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1.0 INTRODUCTION
Today's markets are extremely discriminating and customers 
demand product performance that is equal to or better than 
the declared specification, or in the case of the open 
market, a product performance that is equal to or better 
than the consumer's expectations.
In order to meet these requirements, considerable thought 
and effort has to be applied by the Project and Design teams 
involved in order to plan how they are going to achieve the 
expected performance criteria.
In all cases 'Reliability' is a key parameter that has to be 
addressed and this paper outlines some of the techniques and 
methodologies available.
For the purposes of this paper the definition of Reliability 
is as follows:
Reliability
The ability of the product or service to perform to 
specification under stated conditions for a stated period of 
time.

2.0 RELIABILITY PROGRAM
2.1 General

Reliability is a principal Quality Measure and the purpose 
of a Reliability Program is to identify those aspects of 
reliability that require to be addressed through the life 
cycle of the product from customer definition stage through 
design, development, manufacture and test to Customer 
Acceptance.
A properly integrated reliability program will provide an 
overall cost benefit to the Company concerned in terms of 
reduced costs in design rework and reduced maintenance costs 
when in service.

2.2 Selection of program activities
It is not possible to say in precise terms the effectiveness 
of each program activity on overall product reliability.
The choice of activities and resources to be expended should 
be based on previous experience. If no previous experience 
exists then the choice of activities undertaken should be 
made on a "common sense" approach as follows (BS5760 
refers):
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a) The earlier a design change can be agreed, the lower 
the total cost is likely to be. The cost of making a 
design change at the production or use stage is usually 
many times the cost of doing so at the initial design 
and development stages.

b) For complex items, design evaluation and review, use of 
proven parts and processes, and the use of redundancy 
or derating within the design can greatly enhance 
overall system reliability. Large scale use of system 
redundancy can greatly improve overall system 
reliability, but at an increase in initial cost and 
maintenance load.

c) Reliability testing, including corrective action, 
carried out during the development and production 
phases, is an effective means of increasing the 
reliability of complex items as well as increasing 
confidence that the required level has been attained.

d) Reliability improvement depends on several factors such 
as the effectiveness of procedures for identifying, 
reporting and taking action on failures, the way the 
programme is managed and the use to which failure 
analyses are put.

2.3 Typical Reliability Program
See figure (1).

3.0 RELIABILITY SPECIFICATION
3.1 Introduction

There are many ways in which a customer can express 
reliability requirements and these are normally linked to 
operational constraints such as the Duty Cycle, Maintenance 
Policy and Project Life.

3.2 Typical Parameters
a) Failure Rate (FPMH)

The failure rate is usually in units of failures per 
10° hours and is the summation of the individual 
failure rates comprising the product.

b) Mean Time Between Failure (MTBF)

MTBF FPMH (hours)

c) Reliability (R) 
R = e-Xt

where X = Failure Rate 
t = Mission Time

i
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d) Mean Time to Repair (MTTR)
This is simply the repair time that the customer 
expects not to be exceeded to return the product to 
full working condition. The MTTR calculation includes 
various factors including:
- Diagnostics
- Removal
- Repair
- Refit
- Test, etc.
In some circumstances there are four MTTR's quoted and 
these are known as first, second, third and fourth line 
repairs which relate to where the repairs are carried 
out, the degree of work to be conducted and the skill 
levels required.

e) Availability (A)
д _ MTBF

MTBF + MTTR
where MTBF = mean time between failure, and 

MTTR = mean time to repair
f) Life (L)

The expected time that the product is expected to 
remain in service prior to replacement or major 
overhaul.

g) Mission Time (t.)
The duration in hours over which the product is 
expected to achieve the Reliability.

h) Duty Cycle or Operational Profile
A statement is required from the customer, defining the 
'Duty Cycle' or 'Operational Profile' of the product, 
as this is a primary reliability consideration.
For Example : 1
A typical duty cycle for an office computer may be:

0 to 0800 hours 
0800 to 1200 hours 
1200 to 1300 hours 
1300 to 1800 hours 
1800 to 2400 hours

Switched off 
Full Operation 
Stand by 
Full Operation 
Switched off

3.3 Worked Example
A system has an MTBF of 200 hours and is required to have a 
Reliability of 97% over a 5 hour period and an availability 
of not less than 98%. Calculate -
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a) The 'failure rate* 1
b) The 1 reliability'
c) The 'availability'1 where the time to repair is 2 hours
a) Failure Rate 1 1 = 0.005MTBF 200
b) Reliability = = e"0' 005 X 5 0..975

= 97.5%
c) Availability MTBF 200 0.99

MTBF + MTTR 200 + 2
= 99%

4.0 RELIABILITY PLAN
4.1 Introduction

Reliability Plans define the tasks to be implemented to 
ensure that the specified requirements are met. The Plan is 
also used to monitor progress throughout the design and 
development phases and the tasks defined form an integral 
part of the overall engineering process.,
In practice Reliability Plans cover Reliability and 
Maintainability aspects.

4.2 Contents
The contents of a Reliability Plan is usually as follows:
1. Introduction
2. Applicable Documents
3. Management Structure and Interfaces
4. Reliability and Maintainability Program
The Reliability and Maintainability Program covers the 
following elements.

4.3 Reliability Risk Areas
Reliability risk areas will be identified at outset of the 
project and monitored throughout the programme to ensure 
that visibility of these potential problems remains high.
Any additional problems identified during the programme will 
be highlighted in a timely manner in order to minimise any 
impact on the reliability and maintainability goals set for 
the programme.

4.4 Project Progress Report
The Reliability Engineer will prepare progress reports for 
inclusion in the Project Progress Report. This report will 
cover the activities during the reporting period and outline 
the activities for the next reporting period.
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4.5 Reliability Programme Review

The purpose of this review is to discuss all pertinent 
aspects of the reliability programme in order to ensure that 
it is proceeding in accordance with the contractual 
requirements and that all reliability requirements are being 
attained. This internal management review is held on a 
regular basis and is attended by project quality and 
reliability personnel.

4.6 Design Review
Design reviews are held regularly as part of the design 
process. A representative of the Reliability Group will 
attend all such design reviews to ensure that reliability is 
considered in the broad context of the overall design.
Check lists are used to assist in assessing the design and 
cover such topics as design simplification, component 
standardisation, derating, correct component application, 
component protection, minimum operator error and 
testability.

4.7 Parts Programme
All components to be used are selected in accordance with a 
comprehensive list of preferred parts and materials.

4.8 Reliability Model and Prediction
In order to assess the extent to which design criteria and 
reliability requirements have been incorporated into the 
design a reliability prediction will be generated.
This prediction will be based on a simple mathematical model 
derived from the breakdown of the defined system. The 
prediction technique requires that for each part and 
assembly a reliability figure is determined. Each part and 
assembly is analysed to determine if it is similar to any 
existing hardware with established reliability. If it is 
similar, the part of assembly is given the corresponding 
failure rate. If it is not similar, the part or assembly 
failure rate is estimated based on the techniques of MIL 
HDBK 217E.
The prediction will be refined as the project progresses and 
be presented in the form of a report to the customer prior 
to final acceptance.
The Stress Ratio criteria employed are summarised below:
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Part Category Stress Ratio Base
Integrated Circuits 80% Power Dissipation 

(maximum rated)
Transistors 50% Power

75% Voltage
75% Current

Diodes and Rectifiers 50% Power
50% Current
75% Voltage

Resistors 50% Power
80% Voltage

Capacitors (except tantalum) 50% Voltage
Capacitors (tantalum) 80% Voltage
Switches 40% Current
Relays 40% Current

4.9 Failure Reporting, Analysis and Corrective Action System
During each phase of the manufacture, commissioning and 
acceptance testing of the system, procedures will be set up 
to collect, analyse and correct failures. This data covers 
both hardware and software. This data will be used to 
monitor the achievement of reliability during development.

4.10 Reliability Growth Measurement
Reliability growth is the improvement of equipment 
reliability over a period of time effected by systematic and 
permanent removal of failure mechanisms. The techniques to 
measure reliability growth are well established and 
documented, e.g. MIL HDBK 189. At the end of each 
acceptance phase the reliability growth data or simple 
estimates will be offered as demonstrating progress towards 
the achievement of the reliability specification. Simple 
estimates may be presented if there is limited data or if 
the reliability growth models are unable to give a 
reasonably goodness of fit measure.
During in-house testing reliability data will be collected 
and failures will be categorised into relevant and 
non-relevant for the purposes of reliability growth 
plotting. Also the operating hours will be recorded to 
enable plots to be completed of failures against time and 
failure rate against time. Reliability growth models will 
be used to measure and predict the reliability achieved.

4.11 Software Reliability
Software is one of the main contributors to system 
performance and is critical to the overall system 
reliability. Software failure depends on the quantity of 
inherent design faults (bugs) and the probability that they 
will affect performance. If these bugs are corrected 
properly, the software reliability is improved and can 
theoretically achieve 100%. However, to design, develop and 
test the software a Software Control Plan will be written 
detailing the modular approach to the structure and testing 
of the software. The Plan will also outline the controls 
and documentation that will be used to identify and overcome 
software problems.
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4.12 Availability, Reliability and Maintainability Demonstration
The purpose of the AR&M demonstration is to show that the 
AR&M parameters in the specification have been achieved. An 
AR&M Demonstration Plan will be written and agreed with the 
Authority. This Plan will outline the documentation, the 
procedures and the conduct of the demonstration.

5.0 DESIGN FOR RELIABILITY
5.1 Introduction

The achievement of product reliability does not occur by 
accident, and the designer must not only recognise the rules 
associated with design philosophy but also make provisions 
for completing the design work, at the earliest possible 
stage in the program.
With many programs the major decisions such as outline 
performance, size, weight, major component procurements etc. 
are in fact made prior to contract award and the effect of 
these decisions often mean that they cannot be reversed.
This again emphasises the need for those engineers 
responsible for Reliability to be party to the decisions 
made.

5.2 Design Philosophy
The design philosophy outlined below should apply to all 
products but clearly some degree of 'tailoring' will be 
needed to suit the specific needs of different products.
To achieve reliable products the designer should:
a) Understand the Product Reliability Specification
b) Recognise the environment in which the product is 

required to work
c) Use suitable components.
d) Keep the design simple.
e) Keep innovation to a minimum and maximise the use of 

proven technology.
f) Ensure that component stresses are suitable.
g) Design for ease of production, test and maintenance.

6.0 DESIGN REVIEW
6.1 Introduction

With the Customer's requirements clearly identified and 
Project Planning complete, the various elements of the 
product requiring design should in turn be identified.
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The elements of the product requiring to be designed need to 
be 'broken down' into manageable tasks each with a 
responsible engineer, a specification, start/end dates to 
completion, and a means of measuring the success of the 
various tasks.
The responsibility for achieving 'quality of design' of 
course rests with the design team, whilst the Team Leaders 
would have the specific task of monitoring the above 
process. In addition it would be normal to set up an 
independent review body to provide assurance that the design 
objectives are being or have been met.
This independent activity is known as Design Review

6.2 Objective
Design Reviews are operated to a defined company procedure 
and call for the Design Team to present their work to a body 
of experts who are knowledgeable on the produce and would as 
such normally have a relevant field of expertise.
The Design Review Team would be expected to confirm or 
otherwise that the design objectives have been, or are in 
the process of being met and that any potential risk areas 
are identified together with any corrective action plans.

6.3 Factors considered
The factors considered by the Design Review Team would 
include:
a) The use of Company "Design Codes of Practice"
b) The use of "preferred" parts
c) The use of existing design solutions, thus minimising 

innovation and the use of untried technologies.
d) Identification of potential problem areas and/or 

uncertainties
e) A record of design decisions
f) Objective evidence

6.4 Structure
Design Reviews would normally be structured so that there is 
formal review at the beginning of the design process i.e. 
Preliminary Design Review, in the middle i.e. Critical 
Design Review and at the end i.e. Final Design Review. In 
between these reviews it would be normal for a schedule of 
lower level reviews to be held by the design team. The 
independent experts previously mentioned would normally only 
be involved in the three major reviews.
As general guidance, the three major reviews would endeavour 
to cover the following points :
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Preliminary Design 
Review Specification 

Delivery Schedule 
Design Philosophy 
Problem Areas 
Quality Program

Critical Design Review As above 
Design Concept 
Technical Viability 
Verification and Validation 
Interfaces
Compliance Check List

Final Design Review As above 
Design Freeze 
Product Support 
Handbooks/Data Package

6.5 Design Team

A last word about the management of design teams. On one 
hand we have the structured approach to take into account 
that it is necessary to transfer the solutions in the 
designers mind to something that is a workable entity 
drawings or software, and on the other it has to be 
recognised that to achieve the best results of some 
designers and some situations, there may have to be a 
reasonable degree of freedom given that is later followed up 
by the more structured approach, but this essentially 
becomes a management issue.
However, it remains of vital importance that time is taken 
out to explain to the whole of the Design Team that which is 
expected of,them as well as the various disciplines which 
apply.

7.0 SOFTWARE RELIABILITY
7.1 Introduction

Software is a common part of most systems today either the 
software is an integral part of the product or it is used in 
a supporting role. The question that is most commonly asked 
is 'How Software can be addressed in a Reliability 
Program?'.
Before this can be answered we first have to look at the 
various Reliability Terms and then how they apply to 
Hardware and Software.

7.2 Reliability Terms
Hardware Software

a) Failures may be due to Failures are due to design 
specification errors in errors, 
design, production use, 
and maintenance.
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b) Failures can be due to 
wear out, or other 
energy-related process. 
Sometimes warning is 
available before failure 
occurs as a result of 
gradual degradation.

c) Repairs can be made 
which return the equip­
ment to the original 
working state and may 
make the equipment 
more reliable.

d) Reliability can depend 
upon 'burn-in' or wear- 
out processes, i.e. 
failure rates can be 
decreasing, constant, or 
increasing with respect 
to operating time.

e) Reliability is time- 
related with failures 
occurring as a function 
of operating and 
storage time.

f) Reliability is related
to physical environmental 
factors such as temper­
ature, humidity, and 
pressure.

g) Reliability can be 
predicted in theory from 
knowledge of design and 
extent of use.

h) Reliability can some­
times be improved by 
redundancy.

There is no wear out process in 
software. Failures occur without 
warning.

Repairs cannot usually be made as 
they can for hardware. The main 
solution is usually to re-design, 
i.e. re-program, which, if it 
removes the error and introduces 
no other, will result in higher 
reliability in the eyes of the 
user. However, where data has 
been corrupted and 'repaired' the 
cause of the corruption must be 
sought and removed in order to 
prevent a reoccurrence.
Reliability is not so dependent. 
Reliability improvement over time 
may be affected, but this is not 
an operational time relation. 
Rather it is a function of the 
effort put in to detecting and 
correcting errors.
Reliability is not calendar time- 
related. Failures occur when a 
program step or path which is in 
error is executed.

Reliability is not affected by 
the physical environment, unless 
program inputs are affected.

Reliability cannot be predicted 
from any physical bases, since 
it depends entirely on human 
factors in design.
Reliability cannot be improved 
by redundancy if parallel program 
paths are identical, since if one 
path fails any other will have 
the same error.
It may be possible to provide 
redundancy by having parallel 
paths each with different 
programs written and checked by 
different teams.
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7.3 Summary

We can see from the above that the traditional means of 
dealing with Hardware Reliability does not entirely apply to 

. Software.
However, this does not mean to say that Software Reliability 
cannot be influenced in the Reliability Program Plan.
The measures that are recommended to ensure Software 
Reliability are as follows:
a) Define the Specification.
b) Define resources needed.
c) Plan the software life cycle i.e. design, development, 

testing etc.
d) Use Design Codes of Practice
e) Use previously 1 tried and tested* software where 

possible.
f) Employ configuration control.
g) Correct problems in a controlled manner.
h) Test against the agreed specification.
When the product is in the hands of the customer it is 
likely that problems will manifest themselves and to enable 
realistic system level reliability predictions to be carried 
out then a failure rate allocation must be made for the 
software elements.

8.0 RELIABILITY ANALYSES
8.1 Introduction

There are various forms of reliability analyses that can be 
applied to a product or system and this section of the paper 
deals with some of the methods commonly in use.

8.2 The 'Bath Tub* Curve 4
The 'Bath Tub' Curve characterises any approximate 
reliability life cycle for mechanical, electro mechanical 
and electronic products and is made up of three distinct 
regions.

mortality
infant useful

life
wear

Failure
rate

/

Time
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a) The 'Infant Mortality1 region
This is caused by the presence of failures as a result 
of poor design or manufacture and is represented by a 
decreasing failure with respect to time.

b) The 'Useful Life1 region
This part of the curve represents the period of the 
product life where the failure rate is constant and 
where predominantly random failures occur.

c) The 'Wear Out' region
The last part of the curve is known as the wear out 
region and this is characterised by an increasing 
failure rate with time.

8.3 Reliability Predictions
Reliability Predictions are used at the earliest possible 
stage of the design cycle in order to determine whether the 
equipment Mean-time-between-failure (MTBF) will be achieved.
Predictions will also identify potential weak areas of the 
design thus enabling timely corrective action to be taken.
To produce a reliability prediction the following 
information is needed:
a) Part failure rates, which are usually quoted in failures 

per million hours (FPMH) and are denoted by the Greek 
Letter LAMBDA (X ).

b) Environmental consideration i.e. temperature, stress, 
environmental factor.

c) Duty cycle, i.e. time in use during the day.
d) Equipment schematic showing the interrelationship of the 

various pieces of the system.
It is important to understand the source of the failure rate 
data in order that accurate comparisons of equipment can be 
made.
An example of a Reliability prediction is as follows:

MTBF = Sum of Failure

XI 5 X 10~6

X2 2 X 10"6

X3 6 X 10"6

V ifc. II 21 X 10"6

MTBF =
106

5+2+6+21

MTBF = 29412 hours
14



8.4 Failure Mode Effect, and Criticality Analysis (FMECA)
FMECA's are used to identify the effect and to assess the 
criticality of a present malfunction.
(See Figure (2) for worked example).

8.5 Fault Tree Analyse (FTA)

This analysis is in some ways a reverse approach to that of 
FMECA's insofar as the effect of the problem is and the 
analysis reviews all of the problems that could cause the 
effect.
(See Figure (3) for worked example).

9.0 RELIABILITY GROWTH
9.1 Introduction

It is important from a producer's and a customer's point of 
view to gain viability of Reliability growth i.e. the 
achievement of contractual reliability values over a period 
of time.
We can deduce from the previous sections that Product 
Reliability is not always achieved instantaneously 
particularly where there is an element of Design and 
Development involved followed by the use of untimed 
manufacturing processes and skills but more often by a 
dedicated approach towards identifying and resolving 
problems.

9.2 Basic Principles
The basic principle of Reliability Growth Testing is to 
operate the product in an environment similar to that used 
by the proposed customer ( s )., then investigating and 
eliminating by modification all failures that are thought to 
be of a repetitive nature i.e. test, analyse, fix, test, 
analyse, fix etc.

