical force as well as critical 
frequency are independent of damping coefficient and elastic stiffnes of 
joint. Its depends only on the joint location. The results for к -» 0 and 

= 0 are different , similar as in [4], [6] .
Viscosity at the joint causes destabilization of the column. A skip of 

critical force bring about viscoelasticity is largest , when elastic 
stiffness of joint <e tends to zero, Fig.7 .The critical force of such a
structure is never higher than for the uniform column and reach its minimum 
value Pcr = 0.11 EJ/12 for x = 0.529 .

The critical force of the column with joint placed near free end x^= 0,
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X # 0 , tends to Pcr=16.05 EJ/12. However for x^= 0 its value changes to
P = 20.05 EJ/12 as in the case of Beck-Reut column. The skip of P is 
cr -

observed. More details related to the column with localized discontinuity of 
displacement modeled by viscoelestic joint is presented in [6].

5.Conclusion
The result obtained in this paper shows that local loss of shear 

rigidity of column subjected to the circulatory load may stabilize or 
destabilize the structure. In the case when elastically modeled 
discontinuity of displacement is localized near clamped end of column the 
critical load diminishes considerably. When this discontinuity is placed in 
the centre of column for small value of elastic stiffness near twofold 
increase in critical load is possible .

However, when a viscoelastic joint is taken into account the value of 
critical force is never higher than in uniform column. How it is shown in
[8], [9] and similarly in [3] for the case of viscous supports, 
infinitesimally small external damping can complete eliminate destabilizing 
effect. The question of destabilizing effect of nonconservatively loaded 
structure were considered in [10], [11] lately. It seems to be interesting
to take into account external damping relative to the structure considered 
in this paper. This problem will be investigate.
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Summary: This paper studies the behaviour at stability of 
electric welded steel bars, subjected to eccentrical compres­sion when voltage (U), intensity (I) and welding speed (v) vary.

The behaviour at stability of eccentrical compressed 
welded bars can be optimized using the precalculated variation 
of the U, I, v parameters.The differentiated choise of U, I, v parameters in 
terms of the seams induces in the structure a state of initial 
stresses opposing to the state of stresses induced in service 
by external forces.The results obtained by theoretical investigations are 
compared with laboratery tests on physical models.

§1. The physical model of the extended bar. If a bar 
with an initial length 1 is extended under the force F we 
detect the elongation par unit length and a transversal
deformation ^ where yU. is Poisson’s coefficient.

If two bars of figure l.a are extended with the help of 
the forces in equipartition on the two ends (see figure l.b) 
are completely elastic braced on the parts of the plane p^,
p2 with the same material m or with another material m*
(but completely elastic, E = Em) (see figure l.c), we detect

m
the variation of Д1 after we remove the force F (see figure
(1) Associate Professor, dr.eng. "Traian Vuia" Polytechnic 

Institute, Timigoara
(2) Eng. "Traian Vuia" Polytechnic Institute, Timigoara



(2)
l.a and figure 2.a)
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c®

If two extended bars of elastic polymer are braced 
with the help of the sticker (figure l.c), after we remove 
the forces F, the variation of Д1 is represented by the



(3)
figure 2. If m* is a elastic material and E = Em, see a

m
variation of Д1 in figure 2.a; the parallel lines are parallel after we remove the force P (figure 1). If the 
sticker is a viscid material my (0 < Em < Em), see a
variation of Д 1 in figure 2.b.If we kill the liaison my of the semi-bars of figure
2.C, we obtain two distorded semi-bars (figure 2.d).
The tranverse bending resilience is induced by the flexural 
rigidity in excess on the parts of the plane p^, p^.

-1/255-

harden inc 
time

t : the time
time st ress

relaxation\ From FFromO From 0 From F

- A viscid

2. Studies on the electrically welded metalic bars.
For the bar 2U8 of OL 37 with a transversal section 

double connected we chose the parameters of the welding 
seams which induce in all points of the bar a temperature
T ^ 100°C, so that the incompletely annealed bar should 
approximate the physical model of §1 (figure 1 and 2.a).
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At temperatures T higher than 100 C when the element 
of the metal is free to deform, the rate of strain is =
s = OC.T = 1,2.10-5.100 = 0,12 %.

For the metal plates of figure 3 (where b:t >25), the 
overall width, c, of the metal plate where there are tensile
stress Rq doesn’t depend on b and c = ^-^1 = 72tg =... =
_ t - 96 -9Л---- Q = QUI where:- ' vR Г t. ?

e i i
j> ; efficiency of electric arc ; E: modulus of elasticity 

(cr'Vmm^); v: rate of welding (mm/s); Rc: flow resistance
(daN/mm^); t: plate thickness (mm); U: alternating voltage 
(V); I: intensity of curent (A).

Welding seam

FIG. 3

In computation table 1 we give the parameters of electric 
welding for the bars of 2U8 (figure 4).

.medium
XJJ8

AU8 11
= FETE = 4,5.2' +"S 0,647 cm ;

Bais- ■ 26>27 ™ >25
'U8
In figure 5 we render the 

after the electric welding.

cm

elastic behaviour of the bar,



(5)
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Computation table 1
X Welding

X seam
°tÄsilces

t i on of \.
the weldingX 

seam \

Wei ding 
electrode U I V

The
general
executing
sequence
of the
welding
seams

c(C,) 

c(C2 )

(mm )

Elec­
trode
paste

El ec- 
trode 
dia met. 
(mm)

?

(V) (A) m

Cl I Acid 4 0,7 25...35 160 2.5-.3125 1 87...Э7

C2 Basic 2.5 1 22... 28 110 1835.-2,11 2 Ю2...112

for free
deform

t : time
FIG. 4.

T у ^laboratory

N
t

finish
welding

N к ER

t

“ (time ) 

0.3.-0.4 mm
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NkER represents a non-known electric range between two geome­
trical levelling (0,05 mm measuring accuracy).

In computation table 2 we render the small-scale tests.
§ 3. Calculus of the bar extended by the electric welding, 

subjected to eccentrical compression.
Theoretical considerations
th 1). In the calculus domain we consider the bar with 

a double cpnnected a double symmetrical transversal section 
built up two congruent parts connected by two parallel 
arc-welding seams.th 2). The distance between the congruent parts is Mdn

(6)

Computation table 2

Xx\ Static

X. scheme

Per for mances\

The 1 st bar

-Ull-тг ^ ?8c2

b b 2 ■ o- — e= 3cm о
~2U8 A=22cm

* f - 0,891
” Pflow-2400 ^ i 

cm

The 2 nci bar
P

UUu -
0,975

A=22cmо
g R flow-

2400^ 
c nr

The 3r<^ bar
P

ЭН-т
V=0891 

g A=22cm2

£ Rflow =
2400^^

hi cm
p calculus

capable .flow (daN)
(without electric welding]

22 301 51480 47045

p em ploy ei s
flow (daN)

(with electric welding )
31 000 75000 65000

pcalculus with formulas 
capable flow (see <ji 3 ) 

(with electric welding)
30 958 71683 65 306

Executing seqwence of 
the welding seams C1,C2 C1,C2 C2,Cj

(see figure 4) and d > 2 fc -QOW»b before executing the 
electric welding.

th 3). C(C^) + С(С^) > 2b + h (see figure 4). After
the execution of the first welding seam C^, Q(C^) > Q(C2),
the second welding seams must be executed immediately, so 
that the temperature T^ in all points i of the bar
shouldn’t be less than 10C°C, before the pass of the electrode.
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th 4)• For the extended bar there are two neutral plans 
n^, n2 for • For the semi-bar 1 there are twox c 1 
neutral plans n*, n^

2
for ; for the semi-bar 2"i "22 2plans n, , n0 for , 6 + .there are two neutral

Than n^ II 
and figure 1)»

A1/4 C, Al/4

A2
2
n2

Z"
2

<N"O

V

c

The neutral plan n^ is determined by two parallel
lines represented by the welding seams.

th 5). We accept the theoretical affirmations of § 1. 
After the cooling of the bar, the welding seams should not 
permit the slackening of the deformations more than

*2 £
6l,slackening A +A " l,flow *

A1 Rflow
El,remanent “ ^ l.fiow A1+A2 Б

in all the points of the transversal section.
th 6). th l)...th 5) result in calculus formulas (see



(8)
computation table 3) •
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Computation table 3
Denomination of 

stress
Centricalcompression

Eccentrical
compression

Value of calculus
P flow,capable

( 2A1+A2)Rflow (2A1+A2)Rflow
W + e. ( Aj+Ar))

Of
c _ (^remanent _ ^1 ^f low
^1,remanent " E ' A^A? E

2A^+Ag
^ remanent + ^flow ^-^ow

and
A^+A2) = ^remanent + wflow

P Pe _ /Г , pU^T IT U remanent + "flow

we obtain the formulas of table 3 and ^fiow^oapable for the 
bars of 2U8 (see table 2)»

Conclusions. The electric welding can improve the stabi­
lity behaviour of the bar subjected to centrical or eccentrical 
compression within the form of the physical model of the 
extended bar achievable with the help of U, I, v parameters#
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SUMMARY
In this paper a computer-aided technique for a static overall 
stability practical analysis of high elastic steel towers 
(water towers, television- and radio towers, industrial chimneys, 
silos etc.) is presented. The Euler’s safety factor against 
overall buckling is determined and the external higher order 
bending moments on the deformed geometric scheme of a plane 
cantiliever beam-column discrete model are computed when small 
displacements are assumed (a geometrical non-linearity according 
to the second order .theory). A simple semi-analytical version 
of the iterative Vianello-Dischinger method and the modified 
finite element method (FEM) are used for a coupled stability 
and static analysis of the model with a variable cross-section 
under arbitrary compressive axial, bending and shear loads.

1. INTRODUCTION
The steel towers are usually composed from thin shells of 

revolution and thin-walled circular rings. These ground-based 
high structures with an arbitrary axisymmetric shape are 
subjected to general static and dynamic external loads.

(1) Senior Research Scientist, Computer Centre in Construction 
and Technology, Sofia, Bulgaria.
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At present, the overall stability and static analysis of 
such structures is practically studied approximately on the 
basis of a plane elastic slightly-deformed bar model under 
large static and quasi-static axial and transverse loads. Modi­
fied versions of the classic analytical and numerical methods 
for a linear static analysis and specific iterative approaches 
for a stability analysis are traditionally applied for solving 
this simplified coupled problem for elastic bar structures with 
a large number of degrees-of-freedom. In the usual cases the 
internal compressive normal forces, from which the displacements 
and the internal forces in the bars are dependent, are not nre- 
viouslv known and their effect is normally expressed by various 
trigonometric correction functions, given by Lives!ey R. K. 
(1975), Tankov N. G. and Bobev T. B. (1981), Smirnov A. F. and 
co-workers (1984), and others.

The common iterative methods for an interactive stability 
and static analysis of the strong-non-linear structures are not 
sufficiently effective when the slight1у-non-linear stuctures 
are computed by the second range theory. The separate calcula­
tions of these two -problems are also uneffective. The conventi­
onal analytic methods (the initial parameters method, the dis­
placements method, the forces method etc.) are effective rarely 
in the second order non-linear coupled stability and static 
analysis of the real bar structures. The numerical methods, and 
first of all the FEM, are often used then.

The iterative Vianello-Dischinger method (the sequential 
approximation method), presented by Dischinger F. (1937) and 
discussed by Miltchev E. M. (1976), is effective for a coupled 
stability and static analysis of the static-definable elastic 
plane bar structures under combined loading by the deformed 
geometrical scheme. This method is used by Miltchev E. and 
co-authors (1979) for a similar analysis of high reinforced 
concrete structures with a slightly-variable geometry (indus­
tria1 chimneys etc.) by the forces method and a. nlane cantili- 
ever beam model, resting on elastic supports. The shear and 
axial strains are neglected. An effective iterative method is 
presented by Miltchev E. M. (1976) for a static and stability
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analysis of arbitrary elastic plane bar structures according to 
the deformed scheme using available computer programme for a 
static analysis by the FEM.

