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WEAK HASSE PRINCIPLE FOR SYSTEMS OF BILINEAR FORMS

BAYER-FLUCKIGER E.*

INTRODUCTION

Let F be a field, and let V be a finite dimensional 

F-vector space. Let I be a set, and let S = {b^} where 

b. : V x v -> F are F-bilinear forms for all i in I.
1

The systems S and S' = {b£} are said to be isomorphic if 

there exists an isomorphism f : V -> V such that 

b^(fx,fy) = bi(x,y) for all x,y in V and for all i. If 

F is a global field, se say that the weak Hasse principle 

holds for a system S if every system S' of F-bilinear 

forms which becomes isomorphic to S over every completion 

of F is already isomorphic to S over F.

*
Supported by the "Fonds national suisse de la recherche scienti- 
fique”
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To every system S one associates a ring with 

involution R such that the norm-one-group of R is 

canonically identified with the group of isomorphisms 

of the system S. If F is a global field of characteristic 

* 2, the properties of Rg determine whether the weak 

Hasse principle holds for S (see Section 3). It is 

therefore useful to know which rings with involution 

arise in this way. Theorem 2.1 gives a necessary condi­

tion for this to be the case. The proof of this result 

is constructive, and is used in Section 4 to obtain 

counter-examples to the weak Hasse principle for systems 

of 3 quadratic forms (see also [1] and [2]), pairs of 

bilinear forms and systems of 6 alternating forms. 

Section 5 contains counter-examples to the weak Hasse 

principle for the similitude of systems of bilinear forms.

1. THE RING WITH INVOLUTION OF A SYSTEM OF

BILINEAR FORMS

Let S be a system of bilinear forms, and set

RS = '9) eEn<^ (V) xEnd (V) j b (fx ,y) =b (x ,gy) and b(x,fy) =

= b(gx,y) for all x,y in V and for all b in S}.

We view Rg as a sub F-algebra of End (V)xEnd(V)°, so the 

multiplication is defined by (f,g) . (f',g ') =(ff',g'g). set­

ting (f,g)*=(g,f) defines an F-linear involution of Rg.

The norm-one-group of a ring R with involution * is 

by definition U(R) = {reR | rr*= 1}.
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-1If f is an automorphism of S, then (f,f ) is in
-1 

U(R ). Conversely, if r = (f,g) is in U(Rg) then g - f 
o

and f is an automorphism of S. Therefore we may 'identify

the group of automorphisms of the system S with the 

norm-one-group of Rg.

This implies (cf. [2], (1.6)) that

1.1 PROPOSITION: The group of automorphisms of a 

system of bilinear forms is an extension of a product of 

classical groups by a split unipotent group. Cl

Let J be the radical of Rg, and set R = Rg/J« Then 

R = R x...xRrx(Rr+1xRj+1)x-•,x(RkxRk*)• where the RIS 

are simple F-algebras, R* = R^ if i = 1, . . . ,r and Rj * Rt if 

j=r+1,...,k. We have R. = M (D±) for some skew field
i

D. .1

Let R be a finite dimensional simple F-algebra.

Recall that an involution : R->R is said to be of the 

first kind if the restriction of * to the center of R is 

the identity, and of the second kind otherwise. Let K 

be the center of R, and let n be the dimension of R

583 

over K. Set R+ ={reR | r* = r} . Assume that* is of the 

first kind. Then the involution * is called of orthogonal 

type if dimK(R+) = n(n+1), and of symplectic type if

dimK(R+) = n(n-1).

The set of skew fields ,...,Dr and the kind and



type of the involutions *: R^-> R are invariants of the 

system S. If F is a global field of characteristic * 2, 

then these invariants determine whether the weak Hasse 

principle holds for S (see (3.1)).

2. SYSTEMS OF BILINEAR FORMS HAVING A GIVEN

RING WITH INVOLUTION

Let R be a finite dimensional F-algebra, and let

* be an F—linear involution. Does there exist a

system of F-bilinear forms S such that R = R? it will o 
be useful to consider a stronger question, namely ask 

for a system of symmetric F-bilinear forms.

The algebra R is said to have property (P) if there 

exists an F-linear form t : R->F such that:

(a) t(xy) = t(yx) for all x,y in R

(b) t(x*) = t(x) for all x in R

(c) the F-bilinear form R x R -> f defined by

(x,y) »-> t (xy) is non-degenerate.

For instance, this property is satisfied if char(F)=0 

and R is semi-simple: one can then take t to be the 

trace of the regular representation of R.

2.1 THEOREM: If R nas property (P), then there 

exists a system of symmetric F-bilinear forms with algeb­

ra R.