9.3 Factors Affecting Reliability Growth
It has been demonstrated in the past that the success of a 
Reliability Growth Program depends solely on the efforts put 
in by the people concerned with the test, analysis, fix 
procedure.
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However, this in turn may be determined by:
a) The nature of the system
b) Complexity
c) Technology
d) Configuration
e) Environment
f) Performance characteristics
g) Cost and time constraints

10.0 PERFORMANCE FEEDBACK
10.1 Introduction

In spite of the various measures that we can put in place to 
prevent problems we are all human beings and therefore 
fallible and because of this certain measures have to be put 
in place to highlight, and the very earliest opportunity, 
any problem that may occur throughout the project life 
cycle.
These measures are known as the 1 Feedback and corrective 
action loop1. This simply means that as problems arise a 
record of the problem has to be made, including the various 
circumstances prevailing at the time of. the occurrence, and 
necessary decisions made and agreed by all concerned parties 
on how to prevent a future reoccurrence of the problems on 
this and similar products.

10.2 Procedure
At the project quality and reliability planning stage the 
requirements for defect data collection require to be 
considered, and the various mechanisms for doing so carefully 
thought out. In principle the following actions require to 
be considered.
a) . When to start defect data collection

The collection of defect data must start as early in 
the project life cycle as possible and this should be 
accompanied by the collection of the number of hours 
run.

b) Responsibilities
Responsibilities should be defined at the outset 
typically the Reliability Engineer will be responsible 
for deciding the nature of information that should be 
collected from the various areas which he/she will 
process into meaningful statistics.
Other responsibilities that require definition relate 
to corrective actions that require to be taken as it is 
pointless to highlight a problem and do nothing about 
preventing future reoccurrences.

y
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c) Data from customers
In many cases it is difficult to make arrangements with 
the customer to provide performance feedback 
information and therefore careful negotiation has to be 
carried out with the customer in order to clarify 
objectives and the data collection arrangements.

11.0 RELIABILITY DEMONSTRATIONS Vs RELIABILITY WARRANTIES
11.1 Introduction

Reliability Demonstrations are sometimes required by 
Customers as a means of demonstrating in an operational 
environment that contractual reliability requirements have 
been achieved.
Under the heading of 1 Reliability Demonstration1 it is often 
a requirement to also demonstrate 'Availability and 
Maintainability'.
However, there is an increasing trend from some quarters of 
the customer base towards not asking for Reliability 
Demonstrations in favour of a Reliability Warranty.

11.2 Preferred Option
It is not easy to say which is the best from either the 
customers or the producer's point of view because it is 
largely dependent on the products that are under 
consideration and more important the conditions associated 
with the various contractual arrangements.
However, the following can be said:
a) Configuration and Maintenance

It is unlikely that any producer would offer a 
Reliability Warranty unless:
- The configuration of the product is frozen
- The organisation offering the warranty is also 

responsible for maintenance and support
b) Costsit is likely that Reliability Warranties will always 

increase basic unit costs.
c) Accountability

Clearly, the producer of a piece of equipment is 
responsible for the achievement of all contractual 
conditions including Reliability aspects. However, the 
acceptance of a Reliability Warranty contract clause 
does have the effect of making the producer more 
directly accountable than he may otherwise be.
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11.3 Basic Conditions

The basic conditions to be met whether or not the contract 
demands a 1 Reliability Demonstration1 or a 'Reliability 
Warranty' include the following:
a) Design

There is no advantage in submitting a product into a 
Reliability Demonstration or into service until there 
is a high degree of assurance that it will achieve the 
contractual performance requirements.

b) Rules and Regulations
There has to be a clear understanding of the various 
Rules and Regulations that will be applied to the 
product in the case of an incident, specifically there 
has to be guidance as to the determination of whether 
the incident is attributable or not to the product in 
order that subsequent discussion with respect to 
liability can be held on a positive note.

c) Configuration Control
There has to be a definition of the product at all 
times and this should include the 'Build Status' of all 
hardware, software etc. elements and should include all 
agreed configuration changes.

12.0 DISCUSSION POINTS
a) Future of Reliability Engineering
b) Organisation
c) Processes
d) Should 'failure' be accepted.
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SYSTEM MODELLING WITH PETRI NETS

Andrea BOBBIO

Istituto Elettrotecnico Nazionale Galileo Ferraris 
Strada delle Cacce 91, 10135 Torino, Italy

ABSTRACT. Petri Nets (PN) are a graphical formalism which is gaining popularity in recent 
years as a tool for the representation of complex logical interactions (like synchronization, sequen­
tiality, concurrency and conflict) among physical components or activities in a system. This notes 
are devoted to introduce the formalism of Petri nets with particular emphasis on the application 
of the methodology in the area of the performance and reliability modelling and analysis of sys­
tems. The quantitative analysis of the behaviour of systems in time requires the superposition 
of a stochastic timing mechanism to the classical representation of PN. Timed Petri nets and, in 
particular, Stochastic Petri nets (SPN) are the object of the second part of the notes. Finally, 
some fully developed examples enlighten peculiar aspects which differentiate PNs from other mod­
elling techniques usual in reliability analysis. In few words, the goal of these notes is to show that 
the proposed methodology based on the PN formalism can be conveniently used as a user-friendly 
language to represent and evaluate complex stochastic systems.

1. Introduction

Petri Nets (PN) are a graphical tool for the formal description of the flow of activities in 
complex systems. With respect to other more popular techniques of graphical system rep­
resentation (like block diagrams or logical trees), PN are particularly suited to represent in 
a natural way logical interactions among parts or activities in a system. Typical situations 
that can be modelled by PN are synchronization, sequentiality, concurrency and conflict.

The theory of PN originated from the doctoral thesis of C.A. Petri in 1962 [39]. Since 
then, the formal language of PN has been developed and used in many theoretical as well as 
applicative areas. Introductory survey papers can be found in [38,3]. Several textbooks on 
the subject are also available: [37] (where an extended annotated bibliography is contained) 
[42,13,44]. An yearly Workshop on "Application and Theory of Petri Nets” is held in 
Europe (the IX edition of the workshop took place in Venice in June 1988).

The classical PNs do not convey any notion of time; in order to use the PN formalism 
for the quantitative analysis of the performance and reliability of system versus time, a 
class of Timed PN (TPN) has been introduced. The time variables associated to the PN 
can be either deterministic variables (leading to the class of models called deterministic 
PN), or random variables (leading to the class of models called Stochastic PN - SPN). 
The bibliography on TPN is not as wide as the one on classical PN, however, an extended
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collection of papers and applications can be found in the proceedings of two international 
workshops specifically devoted to the use of TPN in performance and reliability evaluation

[2 l1 , ■
’ The first part (sections 3,4,5,6 and 7) of these lecture notes is aimed at introducing the

classical theory of PN, while the second part (sections 8,9,10 and 11) discusses the stochastic 
timing of a PN with application in the field of reliability modelling and evaluation.

In particular, Section 2 contains the list of symbols. Section 3 defines the primitive 
elements of the PN and the execution rules by means of which the dynamic properties 
of the system are described. Section 4 illustrates typical examples of logical interactions, 
among activities modelled by PN, while Section 5 introduces characteristic properties of 
PNs Section 6 shows how a PN can be analyzed through the generation of the reachability 
tree, or by means of matrix techniques. Finally, some possible extensions of the modelling

capabilities of classical PNs are considered in Section 7. .
The second part of the lecture notes is devoted to illustrate how PNs can be convenant y 

used as a modelling language for the quantitative analysis of the performance and rehab,hty 
of systems. The use of PN for this purpose requires that the duration of the activities 
representing the system operation, can be specified and measured, therefore übe first step 
toward the definition of a suitable modelling framework is the insertion of the notion of 

time in classical PNs. This topic is addressed in Section 8.
Section 9 examine, the class of Stochastic PN (SPIV),* which the durations,)! the. 

activities are exponentially distributed random variables. With this assumption, the dy-

analysis. With reference to the above model,, we discus, the foU=wm6 topic,: the gen-

mens

the implementation of simulative techniques in the analysis of SPN.

2. List of Symbols 
D~,D+,D

: 4

Gr
I
HMSPN
L = {A%, A%,.. A„t} 

M — {mi, m2, ■ • ■, m, 
N

nt

Input, Output and Incidence matrix 
0-vector whith entry j equal to 1 

Execution sequence 
Reachability graph 
Input function
Homogeneous Markov Stochastic Petri Net

Set of firing rates
Marking
Cardinality of the reachability set (state space) 

Number of places 
Number of transitions
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0 Output function
PN Petri Net
P = {Pl,P2,. •• i Pnp} Set of places

State probability vector of the associated Markov chain
n Reachability set
SPN Stochastic Petri Net
T = 0l,<2, . . • ) f nt} Set of transitions
TE Timed execution sequence
TPN Timed Petri Net
vP Unitary vector
V Branching probability in a random switch

Vector of binary (0, 1) entries
X Integer vector
Vj{t) Expected number of firings of tj in 0 - t

Random firing time associated to tj
A, P, 7, P Firing rates
Л Transition rate matrix of the associated Markov chain
Ф Mean passage time

Ti Epoch of firing of t(j-)
Expected time spent in a marking in 0 - t

w Infinite reproducibility in the reachability tree

3. The Primitive Elements of n Petri Net

For definitions and notation we refer in general to [37]. A Marked PN is a quintuple 
(P,T,I,0,M), where:

• P = ... ,p,ip} is the set of np places (drawn as circles in the graphical repre­
sentation);

• T — {<i,Í2) • • -1(п<} is the set of nt transitions (drawn as bars);

e / is the transition input relation and is represented by means of arcs directed from 
places to transitions;

e 0 is the transition output relation and is represented by means of arcs directed from 
transitions to places;

• M = {mi, mz,..., mnp} is the marking. The generic entry m, is the number of 
tokens (drawn as black dots) in place p; in marking M.

The graphical structure of a PN is a bipartite directed graph: the nodes belong to 
two different classes (places and transitions) and the edges (arcs) are allowed to connect 
only nodes of different classes (multiple arcs are possible in the definition of the I and О 
relations [37]). Figure 1 is a PN [3].

The dynamics of a PN is obtained by moving the tokens in the places by means of the 

following execution rules:

20- -
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- A transition is enabled in a marking M if all its input places carry at least one token;

- an enabled transition fires by removing one token per arc from each input place and
adding one token per arc to each output place.

0{t 3) =

Figure 1 - A PN graph with Input and Output functions.

Given an initial marking M\, the reachability set 72.(Mi) is the set of all the markings 
that can be obtained by repeated application of the above rules.

More formally we can say that tk is enabled in marking M if:

for any pi 6 I{tk) , гщ > 1

Marking M', obtained from M by firing tk) is said to be immediately reachable from 
, and the firing operation is denoted by the symbol (M - t* —► M'). The token count in 
' is pictorially represented in Figure 2, and is given by the following relationship:

f M(Pi) + 1 if pi € 0(tk) , Pi i I{tk)
M'iPi) = j M(pi) - 1 if Pii 0(tk), Pi e i(tk)

[ M(pi) otherwise

Let us examine the generation of the reachability set of the PN of Figure 1 given 
the initial marking M\ = (1,0,0,0,0). In Mi the only enabled transition is <1; firing
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Figure 2 - Token number modification in place p{ subsequent to the firing of 
transition i*.

of t\ removes the token from pi and puts a token both in p2 and p3 producing the new 
marking M2 = (0,1,1,0,0). In M2 the transitions t2 and t3 are both enabled and can fire 
concurrently. Firing of t3 leads to M3 = (0,1,0,0,1) and subsequent firing of t3 leads to 
MA = (0,0,0,1,1). In M4 transitions t4 and t6 are both enabled, but the firing of either 
disables the other; the two transitions are in conflict. Firing of t4 in M4 produces marking 
M3, while firing <5 in M4 produces the intial marking M\. Note that a different firing 
sequence can be activated from marking M2, by letting t2 firing first and obtaining marking 
Mb = (0,0,1,1,0). With this, all the possible firing sequences have been examined, and 
the reachability set ЩМ2) of the net of Figure 1 turns out to contain 5 elements Mu M2, 
M3, M4 and M3-

4. Petri Nets and the Modelling of Systems

PN used for modelling real systems are sometimes referred to as Condition/Events nets. 
Places identify the conditions of the parts of the system (working, idle, queueing, failed), 
and transitions describe the passage from one condition to another (end of a task, failure, 
repair ...). An event occurs (a transition fires) when all the conditions are satisfied (input 
places are marked) and give concession to the event. Occurrence of the event modifies 
in whole or in part the status of the conditions (marking). The number of tokens in a 
place can be used to identify the number of resources lying in the condition denoted by 
that place. The following examples illustrate typical situations of interaction of activities 

arising in system modelling.

4.1. CONCURRENCY (OR PARALLELISM)

In the PN of Figure 3 transitions and t2 are enabled simultaneously; the firing of one of 
them does not modify the state of the other. The activities modelled by the two transitions 
run concurrently. In reliability modelling, the PN of Figure 3 can represent two components 
Cl and Cj in parallel redundancy; in this case, places Pl and p3 represent the working
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Figure 3 - PN modelling two parallel activities.

Figure 4 - A PN modelling two parallel activities with synchronization.

condition, P2 and p< the failed condition and tx and t2 the event of failure of Cx and C, 

respectively.

4.2. SYNCHRONIZATION

In Figure 3 the activities modelled by tx and t2 run concurrently; however, if they represent 
routine, of a parallel program, both should be terminated before Hie programi execution 
can proceed. The synchronization activity is modelled in Figure 4 by means of transition 

t3 whose firing requires a token both in pi and p4.

4.3. LIMITED RESOURCES

A typical factor influencing the performance of distribnted »yetem» (mnltiproceeeor .y.
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buffer

a)

Figure 5 - Block diagram and PN of a buffer with finite size.

terns, flexible manufacturing systems and so on) is the limited number of available re­
sources. Exhaustion of the resources prevents the activities to proceed and blocks the 
system. Modelling and analysing systems with blocking is a difficult task in almost all 
modelling frameworks [15,46]. A PN representation of a buffer with limited size is shown 
in Figure 5b (Figure 5a shows the corresponding block diagram representation). Place рз 
models the number of free buffer positions whereas p2 the number of filled positions; note 
that the sum of tokens in p2 and рз is constant and models the total number of available 
buffer positions (three positions in the figure). Transition f2 models the filling of one buffer 
position and can fire if a position free (at least one token in рз) exists and a task is available 
to be stored (a token in pi). Transition t3 is enabled when at least one buffer position is 
filled, and firing of t3 moves one token from p2 to p3.

4.4. SEQUENTIALITY (THE PRODUCER/CONSUMER PROBLEM)

A producer produces objects that are put into a buffer from which can be removed and 
consumed by a consumer. The consuming process must be in sequence with respect to the 
production process. The PN solution to this problem is reported in Figure 6. A token in 
pi means that the producer is ready to produce. By firing ti and t2 an object is produced 
(a token is put in the buffer p5) and the producer is ready again. If the consumer is ready 
to consume (token in рз) and an object is in the buffer, transition Í3 can fire removing one 
token from p5.

In the PN of Figure 6 the production and the accumulation of objects in the buffer 
is unbounded. A more realistic situation is obtained by considering a buffer of limited 
capacity (as in 4.3). The corresponding PN is reported in Figure 7. Place pe models the
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consumerproducer

Figure в - The producer/consumer problem with unbounded buffer.

free buffer positions and place p5 the filled buffer positions; the number of tokens in pg and 
Pe is constant and represents the total available buffer positions. If a single token is assigned 
to pe in the initial marking, we model the situation in which the producer cannot further 
produce until the consumer has consumed the object in the buffer (a strictly sequential 
ordering of activities).

4.5. MUTUAL EXCLUSION (CONFLICT)

Two resources C% and C3 are allowed to work in parallel, but are connected to a shared 
resource C, that cannot be accessed by Ci and Cj simultaneously (block diagram in Figure 
8a). The corresponding PN is in Figure 8b. Places p\ and pg represent C% and C3 working 
independently; p3 and pe represent Cj and C% requesting access to С,; рз and p? represent 
C, busy with Ci and C3 respectively. Place p4 determines which resource can actually 
access C,, and prevents places p3 and p% to be marked at the same time; in fact when p3 

and pe are both marked, transitions t2 and 15 are in conflict. Firing of one of them disables 
the other. Firing of t3 or models the release of the common resource (token back in p4) 
and the return to the working condition.

5. Properties of Petri Nets
We enumerate different properties which allow us to classify the primitive elements of a 

PN or the PN as a whole.

5.1. LIVENESS
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consumer

i_________ i
producer

Figure 7 - The producer/consumer problem with finite buffer.

A transition is potentially firable in M if there exists a sequence of transition firings which 
leads to a marking in which the transition is enabled. A transition is live if it is potentially 
firable in any marking of 7ЦМг). A transition is dead in M if it is not potentially firable; 
if the PN enters marking M the dead transition cannot fire any more.

5.2. SAFENESS
A place is safe if the token count does not exceed 1 in any marking of ЩМг). A PN is 
safe if each place is safe. The PNs of Figures 1, 3 and 8b are safe.

5.3. BOUNDEDNESS

A simple generalization of safeness is the concept of boundedness. A place is bounded 
with bound k, if the token count does not exceed к in any marking of R(MJ. A PN is 
Abounded if each place is Jb-bounded. The PN of Figure 7 is Abounded where к is the 
number of buffer positions. On the contrary, the PN of Figure 6 is unbounded.

5.4. CONSERVATION
A PN is strictly conservative if the total number of tokens is constant in each marking of 

Ihe PN of Figure 7 is A bounded and strictly conservative, while the PN of Figure 
8b is safe but not strictly conservative. A subset of places form a place-invariant [31] if 
it is strictly conservative. In the net of Figure 8b the subsets {pi.Pz.Pa}, {Рб.Рв.Рт} and 

{p3,p4,p7} are place-invariants.
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Figure 8 - The mutual exclusion problem: two parallel resources with a com­
mon shared block.

6. Analysis Techniques
The success of any model depends on two factors: its modelling power and its decision 
power Modelling power refers to the ability to correctly represent the system to be mod­
elled" decision power refers to the ability to analyze the model and determine properties 
of the modelled system. The modelling power of PN has been examined in the previous 
sections and in this section we take into consideration the analysis techniques of PNs.

6.1. THE REACHABILITY TREE AND REACHABILITY GRAPH

The reachability set ЩМг) of a PN is generated by means of the reachability tree. The 
initial marking Mi is the root of the reachability tree. Starting from the root we search 
for all the enabled transitions; the firing of an enabled transition produces a new marking 
which is represented as a new leaf in the tree, from which the procedure is iterated.

By properly identifying the frontier nodes of the tree, the generation of the reachability 
tree involves a finite number of steps [37], even if the PN is unbounded. Let us introduce 

three kinds of frontier nodes:

. terminal (dead) nodes: nodes in which no transitions are enabled;

, duplicate nodes: nodes which have been already generated in the tree;



(lOOPO^1

>) (01001)

Figure 9 - Reachability graph Gr{Mi) for the net of Figure 1.

• infinitely reproducible nodes. A marking M" is an infinitely reproducible node if 
M" > M' (m" > т[, i = 1,2,...,np) for some M' already generated in the tree. 
Because of the stated relation, the transition sequence from which M" has been 
generated starting from M' is surely Arable in M". Thus, the sequence M' -» M" 
can be reproduced infinitely often, so that the token count in the places for which 
m" > m[ can increase indefinitely. We represent the arbitrarily large number of 
tokens which results from infinitely reproducible nodes by defining a special symbol 
w with the following properties:

ш + a = w 

u> — a = w 

a < ш

for any positive constant a.