The generalized stiffness matrix of a two-nodal plane 
straight bar finite element with six degrees-of-freedom, a cubic 
shear displacement and a linear axial displacement is derived 
by many authors using various correction functions for the axial 
compressive forces effect. This effect is separated by Livesley 
R. K. (1B75) as an explicit form in a particular "geometric” 
matrix. The traditional element stiffness matrix is refined by 
Ganev T. and Levy I. (1985) with the shear deformations effect.

The safety factor against linear buckling of the bar 
structures, due to a given loading, can be computed by ICES 
STRUDL-II (1971) using the iterative Stodola-Vianello method 
and FEM. The minimum eigenvalue and the adequate buckling mode 
are calculated into each cycle for the relevant achieved level 
of the incremental load. The static solution and minimum criti­
cal buckling force for each loading combination of plane metal 
inelastic frames with small, displacements under incremental 
axial forces are determined by Gotchev V. A. (1987) using FEM 
with a variable stiffness matrix. The displacements are very 
increased under constant buckling loads.

2. DISCRETE MODEL AND TECHNIQUE FOR STABILITY ANALYSIS

A refined discrete plane model of a vertical elastic can- 
tiliever beam-column with an undeformable variable thin-walled 
usually tubular cross-section (Fig. 1) is applied for a coupled 
stability and static analysis of the high steel towers. Factors 
taken into account are: three degrees-of-freedom (the horizontal 
displacement V, the rotation 4* and the vertical displacement 
U ) at each node of the axe Ox ; the effect of .the compressive 
internal normal forces; the elastic supports of the lower end 
in the three directions; the distributed and concentrated large 
external axial forces, transverse forces and bending moments; 
the flexural, shear and axial deformations; small displacements; 
homogeneous, isotropic and linearly-elastic materials. The 
internal normal forces are known and they remains constants.

(3)
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(4)

a) Sample tower b) Bar model c) Finite element d) Deformed axe 
Fig. 1. Beam-column model for stability analysis of high towers

An overall stability analysis for each specified loading 
combination of the axial and transverse external loads is 

accomplished by a vertion of the iterative Vianello-Dischinger 
method using additional external bending moments. The problem 
is static definable. But the analytical solution is uneffective 
because of the large elements number. Therefore, the static 
analysis is implemented by the FEM.

A two-nodal straight uniform beam-column finite element 
(Fig. 1) is used. This element has six degrees-of-freedom, 
partially-dependent cubic polvnomial trial functions for the 
transverse and angular displacements, but a conventional linear 
function of the axial displacement.

The generalized element stiffness matrix, given by the 
above-mentioned authors, with the symbols in Fig. 1 is as

E Vb 0 0 -ea/l 0 0 "o 0 0 0 0 Û
0 Í2C 6LC 0 -12.C 6Lc 0 % 3L 0 -36 ЪЕ

[K]e= 0 GLc (ЧчЖс 0 -6U (1->)L2C -4 0 3L HÙ 0 -3L -l5
/ A \

-ea/l 0 ' 0 EA/L 0 0 SOL о 0 0 0 0 0 V )

0 -12.C -GLc 0 12.C -GLC 0 -5G -3L 0 36 -3L

0 6Lc (2,-Ju)l}c 0 -6LC (4+>)£c 0 5L -l? 0 -3L 4L2

where L is a element length; E - a Young’ 8 modulus ; G - a shear
strains modulus ; M — a constant compressive (positive) normal 
force in the element; /\, I - an area and an inertial moment of 
the cross-section; ju, - a coefficient for the ununiformly-distri 
buted tangential stresses into the cross-section; c = iZEIju./£Ç-A 
The matrix 0]e is also used for a nreceding linear dynamic 
analysis of the same beam-column model. Then the quasi-static



seismic and wind loads are computed by the spectral method.
The finite element is subjected to the linearly-distribu­

ted external loads (Fig. 1). The equivalent nodal loads at the 
element ends are obtained by the modified initial parameters 
method and then the bending and shear deformations and the in­
ternal normal force are considered. The superposition principle 
can not be used for the axial forces in the second order geo­
metrically non-linear analysis. Each modal loading combination 
may includes static loads and quasi-static loads also but for 
one vibration mode only. If transverse loads are really missing 
the small ficticious ones must be added then.

A static analysis into each cycle is carried out with the 
initial undeformed geometric axe of the compressed-bended bar. 
Into the first cycle the solution is performed for the given 
external axial and transverse loads. In the following cycles 
the analysis is achieved for the external higher örder bending 
moments only, derived into the last cycle by the initial exter­
nal axial forces on the deformed axe. In view of the constant 
internal normal forces for each partial loading combination, 
the model stiffness matrix remains constant in the cycles, but 
the load vector changes.

The concentrated higher order bending moment at any sec­
tion, due to an external above-applied vertical force into each 
cycle, is equal to the multiplication of this force and the 
difference between the horizontal displacements of these two 
sections. Thus, the additional bending moment at any node
к (к=1, 2,..., n), caused from above-applied external distribu­
ted vertical forces P(x) and from the concentrated vertical 
forces Pj into the l-th cycle, is computed by the following- 
evident formula (Fig. 2, 1):

-1/265-
(5)

where 1! is the number of all nodes ; l = K, K + 1 ,... , Tl-1 - num­
bers of the finite elements, placed above joint К; ) =K+1, K+2, 
... t и - numbers of the above-placed nodes; X, XK, -
abscissae (heights) of the current section and of the nodes К, 
I, 1 + 1 respectively; VL, VkL, - horizontal (transverse)
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(6)

displacements of the current section, of sections К and ] res­
pectively. The numerical integration by the trapezia rule leads 
to the next recurrent formula:

where is a length of the {-th finite element; , p^ - va­
lues of the external axial forces P(%) at the ends £ and £+1 of
this element respectively; , V£+a,L “ the relevant horizontal 
displacements of these joints into the L-th cycle. The nodal 
moments treated as external loads, can be resolved aooro-
ximately into equivalent external linearly-distributed bending
moments for each finite element and the ends values are calcu­
lated. Evidently, the values of the moments íMkú decreases.

The Euler's safety factors against overall (total) buck­
ling are computed as a ratio of any bending or shear mag­
nitude values i (an internal force, a displacement) at any node 
k for two sequential cycles 1-1, I , namely

(4)и ).(k=1, 2, • • • 9

According to the recommendation, given by miltchev M. (1976) in 
view of the accuracy, the final modal safety factor value A,cr 
for any modal loading combination is determined by means of the 
transverse displacements V or by the internal bending moments 
M at the node K, where the absolute values of these magnitudes 
are maximum, i.e.,

where hi is the cycles number. The iterative process for any 
loading combination is finished when the safety factors, commu­
ted in two sequential cycles are differed up to 3 %. The maxi­
mum cycles number is also limited up to 5.

The final value of any magnitude ZK (an internal force,
a displacement), including the higher order bending moments, 
at any cross-section К are computed as an algebraic sum of 
tneir relevant values from all cycles, so that

m), (к = 1, 2,..., u). (6)
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3. COMPUTER PROGRAM
The computer program ROKU, given by Christov C. T. (1987), 

is written in the FORTRAN IV language for IBM 370/148. This 
program is used for a stability and static analysis and for 
computer-aided design of high tower-type structures of revolu­
tion when the structural geometry, materials, supports and 
static loads are given. An usual precision is used. The quasi­
static loads are determined; the safety factors against buck­
ling, the higher order bending moments, the internal forces, 
the stresses and strains of the beam-column model are computed.

4. CONCLUSIONS
For high steel towers the internal normal forces N in the 

beam-column model are usually less than about 80 % of their 
Euler's critical buckling values (N0,8. Then the sta­
bility and static analysis, based on the second order geometri­
cally non-linear theory, on the described model and on the pre­
sented vertion of the Vianello-Dischinger method and FEM, is 
effective. The mentioned theory is unreliable for a post-buck­
ling analysis since large displacements are established. This 
version of the Vianello-Dischinger method is uneffective for 
solving the arbitrary static undefinable frames.

The accepted convergence tolerance is normally achieved 
for 2-4 cycles. For structures with a comparatively small safety 
factor against buckling (2,5^ A-c,r^15) the needed cycles number 
is up to 4 (*vn.é4) and the static analysis is to be performed 
by the deformed geometric scheme. The design standards need to 
be added and refined towards the safety factors.

The effect of the higher order bending moments onto the 
stresses and strains is relatively small than the influence of 
the initial external loads. Moreover, the main contribution is 
caused by the loads according to the lowest free vibrations 
mode. Then the relevant safety factors values are usually mini­
mum and the higher order bending moments values are maximum 
since the horizontal displacement of all cross-sections and all 
additional moments are unidirectional. The reliable safety fac­
tor value is minimum from all modal safety factors values.
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The model stiffness matrix remains constant for all loading 
combinations with equal external axial forces. The relevant mo­
dal safety factors values for this groun are commonly slightly-
different, but the additional moments values can be very diffe­
rent. If the modal interaction is considered, the resulting va­
lues of any magnitude may be computed by mode suoeroosition.

The external seismic vertical forces and bending moments 
should be taken into account since they increases the higher 
order bending moments but reduces the safety factors values.
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Summary - Introduction: Two rather simple and loosely inter- 
relatea, hut at the same time intriguing, examples of instabi­
lity of a beam or a column under follower load are examined :
(1) a beam-cantilever acted on by a so-called quasitangential 
or semitangential bending moment at the free end, and ( 2) a 
free-standing column loaded, at the free end, by a semitangen- 
tial follower force accompanied by displacement-dependent ben- 
diner moment.

The first tonic - even if in a straightforward form very 
well known - serves herein as an introductory example to the 
intricacies of a consistent large-displacement analysis of fle­
xible snace frames with inherently rigid connections at the 
joints, which is dealt with in referenced literature. The 
second example offers an opportunity to demonstrate how a 
smooth equilibrium path of divergence can drastically be cut 
off by bifurcation of equilibrium.

1 A SLENDER BEAM ACTED ON BY END MOMENTS

Instability by flexure and torsion of a simply supported 
beam loaded by equal end moments is a classical problem solved 
by L.Brandtl in 18°>9 - a nroblem subsequently extended by S.P. 
Timoshenko (1961) on a thin-walled beam with a douhle-tee 
cross-section. However, the mode of load application is of im- 
nortance here and deserves scrutiny.

1 .1 Quasitangential end moment
Two’tyres of a quasitangential end moment acting on a beam 

cantilever of span 1 are shown in Fig.1a,b. A quasitangential 
bending moment M is formed by a courle of forces, in which 
each force during deformation remains parallel to its original 
line of action. In the case of Fig.1a the moment vector rotates 
with end section in the yz-plane while remaining perpendicular 
to the longitudinal x-axis. In this case the problem of insta-
( 1 ) Profeseorof Eng.Mechanics, Technical University Gdansk.
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b/ quasitangential

с/ semitangential

_ Ма• M/2
“ITT г~

U Мь=м/2

Fig. 1
bility is equivalent to the original Prandtl problem of a beam 
of span 21. It takes only to imagine that the diagram on the 
right-hand side in Fig.1 a has been rotated clockwise so that 
end section turns out vertical; in a beam of span 21 bend by end 
moments causing tension at the top edge, the midsection is dis- 
n!aced and twisted in such a way that the lower compressed edge 
disolaces more outwardly than the uooer one. The critical ben­
ding moment is equal to, Timoshenko (1961) , p.158,

Mcr ■ И J EJzSJT (1)
in which EJ and GJ», are the bending and torsional stiffness, resoectively.

In the case shown in Fig.1b the moment vector rotates in 
the xy-plane remaining normal to the z-axis. The critical value 
is given again by Eq.(1), see e.g. DIN 4114 (1953). This type 
of instability is illustrated qualitatively by a model of a*

■
- .vv
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cantilever under gravity force concentrated at the free end.
(An impressive model photograph can he found e.g. in a book by
N.S.Trahair (1977 ) on p.V9.)
1.2 Semitangential, end moment

A semitangential end moment M is formed by two pairs of 
forces, each pair of which is equal to M/2 • and corresponds 
to scheme a and b , respectively (Fig.1c).