Let m be a positive integer and let V = Rm. Let S be
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the set of all symmetric F-bilinear forms b:V xV+F such 

that b(rx,y) = b(x,r*y) for all r in R and for all x,y 

in V. Then clearly R is contained in Rg . Moreover, we 

have :

2.2 LEMMA: If m >2, then R = R .

PROOF: If h : VxV + R is a hermitian form, then 

the F-bilinear form b : V x V -> F defined by b(x,y) = 

= t(h(x,y)) belongs to S. Conversely, it is easy to check 

that all elements of S have this form : if b is in S, 

then there exists a hermitian form h: V x v ■> R such that 

b(x,y)= t(h(x,y)) for all x and y in V.

Let V' = Hom^(V,F) be the dual of V, and let G:V->V' 

be the isomorphism defined by G(x)(y) = t(xy*). If b is

in S, denote by B : V->V' the adjoint homomorphism of b. 

It is easy to check that (f,g) is in R if and only if 

f(G ^B) = (G ^B)f for all B as above, and g = G ^f'G

where f' is the transpose of f. The above discussion
-1

shows that the endomorphisms of V of the form G B are 

exactly those given by xhax, where A is a hermitian 

mxm-matrix with entries in R.

Therefore the lemma is proved provided we show that 

the hermitian matrices generate the algebra Mm(R)• Let 

us prove this for m = 2 : the general case is similar. 

Let M be the subalgebra of M2<R) generated by the her­
mitian matrices.
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center F. The reduced trace t : R + F satisfies the con­

ditions (a), (b) and (c). Let R+={r6R|r*= r}. If*is the

canonical involution of R (i.e. if * is of symplectic 

type) then R = F, and S consists of the scalar multiples 

of t(xy*). in this case, Rg = (F). On the other hand,

If * is a non canonical involution of R, then dimp,(R+) =3 

and Rg = R.

3. THE WEAK HASSE PRINCIPLE FOR SYSTEMS OF
BILINEAR FORMS

Assume that F is a global field of characteristic * 

2. We denote by Fv the completion of F at the place v. 

Let K be a finite extension of F, and let D be a 

quaternion field of center K. We say that D is ramified
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Then

'1 O'] [0 0] ÍO r*
and

0 Oj lo [r 0,
are in M. Therefore 30 are

ÍO r] [O 0'
and

.° °J (r

By multiplying with , we get r an^
1 0, 0 0, 0 r>

Therefore M = M2(R).O

2.3 REMARK: if m = 1, then Rg and R are not always 

equal. For instance, let R be a quaternion algebra with



at a place v of K if D 0T,K is a skew field.K v
Let S be a system of F-bilinear forms. Recall that 

in Section 1 we have associated to S a finite number of 

skew fields D1Z...ZD and involutions *:R.-*R.Z i=1z...,r.1 ' r li

3.1 THEOREM: The following are equivalent:

(i) The weak Hasse principle does not hold for S

(ii) There exists an index i f 1<_i<r) such that is a 

quaternion algebra on its center which is 

ramified at least at 4 places of IC and that the 

involution *: R. ->R. is of the first kind and 

orthogonal type.

This can be deduced from (1.1) and Kneser's results 

[3] as in [2], Section 2. O

4. COUNTER-EXAMPLES TO THE WEAK HASSE PRINCIPLE

4.1 Let us keep the notations of Section 3. Let a 

and b be two non-zero elements of F. Let us consider the 

following systems of F-bilinear forms:

Three quadratic forms
Í 2 2 2 2- aX^ + bX3 - abX4

{ X?X3 - X^4

X1X3 - a X2X4
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Two bi line ar forms

'0 -1 1 o'
1 0 0 -a

B1 =I 1 0 0 b

0 -a -b o.

1 0 0 0?

0 -a 0 0
B2 =

0 0 b 0

0 0 0 -ab

Six alternating forms

Let D = (a,b) be a quaternion algebra over F. Let
2 2i,j and k be elements of D such that i = a, j = b and

k = ij = -ji. Let *: D-> D be the F-linear involution of
2D such that i *= -i and j* = j. Set V = D , and let

hf : Vxv + D be the skew hermitian forms defined by the 

following matrices:

i o' '0 o' rQ . >
1

h „ = h_ =
0 0; 2 0 i 3 i 0 J

'o r 0 ij 0 j’

0
h5 =

"ij 0
h6 -

jj 0

Let t : D->F be the reduced trace. Let A : V x V -> F be r
the F-bilinear form defined by Ar(x,y)=t(hr(x,y)). It is 
easy to check that the A^'s are alternating.
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4.2 If v is a valuation of F, let us denote by Fv 

the completion of F at v, and let ( , )v be the Hilbert 

symbol. Let T be the set places v of F such that

(a,b) =-1.v
If S = {blZ...,bnJ is a system of bilinear forms 

and aSF, set aS ={ab.j ,. . ,ab }.

Let a€F such that (a,a)v = 1 for alt v^T. Let S 

be one of the systems described in (4.1). Then Said aS are 

isomorphic over alt completions of F. Moreover, S and aS 

are isomorphic over F if and only if (a,a)v = (a,a)w 

for alt v,w6T.

Let us prove this statement in a more general 

context •*

4.3 Let S be a system of bilinear forms such that 

Rg is (D,*).