By allowing tv to be a legal symbol in the reachability tree specification, it can be shown 
that the generation of the reachability tree involves always a finite search algorithm [37]. If 
the generation of the reachability tree terminates without arriving to infinitely reproducible 
nodes, the PN is bounded. In this case the reachability set is finite and can be represented 
as a labelled directed graph whose vertices are the elements of 7Z(Mi) and such that for 
each possible transition firing Mi — (& —» Mj there exists an arc (t,j) labelled k. The 
reachability graph associated to a reachability set H(Mi) will be denoted by Gr[Mi).
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Figure 10 - Reachability graph Qr{M\) for the net of Figure 8.

Figure 9 shows the reachability graph of the PN of Figure 1 with initial marking Mi = 
(1,0,0,0,0), as discussed in Section 3. Figure 10 shows the reachability graph for the 
mutual exclusion problem of Figure 8, with initial marking Mi = (1,0,0,1,1,0,0).

In Figure 11 we have reported the reachability tree of the PN of Figure 6; since the 
net is unbounded, in order to keep the generation algorithm finite, the symbol uz has been 
introduced.

If a PN has a finite 7l(Mi) all the properties of the net (safeness, liveness, etc..) can 
be analyzed by inspection of the reachability graph. If the net is unbounded the finite 
reachability tree representation, by means of the symbol w, can be an imperfect description 
of the net (it is possible to find PNs with different properties and behaviours that cannot 
be distinguished through the reachability tree, due to incomplete information carried by ui 
[37]).

6.2. MATRIX ANALYSIS

The input and output functions of a PN can be equivalently defined using a matrix notation. 
Let D~ denotes the input matrix. D~ is a (nt x np) matrix, whose generic element dj- is 
equal to the number of arcs connecting place pj with transition t,-. Similarly we define the 
output matrix £>+ as a (nt x np) matrix, whose generic element dfj is equal to the number 

of arcs connecting transition with place pj. The incidence matrix D is defined by the 
following relation:
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Figure 11 - Generation of the reachability tree for the PN of Figure 6 with 
unbounded buffer.

D = D+ - D~ (1)

The matrices D~, D+ and D for the PN of Figure 8b are reported in the following:

Pi P2 Рз Pa Рб Ре P 7

D~ =

1
t2 0
fa 0 
<4 0 
<5 0 
h 0

о 0 
1 0 
0 1 
о 0 
о 0 
о 0

о 0 
1 0 
о 0 
0 1 
1 0 
о 0

о 0 
о 0 
о 0 
о 0 
1 0 
0 1
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pl P2 РЗ P4 Рб Ре PT

íj 0100000 
<2 0010000 
t3 1001000

D+ = и 000001 O
ts 0000001
te 0 0 0 1 1 о 0

Pi P2 Рз P4 Ps Pe Pt

t: -1 1 0 0 0 0 0
t, 0-1 1-1 0 0 0
t3 1 0 -1 1 о 0 0

D - t4 0 0 0 0 -1 1 0
t5 0 0 0 -1 о -1 1
te 0 0 0 1 1 о -1

(2)

Let ut further introduce the vector $,• which is a n,.dimensional row vector with all the 
entries equal to 0 except entry j equal to 1. With this notation the execution rule, of a

PN becomes:

. a transition tj is enabled in marking U iff M > £j D~ (note that £j D' is the j - Ih 

row of D-);

• firing of tj in M produces a marking M given by.

M' — M — lj D + íj D+ — M + D (3)
From the previous definitions follows that, given a PN with initial marking M, and a 

•mg sequence tj _ tj t„ - tj — tj, the marking obtained at the end of the sequence is

ven by the following matrix equation:

M,j„ = Ml + Ui + Íj + £k + Íj + ii)c <4)

By mean, of the matrix representation, the following properties of PN can be inspected.

.2.1. Reachability ■ A marking U' is reachable from M if an integer vector X exist, such 

iat (see equation 3):

M' = -Л/ + i D (5)

Z
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equation (5) exists, but the transition firing sequence represented by Jf can be non-firable. 
Furthermore, note that the solution of (5) is not affected by the order of transition firings 
(but only by the number), while the semantics of the net is strongly affected by the order: 
changing the order a legal sequence can become noh-firable.

6.2.2 Conservation - Given a conservative PN, and a np-dimensional column vector Uj 
with all the entries equal to one, for any marking M' E 7£(Mi) the following relation 
should hold:

MilLl = Wig (6)

Thus, from equation (5):

MilLl = Mr Hi + KDHTP (7)

since (5) must be satisfied for any X., it follows:

DUJl = 0 (8)
Equation (8) is a necessary and sufficient condition for conservation.

6.2.3. Place Invariant - Let Wp be a vector of binary entries (either 0 or 1); we find all 
vectors Wp for which [31]:

DW_l = 0 (9)

the places pi (t = l,2,...,np) for which tiq = 1, form a place invariant (a conservative 
subset of places). With reference to the incidence matrix D of Equation (2), it is easily 
verified that the following vectors are solution of Equation (9):

иф) = [1110000
= [0000111

Ж(3) = [0011001

and therefore, the subsets {рьР2>Рз} {Ps.Pe.P?} and {рз,Р4,Рт} are place invariant for 
the PN of Figure 8b.

7. Extensions
In the use of PN for modelling real systems several authors have found convenient to 
introduce special constructs either for making the model representation more compact 
in a given application or for extending the modelling power of the PN formalism. The 
extensions more often encountered in the literature (and that will be used in the sequel), 
have been proposed in response to difficulties in modelling priority disciplines by PN. All the 
extensions mentioned in the sequel are equivalent from the point of view of the modelling 
power, thus their use depends on the easiness or convenience of the implementation [16].
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7.1. INHIBITOR ARCS

An inhibitor arc from place pj to transition t* modifies the enabling rules in the sense that 
the transition can fires only if place p, does not contain tokens. The inhibition function is 
usually represented by circle-headed arcs, as in Figure 12 where transition th can fire iff p, 
contains at least one tokens, but no tokens are present in pj.

Figure 12 - Inhibitor arc.

In the mutual exclusion problem of Figure 8, the standard PN language does not pro­
vide any means to establish precedence rules in the case both resources C% and C2 are 
simultaneoulsy requesting access to the common resource C, (places p2 and pB simultane­
ously marked). With the insertion of an inhibitor arc from place p2 to transition t6 (Figure 
13), we model the situation in which, as a conflict arises between C% and C2, Cj has always 
the precedence, and blocks (inhibits) C2 until the common resource is released.

With respect to the reachability graph Qr(Mi) of the original PN of Figure 8 (reported 
in Figure 10), the reachability graph of the modified PN of Figure 13 is such that from 
marking MB only transition t2 can fire while t5 is inhibited.

7.2. PRIORITY LEVELS

An alternative, but equivalent way to model the same features considered with the intro­
duction of inhibitor arcs, is obtained by attaching to each PN transition a priority level. 
The standard execution rules are modified in the sense that, among all the transitions 
enabled in a given marking, only those with associated highest priority level are allowed 
to fire. In Figure 13 exactly the same precedence policy can be modelled by attaching to 
transition t2 a priority level greater than the one attached to tB. In marking Ms (see Figure 
10) in which both transitions are enabled, only t2 can fire.

7.3. CONDITIONING FUNCTIONS
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Figure 13 - The mutual exclusion problem of Figure 8, with precedence on the 
resource C\.

More complex logical interactions between primitive elements of a PN can be considered 
by introducing logical conditioning functions [20]. Given a marking M, a PN transition is 
enabled if, beside the normal enabling requirements (including inhibitor arcs and priorities), 
the conditioning function is true. The conditioning functions can be very effective in 
reducing the graphical complexity of a PN, even if they do not extend the modelling power 

with respect to inhibitor arcs or priority levels.

7.4. HIGH LEVEL PETRI NETS

In the PN models discussed so far, the individual tokens are indistiguishable. The semantics 
of the model does not allow to follow the behaviour of an individual token through the net. 
To overcome this limitation a new class of models has been proposed and discussed. The 
common characteristic of these models, usually referred to as high level PN, is that the

in the present notes.



8. Timed Petri Nets

An execution sequence £ in a marked PN, is a sequence of legal markings obtained by firing 
a sequence of enabled transitions:

s = {(^(i). *(!)); *(*>); •••; (%).4(я); •••}
An execution sequence £ can be viewed as a connected path in the reachability graph 

Gr[Mi) of the net.
A timed execution sequence TE of a marked PN with intial marking M^y is an execution 

sequence £ augmented by a non-decreasing sequence of real values representing the epochs 
of firing of each transition, such that consecutive transitions (tyj ; fy+1)) in £ correspond 
to ordered epochs tj < т,+1 in TE. Thus formally [23,5]:

TE = { ( A/(!), t(i), n) ; ( jV/(2), <(2), r2) ; ... ; (Af(>), <(,•), r,) ; ...}

The time interval tj — rJ+1 between consecutive epochs represents the period that the 
PN sojourns in marking M^y In the sequel we always assume as initial epoch = 0.

Definition - A Timed PN (TPN) is a marked PN in which a set of spec­
ifications are provided and a set of rules are defined such that to each legal 
execution sequence £ a timed execution sequence TE can be univocally asso­
ciated.

A variety of timing mechanisms have been proposed in the literature. The distinguishing 
features of the timing mechanisms are whether the duration of the events is modelled by 
deterministic variables or random variables, and whether the time is associated to the PN 
places, transitions or tokens.

Earlier work in timed PN with deterministic timing can be found in [32,43,40,47]. Ap­
plication of deterministic-PN models are available in different areas, like: communication 
protocols, performance evaluation, manufacturing. However, in the reliability area stochas­
tic modelling is more appropriate, and therefore we will consider in the sequel only TPN in 
which the timing mechanism is stochastic; we will refer to this class of models as Stochastic 
PN (SPN).

SPN were initially proposed in two doctoral thesis [36,35]. In these models, interpreting 
PN as Condition/Event nets, time was naturally associated with activities that induce state 
changes, hence with the delay incurred before firing transitions. Although other possibilities 
have been explored, the choice of associating time with PN transitions is the most common 
in the literature, and is the only considered in the present notes.

When the random variables associated to PN transitions are exponentially distributed, 
the dynamic behaviour of the PN can be mapped into a time-continuous homogeneous 
Markov chain with state space isomorphic to the reachability graph of the PN. This case 
will be considered in details in the following sections.

Extensions to cover the case of generally distributed transition firing times have been 
considered in a number of papers [36,21,5,23,26,4]. Releasing the memoryless property of 
the exponential distribution, in order to univocally associate to each execution sequence £ 
a timed execution sequence TE the concept of SPN execution policy needs to be introduced

43



Figure 14 - The M/M/1 queue: a) The PN representation;
b) The reachability graph; c) The block diagram representation; 
d) The corresponding Markov transition graph.

[5,4]. The execution policy consists of two parts: the way in which a transition is selected 
to fire among those enabled in a given marking, and the way in which the time spent is 
recovered after a transition firing. However, due to the complexity of the semantics of the 
SPN models, and of the associated stochastic process (both aspects are strictly dependent 
on the definition of the execution policy), this generalization is no further considered in 

1 this paper.

9. Homogeneous Markov SPN (HMSPN)

Let us suppose that the activity modelled by a PN transition takes an exponentially dis­
tributed random amount of time to complete once initiated. This means that an expo­
nentially distributed random variable Oj with parameter Aj(M) is associated to each PN 
transition tj. The firing of an enabled transition tj in marking M becomes a random 
event which occurs with a time-independent (but possibly marking dependent) firing rate 
Xj(M). Therefore, knowing the transitions enabled in a given marking and the associated 
firing rates, we can univocally generate the stochastically timed sequence from each 
execution sequence Í. In other words, the reachability graph Gr(M\) of a marked PN can 
be univocally mapped into a discrete-state continuous time homogeneous Markov chain, 
by letting each marking of Gr[Mi) correspond to a state in the Markov chain, and by 
substituting the label of the PN transition in each edge of Gr[M\) with the firing rate of



Figure 15 - The reachability graph a) and the corresponding Markov chain b) 
of the SPN of Figure 3.

the corresponding transition. With this definition we can speak indifferently of marking 
Mi or state i.

Example 1 - The M/M/1 queue. Consider the PN of Figure 14a) where it is intended that 
a transition with no input places is always enabled. The corresponding reachability graph 
is reported in Figure 14b). The label inside each state is the marking, i.e. the number of 
tokens in place p\. Firing of tj increases the token count by 1, while firing of t2 decreases 
the token count by 1. By associating to transition <i the arrival rate A and to t2 the service 
rate Ц, the PN of Figure 14a) models the M/M/1 [29] queueing system. The usual block 
diagram representation is given in Figure 14c) and the corresponding Markov transition 
graph is given in Figure 14d). This example is also intended to show how the PN language 
is suitable to represent queueing systems or queueing networks.

Example 2 - Let the PN of Figure 3 denote the failure process of two components in parallel 
redundancy; t\ is the event of failure of component 1 to which a failure rate A% is assigned. 
Similarly we assigne to t2 the failure rate A2 of component 2. Figure 15a) shows the 
reachability graph of the net and Figure 15b) the associated Markov chain representing 
the dynamic behaviour of the net in time.

The probability of the original PN of being in marking M4 at time t where both com­
ponents are failed can be computed as the probability of being in state 4 at time t in the 
corresponding Markov chain.

Example 3 - The reachability graph of the PN of Figure 8 is reported in Figure 10. If 
all the PN transitions are assigned time-independent firing rates, the reachability graph of 
Figure 10 is mapped into the Markov chain of Figure 16.
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Figure 16 - Markov chain corresponding to the reachability graph of Figure 10.

9.1. FORMAL DEFINITION OF THE MODEL 

The Homogenous Markov SPN (HMSPN) is a six-tuple:

HMSPN = (P,T,I,0,M,L)

where P,T,I,0,M have the same meaning introduced in Section 3, and L = (Ai(M), 
Ai(M),Ant(M)} is a set of nt non-negative real numbers representing the (marking de­
pendent) firing rates of the exponential random variables associated to each PN-transition.

The knowledge of the reachability graph allows us to automatically generate the tran­
sition rate matrix Л of the associated homogeneous Markov chain. Л is a TV x TV matrix, 
where TV is the cardinality of the reachability set TZ(Mi).

Let us define 4(0 a TV-dimensional state probability vector, whose generic entry &(() 
is the probability of being in state i (i = 1,2,...,TV) at time t in the associated Markov 
chain. 4(0 is the solution of the standard Markov linear differential equation:

dQ(t)

dt
= A 4(f) (10)

with initial condition 4(0) = [1,0,0,..., 0]r. If the steady state probability vector 4(°°) °f 
the Markov chain exists, it can be calculated from the equation:

N
Л 4(oo) = Q with ?i(oo) = 1 (11)

1 = 1

The numerical techniques for the solution of Equations (10) and (11) are outside the 
scope of the present notes. For a recent survey on methods and techniques for solving 
equation (10) see [41].
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Figure 17 - a) PN modelling К identical parallel components;
b) The associated Markov chain with a single repairman;
c) The associated Markov chain with 2 repairmen.

9.2. MARKING DEPENDENT FIRING RATES

In the formal definition of the HMSPN model the firing rates associated to each transition 
have been considered as marking dependent. This possibility increases the flexibility of the 
model and is often used to make the models more compact in the case of the presence of 
multiple identical resources.

Example \ - The PN of Figure 17a) has the following physical meaning: place pj represents 
operation; place p2 non operation; transition t\ failure and transition (2 repair. Suppose 
we have К identical components in parallel redundancy each one with failure rate Л. We 
can model the system operation by the PN of Figure 17a) with initial marking M\ = (K, 0) 
and associating to transition the marking dependent transition rate At,(Mx) = mlxA, 
where mix is the number of tokens in place pi in marking Mx.

Moreover, we can easily model various repair policies: the single repairman policy is 
modelled by assigning to transition t2 the repair rate p. In this case, the Markov chain 
corresponding to the PN of Figure 17a) is reported in Figure 17b). The independent 
repair policy can be modelled by assigning to transition t2 the marking dependent firing 
rate pt2(Mx) = т2хц (as many repairmen as failed components m2x). The case of two 
repairmen can be modelled by means of more complex logical assignment to the firing rate 
ptj(Mx) of transition t2:



a)

firing rates: t\ => M(p\)\

t2 => Immediate

t3 => Ц

Place 1 2 3 4
Mi 2 0 0 1

M2 1 1 0 1

М3 0 2 0 1

M4 1 0 1 0

Ms 0 1 1 0

Figure 18 - a) Folded PN modelling two identical resources; 
b) The associated Markov chain.

f 2/j if m2>2 

Ptj{Mx) = < /i if m2 = 1

I 0 if 7712 = 0

In this last case the Markov chain generated by the PN of Figure 17a) is reported in 
Figure 17c).

Example 5 - In the mutual exclusion problem of Figure 8, if the two resources C, and C2 

are identical, we can fold the two simmetric parts of the PN of Figure 8 in the PN of Figure 
18a). The stochastic properties of the system are retained by assigning to transition tx a 
firing rate proportional to the number of tokens in pv The Markov chain associated to 
the PN of Figure 18a) is reported in Figure 18b). Note that folding the PN of Figure 18a) 
corresponds exactly to lumping the Markov chain of Figure 16 into the Markov chain of 
Figure 18b) (whenever lumpabilitv conditions exist).

9.3. IMMEDIATE AND TIMED PN TRANSITIONS

Many authors [6,11,21] have recognized that the use of SPN for modelling real systems 
involves the presence of very brief or fast transitions, whose duration is short, or even 
negligible, with respect to the time scale of the problem. Different techniques have been 

proposed to tackle this problem.
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м2(0100) М3(0010) М4(0001)

Figure 19 - a) SPN with timed transitions only;
b) The associated Markov chain.

The starting assumption in the GSPN model [6] is that it is desirable to associate a 
random time only to those transitions which are believed to have the largest impact on 
the system operation. Transitions are partitioned into two different classes: immediate 
transitions and timed transitions. Immediate transitions Are in zero time once they are 
enabled and have higher priority over timed transitions. Timed transitions Are after an 
exponentially distributed firing time. In the graphical representation of GSPN, immediate 
transitions are drawn as thin bars while timed transitions are drawn as thick bars.

Markings (states) enabling immediate transitions are passed through in zero time and 
are called vanishing states. Markings enabling only timed transitions are called tangible. 
Since the process spends zero time in the vanishing states, they do not contribute to the 
time behaviour of the system so that a procedure can be envisaged to eliminate them 
from the Anal Markov chain. With the partition of PN-transitions into a timed and an 
immediate class, we introduce a greater Aexibility at the modelling level without increasing 
the dimensions of the Anal state space on which the set of equations (10) or (11) have to 
be computed.

Given a marking M E Gr(Mi) of a GSPN, three different situations may arise: 

Situation 1 (Figure 19)
Only timed transitions are enabled (Figure 19a) so that only tangible markings are 
generated (Figure 19b). The model, in this case, coincides with the HMSPN described 
in section 9.1.