Two equilibrium equations at bifurcation, with respect to 
transverse displacement v and cross-sectional rotation <f , 
assume the form

EJzv" = M^Cp] - p) - mV
GJT - M^'-mVv^-v')

Where M3 = МЪ = M/2, and <p, and v., are the angle of rota­
tion and transverse displacement at bÿam end, respectively.

From inspection of right-hand side of equation (2) it fol­
lows that the load components № and Mb counteract each 
other, thus escalating the critical moment value (attention is 
drawn to opposite end rotations at bifurcation for the schemes 
a and b in Fig.1a,b). The critical value given by H.J. 
Argyris et al. (1978) amounts to double the value of Eq.(1) :

Mcr = Î/»,«! (3)

On far reaching consequences of the concept of semitangen- 
tial-end moments attention has been drawn by H.J.Argyris et al, 
(1978) . In the analysis of large deformations of space frames 
with rigid joints certain difficulties are encountered in s^m 
tlsfying equilibrium conditions of moments at nodal points, ä 
Quotation from Argyris et al. (1978) might be appropriate at 
this place:

"The matrix displacement analysis of geometrically nonli­
near structures becomes an intricate task as soon as finite 
elements in space with rotational degrees of freedom are consi­
dered. The fundamental reason for these difficulties lies in the 
non-commutativity of successive finite rotations about fixed 
axes with different direction. In order to circumvent this dif­
ficulty. a new definition of rotation - the so-called semitan- 
gential rotation - is introduced ... These semitangential rota­
tions which correspond to the semitangential torques of Ziegler 
(1968) possess the most important property of being commutative?

Details of an appropriate stiffness matrix for a thin-wal­
led beam element were given by Y.B.Yang and W.McGuire (1986) .
A warning degree of freedom has been incorporated at each end 
of element in addition to conventional six degrees of freedom 
(the torque can be either quasitangential or semitangential, 
depending on type of the cross-section).

An analysis of three-dimensional space structures which 
are of low mass and very high flexibility has been dealt with 
by F.Fondoh et al. (1986) . A geometrically nonlinear static 
analysis of a (156 element) shallow geodetic dome with rigid
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M)
joints has been presented by J.L.Meek and S.Loganathan (1989). 
À "joint orientation matrix" was employed to update the rota­
tional displacement of joints in an incremental analysis.

2 STABILITY OF A FREE-STANDING COLUMN LOADED 
THROUGH A ROLLER BEARING

A column fixed at the 
base supporting a transver­sal ly stabilized structure 
la beam for example) is

Г

loaded through a roller
bearing (Fig.2c). A roller 
is a special type of roc 1er 
bearing (Fig.2a,b) in
which the rocker height h 
is equal to roller diame­
ter (h = 2r). (A freestan­
ding column loaded through 
a true rocker bearing can 
loose stability under a

ba

Fig. 2 fracture of that gravity
load that, if directly acting, this column should safely sunport.)

Is is assumed that a vertical load P is acting through 
roller on the column on initial eccentricity e with respect 
to column axis. Initial and deformed configurations of the 
system are shown in Fig.3, see R.D^browski (1984) for details.

The roller as a free-body is in equilibrium which is secu­
red by the presence,of a horizontal component to the load P , equal to PUq/2, Uq denoting the angle of rotation of the 
end section. The resulting column load is inclined to the ver­tical by the angle u0/2 and constitutes a semitangential fol­
lower force ^ P. This force is accompanied by a displacement- 
dene ndent bending moment equal to - Pu0/2 with u~ being 
the column end displacement. ( Initial end moment Pe remains acting during deformation.)
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C5) The equilibrium between the section bending 
the resultant of external forces is expressed by- 
equation in travelling coordinates x,u (Fig.3 ) :

Elu" + Pu = Р(щ/2 — e + v^r + u0x/2).

The final form of displacement function u

и = ---- ---------------  [(1 — COS Oil) (sin OCX -J- ax) — sin txl(l — cos ax]\. C 5 )
od( 1 — cos oil) + 2 sin oil

with
« = ]/P/EI, (6)

(underlined term in Eq.(4) can in principle be neglected). The 
end displacement u0 which is equal to u at x=l in travel­ling coordinates is given by

moment and 
the Eularian

(4)

reads

Щ_____ otl( 1 — cos oil)__________________ 1________

2e cd( 1 — cos« Z) + 2 sin oil /<xi , od\~x1 + U‘g¥)

and the end rotation, Uq , reads simnly

и
2u0 

l '

(7)

(8)

The diagram of displacement u_ versus P is shown in 
Fig.4 ( Case 2, curve 2 ) . Case 1 belongs to an initially cen-

Bolh ends fixed

Case 2.

Case 1:Case 3:

Uq/ZP —’ —



t£al loading and Case 3 to an S-shaped initial stress-free de­
formation. In case of central loading two lowest critical loads 
of bifurcation are determined: Рл_* = PT and Prt~ * 3,17 P* where PE - hZbj/i2. Cr1 E cr2 5

The equilibrium path 2 forms a smooth curve of divergence 
tending to infinity at P = 3,1738 P-ц. For a free-standing 
cantilever the critical conservative load acting at the free 
end is equal Pg/4 . It is worth noticing that PE forms a limit of divergence of a rapidly growing curve 2' for eccen­
trically roller-loaded cantilever column if stabilizing hori­zontal component P^ = Puq/2 is being neglected ( Fig.4 >.

The high disparity of divergence loads for Cases 2 and 2' 
is intriguing. It turns out that equilibrium path 2 in Fig.4 
is unstable beyond P = P?. This fact has been pointet out 
by W.T.Koiter in his deferred discussion on author»s paper 
(1984).

Kinematics of bifurcation of equi­
librium at P$ ought to be considered 
here in some detail. The shape of equi­
librium at that load is seen from Fig.
5. End displacement u0 is equal 
twice- the initial eccentricity e ; 
the roller displacement is, as usual 
in this problem, equal half this value. 
Point of load apt>lica|ion in deformed 
position coincides with the column-end 
center. Displacement function u is 
given in form
u " uo(! +^s1iit)

= uQj + y(x) (9)
and its shape is an inclined sine half-wave with amplitude 
2е/т . Thus the dashed diagram in Fig.5 signifies the bending 
moment -EJu/z = M = P5 у .

One observes, first, that because of kinematic restraint 
this symmetric sine half-wave cannot grow unless the load is 
increased as well ( as indicated by equilibrium oath 2 in Fig. 
4). Secondly, a compatible shape of displacement variation at 
p = PE forms an S-shaped cosins half-wave (Fig.6) written
in f°rm Svi r _ . <fu<Tu = g— (l - cos ~y~) = ~~2~ + (Ю)

And this leads to the required equation of equilibrium 
at bifurcation:

- EJ Su" = <fM = PE ^7 (11)

in supnlement to equation, written previously, for the initial 
state ,1ust prior to bifurcation.

Herewith it has been proved that bifurcation characterized 
by <fu at P = P-p is statically admissible, also kinematically 
•possible, and thus inevitable. The following observation

-1/274-
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would be helpful in assessing the situation. The displacement 
variation <fu , Eq.(1 0), means that the center of free-end sec­
tion A moves perpendicularly to the straight line AB, connec­
ting both column ends, to a new nosition k'(see Fig.6). Point A'is lowered with resnect to noint A by the vertical displa­cement component equal to <fu (u /1) . At the same time the 
roller moves upward and to the left with respect to point A' 
remaining on the initial level. Within the framework of second 
order theory the equilibrium is indifferent.
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Summary: The paper presents an algorithm of determining the cri­
tical load of elastic spatial buckling for monosymmetrical thin- 
-walled members derived from the general solution of distribu­
tional differential stability equations. A prismatic members 
considered have an open cross-section with elastic point con­
straints due to lateral bending and torsion over the length and 
are loaded by a both constant axial load and bending moment. The 
practical advantages of the presented solution were depicted by 
computed critical loads of lateral buckling and flexural-tor­
sional buckling of steel beams and columns. The theoretical so­
lution was verified experimentally on I steel members with la­
teral restraints.

1. Introduction
The correct assesment of load bearing capacity of metal mem­

bers of open cross-section belonging to a skeleton (columns, 
frame spandrel beams, beams) should be based upon the stability 
analysis with a respect to the structural members (wall beams,
(l) Assistant Professor of Civil Engineering, Technical Univer­

sity of Wroclaw, Poland
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purlins, bracings, stiffeners, etc.) connected with main members 
along their length in the plane of minor flexural rigidity. An 
analytical model in a general case is built up of arbitrary su­
pported on both ends thin-walled member of open cross-section 
with point elastic constraints due to lateral displacement and 
rotation placed arbitrary along the member length and his axis.

The spatial stability of different kinds of thin-walled ele­
ments (beams in majority) which performs a special case of men­
tioned above model has been approached by more than twenty au­
thors. Owing to the limitations of pages the articles strictly 
associated have been refered only.

This paper presents a general solution of the spatial stabi­
lity for monosymmetrical member arbitrary supported on both ends 
and some intermediate points placed out of the plane of symme­
try. This thin-walled member of constant open cross-section 
works as a beam-column. The paper performs a generalization of 
appropriate solutions presented previously by the author (1981) 
for mono and bisymmetrical bars under axial compression which 
gave the basis for the stability analysis of steel I columns 
with constant and changing cross-section, Gosowski (1988).

2. Formulating and solution of spatial stability problem
Let us consider an arbitrary supported on both ends member 

of a constant, open, monosymmetrical cross-section with arbit­
rary number m of point elastic constraints characterized by 
the compliance £xi and £щ respectively due to lateral def­
lection and torsion of the member to which a constant axial for­
ce P and constant bending moment acting in the plane of 
symmetry are applied. The scheme of the member considered com­
plete with the coefficients of compliance elastic constraints 
characterizing its supports on the ends and at the span is shown 
in Fig. 1.

The differential equations of the torsional—flexural buck­
ling of the member considered out of the symmetry plane of his 
cross-section (Fig. 1 ) can be presented in the distribu-

(2)
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for | = X,«p

EIyJ4^ + Pu^2) + (Pay+Mx)l/2) + £д(а±) Ó(z-a±) = О , (la) 

и<о/} + - GId - (rx-2ay)Mx]</2) +

♦ + V'«z(a1)ó(z-a1) = 0 , (lb)

Ы1
where: u(z ) - the line of lateral deflection of the axis of mem­
bers shear centers S , tp(z) - the angle of torsion of its cross 
sections respectively this axis, R^a^ and Mz(ai) - the compo­
nent of the load caused by reactions at the points of elastic 
restraints determined by equations:
W - + (®y - hyi)^3!)] , (2a)
Mz(ai) - К^ф(а^) + (ay - hyl)nx(a1) , (2b)

E, G - the elastic modulus and shear modulus respectively, Ix , 
I . Id . I*- the moments of inertia of the cross-section in 
respect to X, y axes, the St. Tenant's torsional and warping 
moment of inertia respectively, i - the polar radius of gyrat­
ion with respect to centroid 0 , r - the arm of the cross-sec-
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tion asymmetry calculated as:

rx - l y(*2 + y2)dp/ 1% '
F - the cross-sectional area, á(z-a^) - the Dirac distribution, 
Vk - dk<^(z)/dz^- = u,tf). The rest of symbols used in equat­
ions ( 1) and ( 2) are explained in Fig. 1.

The system of equations (1) was solved in a closed form using 
the Laplace transformation. The generalized functions of displa­
cements u(z) and cp(z) obtained in effect have the form simi­
lar to that of corresponding functions presented in the work by 
the author (1981).