The following are equivalent:

(i) S and a S are isomorphic

(ii) There exists deD such that dd* =a .

This equivalence is easy to prove. Let us outline two 

methods of proof: One can associate an algebra with 

involution to the pair S, aS such that the isomorphisms 

between S and aS are identified with the elements of 

"norm" a of this algebra. Then one checks that this
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algebra is (D,*). Another proof can be obtained by noting 

that S and aS are isomorphic over F(/a), and use Galois 

cohomology.

4.4 Let E = F(i) = F(/a), and let N : E-> F be the 

norm. Then (ii) is equivalent to

(iii) a6N(E) or abCN(E).

This follows from an argument of Springer, see [3] ,

p.149 or [4] , Chapter, 10, Lemma 3.4.

It is easy to deduce from (4.3) and (4.4) that (4.2) 

holds for any system S of bilinear forms with algebra 

(D,*). it remains to check that this is the case for the 

systems of (4 . 1) :

4.5 Let V = D, and let D1 = 1, d2=ij/ab, d3 = j/b. Let 

Qr:V->F be the quadratic form defined by Qr (x) =t (xdrx*).

By (2.3) , the algebra with involution of the system 

^1p2z^3} is A computation shows that this is the

system of three quadratic forms described in (4.1).

Let d4 = i/a, and let : VxV+F be the bilinear 

forms defined by Bj(x,y)=^t(x(d3+d4)y*), B2(x,y)=t(xy*). 

Then B.| and B2 are the bilinear forms of (4.1) . Again by 

(2.3), the associated algebra is (D,*).

Finally, (2.2) implies that the algebra of the system 

A1,...,A6 is also (D,*).
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5. A COUNTER-EXAMPLE TO THE WEAK HASSE PRINCIPLE

FOR THE SIMILARITY OF SYSTEMS OF QUADRATIC FORMS

Two systems of bilinear forms S and S' are said to 

be similar if there exists a non-zero element B of F 

such that S and BS are isomorphic.

Let us keep the notations of the preceding section.

Let S be a system of 3 quadratic forms as in (4.1). Let 

a6F, a*0, and set S' =aS.

We say that a system is isotropic if there exists a 

non-zero element of the underlying vector space which is 

a simultaneous zero of all the forms.

5.1 LEMMA The following are equivalent:

(i) SES-S and SQ-S' are similar

(ii) is isotropic

(iii) S and S' are isomorphic.

PROOF: It is clear that (i) implies (ii) and that

(iii) implies (i). Suppose that (ii) holds. Then there 

exist x,yeD, not both zero, such that

t(xd.x*) = at(yd^y*)

for i = 1,2,3.

Let d„ be a non-zero element of D such that d*=-d..4 44
Then t(z d^ z*) = 0 for all z 6 D. The set {d^,d2.d^,d^} 

is an F-basis of D. Therefore

t(dx*x) = t(xdx*) =at(ydy*) =at(dy*y) for all d in D. As
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the reduced trace is non-degenerate, this implies that 

x*x = ay*y. So x and y are both non-zero, and a=uu* with
- -|

u = (xy )*. By (4.3) this shows that S and S' = aS are 

isomorphic . ’_ j

Using (4.2) and (5.1) we obtain:

5.2 Let a6F such that (a,a)v = 1 for all v^T and 

that (a,a)v * (a,a)^ for some v,wST. Then Sffl -S and 

Sffi-aS are similar over every completion of F, but are 

not similar over F.

In the same way, one obtains counter-examples to 

the weak Hasse principle for the similarity of systems 

of 2 bilinear forms and of 6 alternating forms.
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POWER VALUES OF SUMS ik+2k+...xk

BRINDZA B . *

k. k. kPower values of the sum S^.(x) = 1 + 2 +...+(x-1)

where k and x are positive integers have been studied by 

several authors. The first general result was obtained 

by J.J. Schaffer C73. He showed that for given values of 

k and m > 1 the number of solutions of the equation

(1) 1k + 2k+...+(x-1)k = ym

in positive rational integers x,y is infinite only in 

the trivial cases k =1,m=2;k=3, m€{2,4} and k = 5, 

m = 2. In all other cases Schaffer proved the existence

*
This research was done at Macquarie University and was made 
possible by a National Research Fellowship.
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of an upper bound depending only on k for the number of 

solutions. Later, using Baker's method, K. GyÖrv, R. 

Tijdeman and M. Voorhoeve E4J, E8D gave some nice ef­

fective generalizations of Schaffer's result. B. Brindza 

CIO extended their theorems to the case of equations 

f(S^(x)) = yz where f is a given polynomial.

It is well-known that the sum S^(x) can be expressed 

by Bernoulli polynomials and so the equation (1) can be 

considered as a hyperelliptic equation. Applying a gener­

al result of J.H. Evertse and J. Silverman C30 concerning 

hyperelliptic equations one may derive the bound 17k m2k 

for the number of solutions.