Situation 2 (Figure 20)
Timed transitions are enabled simultaneously to one immediate transition (Figure 20a). 
Only the immediate transition is allowed to Are, generating the associate Markov chain 
of Figure 20b). However, marking А/г is vanishing and can be eliminated from the 
chain producing the reduced Markov chain of Figure 20c), in which all the states are 

tangible.
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Figure 20 - a) SPN with one immediate transition;
b) The reachability graph;
c) The reduced Markov chain defined over tangible markings.

Situation 3 (Figure 21)
Several immediate transitions are enabled in a marking. In this case in order to define 
which is the transition that fires first, a probability mass function need to be specified: 
in the language of G SPN this construct is called a random switch, and the probability 
mass function the switching distribution. In Figure 21a) the immediate transition t2 fires 
with probability v and the immediate transition t2 with the complementary probability 
1 - V. The equivalent Markov chain is reported in Figure 21b). State M2 is vanishing 
and can be eliminated incorporating the switching distribution into the rates leading 
to state M2. Elimination of the vanishing state leads to the Markov chain of Figure 
21c), which contains only tangible states.

An automatic algorithm can be implemented [6] which recognizes the three situations 
previously depicted and progressively eliminates vanishing states until a homogeneous 
Markov chain, defined over tangible states only, is obtained. In this way the reduction 
procedure becomes completely transparent to the analyst.

The problem of modelling a probabilistic decision, which does not consume time was 
also considered in [19], by introducing a different construct called probabilistic arc. For a 
comparison of probabilistic arcs with random swithches see [20].

In GSPN [6] only the steady state behaviour of the associated Markov chain is analysed. 
If the transient analysis is of interest, the use of immediate transitions does not allow to 
capture the true dynamics of the PN. In this case it is more appropriate to partition the 
PN-transition into fast transitions and slow transitions [11]. In this way the transition 
rate matrix Л contains rates of very different orders of magnitude, so that the system 
of differential equations (10) becomes stiff [34]. The increase in the computational load
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'M2(0100)

Mj(0010) м4(0001)

Figure 21 - a) The random switch;
b) The reachability graph;
c) The reduced Markov chain defined over tangible markings.

due to stiffness can be overcome by resorting to a decomposition technique [11,12]. This 
technique consists in decomposing the transition rate matrix A of the associated Markov 
chain in partitions, such that each partition contains rates of the Same order of magnitude. 
An approximate solution to the original problem is obtained by solving each non-stiff 
partition in isolation [17]. This technique is incorporated in the package ESP [18].

Example 6- In the folded PN of Figure 5 (the mutual exclusion problem with identical 
resources) transition t2 has only the function of regulating the access to the shared resource 
C. and thus can be modelled by an immediate transition (neglecting, in this case, the access 
time). The reachability set has 5 states (Figure 18a); markings M, and M3 are vanishing 
since in these states the immediate transition t2 is enabled. Eliminating the vanishing 
states by means of the previous rules leads to the reduced Markov chain of Figure 22 

defined over tangible states only.

10. Computation of Measures of Reliability and Performance
A very important point of the time dependent representation of the system behaviour 
through SPN, is that they allow the user to define in a simple and natural way a large 
number of different measures related to the performance and reliability features of the 
system [7 20]. In order to exploit this peculiarity, the input language must be structured 
for providing a friendly environment for the specification of the output measures. In the 
sequel we refer in particular to the language of the ESP package [18].

The stochastic behaviour of a SPN is determined by calculating the occurrence proba­

bilities over the states of the reachability set ЩМ,). Therefore, the output measures are
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Figure 22 - Markov chain defined over the tangible states of the PN 
of Figure 5.

defined at the net level, and the numerical computation is carried out automatically by 
solving the associated equation (10) and by scanning the states in 7ü(Mj).

Since some of the output measures depend on the integral of the probabilities rather 
than on the probabilities themselves [25], it is necessary to provide the package with the 
appropriate computation of the integral of the state probabilities. In the following discus­
sion it is implicitly intended that time t ranges from 0 to oo, so that all definitions apply 
to the transient as well as to the steady state solution.

10.1. PROBABILITY OF A GIVEN CONDITION ON THE SPN

By means of logical or algebraic functions of the number of tokens in the PN places, we 
can specify an output condition (e g. no tokens in the failed place). We identify in TZ(M\) 
the subset of places S for which the output condition is true. The output measure

Qs{t) — Prob {condition is true at time t }

is given by:

Qs{t) = Y, «»(*) (12)
*€S

where q,(t) is the probability of being in state s at time t. For instance, if S is the set of 
operational states, Qs(t) in (12) is the usual definition of reliability (or availability).

A very useful case arises when we want to calculate the transient probability that the 
condition is satisfied for the first time. By using a standard device in the analysis of 
stochastic processes, we make the states s 6 5 absorbing, and evaluate this quantity by 
stopping the process in 5. An investigation of the application of SPN for computing the 
distribution of the completion time as a first marking problem is provided in [10].

10.2. TIME SPENT IN A MARKING
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Let S be the subset of markings in which a particular condition is fulfilled. The expected 
time V's(t) spent in the markings s Ç 5 in the interval 0 — t is given by [8]:

V's(í) = J2 f <!•{*)dz (13)
<€S

Moreover, it is well known from the theory of Markov chains that as t approaches 
infinity the proportion of the time spent in states s Ç. S equals the asymptotic probability:

Qs(oo) = £ q.(oo) (14)
«es

If 5 is the set of working states, xps[t) is the expected interval availability [25].

10.3. MEAN PASSAGE TIME

Given that £?$(t), as calculated in (12), is the probability of having entered subset S before 
t for the first time, the mean first passage time <J>s, has the usual expression:

<f>S = I [1 - Qs(z)\dz (15)

The above formula requires the transient analysis to be extended over long intervals. Of 
course, in this case, other well known direct techniques can be more effective [14].

10.4. DISTRIBUTION OF TOKENS IN A PLACE

Let pi be a generic place of the PN. The cumulative distribution function {Cdf) of the 
number of tokens in pi at time t is a staircase function in which the amplitude of the Jfc-th 
step is obtained by summing up the probabilities of all the markings in Tl(Mi) containing 
к tokens (k = 0,1,2,...) in pi at time t. The density fi(k,t) is a mass function equal to 
the amplitude of the k-th step. The expected value of the number of tokens in place pi at 
time t is:

kfi(k,t) (16)
fc=o

As an example, if place pi represents identical units queueing up for a common resource the 
above quantities are the Cdf and the expected value of the number of units in the queue 
versus time. In reliability analysis a very interesting case arises when place pi represents 
failed components. The above quantities provide the Cdf and the expected value of the 
number of failed components at time t.

10.5. EXPECTED NUMBER OF FIRINGS OF A PN-TRANSITION

Given an interval (0, t) this quantity indicates how many times, on the average, an event 
modelled by a PN transition has occurred in that interval. Let tfc be a generic PN transition, 
and let 5 be the subset of TZ(Mi) which includes all the markings s G 5 enabling t*. The 
expected number of firings of tk in (0, t) is given by:
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Figure 23 - System of Figure 18 with failures and repairs.

4h[t) = 53 / 9f(z) Ы9)dz (17)
»es ■'°

i
where A&(a) is the firing rate of tk in marking s.
In steady state, the expected number of firings per unit time becomes:

^ = 53 ?»(°°)Мз) (is)
«es

where g,(oo) is the steady state probability of state s. As an example, if transition tk 
indicates failure (repair) of a component, T]k(t) in (17) provides the mean number of failures 
(repairs) of that component in (0, t).

11. Performance/Reliability Modelling through SPN

Performance-oriented reliability analysis has been the subject of an extensive literature 
in recent years [9,33,27,45]. We will show, by means of fully elaborated examples, that the 
SPN language, described in the previous sections, is very suitable to model this class of 
problems.

11.1. PARALLEL UNITS WITH SHARED RESOURCE



This situation has been depicted in Figure 8, and arises very often in distributed systems. 
With reference to Figure 8 in a multiprocessor system Ci and C2 are independent proces­
sors working locally on their privat" memories and C, is a shared global memory which 
contains common data for the two processors. In a manufacturing system Cx and C2 are 
two working cells connected to the same transportation system or to the same load/unload 
device C,

Assuming Ct and C2 to be identical units, the SPN modelling the fault free system 
operation is reported in Figure 18. Taking into account the failure and repair of each unit 
the system operation is modelled by the SPN of Figure 23 [11].

TABLE I

Meaning of places and transitions in the SPN of Figure 23

Pi Unit working independently
P2 Unit waiting for access to C, 
рз Unit operating with C,
P4 C, free
p5 C, failed
pe Unit failed

firing rate

<i Unit requesting access to C, 1 mi
<2 Unit accessing C, 104

<3 Unit releasing C, 5
<4 Unit failure in local mode 10""4 mi
Í5 Unit failure while waiting 10"4 m2

tg Unit failure when working with C, 10~4

<7 C, failure while working 10~4

tg C, failure while free 10~4

tg Return to local mode when C, failed io4

t10 Unit repair 10'2

in C, repair 1СГ2

Table I reports the meaning of the places and transitions of Figure 23, and the numerical 
values assigned to the firing rates associated to each PN transition. With the initial marking 
Mi shown in Figure 10, the reachability set Я(Мг) consists in 15 states whose token 
distribution is reported in Table II. By inspection of Tables I and II the following subsets 

of states can be recognized:

- States 1,2,5,6,11: fault-free operation of the system.

- States 3,7,13: normal operation of one unit when the other one is in a failed condition.



- States 4,8,12: two units operating and the shared resource failed.

- States 10,14: one unit operating while the other one and the shared resource failed.

- State 9: two units failed.

- State 15: two units and the shared resource failed.

TABLE II
) . .

Reachability set and token distribution of the SPN of Figure 23

State

mi m2

Marking 
m3 m4 m5 mQ

1 2 0 0 1 0 0

2 1 1 0 1 0 0

3 1 0 0 1 0 1

4 2 0 0 0 1 0

5 0 2 0 1 0 0

6 1 0 1 0 ' 0 0

7 0 1 0 1 0 1

8 1 1 0 0 1 0

9 0 0 0 1 0 2

10 1 0 0 0 1 1

11 0 1 1 0 0 0

12 0 2 0 0 1 0

13 0 0 1 0 0 1

14 0 1 0 0 1 1

15 0 0 0 0 1 2

Table III is the literal description of the reachability graph Gr(Mi) of the SPN; for each 
state offt(Mi) on the first column, the enabled transitions and the immediately reachable 
states (in parentheses) are reported. Substituting the numerical values of the firing rates 
reported in Table I to the transition labels of Table III the transition rate matrix Л of the 
associated Markov chain can be automatically generated.

By considering the access time to C, as negligible with respect to the time constant of 
the system, (2 and tg can be interpreted as immediate transitions. With this assumption it 
is seen from Table III that the states { 2,5,7,8,12,14 } become vanishing since in these states 
one of the immediate transitions is enabled. By reducing the state space with the rules 
of section 9.3, the final Markov chain is defined over a state space containing 9 tangible 
states.

An interesting performance/reliability measure for this system is the number of units 
doing useful work at time t, where by useful work we mean the work performed by each 
unit when operating independently. This measure takes into account the reduction in the

- 5 a -



system performance due to different effects: the congestion delays due to the sharing of 
the common resource, the transfer of data or pieces from each unit to C, and the failure 
and repair cycles. By using the defi Jtions of the previous section and looking at Table I, 
it is seen that this measure coincides with the expected number of tokens in place pi and 
thus can be easily defined at the PN level and computed by means of Equation (16).

TABLE III

Literal description of the Reachability Graph Gr{M\)

State Enabled transition and immediately reachable state

1 1 (2) 4 (3) 8 (4)
2 1 (5) 2 (6) 4 (7) 5 (3) 8 (8)
3 1 (7) 4 (9) 8 (10) 10 (1)
4 1 (8) 4 (10) 11 (1)
5 2 (И) 5 (7) 8 (12)
6 1 (И) 3 (1) 4 (13) 6 (3) 7 (4)
7 2 (13) 5 (9) 8 (14) 10 (2)
8 1 (12) 4 (14) 5 (10) 9 (4) 11 (2)
9 8 (15) 10 (3)
10 1 (14) 4 (15) 10 (4) 11 (3)
11 3 (2) 5 (13) 6 (7) 7 (8)
12 5 (14) 9 (8) 11 (5)
13 3 (3) 6 (9) 7 (10) 10 (6)
14 5 (15) 9 (10) 10 (8) 11 (7)
15 10 (10) 11 (9)

11.2. PARALLEL SYSTEM WITH FINITE INPUT BUFFER

The block diagram of the system is shown in Figure 24. It consists in u identical units 
Uj, U2,.. .,UU and in an input buffer with b positions B%, B2, ..., B& [33].

. The GSPN model of the fault free system operation is shown in Figure 25 [7]; the 
sum of tokens in p\ and pi is equal to b (number of buffer positions; see also Section 4.3), 
whereas the sum of tokens in p3 and p4 is equal to u (number of parallel units). In other 
words, {pi,p2} and {p3,p4} form place-invariants.

The firing rate associated to t, is the task arrival rate Л, while the firing rate associated 
to t3 is the service rate proportional to the number of active units m4 p, being p the service 
rate of a single unit and rri4 the number of tokens in p4. is an immediate transition (we 
neglect the transfer time from the buffer to the service station).

When failures and repairs are considered, the GSPN model becomes as in Figure 26. 
Heavy lines represent the fault-free operation, light lines failures and dotted lines repairs.



Figure 24 - Block diagram of a parallel system with finite buffer.

Figure 25 - Fault-free SPN model of the system of Figure 24.

1 Let us first focus our attention on the failure transitions; with reference to Figure 26 the 
following hypotheses have been considered:

- Buffer stages fail one at the time, either when free (t4), or when occupied (i5), with
possibly different failure rates. te and t7 form a random switch modelling the fact 
that with probability a buffer stage failure is recovered (the buffer continues to 
be operational with a storing capacity reduced by one stage), and with probability 
1 — vg the failure is not recovered and the buffer locks (inhibitor arc from p7 to t2).

- The units Ui (*' = 1,2,..., u) fail either when idle (t8) or when active (f9), with possibly
different failure rates. The failure of an idle unit is recovered with probability one, 
while the failure of an active unit is recovered with probability vu (random switch 
<io <n)- A task is lost only when an active unit fails.

. By slightly modifying the GSPN of Figure 26, different design alternatives or recovery 
strategies could be accommodated. When repair is considered, <u and <13 refer to buffer
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Figure 26 - SPN model of the system of Figure 24 with failures and repairs.

stage repair, and <14 and (is to processor repair; the considered model allows us to allocate 
different repair rates for recoverable and unrecoverable failures.

The meaning of places and transitions in Figure 26 is summarized in Table IV, where the 
expressions of the firing rates for the timed transitions, and of the switching probabilities 
for the immediate transitions, are also given.

The initial marking M\ consists in b tokens in place pi and u tokens in p3. As measures 
characterizing the system performance and reliability, we define the following.

. Mean fraction of arrived tasks processed in 0-t.
The mean number of processed tasks in 0 — t is given by the mean number of firings 
of t3 (Equation 17). The mean number of arrived tasks in 0 - t is simply A • t, having 
assumed a Poisson arrival process with rate A. Thus the performance/reliability index 
y(t), representing the mean fraction of arrived tasks processed in 0 - t is calculated 

as:

(19)

. Mean number of failures (repairs) in 0-t.
This quantity is given by [174(1) + *?b(*)] (Equation 17) for buffer stage failure ([r?i2(<) + 
q13(t)] for buffer stage repair), and by [т%(0 + %(*)) for ^ failure (IWO + WO) 

for unit repair).



• Cdf and mean number of active, idle, failed, units or buffer stages.
These quantities are obtained by applying the procedure of paragraph 10.4 to place 
Pi for active units, to place p3 for idle units, apd to places [p9 + p10] for failed units. 
Similarly, place pt indicates free buffer stages, pa filled buffer stages, and [pe + pT] 
failed buffer stages.

TABLE IV

Meaning of places and transitions in the SPN of Figure 26

P\

Pi

P3

Pi

Ps

Pe

P7

Pe
P9

PlO

Free buffer stage
Occupied buffer stage
Idle unit
Active unit
Failed buffer stage
Recovered buffer stage failure ^ 
Unrecovered buffer stage failure 
Failed active unit
Recovered unit failure
Unrecovered unit failure

*1 Buffer stage becomes occupied
firing rate 

A
ti Transfer from buffer to unit immed.

*3 Unit ends a task m4 p
U Free buffer stage fails m174

*s Occupied buffer stage fails m2 7s
le Buffer stage failure is recovered VB

*7 Buffer stage failure is not recovered (1 - vb)
<8 Idle unit fails m3 78
*9 Active unit fails m4 79
*10 Unit failure is not recovered (1 - vu)

*ii Unit failure is recovered vu

*12 Repair of recovered buffer stage Pu
*13 Repair of unrecovered buffer stage P13
*14 Repair of recovered unit Pu
*15 Repair of unrecovered unit Pis

A numerical example has been run with u = 2 and b — 2. The reachability set, in this 
case, comprises 88 tangible states and 84 vanishing states. With reference to Table IV, we 
have assigned to the parameters the following numerical values (being tv = X/p the load 

factor of the system):
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Figure 27 - Mean fraction of arrived tasks processed in 0 — t versus time.
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Two cases have been examined with different load factors: w = 1 and tv = 2. The last 
case represents the ideal load factor since the arrival rate is twice as large as the service 
rate, but there are two parallel service units. Numerical results have been obtained using 
the program ESP [18] and resorting to a decomposition technique due to the high spread 
Ц1 the firing rate values. Figure 27 shows Y(t) (Equation 19) as a function of t for the two 
chosen values of tv, and in three different conditions, namely: fault-free operation (curves 
1 and 4); with failures (curves 2 and 5); with failures and repairs (curves 3 and 6). Figure 
27 shows how the system performance (throughput) is degraded when considering failures 
and failures/repairs, and can be of valuable support at the design level.

12. Simulative Analysis of SPN

In the previous Sections the SPN was used as a language for generating an associated 
Markov chain whose transient and ergodic behaviour is obtained by solving Equations (10) 
and (11) respectively. However, a simulative approach is also possible.

1

W Ц
75 = 78 = 79 = 7 = 1.010-® 

Я13 = />14 = Z>15 = 107
vu = 0.9
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The simulative approach is very simple from a logical point of view, and is easily 
implementable in a computer program, so that SPN can also be considered as a possible 
general simulative language. Due to these characteristics, it is conceivable to construct 
general SPN solvers [20] where both the analytic approach (when feasible and convenient) 
and the simulative approach are present.

The core of the simulator is that in each marking we need to choose the PN transition 
which actually fires, among those enabled. This choice is done by generating a random 
sample from the distribution function associated to each transition and selecting the tran­
sition with the minimum firing sample. The simulator clock is updated with the minimum 
sample and we move to the next marking where a new choice procedure is initiated. The 
basic algorithm for the generation of a timed execution sequence (section 8) can be 
outlined as follows, when the firing times are exponentially distributed:

begin
marking <— initial marking
clock = 0

repeat
for j := 1 to n, do 

begin
if { ffc is enabled } then

generate a random sample 0k 
end

find minimum 
generate new marking 
clock=clock+min(0fe) 

until { terminating condition is fulfilled } 
end

The termination criteria are driven by the type of simulation: transient simulation or 
ergodic simulation [19]. In the transient simulation the user defines exit places or absorbing 
places; the simulation trial is stopped once a token reaches an exit place. Statistics are 
gathered by generating random timed execution sequences Те through the PN [22].