From the general solution of equations (1) and assuming the 
following criteria concerning the way in which the member con­
sidered is supported (cf. Fig. l):
- on ends
и(°^хА«хА’ u(l)(°)-£x'AMyA>‘P<0)=íc|,AM=A' ^(1)(0)- VaBA ’

- in span
u(ai) + (a^-hyi)^ai) = ^xiRx^ai) for i = 1,2,...,m ,

(а^) + ^c^i^^y “ ^yi^^x^ai^ = ^cpi^z^ai^ i " 1 »2,... ,m ,
similar to the work by author (1989) the criterion of buckling 
has been derived in a form:

det ivJ = 0 • (?)
where: [в ] - the square matrix of 2r ( r = 4 + m ) degree.

The general solution of the problem of spatial stability^) 
was reduced to the problem of eigenvalues P = ^yCT ( flexural - 
-torsional buckling ) or Mx = Mxcr (lateral buckling). The smal­
lest positive eigenvalues will be of practical importance.

The numerical determination of the critical load of the spa­
tial stability of the thin-walled members considered ( Fig. 1), 
according to the algorithm presented, is made possible for the 
flexural-torsional buckling by program WGSPCZP and for lateral 
buckling by program ZPCZSM . These program were written in FOR-

(4)
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TRAN and were intended for ODRA 1300 digital computers. At pre­
sent the programs were adjusted for IBM PC computers.

3. Numerical examples
A steel elements with length 1 = 6,0 m pivoted on both ends

°. Va-^'b^’a-Vb-00)' wlth determl-
ned number m of intermediate lateral restraints having the 
same characteristic = £x = 0 , 8^ = = °° have been analy­
zed. The bisymmetrioal beam was made of rolled I section IPE 400, 
the column was made of welded plates as follows ( c.f. Fig. 1 ) : 
the upper flange - 15x160 mm, the web - 10x400 mm , the bottom 
flange - 20x200 mm . The characteristics of the members conside­
red are presented in Table 1. The Young's modulus and shear mo­
dulus of elasticity have been taken as E= 205 GPa, G = 80 GPe .

(5)

Table 1. Characteristics of sections of the members
Mem­
ber

F
ktV

4 Iw
1CT12m6

id
1<r8m4

!0 -rx
10~8m4 10“2m

BeamColumn 84,5104,0
23130
32200

1320,0
1848,7

490000
644830

52,40
84,67

17,01
18,09

0,000
6,117

0,000
4,927

First the effect of a single transversal brace(m = 1) placed 
arbitrary with respect to both axis ( hy-j = by) 301(1 length (a^a) 
on the critical load of the lateral buckling of the rolled beam 
under pure bending has been studied. The results obtained are 
presented in Fig. 2.

Second the effect of the number m of lateral restraints 
spaced equally over the length, at a distance hy^= h^ from the 
axis, on the critical load of the flexural-torsional buckling 
of the monosymmetrical, welded column subjected to compression 
and bending has been analyzed. The results have been listed in 
Table 2 .



(6)

a/t = 0,5

I PE 400 asymptote
' 1=6,0 m

"0,2 -0,1 0 0,1 0,2

hy [m]
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Fig. 2

Table 2. The critical force of elastic spatial buckling 
for monosymmetrical welded columns

Distance 
hy [mj

Number of
intermediatesupports

Fpycr [kN] for columns loaded by 
^ compressive force P and
constant bending moment [ k№m]

m -200,0 0,0 +200,0
— 0 833,2 985,6 262,2

0,187 1 3006,5 * 1765,3 520,62 3026,2 1776,7 527,1oo 3028,9 1778,6 528,3

0,06117
1 3790,3 2833,2 1860,22 3790,9 2848,2 1903,2oo 3790,9 2850,1 1909,3

0,000 1 3581,3 3291,3 2605,72 3594,1 3294,3 2987,3oo 3595,6 3294,6 2993,6

-0,248 1 1193,8 2127,0 2605,72 1206,5 2153,1 3099,1oo 1209,0 2157,1 3105,1
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4. Verification on models

Within an extensive scope of experiments on the spatial sta­
bility of thin-walled steel members with structural stiffeners 
which were executed in the Institute of Building Engineering of 
Wroclaw Technical University in 1986- 1988 , the critical load of 
elastic, flexural-torsional buckling of IPE 100 columns ( 1 =
■ 2,64 m) was studied. The columns were free supported on both
ends and on two other identical supports with characteristics 
£x* 0, £^ = oo located each 0,88m over the length in the plane 
of the minor flexural rigidity, at a distance h^. 0,15 m from
the axis. The models 1.1 and 1.2 were compressed by forces 
P acting axially ( M ■ 0), whereas models 2.1 , 2.2 , 2.5 and
2.6 by forces P applied eccentrically e^ = -0,01 m ( Mx =

■ -p-v ) •
The comparison of the critical forces of elastic, flexural- 

- torsional buckling obtained experimentally - , with that
determined theoretically (з) - P^yCr was presented in the Table 
3 • The experimental critical forces were obtained by Southwell 
method basing on the angle of twist of the column at the half 
of the length. The theoretical critical forces were calculated 
for nominal sizes of IPE 100 . Other details and the comparison 
of the critical moments of lateral buckling obtained experimen­
tally by Milner (1977) with that determined theoretically acco­
rding to (з) shall be given during the Conference.

Table 3. The comparison of critical forces of 
flexural-torsional buckling obtained 
experimentally and theoretically

Model ^cpyor t-kN^ Fjycr t kN ] Model 4 i—
i s

l—J

1.1 103,29 85,76 1.2 99,24 85,76
2.1 77,17 76,46 2.2 79,77 76,46
2.5 82,96 76,46 2.6 77,09 76,46
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(s)

5. Conclusions

The computer programs based on the general solution of the 
spatial stability problem, for the case shown in Pig. 1 , give 
the possibility of the stability analysis during dimensioning 
procedure for a big variety of thin-walled members appearing in 
steel structures.

The experimental verification of the mentioned above theo­
retical solution proves the correctness of the assumed numeri­
cal model in the considered problem of the spatial stability.
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SUMMARY

In this paper a comparison of specified beam-column design equa­
tions is provided. A number of subassemblages are evaluated for 
this purpose. A rigorous and a new technique are also applied 
to the same subassemblages. The comparisons show that specifica­
tion results for beam-columns differ widely due to the diffe­
rence in the used column curves and the variations in the pre­
sentation of the moment magnification factors. The aspect of 
lateral buckling is excluded from this study.

INTRODUCTION

In-plane beam-column design in steel specifications is typical­
ly based on interaction equations involving the applied and 
allowable axial forces and bending moments respectively. The 
following aspects of in-plane stability should be properly co­
hered :

a) CoMmn buckling under conditions approaching pure axial 
load.

b) Frame instability in a sway mode of the unbraced frame 
subjected to pure gravity load.

c) For braced and unbraced columns, recognition of possible 
hinge formation at a critical section between member ends.

d) Additional column end moments should be included in the 
design of adjoining beams.

e) Cases between fully braced and completely free to sway 
should be covered.

(1) Associate Professor of Civil Engineering, University of 
the Witwatersrand, Johannesburg
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It will be seen from the following comparative study that many 
of the existing design specifications are not adequately addre­
ssing the above points.

AISC LOAD AND RESISTANCE FACTOR SPECIFICATIONS (1986)

For elastic 
in uniaxial 
equation is 
slenderness

analysis and singly and doubly symmetric members 
flexure and compression, the following interaction 
to be satisfied for members within the allowable 
range.

0.85Pu 9 0.9Mp

where Mp is the fully-plastic moment capacity of the section 
and Py the axial force capacity in the absence of bending, ba­
sed on the relevant column curves and effective member length. 
The coefficients 0.85 and 0.9 are member performance factors, 
allocated to the limit states of column and beam failure res­
pectively. The terms P and M are the design axial force and 
bending moment. The axial force, P, follows directly from a con­
ventional analysis. However, the design bending moment is deter­
mined as follows :

M = BxMv + B2MH (2)

where is the bending moment due to gravity load and M is the 
bending moment due to lateral load. The magnification factors 
B^ and В2 are defined as

c

(3)

(4)

where P is the elastic column buckling load and IP the elas­
tic storey buckling load. The factor C equals 0.6 ? 0.4M./M.; 
with M1/M2 the ratio of the smaller tomlarger gravity end mo­
ment , when no lateral loads are applied between the column ends 
If the axial load is less than 0.85*0.2P^, Eq 1 is replaced by

TTtT + ÔT9ÏÇ " 1 (5)
The AISC LRFD specification thus magnifies the sway moments by 
way of В and recognises the possibility of hinge formation be­
tween member ends by the factor В . If B^ is less than 1, hinge
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formation between ends is not critical. If В exceeds 1, the 
total design moment, M, is obtained as the direct summation of 
the magnified moments and M^. This is conservative, since the­
se will not occur at the same section. Column buckling is intro­
duced in Eqs 1 and 5 by using the term .

SSRC (1976), AISC (1978), SABS (1984)

Beam-columns in the above specifications are checked against in­
stability with an equation of the following format

+
C Mm (6)

The factor C =0.6+0.4M /М ^0.4 for the braced column. For the 
unbraced column C =0.85 is suggested and the moment, M, in Eg 6 represents the to?al moment from a first-order elastic analysis. 
Thus for the unbraced member, M +M , will be magnified by 
0.85/(1-P/P ). The strength interaction equations for zero slen­
derness of all these specifications are very similar. The re­
sults of the above specifications will only differ on account of 
the parameter P , which represents the axial column capacity as a function of tRe slenderness ratio. SSRC and AISC 1978 use the 
CRC column curve (SSRC, 1976), whereas SABS (1984) is based on 
the well-known Perry-Robertson equation. For braced columns,
C^/(1-P/Pc)£1 is not a requirement.

ECCS (1976)

The European Convention for Constructional Steelwork (ECCS) uses 
the following formula for in-plane failure of uni-axially bent 
beam-columns

c (M + Pe)
< 1 (7)

Two differences exist compared with the previously discussed co­
des. First, the axial force ratio is based on the squash load,
P , ie area times yield stress; and second, a compulsory mini­
mum moment of applied force P times an eccentricity, e, is in­
corporated into the interaction equation. C /(1-P/P ) ^1 is not 
a requirement. For unbraced columns ECCS suggests to execute a 
second-order analysis to obtain the magnified design moment.

BS 5950 (1985)

The British steel design code 
more exact beam-column design 
ling interaction equation for 
this comparative study

gives a simplified as well as a 
approach. The more accurate buck 
uniaxial bending is relevant for
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C M m

МР 1- 0.5Р

< 1 (8)

All parameters have the previous meaning, but the factor C is 
defined as 0.5 7+0.3 3M /М2+0.1 ( M /М ) 2 ;>0'4 3 for the braced mand 
unbraced member. The denominator in Eq 8 represents the maximum 
buckling moment capacity about the major axis in the presence of 
axial load, P, but excluding lateral-torsional buckling failure.
For the unbraced case BS 5950 distinguishes between vertical 
and lateral load moments. For pure vertical loads Eq 8 is evalu­
ated exactly as for the braced column. However, the application 
of a nominal lateral load is mandatory (one half percent of the 
factored dead and imposed loads). For combined vertical and late­
ral load moments, the end moments due to lateral loads are mag­
nified by 1/(1-P/P ) using the unbraced elastic buckling load P . 
Thereafter, Eq 8 ihcluding C is evaluated for the critical sec­
tion between member ends usiSg the physical member length when 
computing P . Also P/P +magnified M/M <1 is evaluated at the 
ends of the member. Thëumore critical result is relevant.

NOVEL METHOD (Scholz, 1987,1989)

The computation of the frame instability effect (P-Delta) and 
the member instability effect (column buckling and hinge forma­
tion between member ends) is accomplished by using the multi­
curve diagram of Fig 1 below.

tF * failure load factor

a * FACTOR OF E0.11

yc - ELASTIC BUCKLING LOAD FACTOR

1.0

\

INTERACTION GRAPH
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These empirical curves represent the approximate elastic-plastic 
failure loads of frames or columns with varying slenderness and 
different loadings. To use the curves of Fig 1, various parame­
ters need to be established. The curves and the derivation of 
the input parameters were previously discussed by Scholz (1987) for 
sway structures and then extended to braced columns (1989).
For unbraced columns the elastic sway buckling load of the sto­
rey is used and for braced columns the elastic buckling load of 
the braced case. The meaning of the used symbols remains unchan-i 
ged.