We shall prove the following result.

THEOREM 1• Fov anV given m£{1,2,4] the equation (1) 
has at most e^k solutions .

THEOREM 2. If k < 60 and. m£{1,2,4) then it has at
33most e solutions.

Our proofs involve several special properties of 

Bernoulli polynomials and there seems to be no way to 

extend them to the case of arbitrary hyperelliptic equa­

tions .
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PRELIMINARIES

For the following known auxiliary results we refer to 

E 62 (pages 4-22) .

Let Bn(X) denote the n-th Bernoulli polynomial and

B ~ B (0), n = 0,1,2,---- ; moreover, let D be then n n
denominator of B . n Then we have

n
(") B. Xn-\(A) B (X) = n E (Bo = 1)

i=o

(B) 1k + 2k +. . . + (x_1,k = kTT (Bk+1“ Bk+1’

(C) Bn(x) = (-1) n Bn (1 - X),

(D) B2n+1 0, n =

(E) (Staudt-Clausen), D9 = Ü p, p prime;
2n p-1 J 2n

2 n(F) For any prime number p p(p - 1)B2n is an
, _ . ~2n+1integer, hence D2n < L t

(G) (Frobenius), The denominator of B2n/2n contains

no other primes than the denominator of B2n itself.



LEMMA 2. (Nagell, Ljunggren, Domar) . Let A,B and n 

be positive integers. If n > 2 then the equation

| Ax11 - Byn | = 1

has at most two solutions in positive integers x and y.

PROOFi See e.g. E23, Lemma 14.

PROOF OF THEOREM 1

Let (x,y) be an arbitrary but fixed solution of (1). 

At first we assume that k is even. Then

598

(H) 2^(2nH < |b | < ------ (2n)!
(27r)2n 2n' 12 (2n)2n~2

Moreover, we shall use the following lemmas.

LEMMA Let d(n) denote, as usual, the number of 

positive divisors of n. Then for every positive e and 

positive integer n

d(n) £ ne 2v^2 > P primes

(see e.g. C53, page 111).
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(k+1)ym = (k+1) Sk(x) = Bn+i<x> =

" 4(kt1)^+(k31)x2Bk-2 +"-+ <•

Set the following notation.

Nr is the absolute value of the numerator of Bk- 

?k is the set of prime divisors of = (k+1) D^,

(At this stage we remark that bk is not zero because of 

the point (H) ).

Pkn(x) = IpePk|vp(x) > y <vp<bk) + 1’_J '

Pk2) (x) i JpePk|o < vp(x) < I <vp<bk> + 1> J '

V (x) I
(v (x) is defined, as usual, by p p | x).

P

V (X) v (X)
x = n pP , i = 1,2; x-> = n p H

1 peP^’ P*pk

It is obvious that and x3 are pairwise relatively

prime integers and x = x^x2X3- For a prime factor p 

of x^ we have

vp(k+1) = vp((k+1)Bk)) = 0,



vp(xl(i+1)Bk-J) - i_1 > °' 1 = 2,4,...,k

and therefore

Vp((k+1)Bk + ^k3^Bk-2x2 +--*+ xR) = °'

hence x^ has to be a perfect m-th power: x3 = x™. From 

the definition of x2 we obtain

ci(v (b,)+1) J
(3) x | n p p = c

pePk k

Considering the factor x^ we find for a p from Pk^ (x) 

vp(xi(i+X-i))* 1 vp(x) -1 -2 vP(x) -1 a 

> 2(1 + cl vp(bk>+13)-1 > Vp(bk) > Vp((k+1)Bk),

i — 2,4 , . . . , k .

It yields

(4) vp((k+1)ym) = vp(x) + vp((k+1)BR) =

= vp(Xl) + vp((k+1)BR).
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V (x. )
xm n p p 1

5 p€P,(1)(x)

PINA

Now we are goind to derive a similar formula for

(x-1) instead of x. From (B) and (C)

(k+1) SR(x) = Bk+1(x) = -Bk+1(1-x).
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where x^ is a positive integer. Furthermore for

every (x) defined by m - —v (x^) (modm) and
K. ir

0 < m < m, is the remainder of v (B,) divided by m.p P
It shows that the m-th power—free part of x^ has the shape

(m-m )6
(5) n p p F

P|Nk°k

where 6pe{0,1}. Summarizing

, -a mx = A.jA2 u

(m-m )6P Pwhere A.lc, and A, = H p
1 k

If v (B, ) = 0 then (4) implies m v (y) = vr/xP that is P -K- f H
x^ can be written in the form



Repeating the above-used argument we get

x-1 = B1 B2 wm

(m-m )<5*
where B^c and B = JI p P P, (0% (0,1} ) . Let 

P|Nk°k P

(rn)
Sk denote the set of vectors (A],Bj,A2,B2) under our 

conditions. It would be enough to give an appropriate 

upper bound to the cardinality of Skm) and that will be 

an upper bound for the number of equations

A1 A2 um " B-i b2 wm = 1

which have at most two solutions in positive integers 

u,w. Let v(n) denote the number of distinct prime 

divisors of n. It is easy to see that

(6) IS^m>| S ( I d(a)d(b))( =
ab=c j=o

(a,b)=1

v(c ) v(N. D, ) 1222
= 2 3 < Cdic^l2 Cd(Nk [^)21°92 .