The ergodic simulation is a regenerative-type simulation [30], in which a return to the 
initial marking constitutes a regeneration point in the simulation. A trial is defined as the 
random timed execution sequence Те starting and ending with the initial marking.

All the measures defined in Section 10 can be estimated as a result of the simulation 
approach. The definition of these measures in both transient and ergodic simulation is 
usually straightforward, and is outlined in [20]. Confidence intervals can be also calculated 
as a function of the number of trials [19].

The very important fact about the simulative approach, to be noted here, is that in 
each trial we only generate a single timed execution sequence Tg, so that we do not need to 
generate and store all the reachable markings at the same time. Moreover, the extension 
of the simulative approach to the case in which the random variables associated to the 
PN transitions are generally distributed is, in principle, quite simple. In fact, once the 
execution policy is specified (i.e. the way in which the SPN keeps trace of the past history; 
see Section 8), the basic simulation algorithm must be modified by attaching a clock to
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each PN-transitions. Each time a move is selected, the clocks are updated by recovering the 
elapsed time as specified by the execution policy, and the following selection is performed 
by comparing the values of all these clocks. This extension [21,26] is not further considered 
in the present notes.

13. Conclusion

These lecture notes were intended as introductive material to the use of Petri nets as a 
general language for the modelling and analysis of the behaviour of complex systems versus 
time. In the first part, the aim was to show how the semantics of classical PN is suitable 
to model various kinds of logical as well as physical interactions among components in a 
system (interactions that are not easily reprensentable in other modelling frameworks).

The second part was more specifically devoted to define the Stochastic PN extension 
and to present examples taken from the reliability area. Only the case where the stochastic 
process associated to the SPN is a homogeneous Markov chain has been considered in de­
tails. This case arises when the firing times assigned to the PN transitions are exponentially 
distributed.

From the discussion contained in these lecture notes we can summarize some advan­
tages and disadvantages of the SPN as a modelling tool. The main advantages include: 
the graphic nature, the conciseness in comparison with state graphs, the possibility of im­
plementing analysis techniques. The graphic nature facilitates the use by non skilled users 
and allows to implement very friendly graphic editors for the specification of the input net. 
We finally stress that the use of SPN requires only the specification of the topology of the 
starting PN, the specification of the firing rates (or of the distribution functions in the 
general case) associated to the transitions and the specification of the output measures to 
be computed following the indications provided in Section 10. All the subsequent steps, 
which consist in:

- the generation of the reachability graph Qr{M\)\
- the generation of the associated Markov chain;
- the transient and ergodic solution of the Markov chain;
- the evaluation of the relevant process measures;

can be executed in a completely automated way by a computer program, thus making 
transparent to the user the associated mathematics.

The main disadvantages of SPN arise from the size of the net obtained in modelling very 
complex distributed systems. In this case the model is-difficult to validate at the net level, 
and the number of reachable markings tends to explode, making analytically intractable 
the associated Markov chain. It should be recognized, however, that this drawback is 
common to almost all general purpose modelling techniques.
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ABSTRACT

The application of Fault Tree Analysis (FTA) to modern industrial projects 
can assist the assessment of safety, availability and Life Cycle Costs 
(LCC). The roles of the operator, the equipment vendor and the 
reliability engineer in arriving at an acceptable target for safety, 
reliability and costs is discussed, with emphasis on the use of FTA. A 
means of approaching set targets of safety, availability and cost is 
described, using an integrated software package for fault tree 
construction and analysis: SUPER-NET.

1. INTRODUCTION

Among the numerous criteria which must be met by modern industrial 
plants(l), two are discussed in this paper where the use of Fault 
Tree Analysis (FTA) can be of great assistance..

The first criterion is that of safety and, specifically, the need to 
demonstrate that hazardous events can be safely contained by 
reliable contingency operations and systems. The risk of damaging 
consequences to human beings, plant or environment must be shown to 
be acceptably low. Thus Section 2 presents a schematic model for the 
main steps employed in a Probabilistic Safety Assessment (PSA), 
indicating where FTA is applied.

The second criterion is that of plant operational availability, and 
specifically, the need to demonstrate that the availability targets 
can be met at, or near to, the optimal cost for the life time of the 
plant. Section 3, therefore, presents a further schematic model 
where the emphasis is on availability of plant and sub-systems, and 
on the interests of both operator and equipment vendors in 
demonstrating that the availability criteria will be met.

The role of availability in the Life Cycle Cost (LCC) of a plant is 
discussed in Section 4.

Section 5 comprises an overview of an integrated suite of programs 
(SUPER-NET) for FTA and LCC analyses which has been developed with 
the above needs for safety and protection of the investment in mind.
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2. PROBABILISTIC SAFETY ASSESSMENT^.3»4)

The essence of this type of study 1s to demonstrate that a plant 1s 
safe by assessing the level of risk associated with all Identifiable 
major hazard events. The risk is generally stated as an estimated 
frequency of occurrence for a certain level of damage. The level of 

. damage lies within the domain of consequence analysis, and will not 
be addressed here. However, the estimation of frequency of
occurrence is one of the uses of FTA.

Figure 1 shows the main building blocks of a PSA. After ascertaining 
the workings of the plant, the accident initiating events are
identified by various techniques such as Hazard and Operability
Study (HAZOP), Failure Modes Effects and Criticality Analysis 
(FMECA) and surveys of case histories.

For each identified initiating event, an event tree is constructed 
whereby the worst possible accident scenarios are postulated. At 
each branch in the event tree, an event is defined which can 
aggravate the scenario if it occurs. Accident scenarios leading to 
Major Catastrophes are said to be initiated by Major Hazard Events. 
These are then quantified on two counts: firstly that their damage 
effect is calculated by physical models, and secondly that their 
frequency is estimated. This is often achieved by FTA, when the
event is broken down into possible precursors, the estimated 
frequencies of which are combined using Boolean logic.

It has been noted that the event tree contains postulated
aggravating events, whose probability of occurrence needs to be 
calculated in order to arrive at a final frequency estimation for 
the catastrophic event. Again FTA is an ideal means of arriving at 
branch probabilities.

The event tree analysis is carried out for several initiating
events, and the frequencies of all like catastrophic events are 
summed from all initiating event considered in order to make 
comparison with acceptance criteria. Plants which do not meet the 
criteria will need to have some redesign, if at the design stage, 
or, if operational, some back-fitting.

3. PLANT AVAILABILITY ASSESSMENT^»,5)

Availability analyses of plant are often carried out as a function 
of time by simulation techniques. However, mean unavailability over 
a period of time can be estimated using FTA, and this is useful for 
vendors wishing to demonstrate the total availability of their
systems or to optimize redundancy in equipment or spares holding.

Figure 2 shows the scheme for applying FTA to availability
modelling. Starting with the plant model, more than one operational 
mode may be possible, the availability target for each operational 
mode being different. For each operational mode, a fault tree top 
event will be definable reflecting the frequency of failure of the 
plant. A fault tree can then be drawn up to indicate the possible 
causes of total plant failure which, when provided with failure and 
repair data for all basic system failure events will constitute the 
Integrated Plant Unavailability Model.
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Each system failure is then made the top event of a separate fault 
tree, and a break-down of system failures into component failures 
carried out. As availability targets can be determined for each 
system, in order to meet the total plant availability target, it is 
possible to present vendors with availability targets for their 
equipment. In some cases the initial target established by the 
operator cannot be met by the vendor without extra cost, and 
negotiations may result in a compromise being reached. The FTA is 
very useful here in demonstrating the sensitivity of the total plant 
availability to each system's performance'. So not meeting the 
original system availability target set by the operator could result 
in

a) resetting the target for the system availability
b) redesigning the system to meet the original target
c) redesigning the plant to meet the availability target

Resetting the plant availability target is possible, but unlikely. 
The above procedure would be repeated for each operational mode.

AVAILABILITY AND LIFE CYCLE COST (LCC)H>5)

In additional to demonstration of a particular vendor's system 
availability, the operator will wish to calculate the total cost of 
procuring equipment, running and maintaining the plant, and of 
production loss when the plant stands idle.

System designers, reliability engineers and procurement staff should 
work together to arrive at the cost-optimized availability goal, 
taking into account initial equipment costs, levels of redundancy, 
maintenance costs, and cash flow.

The relationship between the parameters involved in LCC 
considerations is shown in Figure 3.

Availability of operation can, in theory, be increased more and more 
by investing in more and better equipment. Conversely, at a low 
level of investment cost, more operational costs are incurred due to 
plant breaking down. As investment increases, so the need for 
maintenance (operation costs) decreases. Thus the total cost (LCC) 
passes through a minimum. The reliability engineer, as coordinator 
between design and procurement, can assist greatly in getting the 
availability target near to the minimum LCC.

COMPUTERISED FAULT TREE AND LCC MODELLING(2*3»^,5)

The assessment of availability and its application to targets of 
safety, plant operability and LCC may be carried out quickly and 
effectively using the SUPER-NET package. Developed by ABB Atom in 
Sweden, this consists of the following units (Figure 4):

SUPER-TREE
CUTSET
SENS
FRANTIC
SAMPLE
COST

for screen-orientated fault tree handling 
for fault tree analysis 
for importance and sensitivity analysis 
for time-dependent reliability analysis 
for statistical uncertainly analysis 
for Life Cycle Cost analysis



5.1 SUPER-TREE

This is a semi-automatic fault tree handling program which allows 
the fault tree to be built up interactively on the screen of a PC or 
Minicomputer. The tree structure is left adjusted to enable an
automatic assignment of gate addresses (Figure 5). Whole sections 

. of the tree can be copied and relabelled automatically and checks 
are in place for errors in the tree structure. Drawing and
restructuring of the tree can be carried out at two levels of 
detail, while a third level is reserved for details of basic event 
data including failure rate, repair time and cost and replacement 
cost. The data can be transferred automatically to the basic event 
in the fault tree by an event code system, or manually as required. 
The various levels are illustrated in Figure 6.

5.2 CUTSET

Top events of fault trees represent either the frequency of some 
event, such as total plant failure, or the failure on demand of a 
system or piece of equipment. Whichever type is under analysis, the 
combination of events which bring about the top event are called 
cut-sets, and the numerical analysis of the, often many, 
combinations of events may be carried out using a Boolean reduction 
by the CUTSET program. The cut-sets are presented in order of 
magnitude, and are easily identified by the user-specified event 
coding system. The total unavailability of frequency of failure for 
the top event is presented as the sum of the individual cut-set 
values.

5.3 SENS
The cut-sets, as calculated according to the preceding section, are 
summed to give a first-moment estimation of the total unavailability 
or failure frequency. This approach assumes no dependence between 
the cut-sets and is therefore an approximation, which is 
satisfactory providing no significant level of interaction between 
the failure modes, such as common causes, is applicable. If such an 
interaction is considered to be valid, more precise results may be 
generated using the SENS program. This performs sensitivity analysis 
and lists importance rankings on the results from the CUTSET 
analysis.

For the base case, Fussel-Veseley importance measures are generated 
for all the basic events in the cut-set list. This is then repeated 
by changing failure data for individual components, for groups of 
components, or classes of components, in order to perform a 
sensitivity analysis. Results are presented in bar chart and 
graphical form.

5.4 FRANTIC
The availability of stand-by systems varies with time since, in 
additional to the system components' failure probabilities, test 
intervals, and repairs of revealed failures, will contribute further 
to the picture. Thus FRANTIC creates an unavailability function for 
the system under analysis, based on the cut-set list generated by 
the CUTSET program. This function is compounded by individual 
component data from SUPER-TREE such as failure frequency, repair 
times and test intervals.
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By providing lists and graphs of unavailability as a function of 
time, this program is useful for planning and evaluating the testing 
and maintenance of system components.

FRANTIC was originally developed by the US Nuclear Regulatory 
Commission.

5.5 SAMPLE

While the above programs all work from point values of failure 
, probabilities, it is important to know the uncertainty distribution 

for key events. The unavailability function as generated from 
CUTSET by FRANTIC for the top event, is compounded from SUPER-TREE 
by details of distribution parameters for component failure rates 
and repair times, using the SAMPLE program. This program uses
Monte-Carlo simulation to compute the uncertainty distribution for 
the top event.

SAMPLE was originally developed by the US Nuclear Regulatory 
Commission.

5.6 COST

The LCC of a plant comprises two basic components: the initial
costs and the recurring costs. The COST program covers all aspects 
of these costs, some of which are specified by the user (interest 
rates, foreign exchange rates, etc.) some of which originate from 
SUPER-TREE (e.g. initial component costs, scheduled maintenance 
requirements) and some of which are generated by CUTSET
(unavailability of the plant leading to production losses,
corrective maintenance costs etc.).

A sensitivity analysis facility allows the LCC's dependence on key 
parameters to be assessed, in helping to keep costs at an optimum 
level with respect to availability targets.

6. APPLICATIONS

The analysis and programs described in this paper are applicable to 
any plant or system, large or small. The advantages to be gained in 
analysing large systems include the handling of the following tasks:

drawing and data-setting of the first complete set of fault 
trees

updating of the fault trees as the analysis proceeds and 
changes are introduced.

co-ordination of the work of several analysts contributing to 
the whole study.

FTA, as part of a safety assessment, an availability assessment or a LCC 
analysis finds applications in many branches of modern technology.
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Some examples are:

Power generation
Power transmission and distribution
Telecommunications
Aerospace
Transport
Chemical process industries
Oil and gas production transmission and distribution 
Marine systems

Retaining models of fault trees and ICC on file throughout the 
installation's operational life provides a powerful management tool in 
assisting with decisions involving design, equipment, organisational or 
monetary fluctuations.
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LEVEL 1 / Page Level LEVEL 3 / Gate Level
TOP EVENT
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323CCFB00
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600SYSTEM
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Gate name 323PA01C2A0302
Diamond flag N
Diamond mode name
A tribute line 1 B101.3

2 Inspection, 12,1,2
3 Overhaul, 0.33,1,24

Box text Pump fails to start
Gate type P
Unavailability 3.0E-03
Time indep unavail 6.0E-04
Failure rate 6.7E-06
Inspection interval 30 days
Mean time to repair 8 hours
Reference 1.7
Comments
Component type Centr. pump/stand-by
Failure type 3
Data last changed by
Data last changed on
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RELIABILITY ANALYSIS OF STRUCTURAL-COMPLEX SYSTEMS 
WITH MANY ELEMENTS STATES ON THE BASIS OF 

MATHEMATICAL AND ELECTRONIC MODELS

Guennady A. VELIGOURSKY, Belorussian Academy of Sciences
USSR
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to G.A.Veligurskiy Report

"Reliability Analysis of Structural-Complex Systems 
with Many Elements States on the Basis of Mathemati 
cal and Electronic Models"

Summary

Method of reliability analysis of structural-complex systems 
with many elements states are considered. The aforementioned methods 

are based on the use of logical operators mapping onto the logic of 

the investigated system element state modification. The methods ap­

plied are to a sufficient degree formalized and that gives a possibi­

lity to perform reliability analysis using computers.

In the report there are considered as well instrumental methods 

(technical means) of reliability analysis of complex systems, the ap­

plication of which allows to acquire statistical data on a system ' 

state much more quicker and effective than with the usage of computers.

#
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Gruennady A. Vsligoursky

Reliability Analysis of Structural-Complex Systems 
with Many Elements States on the Basis of Mathema­
tical and Electronic Models

In the analysis of reliability of 'complex systems they are 

usually presented as models which reflect the conditions of a 

system being in various states depending on the states of its ele­

ments. In the majority of such models only two states are taken 

into accountî serviceable and failure states, and the models are 

illustrated in the form of a diagram or a graph of states. The me­

thods of the reliability factors analysis of complex systems, the 

models of which are represented in the form of a diagram and the . 

elements of which are capable to assume two states only, is expla­

ined in detail in numerous literature. The task of reliability ana­

lysis is becoming much more complicated for the so-called structu­

ral-complex systems, which are not subjected, in common case, to" 

simplification into successive-parallel combinations (from the 

point of view of reliability), and the elements of such systems 

are capable to assume failure states of different types.

For reliability analysis of such systems there exists a pro­

posal to divide the complete set of states into К subsets of states, 

in which there is present one subset of serviceable states of a 

system and (K-1)-subsets of failure states. The task consists in 

the defining of a probability of the system to be found in one of 

К subsets of states. The evaluation of the system probability to 

be found in one of К subsets of states implies construction of 

structural functions (mathematical -models) which illustrate the 

condition of a system being in a certain state depending on its 

elements states.
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Element State Mathematical Model

Let us assume that system S consists of n elements. The ele­

ments of the system would mean any device the reliability of whiôh 

is taken into account irrespective of its structure and the relia­

bility of its components. Let us designate -th element of the

system with , \) = 1, n. Each element is characterized by a fi-

xnite number of states among which it is possible to reckon diffe-
.

rent levels of serviceability as well as failures of different ty­

pes. In the system an element is connected with other elements 

through its inputs and outputs. That is why the state of an element 

in the system would be defined by its output state and would depend 

on its inner and input states. Element input states are characte-. 

rized by output states of other elements, structurally connected 

with the element under consideration; element inner states are cha­

racterized by various processes of ageing and wear taking place 

just in the element itself. As a result of such processes the ele­

ment from the serviceable state transforms into the failure state 

of different types. Let it be that output, inner and input states', 

of \) -th state at fixed moment of time t are described as vari­

able LU , Z^ , accordingly. The aforementioned variables

Then each element is capable to acquire different con­

ditions from the set Г , where YL . Por simpicity it is im­

plied that - vc
Let's introduce the notion of the elementary event. Por the 

elementary events for the element C* we would understand the 
events U(e) 2^ , meaning that the corresponding variables

dO 1 V » V ____

would acquire the value jU ч l- Then
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the set of the corresponding elementary events forms a full group 

of incompatible events. If the probability of each event Ptob *UX

Let’s consider the element model with a set of states. (Pig.I) 

Let the element have U, outer inputs, to inner inputs and

one output. At a predetermined moment of time t on the outer 
input j is applied ‘random signal 00. (t)6 1 , which corres­

ponds to the output state of the element structurally connected 

with the element under consideration. These signals determine the 

input state of the element . On each inner input every time
is applied random signal Xj (t) of strictly defined type, corres­

ponding to one of the Г set of failure states. These signal

e, corres-

d et enni tie the inner state of the element . Than at the prode

termined moment of time i on the output of the element there 

would be signal vj^("0 G Г , the value of which is calculated 
with the help of operator L mapping into various sets of input 

ai

Basis Operators

Each element off the system is charater ized by different output 

states depending on its inner states and the states of other ele­

ments, structurally connected with the element under consideratio^. 