Pc _ elastic buckling load (10)
Tc~ p ~ applied axial load

a = 0.4 >0.4
0.05 7

1- 0.6(1-
1 +

(11)

For members not subjected to sway moments the term a reduces to 
1.0. Further parameters for use in Fig 1 are

a-y
air
ci

M =

i + i ÆT v --ш
и 2 2 

MHaTc(I^~ + V»
0.7M„

]}

4ap

0.7P SQ

+ 1 <2

(12)

(13)

(14)

(15)

To cover the formation of a hinge between member*ends, the fol­
lowing modification to Eg 13 is reguired ; then p replaces p.

p = p(6 + ) (16)
The term 6+5M1/M2 magnifies the maximum end moment .
The factor 0.7 in Egs 13 and 14 allows for the commencement of 
non-linear sectional behaviour at about 70% of the fully-plastic 
condition (eguivalent to a residual stress of 30% of the yield 
stress) and the term % is the so-called shape factor in bending.
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The input parameters for Eqs 10-15 are derived from the results 
of a conventional first-order elastic structural analysis (P,
MV' Mh)' from the strength interaction curve at zero slenderness 
(Mp,PSQ) and from an elastic buckling analysis, (pc).
Once ot-y and °nr are known, the relevant failure load as affec­
ted by instability can be found from Fig 1 in terms of the ra­
tio Yp. In design the novel beam-column approach thus assumes 
the following simplified format using the strength envelope of 
SSRC and AISC 1978 for instance.

_P _M
TF TF

--------  + ------- - 1 (17)
PSQ 1.18Mp

M

APPLICATIONS

The various beam-column equations outlined in this paper have 
been applied to four substructures for comparison purposes. Two 
braced and two unbraced cases have been considered. For the 
AISC LRFD method the performance factors have been excluded. 
Where the results of a rigorous analysis are shown these are re­
produced from Ketter (1961) , Wood (1976) and in the case of pu­
re gravity load acting on a sway subassemblage the method by 
Lu (1965) was emloyed.

BRACED SUBASSEMBLAGES (FIGS 2 AND 3)

A double curvature and a single curvature case has been exami­
ned .
For the braced column bent in double curvature, design specifi­
cations are typically conservative. Design codes vary widely in 
regard to their starting point on the axial load axis. The South 
African steel code and the AISC LRFD specifications (for low 
axial load) give the most conservative predictions. The novel 
method of beam-column design compares very well with a rigorous 
elastic-plastic analysis throughout the entire range of forces.
For the braced single curvature case all methods are relative­
ly close together. ECCS and SABS are conservative, especially 
for low bending moment values. The best fit with a rigorous ana­
lysis is obtained by BS 5950 and the novel approach by Scholz. 
There is still a large variation in the treatment of cases 
approaching pure axial load, ie the column buckling case.
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BRACED
rNOVEL IL'O.tllL

гNOVEL x
r RIGOROUS 
rBSSBSO 
r AISC It?», SSRC 
г AISC LRFD

BS 5950

leccs

ECCS

FIG 2: BRACED - DOUBLE CURVATURE FIG 3: BRACED - SINGLE CURVATURE

UNBRACED SUBASSEMBLAGES (FIGS 4 AND 5)

A sway subassemblage subjected to lateral load only and another 
subjected to gravity load only has been evaluated.
For the lateral load case, code results are typically conserva­
tive, with the exception of the British steel code, which is 
slightly unconservative for low moment values. The results of 
the novel method compare closely with the rigorous results.

M. DUE 10 GRAVITY.V ^
*■+ LOAD ONLYUtil- r I

855950 
г RIGOROUS 
r NOVEL

SABS0IU

LAISC 117». SSRC

FIG 4: SWAY - LATERAL LOAD FIG 5 : SWAY - GRAVITY LOAD



For gravity load only on a sway subassemblage, the novel beam- 
column method is closest to a rigorous analysis. Results ob­
tained by design codes vary widely. Those codes that separate 
gravity load moments from sway moments (AISC LRFD and BS 5950) 
predict considerably higher capacities than the conservative 
specifications which treat gravity load moments identical to 
sway moments (AISC 1978, SSRC and SABS ). The British code re­
lates to the sguash load or the braced column capacity as the 
pure axial load case is reached. This leads to an overprediction 
of strength as illustrated in Fig 5. If on the other hand the 
unbraced column capacity is taken as the limit for pure axial 
load (AISC LRFD), then a conservative result is obtained for the 
design capacity. This conservatism is further aggravated by re­
quiring that the braced magnifier, В , must always be greater 
than 1. 1

CONCLUSION

The most important findings of this comparison between a rigo­
rous solution, a novel approximation and beam-column equations 
of various design codes can be summarized as follows:

a) Although most design code results are conservative, widely 
differing column curves are incorporated into the allowable 
axial load term of the interaction equation.

b) The design code equations do not cover well the case of 
pure gravity load on a sway structure.

c) Hinging between member ends is not well covered in most 
specifications.

d) A novel beam-column method gives the most consistent cor­
relation with a rigorous analysis.
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SUMMARY , J
This paper presents the outline and major results of an experimental study conducted tor steel
beam-columns subject to sidesway. The strength obtained experimentally was compared with
the strength assumed in the LRFD Specification. It was found that the experimental strength is
larger (by 11 % on the average) than the assumed strength but this discrepancy is no worse
than the differences given for beam-columns with loading and support conditions other than
sidesway.

1. INTRODUCTION
Columns are no doubt one of the most critical structural members that control the 

structural performance of buildings. When a building is subjected to earthquakes, lateral forces 
are applied to the building, and, accordingly, the building is deflected in horizontal directions. 
In this condition, the top of each column deflects laterally relative to its bottom as shown in 
Fig. 1(a), and this type of deflection called ’’sidesway”. When a building is to be built in a 
seismically active area, large lateral forces are required in the design and, as a result, often 
control the dimensions of the columns; thus, to achieve good seismic design, the behavior of 
columns subject to sidesway should be evaluated accurately. Of course, seismic design codes 
acknowledge the importance and give provisions for designing such columns. A question to be 
addressed here is; are these provisions accurate, or has their accuracy been checked against 
experimental data? The answer seems rather no. For example, Chapter 8 of the Guide to 
Stability Design Criteria for Metal Structures (1988) presents a comprehensive survey on the 
experimental study conducted for steel beam-columns. Most of the tests referred in the 
literature, however, dealt with beam-columns without sidesway. More specifically, a majority 
of the tests were for beam-columns with uniform moment (Fig. 1(b)). Japan is an earthquake- 
prone country, and the seismic lateral forces required by its seismic design code are one of the 
largest in the world. The second writer surveyed experimental studies conducted by Japanese 
researchers for the past 20 years with respect to the steel beam-column (Nakashima, et al.,
(1) Professor, Institute of Industrial Science, The University of Tokyo,

7-22-1, Roppongi, Minato-ku, Tokyo 106 JAPAN
(2) Associate Professor, Dept, of Environmental Planning, Faculty of Engineering,
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(1989a). Out of the 286 test data collected in the survey, only 16 data were for beam-columns 
with sidesway.

A beam-column subject to sidesway is by no means a special column. As long as out- 
of-plane deflection is prevented, a beam-column bent in double curvature (whose moment ratio 
is 1.0) without sidesway (Fig. 1(c)) provides the same moment distribution as a beam-column
with sidesway. The only difference between the two is that additional P-Л moment caused by 
the sidesway is included in the latter beam-column; so we should be able to estimate the 
behavior of a beam-column with sidesway from the behavior of the same beam-column but 
bent in double curvature. However, it is not always an easy task, because the deflections 
corresponding to the maximum moment resistance are not necessarily the same between the 
two beam-columns. A cantilever beam-column (Fig. 1(d)) or a beam-column subjected to 
concentric transverse load at its mid-span (Fig. 1(e)) also provides similar moment distribution 
to a beam-column with sidesway since all of the three beam-columns have a triangular unit in 
the moment distribution. Thus, data obtained for these three types of beam-columns should be 
interchangeable to one another if they undertake in-plane deflection only. Exactly speaking, 
however, these three beam-columns are not the same in behavior, because the cantilever beam- 
column and the beam-column with transverse load are statically determinate, and the moment 
distribution is uniquely defined, whereas, the beam-column with sidesway is indeterminate, 
which may lead to changes in moment distribution during the loading in accordance the material 
and sectional properties along the length. The difference may be very subtle, but, at least, we 
need to confirm it, say, by comparing the test results obtained for these three types of beam- 
columns.

Accounting for the importance of steel beam-columns subject to sidesway and the lack 
in experimental data on their behavior, the writers carried out tests for such beam-columns with 
a wide-flange cross section. This paper presents the outline and major results of the tests and 
discusses the accuracy of provisions stipulated for designing these beam-columns.

2. EXPERIMENT
Test Specimens: A total of 42 steel beam-columns were tested. Major test parameters selected 
in the test were: material, slenderness, and axial load. Table 1 shows the properties of four 
types of material employed in the test. All types of material are mild steel, having a significant 
yield plateau before experiencing strain hardening and a yield ratio (the yield stress divided by 
the maximum stress) of about 0.7. Two cross sections were selected in the test. They were 
100 mm (flange width) by 100 mm(depth) and 125 mm by 125 mm, and identified by a 
number ”10” and ”12” respectively. The width-to-thickness ratio of the flange plates was 6.3 
for ”10” and 6.9 for ”12”. These values were so small that the sections were classified as 
"compact sections”. The slenderness ratio about the strong axis (=L/rx, with L and rx as the 
length of the specimen and the radius of gyration about the strong axis of the section) ranged 
from 25 to 54, which are typical values for structural columns used in medium- to high-rise 
buildings constructed in seismically active regions. Each end of the specimen was welded to a 
steel plate with a thickness of 30 mm, but the specimen was not annealed afterward. The value

(2)

Fig. 1 Type of Loading and Support Conditions

Table 1 Material Properties of Test Specimens

Notation E ay au
(GNVXMN/n/XMN/m2)

ay/ou

S10 197.0 300 420 0.714
S12 197.3 301 421 0.715
M10 188.7 368 502 0.733
M12 212.2 377 518 0.728



Table 2 Designation and Values of Parameters Employed for Tests and Major Test Results
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(3)

Notation Material Length
(mm)