(It is possible to claim some better inequalities but 

those would not give a much better upper bound in 

Theorem 1).
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We may assume that k > 60. Indeed, if k < 60 then 

the table in the proof of Theorem 2 and Theorem 2 prove 

Theorem 1. From (E) and (H)

( 4k+1 k k
Ck - (h+1} _ k-2 < ; NkDk < k+T ' (k > 30)

1 2 ( 2tt)

and applying Lemma 1 with the well-known inequality

ir(n) < (n > 2) we have

, z^,log3^ n,log3 _ elog3, , „ kc<2+14z) , 2+TB?2 log2
'sk I s (3) ( n (k+1)

pE< 2

ke(2+l°23) - £1223<(^) ^(k+1) 1092 exp((2+^|)^±1og^.

Iog2
Taking e = -------7— and f(k) =log (k/6)

f(k) = (log(k/3) Iog2+log2-21oglog2+log log (k/6)) (log (k/6))



a simple calculation gives

iSkm)| * I exP((2+i352)kf (k)! •

Since f(k) is monotonically decreasing (k > 17) we

obtain

2IS^m)l < exp {(2+||||)kf(60)} = exp {k • 6,8 . . .} < e?k 

which proves our theorem in that case when k is even.

In the remaining case k is odd and k > 60. Then

(k+1)ym = (k+1)Sk(x) = (Bk+1(x) - Bk+1) =

= x^(k^1)Vl + x’(7)V3 +...+ /-1)
and

(k+Dy1" = Bk+1(1-x) - Br+1 =

= (x-1)2 + (x-1)2(k+1)Bk_3+...+(x-1)k'1}.

Let Qn denote the set of prime divisors of

d^ - k (k+1) D^-.] . Setting
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Q^1)(X) = ' {pGQkIVp(x) > ^(vp<dk) + 1> 
L —

Q<2)(x) ='{pe0k|0 < Vp(x) < j(vp(dk) + 1) }

we have again the factorization x = x^ x2 x3 where

V (x) V (x)
x. = n pp , i = 1,2; x3=n P p

1 ^’(X)

We distinguish two cases. If m is even then m = 2m^ and

m. > 2. Moreover, x-. has to be a perfect m^-th power

and

, n d<v <dkH1)3 
x91 n p

Pldk

The m^-th power-free kernel of x^ can be written in the

form
(mrnD)6p

n p

Plk VA-i

where <5 e{0,1} and 0 < n < m. is the remainder of p p I

k Nk-1
v (----- - —L ) divided by m. (cf. (5) ). Similar observa-

P 2 D 1
K-1
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tions can be made on (x-1) instead of x and we have
V ( k N. . D. -, ) -, 2 / -, X .2.3 1 k-1 d (d^.) is an upper bound for the number

of solutions. Since

d < k(k+1) (-~1)!kl3 < (§)k, (k > 30)
12(2tt)K 3 3

our above used procedure can be repeated to show that
. 7kit is less than e .

In that case when m is odd x3 has to be a per­

fect m-th power and for a p from Q^1\x)

2 Vp(x) + Vp(1)Bk-1) = vp(k+1> + mVp(y).

It implies 2 v (x) = m v (y) that is mlv (x) provided 
p

that Plk^k-1Dk-1 an<^ a-*-so the m-th power-free kernel

of x1 has the shape

(m-r )e
n p P P

PlkViVi

where £^6(0,1} and 0 < r^ < m is given by

k N
2 rp 5 vp<2 D. > (mod m) •

c r k-1

Therefore

v (k N, „ D, - ) .,2 / -. x 7k2,3 k-1 k-1' d (dR) <e
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is an upper bound for the number of solutions again.

PROOF OF THEOREM 2

Set
NR DR if k is even

ak
k Nk-1 D .j if k is odd,

(k+lN, D, if k is even
ft - K K

k
k(k+1) Nk-1 Dk-1 if k is odd.

In the proof of Theorem 1 we have shown that

v(a, ) v(Bk)
ck = 2-3 K d(3k)-2

is an upper bound for the number of solutions of the 

equation (1). Using Wagstaff's table (see C91) on fac­

torization of Bernoulli numbers we have made another 

one (see next page) and it shows by (E) that

max {v(a,), v(3.)} < 11.
1<k<60

Y1 Ya Y3 Yu Y11
Hence 6k can be written in the form 2 «3 *5 *p4 ...p^ ,

(k < 60) where 0 < < 6, < ^2 ~ 0 < < 2,

(4 < j < 11) and a simple calculation gives that

10 11 2 7 33
C, < 2*3 »2 *7*5 «3 < e , (k < 60)k



which proves Theorem 2.