Each output state of the element is determined by elementary logi­

cal sentence. Logical sentence, which in a unique fashion determiner 

one specific state of the element depending on the inner and input 

states would be called basis operator. Then, the set of basis ope­

rators would be called logical operator of element. The basic
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operators map into all the possible output states of the element 

under consideration depending on its inner and input states. Output 
t state in the logical operator is a set of basis operators 

describing 1-state. By the way, all basis operators forming in the 

logical operator different output states constitute a full group of 

incompatible events.

Let us consider basis logical operators in which output state 

of the element in the fixed moment of time b is determined by 

the set of input states and one inner state, belonging to the set Г 

Thus for each basis operator expression (1) is derived as fol­

lows

y/t) = Lu C*,(U, Xjtt), .... Xu.It), 2vto) (2)

Futher, some basis operators of expression (2) will be derived 

by the following logical expressions :

(*>)

To simplify this expression parameter i will be omitted.
Apparently, basis operator (3) is complete in the sense that 

by means of it any expression, characterizing output state of the 

element depending on various sets of input and inner states, can 

be derived. Yet, its direct use for plotting the model of the ele­

ment state is quite a difficult task. Therefore, instead of one uni 

versai basis operator it is expediend to plot a limited number of 

special basis operators, each of which corresponds to definite lo­

gic expressions, characterizing the principle of the real element 

functioning.
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Let us consider the main basis operators, by means of which 
the models of various states of complex systems elements are jlotted.

1. Operator of inner state. Por this operator the output state 

of the element is determined only by its inner state, i.e. it de­

pends on a casual value Z^.

Thus
2v= U C4)

2. Operator of input and inner states. Por this operator out­

put state of the element" is determined by the inner state

and by the availability of at least one state ^ at any

of its inputs, i.e.
ü

(5)
3. Operator L л~ (maximum)(maximum)maoc

(6)Ц and zv= ^

4. Operator L • « (minimum)иги-w

(j, i-f and. (7)

5. Operator of exclusion due to its input states is characte­

rized by the equaility,but one, of the input states of the element,

and there is
GO

6. Operator of coincidence

(9)

This operator is applied to the elements of the comparison type. 

In the particular case the serviceable state is always observed at 

the operator output if the two signals, corresponding to the same

state at the outputs of the other units, are transferred to its in­



puts, i.e.

lf ^1=^'Ve and (%.

7. Operator of different inputs

ÜO)vj^= » if all input signals are pairwise 

different and if ^ = (‘v

Apparently, this operator is imitant if the number of inputs 

is less than vc. or is equal to it. In .the particular case, if 

U- H an operator inverse to the operator of coincidence will

be obtained.

Plotting of Structural Functions of Complex Systems 
States

In order to plot structural functions, it is necessary to re­

gard the present system as a diagram, where the points of physical 

joints or the elements (units) of tfce real system correspond to the 

multiplicity of peaks V , while the communication lines between 

them correspond to the set of edges E . Thus, each peak of the 

net posesses the logical operator, characterizing the logics of trans 

fer of the present element from one state into another. If logical 

operator is applied to the point of physical joint of the system, it 

inner state is considered to be absolutely safe, i.e. 2V=

Therefore, output state of the present operator will be determined 

by the output states of the elements, structurally connected with 

the present elements.

For the system as a whole let us introduce a random variable 

Ys , which may transfer to any condition within the set Г
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Then the state of the system Y$ in the moment of time t in 

synonymously determined by the variables 

and can be derived as follows

Let us assume that Ys Gb) is the structural function of the 

system states. Usually Y^Ct) is the functional link between the 

output state of the system and the output states of the elements. 

Structural function of states determines the split of sets of all 

a -parameter vectors with к-state of the elements E= luj~(t)^ 

into \c sub-sets Eл= tj ‘ Y^CE) - ^

Ys(t) = fK_, ), e< = Y(i); Xtó=U^-

YS(U - {

Moreover,

V ^ if the system is characterized by the state of failure 

of the first type

v> ^if the system is characterized by the state of failure
» K-A1 f к t

of the ^ ) -type

1^, if the system is characterized by the serviceable state 

< where Y%6 Í - Í jÇA,fi, vc ^

In future in order to make the expressions shorter the variables 

will be omitted.

The aforeintreduced notion of logical operator provides forma­

lizing of the plotting process of the structural functions of the 

system states. Let us consider structural functions of states via 

an event.

This event, characterised by -
^ 14 , while the probability of the event

s ^ , will be expressed in

the form of

- 00 -



Ptob - цг b in the form of P
ce)

, where Z_ P =1
ы

la unification.This sub-set of states of the system E_^C_ Ш 
Y- Ü Y a) , where Yis determined by means of recurrent 

relations, which in accordance with the model of the system, pro­
vided in the form of the net and the corresponding logical operators 
consequently determine output states of the elements from the out­

put of the net towards its input, i.e.

Y<4 Y^uY^'u... U Y,uo ее) ее)

w>

where Y- ^ V У^ ^ = К У Y ’ « ^

0=4,к.

Ф
(44)

is the minimum number of elementary events, the availability of which 
provides E -state of the system.

plotting is carried out by means of logical opera­
tors which can be expressed in this case in the form of the finite 
number of elementary events. Since the logical operators are plotted 

on the basis of the basis operators, the latter can also be expres­
sed via elementary events of the corresponding structural functions.

Por the basis operator I, for example

y Yz
In turn the basis operator 3 can be expressed :

UY -л ..лУ
+ + Y Y Y)

where 

When 8= 4
wane lY , Y,... , ВиЛ

L4) СЧ) (4)
+ ) z

cD

V «
P.9 -



/f

When £- ъ
LÀ) ,__СЪ) H)(U"+-r <U<% xfW Odi'i xf>1%) H) u) (Л)

) z„L°

when £ - 2

^i)= CXA ^ х^}-+ ... + ^ Kv oe^Htoi^ocíY..
и) . _ ii) _ (.1)... ^ 3ClT)Z

V ,

when £- ‘I

У
Ci)

= ОС.
H) CA) 

Xo - oc
C/Û G)
U

Other operatora are represented in the same way.
Representation of basis operators with the help of elementary 

events has given a possibility of plotting the structural functions 
of the entire system.

The probability of the system being in £ state V ^ is de­

termined from the formula

R,Ce)^ Ptob Ws = ^ ' Pu°b W/ ^ Y2a)u...UY^e)b (12)

Probability calculations of the ^ state of the system 

from the formula of the sum of events probabilities is a difficult 
task, especially if the number of members is great enough, 2)

The main task of the probabilities R)<' ^ calculations con­

sists in reduction of the set of compatible events to the equiva­
lent set of incompatible events ^ . Then, probability ^

would be found from the formula

M
(13)rY P-tob C U * 2 Ptob IfC°i

. irt*3' iM
where P'tob i h ] - is the product of probabilities of
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elementary eventa of F*. Œ)
j • for the transformation of compa­

tible events into incompatible events v/e would use the method of

orthogonalization, which consists of the following.

Let the structural function of the type (11) represent disjunc­

tive normal form of elementary conjunctions Y^ ,

that is

Y Yw, (14)% = X, - ^
where : Y 7 j = 4, yy\ have numerals according to increase of their power.

Let’s determine relative complement T>^ between members 

Y and Y* of the sentence (14):

= Ч<'-'Хч =УЛг ••• ^ 1 > j"1 , j = 2.m

Here, IX j is the conjunction of those variables

which are not present in Y\ • The acquired conjunctions for fixed 

[ we would arrange in an ordered fashion in accordance with 

the increase of their powers. After that we would eliminate those

, for which there is present such D

T) CD- • • for each Y from the left L-4 j-1

, that

conjuncti- 

their negation is const-°nS ^ Y

ructed in accordance with the following rule:

~ У Y Чч- 4 **• *" ••• lJc^ (15)

Let’s write down recurrent expression for Ф-, j- Q, Yn. 

where (Pw is a logical function, orthogonality Y& of the 

expression (14):

CD - X , ^ = Фи * X X X = фи+ X X
where 0?. = D,‘ ; ... i ( j = 4n m ) , Y 4

And for Ф m
v/e would come up to:
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or ^ = F; . ^

where , F[= Rv YL , I/ 4.
It ‘a not difficult to show that Фт = Yg and all the mem­

bers in Ф are pairwise orthogonal. Then each variable of the 
elementary conjunction F] is changed for corresponding pro­
bability and the calculation of is performed from the for­
mula (13), as an ordinary sum of events probabilities.

Thus, we have considered the method of calculation of the pro­
bability of a system being in £ state with elements in many 
states, when logical operators were used as mathematical models of 

elements states.
Reliability analysis of structural-complex systems may be more 

effective (from the point of view of time expenditure) if we use 
special purpose stochastic units, in which as elements models elect­
ron models are used, mapping mathematical models into logical ope­
rators. Reliability analysis of complex systems using special pur­
pose stochastic units has got the name - instrumental methods. Dur­

ing reliability analysis using stochastic installation there is per­
formed physical model simulation of the system under consideration. 
Physical model of a complex system is a model in which the points 
of physical jointing (the points of crossing) of the real system 
and the points of physical jointing of the model correspond; in 

which the blocks of the real system correspond to the blocks of the

physical, model states; communication lines between the blocks oi 
the real system correspond to the communication lines between the 
physical model state blocks. State blocks' of the physical model arc 

specially designed electronic circuits on the digital equipment elc
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ments, output states of which are determined in accordance with the 
logical operator mapping into the logics of the system real block

state change.
So as the physical model of the system under consideration is 

an electronic model, then any changes in its structure immidlately 

find its representation in the model's output.
In the common case the method of physical modelling of the com­

plex systems states consists in the fact that in the physical model 

of a system, which is continously in compressed time scale, there 
are simultaneously being generated random values of time moments 
for appearance of various failure states of all the elements of the 

system with the predetermined distribution functions and random pro­
cesses of parameter changes of these elements on time basis. The pro- 
cess of random values and random process simulation is performed m

uniquie time scale.
The basia of instrumental methods of complex systems reliabili- 

ty analysis, as well as when using analytical methods and methods 
of computer statistical modelling, ia made of logical operators, de­
termining each element state j.n accordance with its inner state,
other elements states and the time of. (^е«г * ^ ^

Pig. 4 is an electrical circuit diagram of the stochastic 
installation. On the jack field of the stochastic installation there 
are placed input, output and internal terminals of each states block. 

In accordance with the structure of the system under consideration, 
interconnecting inputs and outputs of states block, its model is be­
ing composed on the jack field. To the internal inputs of states 

block are connected the outputs of controlled probabilities conver­
ter, on which the necessary functions of random values distribution
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are composed. In the analysis of complex systems, taking into account 

gradual failures, to the internal inputs are connected the corres­

ponding random processes generator. The installation is capable to 

function in the mode of reliability analysis of restoring and non-re­

storing systems.

Table I presents the results of complex system failures statis­

tical modelling (see Fig. 5 ) using up-to-date computer and stochas­

tic installation. As you can see from the Table, the results of the
» *.

modelling are commensurable. Nevertheless, operative effect on the 

system physical model ifte process of the analysis of its reliability 

(changes in the structure, input of new initial data), as well as the 

rate of acquiring the results of modelling demonstrate the advantage 

of stochastic installation (in reliability analysis of structural- 

complex systems) in comparison with modern computers.
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Pig. 1. Plotting of the System Element 
Logical Operator

œu-fc)

ÆuCt)

T t • г
act)

Element model

Let's consider plotting of the logical operator, using an exam­
ple of a specific element. Failure detector would be chosen as an 
example of the specific element and the states of w&ich are defined 

by the following logical sentence. Failure detector is in service- 
able state |4 , if on its two inputs are applied two equal
signals, conformable either to serviceable states of other elements 

output signals, structurally connected with the element under consi­
deration, or to failure states of these elements, and failure detec­

tor according to its inner state is in serviceable state f4

Failurd detector is in a failure state ^ = ^ » if on “3 ln_
puts are applied signals, conformable to different states and the 
failure detector itself is in serviceable state. Futhermore, failu­

re detector may be in the state of false switching-off

state of failure to operate ^ • I“ such a case, do not depend­
ing on input signals, on the output of failure detector there would 
always be state and • Thus, logical operator for fai

lure detector would have the following form:
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and 4до = (ч

(4, Uf ** == f , and ^Ao*ï Ч

fb 4
and ^0=([Ч

[4, Lf
Jr IJf zJ.o “ Jz.Li1’ *

'Jao ~

sequence) the following" basis operatora: 6, 6, 7, 1, 1. Then, the 

logical operator may be expressed in the following for.m:

1 = 4 

c = 4 

1 = 4 

l- 3 

i - 2

a=4
0

)



Pig. 2. Plotting the System Structural 
Functions

System model

Let we have system model shown as a net on the picture. Let 

the inner states of the elements 

fined by two states, i.e. 2, ,

'2,

24 ,

are de- 
andír», f4 ^

the elements C2,C4 - by four states, i.e.
Let’s write for each element their logical operators. So as ele­

ments c, , C*. , C5 are input elements, their output

states are determined only by their inner states. Thus, for С4?Съ 

we have:

for Cz

У 2.=

for element cц

V , г*съ) 1и
>, 4

i-= 1
(1)

1 , cf =2.= jf< A jM u-v

Z, 4
4, Lí ^ fb

/1
A

j=2 c = a 
j=5 c=5 (2)

Гч, ^ A j = Ц i- - 4

the logical operator vri.ll be written in the

form:
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andZ^=|q Ъ j-^Ы, L-4 

and г^ = |ч Ъ ]-* Э7&г

and г^§ч 3 j = 4,e~V^

л l-Ayi-'i 

4 i - ß, t = e_ 

4 i =S)L~3

(г.,if г„=^

V
[ъ if а.- [ъ

Por element Cg- the logical operator would acquire the

form:

To the right of the logical operators is given their formaliz­

ed form. Numerals point the number of a logical operator, indices

By i, j - input, inner and output values of element states

conformable to the given basis operator. Thus, the logical opera­

tor of each element may be expressed with the help of the according 

elementary event using the sentences (4) - (10-. Let's consider the 

process of the system structural function plotting, accuring in its

serviceable state. To the output state of the system corresponds 

logical operator (4), for which due to basis operators we have

In the given sentence input variables , Xz of element C0- 

correspond to output variables ^Ъ)[)ч of elements cbya4 ,
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structurally connected with Cç . That’s why iA ^ c\nd
(q) V

- yq . Puther, instead of input variables of the element
substitute corresponding to them output variables of the elements.
which are structurally connected with the element under considera­
tion. Then, Y. (4)

the output state of element
;q) (q)inner state, then y^ - z?3

., xy щ) C4) (q) (4)will become V5 уц % . As
C3 depends only upon its

, and in this case

\/(4) 14) (q) (4)
(5)

Output state of element Cq corresponding to serviceability 
state is describes by basis operator 3 and in accordance
with ( 41 ) and ( \ i ), it will be wtitten down in the

following form:
^ ‘ ( У

As the output state of elements
lv. (4) (4)

upon inner states, then yA -

That ’ s why
(4) . (4) i • (4)x _(4)

and

and C2.
„(fO

depends only

Introducing the given expression in (5), we shall get the struc­

tural function of the occurring of the system, illustrated in the 

picture in the form of a net, in its serviceable state

(4) (4) C4) (4)
+ Zj. Zi Zf .
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Fig. 5 System model in the form of network



Table 5

System State 
Probability

Controlled Failure 
Detected Failure 
False Failure 
Serviceable State

: Modelling, Using 
Computer

0,0014417

0,0111083

0,0050467

0,9824033

- I о 2 -

Modelling, Using Stochas tic Installation

0,0015135 

0,0111698 

0,0050596 

0,9822571
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Estimation of Product Reliability 
using Fuzzy Life Time Data

by
Reinhard VIERTL 
Technische Universität Wien

Abstract : In conventional reliability analysis observed 
life time data are considered as real numbers. These 
exact data are used for statistical inference in classical 
or Bayesian way. Real data are usually not exact numbers 
but fuzzy by the measurement process. This kind of uncer­
tainty is different from statistical variation. Therefore 
life time data need to be described in a suitable model. 
One possibility is the description of real life times by 
so called fuzzy numbers which are generalizations of 
indicator functions. Statistical inference methods can 
be adapted to develop an inference method for fuzzy data 
in reliability estimation. Classical nonparametric and 
parametric estimation as well as Bayesian estimation 
procedures using the information from imprecise life time 
data are explained.
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1. Imprecise Life Time Data

In usual statistical reliability estimation observed 
life times are considered as nonnegative numbers. But 
real life time data are not exact real numbers xiO but 
more or less imprecise, also called fuzzy.

This uncertainty is different from random variation 
of life times described by a stochastic quantity»T with 
corresponding probability model described by the reliabi­
lity function R(.) defined by

R(t) = Pr{T> t} for all t > 0 .

Imprecise life time data can be described suitably 
by so called fuzzy numbers, i.e. generalizations of real 
numbers and indicator functions Iß (. ) with BçlR. A fuzzy 
number cp(.) is a measurable real function obeying

О й ф(х) й 1 for all X £ |R

and
{ X € IR : Ф ( X ) = 1 } ^ 0

such that {X € |R : Ф(x) >0} is an interval. The function 
ф(.) is also called characterizing function of the fuzzy 
number. For life times nonnegative fuzzy numbers are of 
interest, i.e. fuzzy numbers ф(.) with

Ф(x) =0 for all 'x < 0 .
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An imprecise observation x* of the stochastic quan­
tity T, describing the life time of a product, is modelled 
by a nonnegative fuzzy number tp(. ) . The idealization of 
an exact life time observation t^O is ‘the special case

Ф (. ) = I (. )
{t}

where I (.) denotes the one-point indicator function 
{t>

defined by •.

1 for x = t
I (x) 
{t}

0 for x 4 t .

A general fuzzy number is depicted in figure 1.

Figure 1 : Fuzzy Number

2. Fuzzy Data and Sample Information

Let n independent fuzzy observations x , x*

Of the life time T of a product be available. In abbre­
viation we write D* for this sample of n observations, 
called fuzzy data D* = (x*,. .. ,xn* ) . The fuzziness in the
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is described by a correspondingi-th observation x * 

characterizing function ( . ) defining a fuzzy number.

The information in the fuzzy sample D* = (x^*, . . . ,x^ ) 
can be used for statistical, inference on the life time 
distribution of the product in different ways.

3. Nonparametric Estimation of the Reliability Function

For exact life time data D= (x^,...,xn) the reliabi­
lity function R(.) is estimated by the empirical reliabi­
lity function Rr(.) defined by

A i nR„(x) = - Z I (x. ) for all x 2- 0 .
n n 1=1 (x,co) 1

For fuzzy data D* = (x^,___ x* ) a generalization
of the empirical reliability function can be constructed 
which takes care of the fuzziness in the data. This ge­
neralized empirical reliability function Rfi* (x|x^, x^ ) 
is a multi-valued real function limited by two functions 
R1(.) and Ru(.) defined in the following way. First we 
assume that the characterizing functions ф± (. ) of the 
fuzzy life times x* have pairwise disjoint supports

supp cp^ ( . ) = {x e |R : ф± (x) > 0 } .

Then the observations can be ordered and we obtain the 
ordered fuzzy sample x*-] ) ' • • • ,x*n) with corresponding
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characterizing functions <p(1) (.) ,...,ф(п) (.) . m the inter­
val supp Фщ(.) the functions R1 (. ) and R^(.) are defined 
in the following way.