X* P/Py Max. First 
Order Moment 
Divided by Mp

Max. Second 
Order Moment 
Divided by Mp

Overstrength
Ratio

S103200 S10 1040 0.316 0.0 1.42 ---- 1.42
SI03203 S10 1040 0.316 0.3 0.886 1.14 1.12
S103206 S10 1040 0.316 0.6 0.442 0.552 1.05
S104402 S10 1440 0.437 0.2 0.954 1.05 1.10
SI04404 S10 1440 0.437 0.4 0.705 0.845 1.11
SI04406 S10 1440 0.437 0.6 0.435 0.560 1.09
S105602 S10 1840 0.558 0.2 0.924 1.04 1.09
S105604 S10 1840 0.558 0.4 0.631 0.769 1.09
S105606 S10 1840 0.558 0.6 0.334 0.454 1.06
S106802 S10 2240 0.680 0.2 , 0.781 0.910 1.00
S106804 S10 2240 0.680 0.4 0.568 0.770 1.09
S106806 S10 2240 0.680 0.6 0.384 0.575 1.19
SI23200 S12 1340 0.319 0.0 1.27 ---- 1.27
S123203 S12 1340 0.319 0.3 0.830 1.07 1.07
S123206 S12 1340 0.319 0.6 0.461 0.565 1.06
SI24402 S12 1840 0.439 0.2 0.931 1.02 1.07
SI24404 S12 1840 0.439 0.4 0.608 0.719 1.01
SI24406 S12 1840 0.439 0.6 0.360 0.456 1.01
SI25602 S12 2340 0.559 0.2 0.858 0.981 1.02
S125604 S12 2340 0.559 0.4 0.566 0.709 1.02
SI25606 S12 2340 0.559 0.6 0.323 0.468 1.03
M103600 M10 1040 0.359 0.0 1.36 ---- 1.36
M103603 M10 1040 0.359 0.3 0.829 1.12 1.10
M103606 M10 1040 0.359 0.6 0.427 0.559 1.10
M105002 M10 1440 0.498 0.2 0.956 1.09 1.12
M105004 M10 1440 0.498 0.4 0.713 0.892 1.17
M105006 M10 1440 0.498 0.6 0.450 0.623 1.18
M106402 M10 1840 0.636 0.2 0.928 1.08 1.13
M106404 M10 1840 0.636 0.4 0.598 0.820 1.12
M106406 M10 1840 0.636 0.6 0.427 0.626 1.23
M107802 M10 2240 0.775 0.2 0.851 1.03 1.11
M107804 M10 2240 0.775 0.4 0.616 0.912 1.25
M107806 M10 2240 0.775 0.6 0.251 0.482 1.18
M123500 M12 1340 0.348 0.0 1.27 ---- 1.27
M123503 M12 1340 0.348 0.3 0.846 1.07 1.08
M123506 M12 1340 0.348 0.6 0.437 0.549 1.04
M124802 M12 1840 0.478 0.2 0.846 0.978 1.00
Ml 24804 M12 1840 0.478 0.4 0.495 0.733 1.01
M124806 ■ M12 1840 0.478 0.6 0.338 0.468 1.00
M126102 M12 2340 0.607 0.2 0.821 0.947 1.01
M126104 M12 2340 0.607 0.4 0.552 0.727 1.02
M126106 M12 2340 0.607 0.6 0.361 0.514 1.08

X* = Slenderness Ratio about Strong Axis normalized by Yield Slenderness Ratio.
Py = 685 (kN) for S10; 930 (kN) for SI2; 930 (kN) for M10; and 1175 (kN) for M12. 
Mp = 26.1 (kNm) for S10; 46.0 (kNm) for S12; 33.9 (kNm) for M10; and 59.2 for Ml2.
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(4)
of axial load (P) imposed were 0.0, 0.2, 0.3, 0.4, or 0.6 of the yield axial load (Py), which 
was computed using the measured material and geometrical properties. Table 2 summarizes the 
designation of 42 specimens and the values of major test parameters employed for individual 
specimens.
Loading: Figure 2 illustrates a view of the setup used in the test. The end plates of the 
specimen ("A" in the figure) were fastened securely by bolts to the top girder (”B”) and base 
("C") of the test apparatus and in the direction so that the specimen would be loaded in the 
plane of the web. Electro-hydraulic actuators (”D”) and (”E”) were used to apply axial and 
lateral forces to the top of the specimen. End rotations of the specimen were prevented in all 
three directions: i.e. in the strong and weak axes of the section and in the longitudinal direction 
of the specimen. The test apparatus whose top girder and base were connected by two pairs of 
parallelograms (one pair on each side of the specimen: ”F” in Fig. 2) was designed specially to 
achieve these end conditions. In each test, first, axial load was applied to the specimen up to 
the specified value and held constant throughout the loading; then, lateral force was applied 
quasi-statically to the top of the specimen with a successive incremental displacement until the 
specimen lost its lateral resistance completely.

3. RESULTS
Some of the lateral resistance versus lateral deflection relationships obtained from the 

test are shown in Fig.3. In this figure, Mp = the plastic moment computed using the measured 
material and sectional properties; M = the first-order end moment given as the lateral resistance
(H) multiplied by the half length (L/2) of the specimen; Ay = the yield deflection defined as 
Mpc divided by the computed elastic stiffness, where Mpc = the reduced plastic moment 
considering the presence of axial force; and A = the lateral displacement at the top of the 
specimen, respectively. Symbol Á shows the point where flange local buckling was observed

M/Mp
—:S10,X=0.44 
...:M10,X=0.50

0.0

P/Py=0.2 
P/Py=0.4 
P/Py=0.6

A/Ay
0.0 50.0

M/Mp M/Mp
: S10,X=0.56 
: M 10,X=0.64

S10,X=0.68
M10,X=0.78

1.0 1.0

0.00.0
0.0 L. 

50.0 0.0 50.0
Fig.3 End Moment vs. Lateral Deflection Curves
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(5)
for the first time. Table 2 summarizes the major test results. In this table, the maximum 
second-order end moment is the maximum moment applied to the end section and defined as
the sum of the maximum first-order end moment and the P-Л moment at that time: PAt/2 (the
axial load multiplied by half the lateral displacement (Ab) corresponding to the maximum first- 
order end moment). The out-of-plane displacement and the angle of torsion were also measured 
at the mid-span of the specimen. The results indicated that the out-of-plane deflection was 
larger for a specimen with smaller values of axial load and slenderness ratio but still remained 
within a range of 1/500 of the length even in the large deflection range. Local buckling effect 
was also found secondary. In most specimens, the buckling was not observed before reaching 
the maximum first-order end moment, and, furthermore, did not reveal any conspicuous 
change in lateral resistance in all stages of loading. It was concluded from the test that the 
behavior of the specimens was essentially unaffected by either local buckling or out-of-plane 
deflection. Complete information on the test results can be found elsewhere (Nakashima, et al., 
1989b).

4. CALIBRATION
Overstrength Ratio: Strength stipulated by the Load and Resistance Factor Design (LRFD) 
Specification of USA (1986) was calibrated against the results obtained from the test. The 
specification provides the following equations for the strength of steel beam-columns subject to 
uniaxial loading.
РиДфРп) + (8/9)(BiMnt+B2M/ О(фьМп) = 1.0; for Рц/Pn > 0.2 О)
Ри/(2фРп) + (BiMnt+B2M/ 1)/(фьМп) = 1.0; for PuZPn < 0.2 (2)
By considering the loading and support conditions employed in the test, Pn was computed with 
the effective length factor of unity; Mn with the moment ratio of 1.0; Mnt = 0 (because no load 
was applied in the end-restraint condition); and
B2 = 1/(1 - PL2/12EIx)) (3)
Where E and lx are Young’s Modulus and the moment of inertia of the section, with all 
computations made based on the measured material and geometrical properties. Further,
resistance factors ф and фь were removed from the equation. The strength estimated by 
substituting these values into Eqs.(l) and (2) was considered to represent the mean of the 
strength that the specification assumes, and this strength, termed the assumed strength, was 
compared with the experimentally obtained maximum first-order moment. The difference 
between the assumed and experimental strengths was estimated using the procedure shown in
Fig.4. In this figure, the chained line shows the axial load 
versus bending moment interaction that specifies the 
assumed strength, and point T the experimental strength 
mapped in this figure. Point D is the intersection of the 
line connecting point T and the origin with the interaction 
line. The ratio of distance ОТ to OD was defined as the 
overstrength ratio and taken as an index to quantify the 
difference between the two strengths. The Overstrength 
ratios thus computed are tabulated in Table 2. First, the 
overstrength ratio is never less than unity, indicating that 
the experimental strength is always larger than the assumed 
strength; i.e. the assumed strength conservative. When the 
axial load imposed was large, the ratio fluctuated more 
significantly with respect to the slenderness ratio, but no 
strong correlation was found between the overstrength 
ratio and the axial load or the slenderness ratio. The 
average of the overstrength ratios was 1.11.

Pu/Pn

Interaction

Mu/Mn
Fig.4 Procedure to Compute 

Overstrength Ratio
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P-А Moment: In order to identify reasons that had caused the difference cited above, P-A 
moment applied to the specimen was examined. Figure 5 shows the ratio of the maximum 
second-order end moment to the maximum first-order end moment. The ratio was larger for 
specimens with a larger axial load and a larger slenderness ratio; the result was no surprise 
1 his ratio was then compared with the moment amplification factor B2 (Eq.(3)) included in the 
design equations. Figure 6 shows the ratio of the experimental moment amplification (Fig.5) 
to B2. The ratio is never below zero, which indicates that the amplification factor: B2,
underestimates the moment amplification caused by the P-Д effect, but this ratio remains 
relatively constant with respect to both the axial load and slenderness ratio, with its average as

Moment at End Section: The maximum second-order end moments were plotted in Figure 7. 
1 he solid lines in this figure present the interaction of the maximum moment sustained by a 
wide-flange cross section bent in its strong axis and defined as-
Mpc= 1.18(1-P/Py)<Mp ш
All experimental data are positioned on or outside the interaction, and this suggests that the end 
sections were already in the strain hardening region when the specimen reached its maximum 
resistance. From these observations, it was speculated that the second term of the left side of 
the design equations (Eqs.(l) and (2)), which stipulates the bending moment capacity,
underestimates the effect of P-А moment but still gives conservative estimate for the capacity, 
because it neglects the effects of strain hardening, which indeed was significant for the 
specimens tested in this study.
Accuracy of Design Strength: This speculation, however, by no means leads to a conclusion 
that modifying B2 (the moment amplification factor) and including the strain hardening effect in 
estimating Mn automatically make the design equations more accurate. We say so, because in

(6)

0.8 0.2 0.8 0.2 0.8 0.2
O:P/Py=0.2 x:P/Py=0.3 д :P/Py=0.4 #:P/Py=0.6

Fig.5 Experimental Moment Amplification at Maximum Resistance

2.0 ((M+PAb/2)/M)/B2
S10 S12 M10 M12

1.5

1.0 -
0.8 x X X

' 0.2 0.8 0.2 0.8 0.2 0.8 0.2
O:P/Py=0.2 X :P/Py=0.3 Д :P/Py=0.4 # :P/Py=0.6 

Fig.6 Experimental Moment Amplification to Design Amplification Factor (B2)
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the above observations, the first term of the left side: the term considering the effect of axial 
force, was treated as if this term involved no uncertainty, but, most likely, it is not the case. If 
we wish to develop a more accurate design equation, balance in accuracy between the two 
terms should be taken into account. Furthermore, before trying to develop a new equation, a 
more fundamental question need be answered: i.e., is an offset by 11 % on the average 
unacceptably large or not? It should be remembered that, from the beginning, we permit some 
error in the design equations in compensation for design simplicity.
Loading and Support Conditions: One way to judge the significance of this difference is to 
compare it with the differences lying for beam-columns having other loading and support 
conditions. For this purpose, the design equations (Eqs.(l) and (2)) were also calibrated 
against test data obtained for other conditions. A total of 237 test data surveyed by Nakashima 
et al. (1989a) were used in this calibration. The designation and the effective length factor and 
moment ratio used for computing Pn, Mn, and B] are shown in Fig.8 for respective loading 
and support conditions. In 214 out of 237 specimens calibrated, Mn equaled Mp, and, among 
them, 183 had a compact section. That is, most of the test data were for stocky beam-columns 
with a compact section. Note that, out of the 54 test data assigned for the beam-column subject 
to sidesway, 38 were those obtained in this study. All data are plotted in Fig.9, in which the 
chained line indicates the interaction of the assumed strength. Table 3 lists the mean (average) 
and coefficient of variation of the overstrength ratios obtained for respective loading and 
support conditions. This table leads us to several important observations. First, the mean for 
the beam-column bent in double curvature (DC) is the largest. Plausible interpretation is that 
this type of beam-columns sustain most significant strain-hardening, whereas its effects have 
been ignored in the design equations. On the other hand, the beam-column with uniform 
moment (UM) has the smallest mean. It is understandable, too, because, contrary to beam- 
columns bent in double curvature, this type of beam-columns have the least chance in falling 
into the strain hardening range and are possibly accompanied by lateral-torsional buckling. The 
beam-column with sidesway (SS) has the second smallest mean. The means given for the 
cantilever beam-column (CL) and the beam-column with transverse load (TL) are larger by 6 
and 9 % than the mean for the beam-column with sidesway. Since the conditions to compute 
Pn, Mn, and B% were slightly different between the three types of beam-columns, the data 
assigned for the cantilever beam-column and beam-column with transverse load were 
recalibrated using the conditions employed for the beam-column with sidesway. The ratios 
thus obtained were 1.22 and 1.20, which are yet larger than the mean obtained for the beam- 
column with sidesway. Since the number of data is limited and different between the three

Fig. 7 Moment at End Cross Section 
Corresponding 
to Maximum Resistance

k-Effective Length Factor 
Ml/M2=End Moment Ratio

Fig.8 Type of Loading and Support Conditions 
Classified in Calibration

\



-1/300

types of beam-columns, it is too early to draw a conclusion, but, at least, the results suggest 
that the behavior of cantilever beam-columns or beam-columns with transverse load may not be 
transformed exactly to the behavior of beam-columns subject to sidesway.