REMARK, it is interesting that the numbers

N2',e,'N60 are s<2uare-free, except N5Q (52 |N ) and so 

d(3k) is relatively small. Otherwise, if p > 3 (p is a 

prime) and n is a positive integer then plD and from
n 2pn

(G) we have p IN that is v (N, ) can be arbitrarily
2p P

large .
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k ?(Nk) ^Dk)

2 0 2

4 0 3
6 0 3

8 0 2

10 1 3

12 1 4

14 1 2

16 1 3

18 1 3

20 2 4

22 3 2

24 2 5

26 2 2

28 3 3

30 3 4

32 3 4

34 2 2

36 1 6

38 2 2

40 2 4

42 1 3

44 5 3

46 3 2

48 3 6

50 3 3

52 5 3

54 3 4

56 4 4

58 5 3
60 3 8
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TYPE NUMBER AND CLASS NUMBER OF HEREDITARY ORDERS IN 
NON EICHLER (*) -ALGEBRAS OF PRIME INDEX OVER GLOBAL 
FUNCTION FIELDS

DENERT M.

In EP3, A. Pizer uses Selberg's trace formula to 

obtain an explicit formula for the type number of here­

ditary orders in totally definite quaternion algebras. 

We extend these methods to hereditary orders in non 

Eichler (2?)-algebras of prime index over global func­

tion fields and we remark that a subtile adaptation also 

yields a class number formula for these orders.

PRELIMINARIES

Let K be a global function field, i.e. K is rhe func­

tion field of a complete regular curve C defined over /Fq 

(where /p is supposed to be algebraically closed in K.)
*1

613



A denotes a central simple X-algebra of prime index n

(i.e. tA : K2 = n2) . For peC denote with < the capa->
P

city and e^ the ramificat-ion index of A at p, then 

Kp'ep ~ n* The reduced norm on A is denoted nr, cf. CRJ. 

We fix an 'affine' ring R in K by choosing a finite set

614

T c C and 7? = n R .
PÍT P

We always assume that A is a non Eichler (7?) -algebra, 

i.e. for every peT we have e = n, so < = 1.
p p

A hereditary 7?—order 0 is determined by its completions

I where 0 , a hereditary 7? -order in A , is deter-
R p P p

mined by its local type r and its local invariants
p

(n.) = (n.,...,n ) with En. = k ; namely if r / 1 then
p J P p

(n.)
- n an<3 0p is isomorphic (i.e. conjugated) to 0^ 

given by:

'V %) ... (flp) i

<nj> (p) (A ) ... (fl )
0p,s - . . . ■= Mn(flp)> cf- CR3,CD 23

(p) (p) ...*(7? )

(n .)
Remark that for 0 = 0 J the units are given by:p Pj s
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r * -i(ní><V (Sp) ... (Rp) 3

(p) (/?)*... (2? )
' p P *

0* = where (R ) . . = GL . (2? ) .up • • P JrJ nj p

(p) (p) ••• (R)__ lJ _

If r = n then 0 is called a minimal hereditary R-
P P P

order.

Since 0 is maximal a.e. it follows that r = 1 a.e., 
p P

we denote D(0/2?) = D-j (0/2?) D2(0/2?) = D^, the relative 

discriminant of 0, (cf. ER2,CDVG 21, ED 22) and

D™ln(0/fi) = n do //? ).
p|d2

A genus of hereditary 2?-orders in A is denoted G^ D .

Let t be the type number, i.e. the number of non-
D1D2

isomorphic 2?-orders in G and h the class number,
d1u2 1U2

i.e. the number of non-isomorphic locally free left

0-ideals in 4,0£G . We use the shorter notation
D1D2

t = t^ , h = h n for a fixed genus G = G of
D1D2 D1D2 12

hereditary 2?-orders in A.

It is easy to describe t and h, using iddles. For 

K<aL^A, X - K, L or A let J (X) be the idéle group of X.



For the class number we need a subtile adaptation.

Remark that the stable class group C£(0) of 0GGd D / can 

be presented by {x.|1 < i < hD} with x.<=J(K),
1 It 1

h^> = #CZ(2?), cf. CPJ'EDVG 21. To aEG, oE a, we associate 

the set (0 a x.|1 < i < h } of h non-isomorphic left 

©^-ideals. This is well-defined, namely it doesn’t depend 

on the choice of a = a. We obtain:
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The contribution of aEG in (F1), denoted (a) is non-zero 

iff there exists pEG such that p oi p (0 ) equi—
s 7 

valuent aCGN(0) with 0 = p“1 0g p E G.

Analogously, the contribution of a E G in (F2), denoted

C2(a) is non-zero iff a e GQ*, for QeG and then C2(a) = 

n1+kC1(a).

The calculation of (F1) and (F2) breaks up in several 

steps .

STEP 1: Characterization of for 0 E G.