Ru(x) = 4

n ~+1 for X € (x : tp(1) (x) 1 V ф(1) (X) = 1}

n-i+ip(i) (x)
for x G {x : ф^ (x) 1}

n-i + 1-фц) (x)
for x G {x : ф(1) (x)t}

Rl(x) =<(

for x G {x : фщ (x) = 1 V ф^^ (x) 4-}

and the fuzzy empirical reliability function (feRF) covers the 
area between R^ (. ) and Ru ( • ) In the interval supp ф^(.).
This is depicted in Figure 2.

Figure 2: Fuzzy Empirical Reliability Function

In the interval supp фщ (.) the FERF covers the 
area between R^(.) and Ru(•)
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For interval data, i.e. x*jj has characterizing 
function ф, .. (.) = I , ,. (. ) this FERF has an immediate
practical interpretation. The area between the functions 
P^(.) and Ru(.) covers the possible empirical reliability 
functions between the most pessimistic and most optimistic 
precise interpretations of the observed life times. This 
is explained in Figure 3.

Figure 3: Fuzzy Empirical Reliability Function 

for Interval Life Time Data

For fuzzy life time data with intersecting support 
of the corresponding characterizing functions a super­
position of the above construction is possible.

4. Parametric Life Time Distributions

For parametric life time distribution model T~f(.|0) 
with density f(.|6) and parameter space 6 the information



in a fuzzy sample x* , ... ,xfi* with corresponding charac­
terizing functions ф1(.) for i = 1,. . .,n is used for sta­
tistical inference in the following way. The combined 
fuzzy sample is a fuzzy vector in [0,°°)n defined by

nФ(x.,...,x ) = П ф.(X.) for x . £ 0 
1 n 1=1 11 1

in case of independent observations. In case of dependent 
observations also other 'combinations to obtain a combined 
fuzzy sample are possible.

For a vector (x.. , . . . ,x ) € tRn we use the short nota­
tion X, i.e. x = (x^,...,xn) and for the combined fuzzy 
sample Ф(x), i.e.

Ф(x) = Ф(х1,...,xn) .

5. Classical Parametric Estimation for Fuzzy Life Time Data

Assuming a parametric family of life time distri­
butions with parameter 6 classical estimators ^(T^,...,T^) 

for sample T^,...,Tn of the life time T can be adapted 
for fuzzy samples x* , ... ,x* in the following way. If 
the corresponding characterizing functions are 
Ф1(.),...,фп(.), a fuzzy estimator 0* for the parameter 
0 is obtained using the combined fuzzy sample ф(х) from 
section 4. The fuzzy estimator 0* is the fuzzy subset 
Ç(.) of the parameter space 0 defined by
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Ç ( 0 ) = sup { ф(х) : ^(x) = 0 } .

•A fuzzy subset of 0 is characterized by a real valued and 
normalized measurable function on 0 which means a gene­
ralization of indicator functions. For exact life time

(.) this definition specializes to thedata t^=I
traditional point estimator лЗ*(t^ , . ..,t ) for 0. The
sup - operation guarantees a conservative estimation result.

This concept allows also a generalization of the con­
struction of confidence regions for the parameter 0. Let 
к(Т^,...,Т ) be a classical confidence function for 0 
with confidence level 1-a . Then the concrete confidence 
region for exact life time data x^,...,xn is denoted by 
к(x). This confidence set can be represented by the indi­
cator function (•) defined on the parameter space 0

by

for 0 0 к (x)

0 for 0 £ к (x) .

For fuzzy data with corresponding characterizing functions
* for 0 is ob-Ф ,tpn(. ) a fuzzy confidence region 0

tained as a fuzzy subset of 0 using the combined fuzzy 
sample ip(x). For confidence level 1-a using the confidence
function <(...) for exact samples the fuzzy subset 0* of 0

is determined by the characterizing function Ç(.) defined

111



by ç (6) = sup{tp (x) : 0 £ к (x) } .

This is a conservative generalization of exact confidence 
regions by

C (6) =1 for 0 £ U { к (x) : ф(x) = 1} .

For exact data this definition reduces to the standard 
confidence region.

6• Bayes* Theorem for Fuzzy Life Times

In Bayesian inference for parametrip life time model 
T ~ f (. I 0) , exact life time data D = (t^,. . .,tR), and a- 
priori distribution n(0) of the stochastic quantity 0 

describing the uncertainty concerning 0 the a-posteriori 
distribution (density) tt (0 | D) of 0|D is calculated via 
Bayes* theorem

1 TT ( 0 1 D) <= TT ( 0 ) . 1 ( 0 ; D) .

For fuzzy data D* = (x^* . .., xfi*) with corresponding 
characterizing functions ф1,фп(.) Bayes' theorem 
can be generalized in order to obtain a fuzzy analogue 
л*(0 ID*) of the а-posteriori distribution using the com­
bined fuzzy sample ф(х) from section 4. For every 
x e [0,°°)П the а-posteriori density n (0 |x) is calculated 
via Bayes* theorem. By variation of x according to ф(х)
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for fixed 0 a fuzzy number ф0(.) is obtained by

Ф0(У) = sup {ip(x) : ti ( 0 I x) = у } ,

representing the fuzzy value of the а-posteriori density 
for argument 0. The whole fuzzy а-posteriori distribution 
for fuzzy data is the family (t|»q (. ) ; 0 € 0) ôf fuzzy num­
bers , denoted by n*(0|D*), i.e.

it* ( 0 I D*) = (фе(.) ? 0 £ G) .

For exact data D this definition reduces to the 
standard а-posteriori distribution n(0|D).

7. HPD*-Regions for Parameters

In case of a parametric life time model T ~ f(.|0) 
with parameter space 0 , a generalization of the concept 

of HPD-regions in Bayesian inference can be constructed 

for fuzzy data using the concept of fuzzy subsets of the 

parameter space 0 . For fuzzy data D* and corresponding 

combined fuzzy sample tp(x) and confidence level 1-а а 

fuzzy subset of 0 with characterizing function x(•) is 

defined by

X (9) = sup{cp(x) : / Ti (0 • |x) d0 ' < 1-a }
C ( 0 , x)

where the subset C(0,x) g0 is defined by
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for

C(0,x) - {0' €0 : тт ( 0 1 | x) £ n(0 | x) }

X € [0,»)n .

The fuzzy subset 6 defined by the characterizing function 

X(•) is the so called HPD*-region for the parameter 0 for 

confidence level 1-a. In figure 4 examples of HPD*-regions 

for the parameter of an exponential distribution are given

Figure 4: Fuzzy HPD*-Regions

In case of exact life time data this definition re­

duces to the usual definition of HPD-regions.

8. Predictive Reliability Function

In Bayesian inference for parametric life time model 

T~ f (. I 9) , 0 £ 0 and a-priori distribution tt ( 0 ) of the 

parameter the reliability function conditional on the 

observation of exact Data D

R(t|D) = Pr{T > 11 D} for all t>0,
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also called predictive reliability function, is given by

R ( 11 D) = / / f (x|0)TT(0|D)d0 dx . (8.1)
t 0

For fuzzy life time data D* = (x^*,. .. , x^* ) with 

corresponding characterizing functions ф1,ф (.) 

the combined fuzzy sample ф(х) can be used in order to 

generalize the predictive reliability function. For fixed 

t and X G [0,°°)n using equation (8.1) the value 

R(t J x) of the predictive reliability function using the 

corresponding а-posteriori distribution tt ( 9 | x) is calcu­

lated. By variation of x according to ф(x) a fuzzy number 

Tt(.) is obtained by

Tt(у) = зир{ф(х) : R(tIx) =y} .

The family (тt (. ) ; tiO) of fuzzy numbers constitutes the 
fuzzy predictive reliability function

R* ( 11 D* ) = ( t t (. ) ; tiO).

In case of exact data this definition reduces to the 
standard Bayesian predictive reliability function.

9. Conclusions

Reliability estimation for fuzzy data is important 
for extrapolations from accelerated life tests to life
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time distributions under usual environmental conditions 

because the fuzziness of observations under high stress 

levels is multiplied by extrapolation to low stress le­

vels (compare [6]).

Estimation of the reliability of systems using 

fuzzy life time data of components is possible similar 

to the analysis for exact life time data.

By practical reasons it is necessary to model the 

imprecision in life time data. This can be done by using 

fuzzy numbers in a way which is feasible with reasonable 

amount of calculations and takes care of the imprecision 

of real data.

References

[1] J.O. Berger : Statistical Decision Theory and Bayesian 

k Analysis, 2nd edition, Springer-Verlag, New York,

1985.

[2] G.J. Klir and T.A. Folgers Fuzzy Sets, Uncertainty, 

and Information, Prentice Hall, Englewood Cliffs, N.J., 

1988 .

[3] R. Kruse and K. Meyer : Statistics with Vague Data, 

Reidel Publ., Dordrecht, 1987.

116. -



[4] S.K. Sinha: Reliability and Life Testing, Wiley Eastern, 

New Delhi, 1986.

[5] R. viertl: Is it necessary to develop a Fuzzy Bayesian 

Inference? in. Probability and Bayesian Statistics, 

Plenum, New York, 1987.

[6] R. Viertl: Statistical Methods in Accelerated Life 

Testing, Vandenhoeck & Ruprecht, Göttingen, 1988.

[7] R. Viertl and H. Hule: On Bayes Theorem for Fuzzy 

Data, submitted for publication, Research Report 

RIS-1988-6, Institut für Statistik und Wahrschein­

lichkeitstheorie, Technische Universität Wien, 1988.

[8] R. Viertl: Modeling of Fuzzy Measurements in Reliabi­
lity Estimation, in. V. Colombari (ed.): Reliability 
Data Collection and Use in Risk and Availability 
Assessment, Springer-Verlag, Berlin, 1989.

117



Figure 1: Fuzzy Number

Figure 2: Fuzzy Empirical Reliability Function 
for Fuzzy Life Time Data

R„(x)

R, (x)

no -



Figure 3: Fuzzy Empirical Reliability Function 
for Interval Life Time Data

optimistic

pessimistic

Figure 4: Fuzzy HPD*-Regions with Confidence Level 1-ct





STATISTICAL QUALITY CONTROL - QUO VADIS?

Elart von COLLANI, Universität Würzburg 
Germany

j

- 120 -





Statistical Quality Control - Quo Vadis? )

Eiart von Collani, Würzburg*) **

1. Introduction

"Many thousands of dollars worth of product changes hands 
hourly, lots subjected to acceptance or rejection, depending 
on tests of samples, drawn from the lots. Examples of such 
plans are Military Standard 105D, and Dodge-Romíg AOQL or 
Dodge-Romig. LTPD.1 Such plans can only, increase costs. If used 
for quality audit of final product as it goes out the door, 
they guarantee that some customers will get defective product. 
The day of such plans is finished. American industry can not 
afford the losses that they couse.
Incredibly, courses and bôoks in statistical methods still 
devote time and pages to acceptance sampling."

This citation is taken from W.E. Deming's latest fundamental 
book "Out of the Crisis", which was published 1986. Since then 
many books on Statistical Quality Control have been published, 
but almost none of them took into consideration the change of 
industrial environments. Moreover since 1986 there have been 
taken place many meetings of the "International Standardiza­
tion Organisation" discussing things related to statistical 
quality control, but evidently omitting to discuss the funda­
mental claims on acceptance sampling brought forward by Denting.

2. Acceptance Sampling by Variables
•. '

In some way the crisis of statistical as well as industrial

*) Research supported by the Deutsche Forschungsgemeinschaft ( DFG ).
**) Prof. Dr. Eiart von Collani, Lehrstuhl für Statistik 

der Universität Würzburg, Sanderring 2,
D-8700 Würzburg, West Germany.
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quality is even deeper than observed by Deining. I would like 
to illustrate this statement by briefly investigating the 
well-known international standard ISO 395 1, which is a slight 
modification of the US-MilStd 4M. The standard ISO 395 1 con­
tains so-called sampling plans for variables which are looked 
upon as a cost-efficient alternative to attribute sampling.

The principle prerequisite for variables sampling is that the 
quality characteristic is measured on a continuous scale. The 
simplest case of a variables plan is a single sampling plan of 
type (n,c). In this case a random sample of site n is drawn 
from a lot submitted for inspection, and the quality characte­
ristic of each item sampled is measured. If a suitable test 
statistic based on these measurements exceeds the acceptance 
number c, then the lot is rejected otherwise it is accepted.

About sampling by variables the following claim is stated un­
animously:

"Variables sampling provides more information then attribu­
tes sampling, and therefore the same protection is reached 
with partly considerably smaller sample size."

Here protection refers to the so-called consumer's risk and 
producer's risk respectively. These risks are defined as the 
probability of acceptance of a "bad" lot and the probability 
of rejection of a "good" lot respectively, where "bad" refers 
to a "large" fraction nonconforming p in the lot submitted for 
inspection, and "good" refers to a "small" fraction nonconfor­
ming p in the lot. In general variables sampling plans are 
determined in the following way: For a fixed attributes samp­
ling plan with given risks one looks for a variables sampling 
plan with more or loss the same risks and minimum sample size. 
This problem is called "matching problem" and there are nume­
rous papers dealing with it.
Calculation of the risks constitutes generally no problem for 
an attributes sampling plan. Let us look closer to this problem 
when a variables sampling plan is used. For the sake of simpli­
city we assume the simplest case, i.e. the so-called "X-method" 
when a single (upper) specification limit U is involved and

- 122' -



the standard deviation is known. Then the procedure of app­
lying a variables sampling plan (n,c) to a lot of size N is 
the following :

Select a random sample of size n out of the lot of 
size N. Compute the sample mean x.
If x < U - со accept the lot, and 
if x > U - со reject the lot.

In order to determine a suitable sampling plan (n,c) we have 
to calculate the risks. Let us concentrate on the producer's 
risk, i.e. the probability of rejecting a "good" lot. Clearly, 
a lot containing no item nonconforming at all (p=0) constitutes 
a good lot, and one would expect that such a lot is accepted 
with certainty. For proving it, the following quantity has to 
be calculated :
P (0) = Prob (accepting a given lot, when using the variables 

sampling plan (n,c) | the lot contains no item 
nonconforming).

Of course, we have

0<Pa(0)< 1. (1)

Each lot of size N is given by an element of 1R^, i.e.:

( x .J , x 2 » • •. » Хдо) 6 IR •

Obviously the subset A represents all possible faultless lots 
(p=0):
A: =, {(x.| ,X2*... *xfl) I xi £ U» i-T, 2, ... ,N}.

Let
A1 : = {(xi,x2,...,xN) I U-co< xi<U,i = 1,2,...,N} 
and
A2: = {(x1,x2,...,xN) I x^ < U-co,i=1,2,...,N}

then A1 and A2 are subsets of A, and therefore each element 
of A1 and A2 represents a lot with fraction nonconforming p=0.
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And of course for any relevant situation we have 
Prob CA1) >0, and 
Prob (A2) > 0.

Let us return to the probability Pq(0) .and assume that the 
lot (x1 ,x2, — ,xN) in question is an element of A1, then ob­
viously we obtain:
(A )

Pa (0) = 0.

Next consider the case that the faultless lot in question 
(x.j ,x2,... ,xN) is an element of A2 , then
(A )

Pa (0) = 1.

Hence we have obtained the result that the inequalities (1) 
are sharp in the sense that both the trivial lower as well as 
the trivial upper bound of Pg(0) are adopted with positive 
probability. It may be concluded that PQ(0) can adopt almost 
any value in [0,13 solely depending on the particular reali­
zation of the random vector (X^,X2,...,X^) representing a lot 
of size N. In other words using a variables sampling plan the 
decision on a faultless lot becomes a mere lottery, and, of 
course, this statement holds analogously for different values 
of the lot fraction nonconforming p(/ 0) too.

This example illustrates the situation of today's statistical 
and industrial quality control:
Variables sampling recommended in many textbooks on statisti­
cal quality control and by national and international organi­
zations for industrial application does not at all constitute 
a more efficient alternative to attribute sampling, but has 
the following properties :
1 ) It may happen that a faultless lot is rejected with proba­

bility 1 even in the case of 100% inspection.
2) It may happen that a lot containing only items nonconfor­

ming is accepted with probability 1 even in the case of 
100% inspection.
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3) It may happen that the risks are monotonously increasing 
in the sample size n.

In conclusion traditional quality control as developed decades 
ago is not "repairable" and one should think of new ways and 
a new approach being more appropriate to modern industrial 
environments.

3. Economic Quality Control

The overall aim of traditional quality control is to develop 
sorting procedures, i.e. methods how to sort good items or lots 
from bad. The aim of sorting procedures is to improve the out­
going quality but, of course, they are not applied to improve 
the produced quality.

But today it is common knowledge that a company which relies 
on such sorting procedures cannot have economic success at 
least on a longterm basis. Producing bad quality means wasting 
expensive resources and leads almost necessarily to an economic 
failure.
In today's "New Economic Age" only those companies will operate 
successfully in the long run which manage to produce high qua­
lity products meeting all relevant consumer's demands. There­
fore the production process should be in the center of scienti­
fic investigations on the one hand and industrial quality con­
trol procedures on the other hand.

The history of any production process can be roughly divided 
into two parts :
1) the design and installation phase, 
and
2) the operational phase, where mass production is performed.

The aim during the first phase is to develop a production pro­
cess or system which has the following properties:



- the quality produced is acceptable
- the process variability is small
- the process is insensitive against random changes of the process environment.

As soon as the production process has reached such a desirable 
state, the operational phase can be started. During this final 
phase management is responsible for it and in particular for 
conserving the once achieved satisfactory state throughout 
the lifetime of the process.
Therefore statistical quality control should provide manage­
ment with efficient policies to meet the task to maintain the 
high quality level of the process.
In order to be efficient a policy has to take into account 
the technical/statistical process parameters as well as the 
economic environment of the process ; in order to meet its pur­
pose, it has to answer the question when to perform which con­
trol and/or maintenance action. Therefore "Economic Quality 
Control" can be describe as an optimal control and maintenance 
theory for industrial production processes.

Any optimal control and maintenance policy has to be determi­
ned in three steps:
Stegl: Specification of the underlying mathematical model, 

i.e. process model, control and maintenance model,
1 economic model.

Steg_2: Derivation of a suitable (economic) objective function 
for optimization.

Step 3: Development of a (simple) solution algorithm for the 
optimization problem.

In general the output of a production process can be divided 
in more or less discrete units. Let the i-th unit be represen­
ted by a random variable X^, then it is clear that a produc­
tion process can be described mathematically by a discrete sto­
chastic process {i = i 2 f •
Each item produced X^ is judged by a reward (profit or loss),
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therefore {X^^ = ^ 2 is a discrete stochastic reward process.
Hence in order to define a mathematical model, we have to spe­
cify the characteristic properties of a discrete stochastic 
reward process, which very often can be looked upon as a 
renewal reward process.

A production process is part of an economic enterprise aiming 
in deriving as much profit as possible on a longterm basis.
Let m be the number of items produced and P(m) the profit 
gained from these items, then the average profit per item is 
given by P(m)/m. Hence it is reasonable to select the follo­
wing limit as objective function for optimization with respect 
to the control and maintenance policies:

lim
m-°°

P(m)
m

which can be interpreted as longterm average profit per item.