5. CONCLUSION
This paper presented the results of an experimental study conducted for steel beam- 

columns subject to sidesway. A summary and major findings follow:
1. A total of 42 specimens were tested, and the results were evaluated with respect to the 
design equations stipulated by the LRFD Specification.
2. The experimental strength was never smaller than the strength assumed in the specification, 
indicating that the design provisions are conservative. The ratio of the experimental to assumed 
strength, defined as the overstrength ratio, was 1.11 on the average. The amplification factor 
stipulated in the design equations underestimated the experimental moment amplification, but 
this underestimate was overshadowed after all, because the equations neglect the effect of strain 
hardening.
3. Experimental data previously obtained for beam-columns having loading and support 
conditions other than sidesway was also compared with the strength assumed in the 
specification. The beam-column with uniform moment had the smallest overstrength ratio with 
1.09, and the beam-column with sidesway was the next with the ratio of 1.12, whereas, the 
beam-column bent in double curvature had the largest ratio with 1.25.
4. It is a matter of debate whether or not the differences between the experimental and assumed 
strengths observed in this study is tolerable. No objective judgement can be made unless we 
have enough information on the accuracies of other design provisions as well as the relative 
importance of respective provisions to the overall design. A modest conclusion that can be 
drawn from this study is that the strength assumed in the specification is reasonably accurate 
for beam-columns subject to sidesway relative to for those having most of other loading and 
support conditions.

(8)
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Fig. 9 Experimental Maximum Resistance

Table 3 Designation and Number of Data Employed in 
Calibration, and Means and COV’s Obtained

Type of Loading
and Support 
Condition

Number
of Data

Mean Coefficient
of Variation

All Data 237 1.16 0.10
DC 18 1.25 0.05
UM 33 1.09 0.13
ME 21 1.13 0.06
CL 25 1.22 0.10
TL 86 1.19 0.07
SS 54 1.12 0.12



— I -
TABLE OF CONTENTS

VOLUME I.
Session 1. "General Design Concepts"
GLAS, H.-D. - LUTTEROTH, A. (German Dem. Rep.)
New GDR Codes for Steel Structures Especially Concerning
Stability 1/3
IFFLAND, J.S.B. (USA)
World View General Provisions I/ll
IVÁNYI, M. (Hungary)
Design Concepts of New Hungarian Codes 1/19
MENDERA, Z. (Poland)
Uniform Approach to Metal Structures Stability Design 1/33
Session 2. "Compression Members"
BARSZCZ, A. - KARCZEWSKI, J.A. (Poland)
Elastic-Plastic Model of the Space Structure's Member Axially
Loaded in Cyclically Variable Manner 1/45
BJORHOVDE, R. (USA)
The Strength of Heavy Columns 1/53
CARABA, I. - DRUZENCO, V. (Romania)
Theoretical Studies upon the Compression Stability of the
Standard Bar 1/61
GÁSPÁR, ZS. - DOMOKOS, G. (Hungary)
Global Description of the Equilibrium Paths of a
Simple Mechanical Model 1/69
GIONCU, V. - BALUT, N. - MOLDOVAN, A. - PACOSTE, C - DUBINA.D.
(Romania)
Theoretical and Experimental Research on the Interaction
between Flexural and Flexural-Torsional Buckling of Welded
Т-Section Compression Members 1/77
MAZZOLANI, F.M. - PILUSO, V. (Italy)
Different Uses of the Perry Robertson Formula for Assessing
Stability of Aluminium Columns 1/87
NESALSOV, 0. (USSR)
Column Stability Increasing on Steel Structure Reconstruction 1/95
SZABÓ, GY. - SZATMÁRI, I. (Hungary)
Comparison of Numerical and Experimental Results of Bars Subjected 
to Lateral-Torsional Buckling 1/103
SZYMCZAK, C. (Poland)
The Effect of Material Non-Linearity on Buckling and Post-Buckling 
Behavior of Axially Compressed Columns 1/111



-II-
Session 3. "Built- Up Members"

RONDÁI, J. - NIAZI, M..(Belgium)Stability of Built-Up Beams and Columns with Thin-Walled Members 1/121
SZITTNER, A. (Hungary)Restauration of Damaged Compression Bars on Szabadság (Liberty)
Bridge, Budapest 1/129
TEMPLE, M. C. - MOK, K. Hon-Wa (Canada)
Starred Angles Supporting Secondary Trusses 1/137
Session 4. "Beams"

AGQCS, Z. Jr. (Czechoslovakia)
Analysis of Multicells Thin-Walled Beams with DeformableCross-Section 1/147
DE JONG, H. (The Netherlands)
An Approach to More Complicated Lateral Buckling Problems 1/155
DULÄCSKA-, E. (Hungary)Lateral Buckling of Slander Beams Made of Elastic-Plastic SteelMaterial 1/163
LOOS, W. - GOEBEN, H-E. - LEHMANN, E. (German Dem. Rep.)Systematics for a Research System (Expert's) in the Field of"Stability of Beams" 1/173
POSTOYAN, Y. - CHAPLIGINA, S. (USSR)
Torsional Stability of New Constructions of Span's Beams 1/183
RABOLDT, K. (German Dem. Rep.)
Bending and Torsion of Traverses with Channel Sections 1/191
RAHAL, M. - GOEBEN, H-E. (German Dem. Rep.)Solution of the Elastic and Unelastic Flexural Torsion Problem According to the Second-Order Theory by Means of the Finite-Element-Method 1/199
SZATMÁRI, I. - TOMKA, P. (Hungary)
Analytical and Numerical Study on the Lateral Instability of aPlated Bridge 1/207
TOMKA, P. (Hungary)
Lateral Buckling of Haunched Members 1/215
WANG, Y.C. - NETHERCOT, D.A. (United Kingdom)
Bracing Requirements for Laterally Unrestrained Beams 1/225



Session 5. "Beam-Columns"

BALUT, N. (Romania)A Suggestion for the Separate Consideration of Geometrical 
and Mechanical Imperfections
BOGACZ, R. - IMIELOWSKI, S. (Poland)On the Discontinous Changes of Critical Force for Columns with 
Transverse-Slidable Joint under Follower Load
CARABA, I. - DRUZENCO, V. (Romania)Optimization of Behaviour at Stability of Welded Steel Bars 
Subjected to Eccentrical Compression
CHRISTOV, CH. (Bulgaria)On the Overall Static Stability of High Elastic Steel Towers 
DABROWSKI, R. (Poland)Two Examples of Instability under Follower Load 
GOSOWSKI, B. (Poland)Stability of Monosymmetrical Thin-Walled Members with Local 
Lateral Restraints
SCHOLZ, H. (South Africa)Beam-Columns in Design Specifications and a Novel Approach
TAKANASHI, K. - NAKASHIMA, M. (Japan)
Design of Steel Beam-Columns Subject to Sidesway

1/237

1/245

1/253

1/261

1/269

1/277

1/285

1/289

VOLUME II.
Session 6. "Plate and Box Girders"

BÁLÁZ, 1. (Czechoslovakia)Efficient Calculation of Box Girder Section Modulus IIП

CHROSCIELEWSKI, J. - CYWINSKI, Z. - SMOLENSKI, W. (Poland)
Postbuckling Behaviour of Hybrid Plate Girders with Web Openings 11/21
DJUBEK, J. (Czechoslovakia)Stability of Web with Tensile Crack Concentration 
DRDÁCKY, M. (Czechoslovakia)On Two Particular Problems of Plate Girder Webs under 
Partial Edge Loads
JANUS, K. - KUTMANOVÁ-KARNIKOVÁ, I. - SKALOUD, M.(Czechoslovakia)
Design of Longitudinally Stiffened Thin Webs under Patch Loading 11/37
KAKOL, W. (Poland)Parametric Studies of Compressed Stiffened Plates 11/45

11/21

11/29



- IV -

KALYONOV, V. (USSR)
The Test of Full-Scale Roof-Block with Thin-Walled Girders without Stiffeners
KITADA, T. - NAKAI,. H. - FURUTA, T. (Japan)
Experimental Study on Ultimate Strength of Stiffened Plates 
Subjected to Longitudinal Tension and Transverse Compression
KUTMANOVÁ-KÁRNIKOVÁ, I.- SKALOUD, M. - JANUS, K.(Czechoslovakia) 
"Breathing" of Thin Webs under Variable Repeated Patch Loading
MACFIÁCEK, J. (Czechoslovakia)
Strength of Stiffened Plating under Compression
PIEKARCZYK, M. - SIEPAK, J. S. - CHROSCIELEWSKI, J. (Poland) 
Experimental and Numerical Analysis of the Post-Buckling Behaviour of a Box-Girder in Bending and Shear
SERTLER, H. - VICÁN, J. (Czechoslovakia)
Design of the Compressed Stiffened Plates of Railway Bridges
SKALOUD, M. - ZÖRNEROVÁ, (Czechoslovakia)
Two Approaches to the Interaction of Shear Lag with Plate 
Buckling in Longitudinally Stiffened Compression Flanges
USAMI, T. (Japan)
A Simplified Analysis of the Strength of Stiffened Box Members in Compression and Bending
VAYAS, I. (Greece)
Torsional Rigidities of Open Stiffeners to Compression Flanges
Session 7. "Frames"

ANDERSON, D. - BENTERKIA, Z. (United Kingdom)
Analysis of Semi-Rigid Steel Frames and Criteria for Design
COLSON, A. (France)
Theoretical Modeling os Semi-Rigid Connections Behavior
GALATENKO, W.A. - ZAIDENBERG, A.I. (USSR)
The Stability Analysis of the Frames with Variable Section 
Elements by the Principle of Virtual Work
GIBBONS, C. - KIRBY, P.A. - NETHERCOT, 0.A. (United Kingdom) 
Experimental Behaviour of 3-0 Column Subassemblages with Semi-Rigid Joints
GIZEJOWSKI, M. - MZILIKAZI, P. (Zimbabwe)
In-Plane Elastic Stability of Semi-Rigid Frameworks
HEGEDŰS, L. (Hungary)
Interaction between the Loading Conditions and Structural Response in Stability Test of Frames

11/53

11/61

11/69

11/77

11/87

11/95

11/103

11/115

11/123

11/135

11/143

11/153

11/159

11/171

11/181



— V -
IVÁNYI, M. (Hungary)Failure Load of Steel Frameworks - A Simple Approximate Method 11/189
JASPART, J. P. - MAQUOI, R. (Belgium)Guidelines for the Design of Braced Frames with Semi-Rigid
Connections 11/197
KAZACHOK, V. - BYKOVSKII, S.- SHER, M. - SHILOV, A. (USSR)
The Development of the Effective-Column-Length-Design-Procedure 
in Industrual Buildings 11/205
KOUHIA, R. (Finland)Nonlinear Finite Element Analysis of Space Frames with
Thin-Walled Open Cross-Section 11/213
MURZEWSKI, J. (Poland)Overall Instability of Steel Frames with Random Imperfections 11/221
NESHEVA, G. (Bulgaria)On Stability of Elastoplastic Steel Plane Frames 11/229
PAPP, F. (Hungary)Overall Imperfection Method on Frames for Computer Aided Design 11/237 
PAVLOV, A. - BERDICHEVSKY, S. (USSR)
Design Procedure of the Second Order and Stability Verification
of Frames with Semi-Rigid Joints 11/243
SCHEER, J.- PASTERNAK, H.- SCHWEEN, T. (Fed.Rep. Germany)
Tension Band Models for the Estimation of the Load Capacity
of Stiffened Frames with Thin Webs - Ongoing Research 11/251
SYDOROVITCH, E.M. - KAZACHYOK, V.G. - KORSHUN, E.L. (USSR)
Numerical Investigation of Physically and Geometrically
Nonlinear Plane Frames under Different Load Histories 11/259
SZABÓ, В. (Hungary)
Local Buckling of Frame Corners with Semi-Rigid Connections 11/267
SZATMÁRI, I. (Hungary)A New Numerical Approach for the Calculation of 3-D Bar Systems 11/275 
TOADER, I.H. (Romania)A Generalisation of Livesley's Stability Functions 11/281
URBAN, K. - THIELE, R. (German Dem. Rep.)On the Influence of Flexible Beam-Column Connections on Bifurcation 
Loads of Plane, Displaceable, Two-Legged Steel Storey Frames 11/291
VENKOV, L. - BELEV, B. (Bulgaria)
Non-Linear Analysis of Steel Frames Reinforced in Loaded State 11/297
WALD, F. (Czechoslovakia)Sensitivity of Semi-Rigid Frames to Initial Imperfections 11/305



-VI-
VOLUME III.