Denote with I the ideal group of R, I* the subgroup 

of principal ideals and E the subgroup generated by 

{p1.......... P1ID1} U {P1+1........... Pl+klD2Ín}-

Let {d± | 1 < i < m} be integral 7?-ideals representing 

E • In (modZ*n).

LEMMA 2: iff there exists aEA* 3 a E a with

a = 1 or a satisfies the following properties :

i) aE0

ii) (nr(a')) = d± for some iG {1 , . . . ,m}
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property iv) follows.
(<=) Conversely, suppose that a = 1 or a satis­

fies properties i) to iv); we must show that 

a = ¥ (a) G ( q ) •

If a = 1 this is trivial, so we assume that a O 

satisfies i) to iv). We now prove that a G N(0^) for 

P t T then a G follows directly.

Fix p £ I, in short denote tt = tt , tt = . For

p|D1 : N(0p) = A* so a € N(0p).

For p 4 D. and g = 0, we find v (nr(a)) = n*s andI p p

"S *
thus nr (a it ' ) G R . Since property ii) provides that
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p = p' and there exists k 6 {0,...,n-1} such that

a| = ^lai ^or 1 ~ i‘~ n~1-

PROOF: the proof in §8, in CPJ extends directly.//

If <5 = n, then the irreducible polynomials of the 

form (*) uniquely represent a conjugacy class in G if and 

only if a^ = 0 for 1 < i < n-1, i.e. the roots a of 

this polynomial satisfy the condition a11 6 £*. The clas­

ses corresponding to the other polynomials of the form 

(*) are counted n times, however the contribution will 

turn out to be n times less,cf. lemma's 4,6.

STEP 3: Determination of G(a).

Recall that G(ct) = e G|aB = Ba}.

622



623



624



625



1 1 h<7
then C1(<S>) = -------------------------------- -------------- ry(S)E(S)------ - ----

(G(a) : X(a)*/ ) n1+k'hp (S* : /?*)
K* R

is the contribution of <S> in (F1).

PROOF: The proof of lemma 14 in CPU extends immedia­

tely. //

Resuming these four steps, we obtain the following pro­

cedure to calculate the type number t and the class number 

h of a given genus G = G in a non Eichler (2?)-alqebra
1U2

of prime index n over a global function field K, with

(char K,n) = 1:

Choose a set of representatives {e^} for R/R* . 

Consider the ideal group I of R and the sub-group E gene­

rated by the prime ideals which divide D^D™in. Let {d.} 

be a set of integral 7?-ideals representing E*In mod _T*n
*

(where I is the sub-group of principal ideals in I) and 

choose a set {n^} in R representing the principal ideals 

{dp.

*
Determine all polynomials in 2?CY3 of the form:

626



627



°f In the last paragraph, where we restrict to

/FqC tJ-orders, the class number formulas are also cor­

rect if (char K,n) / 1.

2. SOME EXPLICIT EXAMPLES IF 7?«/Fart3 (and (char x,n) = 1).

Let A be a non Eichler (/F Lt3)-algebra of prime
9

index n over /F (t), then t“1 ramifies (totally) in

A. This yields that for every L G L doesn’t de-
Li

-1compose at t , cf. LRU.

For L = X(a) with f (Y) = Yn+a.,Yn-1 +... ,+a G/p LtDLYJ 
a 1 n q

this implies that a. = 0 or n*deg a. < i«deq ai 3 1 n
for 1 < i < n-1 . (Argue on the unique valuation v 

on L, extending v _.).
t 1

Since /FqCtl is a principal ideal domain denote p. = (tu),
*

9-.
then {n } = { II it. |0 < g. < n}.

P 1<i<l+k 1 1

LEMMA 7; The only polynomials f . ,(Y) we must
Pr Pi (a^)

consider to calculate t and h are of the form:

fa(Y) = Yn + (-1)nepn^ or fQ(Y) G /FqCYl .

9 ■
PROOF: Fix n = II tt 3 with g. 0 if j G I. 

P jGI j 3
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must calculate mT(S) for S G For maximal orders

m (S) = 0 or 1, cf. CND, Satz 4,4. Now we calculate
P

m^(S),p|D2 in a special case:

Fix f (Y) 6 2?EYH an irreducible polynomial of degree n 3
and p|D2 with p -f disc(a). Remark that p doesn't 

ramify in L = X(a) . For = 2? (a) the unique R -orderP P r
in L containing a, we calculate m (S).

p P
The decomposition of fa(Y) in irreducible factors over 

R = R/p is fa(Y) = g^(Y)...gg(Y) with (giZ^T)=1.
P

By Hensel's lemma, the decomposition of fa(Y) in 

irreducible factors over R^ is fa(Y) = g^ (Y) . . .gg (Y) . 

We obtain that E m. = n where m^ = deg g^(Y) = 
1<i<s

= deg g-L (Y) .