Let
Г = {у }
be the set of admissible control and maintenance policies, then 
ж *, of course, depends on the policy y selected for use.

Definition: Let Ver , then V is called optimal with respect 
to (ж*,r) iff i
x*(V) > **(y ) for any y e r.

The following simple example serves to illustrate the procee­
ding on the one hand and the difference to traditional quality 
control on the other hand.

4. Simple Example for Illustration 
(Maintaining the Process Mean)

4.1 The Process Model
{% ) 1 2 is a sequence of independent, normally random
variables with constant (and known) variance о .
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may adopt two states:The process {Х^ = 1 2

State _I|_ EC X± ] = n0

where Mq is called target value.
Stave ll^ E[ ] = uQ ± 60

where б is assumed to be known and is called the 
shift parameter.

Transition behaviour:
Let
г = time of operation in State I after start until a transition 

to State II.
It is assumed that t has an exponential distribution with para­
meter x(>0):

{
0 t < 0

Le- t*0

with E[t] = 1/A.

A transition from State II back to State I is possible only 
by means of a corrective action.

4.2 The Set of Admissible Actions
For this simple example we consider three actions to be performed :
1) sampling, revealing the actual state of the process with

probability smaller than 1.
2) inspection, revealing the actual state of the process with

probability 1.
3) renewal, restoring with probability 1 State I.

In view of the exponential transition model only periodic poli­
cies make sense, hence we define
rp: = ((h,n,c): h>0, 0<n<hv , c>0}
where v is the production speed.

A policy (h,n,c)€ Гр works as follows :
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Every h hours of operation take_a sample of size n and cal­
culate the test statistic T: = 
If
T < c then the process continues to operate, 
if
T > c then an alarm is released, an inspection and if necessary a renewal are performed.

By elementary calculations we obtain the following error proba­
bilities in the case 1 <n<hv and c>0:
a = Prob(false alarm) = 2ф(-c)
ß = ProbCnot detecting State II) = ф(с-бУп) - ф(-с-бУп')

where Ф denotes the distribution function of the standardized 
normal distribution.

For n = c = 0 it follows : 
a = 1 and ß = 0.
Therefore the case n = c = 0 can be looked upon as a routine ins­
pection policy, i.e. (h,0,0) means that every h hours of opera­
tion an inspection and if necessary a renewal are performed.

Further assumptions for simplification :
- the time for drawing and evaluating the sample.is negligible
small,

- the probability of a transition during sampling is negligible 
small.

4.3 Economic Model
The economic model must describe the process on the one hand 
and the actions performed on the other hand, therefore we have 
two types of economic parameters :
1) Economic parameters describing the process {Х±>±5=12,...:

g* = average profit per item produced 
while operating in State I.

g* = average profit per item produced 11 while operating in State II.

#
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Obviously we have g|>g*j.
2) Economic parameters describing the policy (h,n,c):

a* « cost of drawing and evaluating a sample of size n.
e * = average cost of an (erroneous) inspection following a false alarm.
b* = average benefit per renewal, i.e. additional profit

gained for operating in State I after a renewal reduced 
by the cost of the final inspection and renewal.

We assume a*>0, e*>0 and b*>0.

4,4 The Objective Function
The start of the process and each renewal are socalled genera­
tive points. The time between two successive generative points 
is called renewal cycle. From the assumptions it immediately 
follows that different renewal cycles are stochasticalle equi­
valent.
Each of the following random variables refers to a renewal 
cycle:
P = profit,
N = number of items produced,
Aj = number of sampling actions while operating in State I,

Ajj « number of sampling actions while operating in State II,

Ap = number of false alarms.

From renewal theory we have with probability 1:
K*(h,n,c) = ,
therefore it remains to determine the expectations of P and N.

Using the above defined quantities, we obtain:
E[N] = E[Aj+Ajj] hv

and
ECP] = ECAj+Ajjjhv gjj + b* - ЕСАрЗе* - E[Aj+An]a*n.
Hence

b*- E[AF]e*- E[Aj+Ajj]a*n + EtAj+Ajjlhv gfj
«*(h-n-c)-------------------------------E[A^ÀnJ hv "
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1 b*-Е[Ар]е*
~ЕГЛj’+Aj’jГ - a*n +ß 11*

Obviously the following transformation of ** is equivalent 
with respect to the optimization:

**(h,n,c)-g
— *v = ÏÏ

b - ECAp]
ïïrÂjTÂ'”jT an

with b = b*/e* and a = a*/e*.
\

Up to now we have not utilized neither the special distributio­
nal assumptions nor the special sampling procedure selected. 
Note the generality and comparative simplicity of the objective 
function. These two almost characteristic features of this ap­
proach made it possible to develop a rather generally applica­
ble approximation technique to obtain a simple solution algo­
rithm .

From the model assumptions we get by elementary calculations: 
1ECAj]

eXh-l

ECAli] = ТчГ

ECAp] ot
7*7

and therefore :
xhK*(htn,c) = H^|b ^xh’g5"“"" П-ß) - a*n I + g*j 

or the socalled standardized objective function :

i(x,n,c) :
* *(rinic)*g II V

lib(ex-lba (1_&) _an
e*-ß
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with a = 2ф( -c) and 3 = ф(с-б/п")-ф(-с-б/п).

Obviously ж is equivalent to ж* with respect to the optimiza­
tion, and there are only three input parameters entering expli­
citly ж : a, b and 6.

4.5 The Solution Algorithm
A further simplification of the problem is obtained by the 
following transformation :
У : 
z :

V
and

6 V7T <t=t> n

a
7

ÏV2Ф

*(x,y,z ) = ж(х,(р2,г) = 1 jklç__l2_2. ( 1,-ß ) 

with a = 2Ф(-z ) and 3 = Ф(z-y) - Ф(-z-y).

an

This leads to a first approximate solution for our problem:
Let (x*,y*,z*) with x*>0, y*>0, z*>0 be an optimal solution 
with respect to ж, then 
hf = x*/x,

VÎ 2

fi* = nearest integer to (-^-) ,

êi ■ zv
is an approximate optimal policy with respect to (i*,r ).

In order to determine a relative maximum of * the following 
necessary conditions have to be met:

al i 0, (2)
эх

аж i 0, (3)
ay

M i 0. (4)
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From (1) the following relation for the optimal x* is obtained
b(ex-1)2 _ 2(aOy2+a)

ex-ß T+T - + 0(x). (5)

The optimal x* gives the optimal control interval measured in 
time-units 1/x, i.e. the expected lifetime of State I. There­
fore x* is a small quantity.
Substituting (5) into (3) and (4) and neglecting all terms 0(x) 
(being small), we finally obtain the following equations for 
determining approximately the optimal y* and z*:

any By - 0

2(a0yZ+a)

1-ß
0

with
a z £ - »,

ав
az and

These equations are called key equations.

The "key equations" together with (5) lead to the following 
simple solution algorithm :
Steg_l£ Take from Figure 1 for given value of a^ 

quantities ÿ* and 2*.
Steg_2£ Compute the quantity

b*---j the two
e*6

b(i+ß*) V V b(i+ß*) / b(i+ß*)
where S* = 2ф(-2*) and ß* = ф(2*-?*)-ф(-2*-?*).

Steg 3: The approximate optimal control and maintenance-policy 
with respect to (i*,r ) is given by:
A 0 * P

h* - •fi* = nearest integer to (^-)2
t* = 2*.

1.3
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Standardized Samoling Cost aQ

FIGURE 1

Remark : The approximation technique outlined here is applicable 
in a great number of case, for instance in the multivariate 
case, in the case of general lifetime distribution and for ar­
bitrary sampling procedures.
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5. Conclusions

Many of the traditional quality control methods are applied 
just "pro forma", merely conforming to the requirements of a 
contract or because everybody is using them.
In order to save money and as a consequence improve the compe- 
tiveness the comparnes should give up this practice and try to 
apply adapted policies assuring economic success to the widest 
extent.
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ABSTRACT

We propose, successively, to present on FMECA, briefly, what it is, what it is not 
Based on these considerations the problems accounted during performance this 
a nalysis we present some improvements developed in order to be more efficient 
The most significative is the availability of data base that all the partners a project 
may access.

KEY WORDS: FMECA, Methodology, Software tool, Data base.

1. INTRODUCTION

The FMECA is a major method in order to obtain the Dependability^) criterias a 
product (equipment, system, ...) allowing to point out risks, With the objective to 
reduce them later by appropriate measures.

The FMECA force to perform rigourous analysis which have to be introduced at the 
earliest phase of a project when corrective actions are possible and the corresponding 
cost is low.

(*) Dependability is used as equivalent to RAMS : Reliability, Availability. 
Maintenability, Safety.

2. RECALL ON FMECA

2.1. What is a FMECA?

The FMECA is an inductive method. That means from a failure mode the analysis 
consists to look at the potential effect(s) at different integration levels a product 
(printed circuits, equipments, sub systems, finally system).

In addition the reliability expert is looking for the criticity of the effect on the mission 
either the impact may an unavailability or a safety event.

Finally, he tries to determine if failure mode may be observed by the different tests 
performed on the material at different integration levels or by telemetry in operation. 
Then it is possible to compair with tests or telemetry checklists and to perform an 
estimation of the test coverage rates.

In addition, it is possible to determine for each failure mode if it exists in operation a 
compensation measure designed for that purpose (ie : redundancies, acceptable 
degraded missions,...).

If the reliability expert uses FMECA it constitutes an improved tool for designing, 
which when used sufficiently early in a project with all the partners involved in the 
design is able to avoid a lot of discrepancies during the project development.
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2.2. What is not the FM ЕС A?

A lot of people suppose that FMECA can be an help for the study of effect of multiple 
failure modes with occurrence in the same period. Generally it is not true except in 
particular cases like redundancies. In fact, by the princip of the method, which is 
inductive, the analysis must be conducted failure mode by failure mode in an 
exhaustive fashion. A study at an upper level (combinaison of failure modes) will 
conduct to a very large increase of the cases to be studied. This is done on potential 
critical areas and cannot be qualified as exhaustive.

For that last purpose it is necessary the customer, the main contractor, after 
preliminary studies, defines the effects against he intends to be protected. This may be 
introduced in a particular paragraph of the specifications.

In order to allow the reliability analysis more efficient it is necessary to associate a 
deductive method like FTA (Fault Tree Analysis) to FMECA.

Finally, we have to keep in maind that we do study only the effects of failure modes as 
described in related catalogs. These catalogs suppose that technologies are correctly 
implemented. In fact we cannot consider that approach as exhaustive. There is one the 
interest of clue lists, which are catalogs of configuration of past failures it is necessary 
to avoid the occurrence in the new designs.

3. APPLICATION AREA

3.1. Hardware application

FMECA is applicable on all assemblies on which the failure of one its assemblies 
conduct to do not meet Dependability objectives.

More precisely, the application may be :

- a product : FMECA product oriented

- a process : FMECA process oriented based on production/process operations

- a production tool : FMECA related to the design the operation of production tools.

The methodology have the same basis for these different application cases, only differ 
the analysed events and the production the FMECA.

Remark : The application domains corresponding to these three types of FMECA 
may have some common coverage.

3.2. Software application

On software application the processing is similar, nevertheless expert on this area 
speak of SEE A (Software Error Effect Analysis).

In order to limit this presentation we will not describe any more this particular 
analysis. .
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4. REFERENCE DOCUMENTS

The approach, how to perform a FMECA is defined in numerous specifications.

We can list as exemples :

- MIL - STD 1629A

- ESA PSS 01-303

- CNES SR 1-40

- CEI 812

- AFNOR 60-510

- and other documents issued by other agencies or main contractors.

On a common basis these documents are related mainly to FMECA with product 
application.

We do not detail them, because it is not in the main topic of this paper.

6. PROBLEMS WHICH OCCUR DURING PERFORMANCE A FMECA

As FMECA are generally performed, they introduce some defects we intend to
describe in the following items :

- They are time consuming analysis which results seem available too late in the 
design in order to be applicable. Nevertheless we must note that before the 
delivery to the customer the data package including the formal analysis, a lot of 
work has been performed directly with the designer which has conducted to cancel 
a maximum of the potential critical points.

- To get a quantitative FMECA in accordance with reliability prediction is a tedious 
task.

- The results of these analysis are presented through a thick data package on which 
it is difficult to perform an operation (search, ...) and more to update when the 
product is modified.

- The contained informations in a FMECA are difficult to complete at upper level. 
One, solution is to use synthesis which are performed on simple basis but time 
consuming to be completed.

- Finally there is no guarantee of exhaustivity of the analysis. There are some risks 
of parts or failure modes omission and there are no mean to verify application of 
design rules.
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6. RECENT IMPROVEMENTS FOR DESIGNING A LARGE PROJECT

6.1. Objectives definition

The problems listed previously have conducted to introduce some improvements.

These improvements are related to :

- objectives definitions
- organisational dispositions
- data base 

support tool.

All of these dispositions have for goal to get more efficiency on a project by usage of a 
data base, result of the FMECA, available by all the participants to the product 
development in order to get the just dependability level.

We will develop successively these different aspects.

6.1.1. Introduction

Even if from outside all the FMECA seems to be the same in fact for efficiency purpose 
the expert detailed his analysis in relation with project environment constraints. So 
different critirias must be considered before starting the analysis. These criterias 
must be defined in the specification related to the designed product. Two major 
criterias have to specified :

- FMECA purpose

- FMECA analysis level.

6.1.2. FMECA purpose

It is necessary to define what is the type of discrepancies we wish to discover. We list 
after that some of them related to :

- Reliability :

. single point failure ; points which failure induced mission interrupt or does not 
allow the usage of a redundancy ;

. failure propagation risk,

. degraded operational performance studies.

- Maintenability :

. ability to observe the failure through their effects, 

. isolation of failed assemblies.
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- Availability :

. test efficiency determination, 

mission interruption duration.

- Safety :

. fail operational / fail safe criteria verification.

6.1.3. FMECA analysis level

A FMECA may be performed at different assembly levels ; the failure modes (FM) and 
effect(s) (EF) are then of different nature as hereafter :

- Macro-parts (ie : hybrids)
FM micro-parts = = > EF functional bloc = = > EF macro

- Printed board
FM parts = = > EF functional bloc = = > EF printed board 

Equipment
FM functional bloc = = > EF equipment

- Subsystem
FM equipment = = > EF sub system 

So the process is iterative and equivalent at each level.

6.2. Organisational dispositions

The FMECA is generally performed by the reliability expert. In fact it may be 
established by the designer at three conditions :

- he has a necessary experience on that methodology

- he is able to have a sufficient independant judgement on his own design

- he has motivation to perform that task in order it will be effectively implemented. 

So in practice the share of tasks is as :

- Reliability expert : research the potential problems and guarantees on the
methodology application and on the data.

- Designer : definition of the modification.

So the reliability expert must be also an expert of the studied domain (ie : electronic, 
mechanic,...).

In any case the FMECA must be conducted in close collaboration between all partners 
involved in the development process. Figure 6.2. presents the most usefull partners 
and how they use the results of the FMECA.
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Before FMECA performance it is necessary :

- to know the development plan the assembly in order the results may be applied 
after review,

- to get the contractual requirements,

- to define with the designer additional needs,

- to procure drafts of the schematic and definition report,

- to define blocs which will be the basis of the analysis.

6.3. Data base purpose

The analysis may be conducted by answer to a simple question :

WHAT HAPPEN IF a failure occurs,... ?

IF no EFFECT THEN what is the purpose of the analysed assembly ?,...

IF effect THEN description of the effect itself, observable symptoms, compensation 
methods,...

Even if the analysis is based on a simple principle, rapidely it becames a very large 
sum of informations. So it is necessary to record the results in a data base who gather :

- the basic analysis,

the synthesis which summarizes by effect all the causes.

By that mean all the informations may be available to the different partners a project 
alter appropriate treatment.

6.4. Presentation the AM DEC* software tool

* A.M.D.E.C. "Analyse des Modes de Défaillance, de leurs Effets et de leur Critici té" 
(in french, équivalent to FMECA).

6.4.1. Introduction

For all these reasons the use of a software tool had appeared as a valuable assistance 
to solve all these problems. So the Dependability Department at MATRA Velizy had 
decided to develop a simple performance tool, with friendly user interfaces but with 
powerfull facilities when needed. Some of its main functions will be presented during 
the course.
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6.4.2. General objectives

This tool has for objective to be at the interfaces between the different partners in the 
design of a product, like designers,..., interested by search and analysis :

: single point failure (SPF) 
operational degraded modes 
failure propagation

- failures testability and observability.

For that purpose the tool is organized in order to establish a reference product data 
base easily updated.

The reliability expert by his reliability knowledge is the preferential user of that tool 
during analysis phase. There, it is necessary that one of the major goals of the 
designer can be related to that analysis, who finally has to take into account and is 
responsible for that task.

At project milestones the date base is then certified and take place in the project data 
package to be transmitted to the upper integration level or to the customer.

Finally the data base is an input for test lists and operational manual.

So this data base cannot be a static package but dynamic one all along the project and 
must be easy to be updated by the different partners at the successives phases.

6.4.3. Resumed specification

- direct input with the keyboard at the different integration levels (no more paper, 
only for some time for contractual formalism)

- facilities for input and update

- no particular software knowledge

- sort on multiple criteria

- synthesis at level Ni and preparation the input for analysis at level Ni +1

- search of any information

- deductive analysis effects - failure causes

link with parts nomenclature and failure modes 

link with reliability predictions (failure rates)

- on request issues (software file or paper)

6.4.4. Tool description

The tool is organized following the principe of the structured programming. To process 
the tool, the user go through menus that allow access to the modules that perform the 
needed functions.

The user is continualy driven in his work, he can use help utilities and predifined 
tables he can update for his own purpose.
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This tool is an application developed on the basis the dBaselll + and include around - 
4000 instructions in macro-language.

AMDEC may be implemented as it is on all PC's or compatible, nevertheless the 
minimum configuration for an efficient usage is :

RAM memory : 640 К
- Clock : 8 MHz
- Hard disk drive.

AMDEC is available in two versions :

- The first one caracterized as mono-level can be used at every integration level 
(board, equipment, sub system, system). That version is particularly adapted when 
the failures modes are at parts level. With this tool we may perform basic analysis 
and the corresponding analysis.

the second version is referenced multi-level. In addition to the previous facilities, 
this version offer facilities to chain analysis at different hardware integration 
levels. By this tool we can after an analysis at one level generate automaticaly the 
failure modes at upper level and the analysis consists only on completion the effect 
and related informations.

In addition, the tool allow to search on a marked effect we can trace all the possible 
causes. This is particularly interesting for designing test, there FMECA is an 
important input.

7. CONCLUSION

We have presented some improvements related to management, performance a 
FMECA. All of them conduct to get more efficiency by considering and establishing 
the result of the FMECA in a data base which is available by all the partners a project. 
This data base is available through a software tool developped for that purpose.

In addition AMDEC tool allow to :

- reduce analysis cost

- increase efficiency and quality of FMECA

- assure that all the parts and associated failure modes have been analysed

make easier the use for the result the analysis by real time extraction an 
information in the data base

perform synthesis, inputs for exemple for operation manual or for testability 
studies.
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