Session 8."Arches"
AIRUMYAN, E.L. - EMELIN, E.I. - HADIDANE, Y. (USSR)
Buckling of Cold-Formed Corrugated Shells III/3
KURANISHI, S. - MAALLA, K. (Japan)
Estimation of Elastic Lateral Buckling of Curved Beam by FEM
Using Straight Beam Elements and Experiment III/ll
NEY, L.- de VILLE de GOYET, V. - MAQUOI, R. (Belgium)
Optimum Bracing of the Arches of Tied-Arch Bridges Ш/19
SAKIMOTO, T. - SAKATA, T. (Japan)
Out-Of-Plane Buckling Strength of Through-Type Arch Bridges 111/21

SCHOLZ, H. (South Africa)
Code Provisions for the In-Plane Stability of Steel Arches III/35
Session 9. "Triangulated Structures"
CHLADNY, E. - ÄR0CH, R. - MACHÁC, P. (Czechoslovakia)
Geometrical Imperfections of Compressed Chords of Pony
Truss Bridges III/45
DIACU, I. (Romania)
A Nonlinear Analysis Program for Hinged Imperfect Members
Space Structures III/53
DOTZEV, V. (Bulgaria)
Preservation of Load Carrying Capacity and Stability of Space
Steel Structures when a Failure of a Bar Occurs 111/59

GALAMBOS, T. V. - XYKIS, C. (USA)
The Effect of Lateral Bracing on the Stability of Steel Trusses 111/61

KRATENA, J. - KRATENOVA, M. (Czechoslovakia)
Was or Was not the Loss of Stability the Reason of the Failure
of an Ice-Hockey Hall in Czechoslovakia? 111/11

LUKJANOV, K. - SILVESTROV, A. (USSR)
Design Concepts to Provide the Stability of Steel Trusses
During Erection 111/85

PLATTHY, P. (Hungary)
A Special Problem of the Plastic Instability III/93
SAVELYEV, V. A. (USSR)
Stability of Reticulated Metal Shells 111/99



- VII -

Session 10. "Tubular Structures"
LANDOLFO, R. - MAZZOLANI, F.M. (Italy)The Influence of the Variation through the Thickness of Residual 
Stresses in Tubular Columns III/109
MENDERA, Z. (Poland)Buckling Strength of Circular Thin-Walled Tube Columns III/115
NIEMI, E. - RINNEVALLI, 3. (Finland)Buckling Tests on Cold-Formed Square Hollow Sections of
Steel Fe 510 III/123
SHERMAN, D. R. (USA)Impact of Code Differences for Tubular Members III/131
WATANABE, E. - SUGIURA, K. - KANOU, M. - TAKAO, M. - EMI, S.(Japan) 
Hysteretic Behavior of Thin Tubular Beam-Columns with
Round Corners III/139
Session 11. "Shells"
ANDRIANOV, I. - VERBÜNDE, V. (USSR)Stringer Shell Stability Investigation with Undercritical State 
in Nonaxisymmetric Bending Moments Consideration III/149
EGGWERTZ, S. - SAMUELSON, L.A. (Sweden)Design of Shell Structures with Openings Subjected to Buckling III/157 
EL-MABRUK, M. - El-AZHARI, S.- EL-WAKIL, E. (Libya)
Stability of Thin Cylindrical Shells. A Simplified Method III/165
KOLLÁR, L.P. (Hungary)Buckling of Generally Anisotropic Shallow Shells with Transverse
Shear Deformation III/175
MANDARA, A. - MAZZOLANI, F. M. (Italy)Testing Results and Design Procedures for Axially Loaded Aluminium 
Alloy Cylinders III/183
TÁRNÁI, T. (Hungary)Cellular Buckling Shape of Complete Spherical Shells III/195
THIELE, R. - LEISSNER, U. (German Dem. Rep.)Stabilizing Effect of the Internal Pressure in Steel Silos III/201
TURCIC, F. (Yugoslavia)Resistance of Axially Compressed Cylindrical Shells Determined
for the Measured Geometrical Imperfections III/209
Session 12. "Cold Formed Members and Interactive Buckling"
AOKI, T. - MIGITA, Y. - FUKUM0T0, Y. (Japan)Local Buckling Strength of Closed Polygon Folded Section Columns III/219



- VIII -

BEG, D. (Yugoslavia)
Simplified Analysis of Local and Global Instability Interaction of Thin-Walled Structures
CRAINICESCU,M.-SOARE,M.-GEORGESCU,D.-MANOIU,0.-GHITA,N.(Romania) 
Aspects Concerning Stability and Load Carrying Capacity of a 
Large Scale Steel Roof Decking Model for Single Storey Industrial Buildings
DE MARTINO, A. - GHERSI, A. - MAZZOLANI, F. M. (Italy)
Calibration of a Bending Model for Thin-Walled Steel Box-Sections
DUBINA, D. - RACOSTE, C. (Romania)
The Interaction of Local and Overall Buckling in Thin-Walled Cold-Formed Compressed Members
FARKAS, J. - JÁRMAI, K. (Flungary)
Minimum Cross-Sectional Area Design of Centrally Compressed 
Struts of Square Box Section with Longitudinal Stiffeners
HOLMSTRÖM, L. - SAMUELSON, L.A. - ZUBACZEK, J. (Sweden)
Overall Stability of Thinwalled Mobile Crane Booms Operating in the Postbuckling Range
JÁRMAI, К. (Hungary)
Multicriteria Optimization of Stiffened Box Girders via Stability Constraints
KUBICA, E. - RYKALUK, K. (Poland)
Paths of Limit Equilibrium of Welded Thin-Walled Box Column
STUDNICKA, J. (Czechoslovakia)
Web Crippling of Wide Deck Section
VERÖCI, B. (Hungary)
On the Basic Width of Profiled Sheet Compression Plates

VOLUME IV.
Session 13. "Composite Members"
ALTMANN, R.- MAQUOI, T. - JASPART, J-P. (Belgium)
Experimental Study of the Non-Linear Behaviour of Beam-to-Column Composite Joints
DAVIES, J. - HAKMI, R. (United Kingdom)
Post-Buckling Behaviour of Foam-Filled, Thin-Walled Steel Beams 
LAPOS, J. (Czechoslovakia)
Effective Modulus of Concrete for Composite Columns

III/227

II1/235 

III/245

III/253

II1/261

III/269

III/277

III/285

III/293

III/301

IV/3

IV/11

IV/19



-IX-
SHAKIR-KHALIL, H. (United Kingdom)
Columns of Composite Shells IV/27
S0LÏÉSZ, J. (Czechoslovakia)
Analysis of Slender Steel Reinforced Concrete Columns under
Extreme Thermal Conditions IV/37
Session 14. "Earthquake Engineering and Dynamic Behaviour"
GYÖKÖS, F. (Hungary)
Dynamic Test of Equilibrium State of Eccentric Loaded Thin-Walled 
Steel I-Beams IV/47
KOZAROV, M. - CHONG, N. (Bulgaria)
Dynamic Stability of Elastic Elliptic Cylindrical Shells and Panels IV/57 
MAZZOLANI, F. M. (Italy)
The European Recommendations for Steel Structures in Seismic Areas IV/65
PAMMER, Z. - RÁCZ, S. (Hungary)
Dynamic Analysis of Steel Sructures Using the P-Extended Finite 
Element Method IV/73
POLISCHUK, N. (USSR)Limiting Value Determination of Harmonic Load Frequency Affecting 
Steel Bar Structure IV/79
RAVINGER, J. (Czechoslovakia)
Dynamic Post-Buckling Behaviour of Thin Walled Panel IV/83
SEYRANIAN, A. (USSR)
Interaction of Eigenvalues and Structural Stability Problems IV/89
TOMSKI, L. - KUKLA, S. -POSIADALA, B. - PRZYBYLSKI,J. - SOCHACKI,W. 
(Poland)
Divergence and Flutter Instability of Column Supported by a
Nonlinear Spring and Loaded by a Partially Follower Force IV/95
TOMSKI, L. - PRZYBYLSKI, J. (Poland)
Flutter Instability of a Two Member Compound Column IV/103
Session 15. "Special Problems"
BOJA, N. - Ivan, M. (Romania)
A Geometrical Approach to the Theory of Deformations for Curved
Shells Related to Their Curvature Lines IV/113
BORS, I. - ALEXA, P. (Romania)
Elastica of a Beam Taking Into Account the Axial and Shear Effects IV/121
BROZ, P. (Czechoslovakia)
On the Buckling of Plate Structures IV/121



- X -

CLEMENTE, P. - NICOLOSI, G. - RAITHEL, A. (Italy)
Intrinsic Properties of Rigid-Elastic Models
GIZE30WSKI, M.A. - PARAMESWAR, H.C. (Zimbabwe)
A Consistent Nonlinear Theory for Thin-Walled Members of 
Open Cross-Section
GRUDEV, I. D. (USSR)Survivability as a Factor Ensuring Failuire-Free Operation 
of Structures
GVAMICHAVA, A.S. (USSR) . . T ... _Influence of Technological Inaccuracies at Fabrication on Initial 
Stressed-Strained State of Structures
IVAN, M. - BOJA, N. (Romania)On the Deformations of Bars with Curved Section
KURUTZ, M. (Hungary)On Structural and Material Stability by Visual Presentation 
MILCHEV E. (Bulgaria)A General Numerical Method for Plates, Members with Thin-Walled 
Open Cross Sections and Shells Stability Problems
POLYAK, V.S. (USSR)Design Concepts for Precision Metal Structures with Deformation 
Limitations Playing a Leading Role in Their Shape Formation
RAITHEL, A. - AUGENTI, N. (Italy)Influence of the Imperfections on Stability Problems
RAITHEL, A. - NICOLOSI, G. (Italy)The Local Potential Energy in the Post-Critical Behaviour 
SADOVSKY, Z. (Czechoslovakia)Buckling of Plates Subjected to Compression at Elevated 
Temperatures
SIDOROVITCH, E. (USSR)Multiparametric Stability and Postcritical Behaviour of 
Non-Linear Space Structures
SOBOTKA, Z. (Czechoslovakia)Stability of Orthotropic Cylindrical Tubes at the Thermal Effects
TOCHACEK, M. - FERJENCIK, P. (Czechoslovakia)
Further Stability Problems of Prestressed Steel Structures

IV/135

IV/141

IV/151

IV/157

IV/167

IV/171

IV/181

IV/187

IV/195

IV/203

IV/209

IV/217

IV/225

IV/233