629



(n.)
Assume that a E Qp ~ Qp s then it follows from p 2

that fa(Y) - (Y) . . .q^ (Y) with deg q^ = n j • Since

g±(Y) are the irreducible factors of f~(Y) we conclude 
cl

qT(Y) = g“(Y) . . .g~(Y) and n. = X m. .
1 k J 1<l<k 11

DEFINITION: i) We say that (nu) is a refinement of 

(nj) iff there exists a function fe: {0,...,r} -> {0,...,s} 

with 0 = fe(0) < fe(1) <...<fe(r) = s such that

Remark that for r = 1 all refinements (nr) of (n.) are 

essentially equal. Furthermore the remarks above provide 

that every embedding of a in 0 yields a refinement
r

(nr ) of (n) .

Conversely, let (nr) be a refinement of (n .), then
(n •)

we define the 'standard embedding' of a in 0 = ©
P P,s 

corresponding to this refinement as follows:
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This formula can be obtained more directly from the

Weight formula for stably free Q-ideals, cf. CDVG 22.

We conclude with some explicit examples.

EXAMPLE 1: n = 3, D1 = t6(t+1)6, D2 = 1

hD1Dn = 2
1) (q -1> + 3 2

+ q - q + 1
12 q + q + 1 q + q + 1

t x

_ q + 1
3 if q = 2 mod 3 (<5 n = 1)

D1D2 q + 5
3 if q = 1 mod 3 (ón = 3)

EXAMPLE 2: n = 3, q±2 ' D1: t6 (t+1)6, D2 = (t+2) (1'2)

^^2 = Mq(S) = q3 - q2 - q + 1

tD1Do = 2—+ +- -- if q = 2 mod 3
12 g

If q = 1 mod 3, the calculation of t depends on q,
U1 2

for q = 7 we obtain t _ = 36.
D1 2

EXAMPLE 3: n = 3, q / D1 = t6(t+1)6, D2 = (t+2)(1'1'1)
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^D., = M0(S) = q4 - 2q2 + 1

The calculation of t depends on q, for
U1U 2

we obtain t = 28 and for q = 7 we find
i u2
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SOME REMARKS ON BEUKERS' INTEGRALS

DVORNICICH, R. and VIOLA, C.

1. INTRODUCTION

1.1. In [3] Beukers gives an elegant proof of 

Apéry's theorem [2] on the irrationality of
00

¢(2) = E n“2 = it2 16 (which is of course known to be
1 °° -3

transcendental) and 5(3) = E n . Beukers considers the
1

integrals

1 1 P(x)(1-y)n 
í Í —----------------- 
0 0 1 - xy

for 5(2) and
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<’> = ) ] xy
n 1 - xy n 7 n J y

for ¢(3), where denotes the n-th Legendre polynomial 

defined by

(3) V*’ =ht4 (xnd-x)n) .
dx

It is easy to see that Beukers' method can be 

generalized to obtain the following conditional statement 

on the values of the Riemann zeta-function at positive 

integers:

Let k be a non-negative integer. If there exist a 

constant p = p(k) > ek+^ and a sequence of polynomials

= I a xrys
r, s=0

uith integer coefficients a {depending on n and k)
-L S

such that
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then £(k+2) is irrational.

On choosing Fn(x,y) = Pn(x)(1-y)n for k = 0 and

F (x,y) = P (x)P (y) for k = 1, one sees that n n n

I (°) II <<I n I
I (1) I , _

and I << (\[2 +Ini
) 4n, thereby

proving the irrationality of ¢(2) and ¢(3), since
c 5
I ./-Lt. J I > and + 1)4 > . Unfortunately, for 

every k > 2 the existence of polynomials F^(x,y) 

satisfying the above conditions is undecided.

1.2. The integrals (1) and (2) yield the sequences 

of rational approximations to ¢(2) and ¢(3) previously 

found by Apéry through a different method, thus giving 

the same bounds explicitly obtained in [2] for the 

irrationality measures of these numbers.

We recall the following definition. For an irrational

number a, let M(a) denote the set of positive real 

numbers p for which there exists qo = qo(a,p) > 0 such 

for all integers p and q with q>qo. The irrationality

measure of a is defined to be the number
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p(a ) = inf M(a ) .

Clearly p(a) > 2, and p(a) = 2 for almost all irrational 

a.

Apéry's results are the following:

(4) y(£(2) ) = u (7T2 ) < 1 1 .85078...

(5) y(£(3 ) ) < 13.41 782...

It is perhaps of some interest to remark that

Beukers' method, being apparently simpler and more 

natural, suggests the possibility of improving the 

inequalities (4) and (5) by introducing suitable linear 

combinations with integer coefficients of the integrals 

(1) or (2).

We shall give simple proofs of the following:

THEOREM 1. p(C(2)) < 10.02979...

THEOREM 2. M ( £ ( 3 ) ) < 12.74359... .

For ¢(2), D. and G. Chudnovsky [4] announced

y(^(2)) < 7.325 (without proof). G. Rhin [5] kindly 

informed us that he has independently obtained

y (c;( 2 ) ) < 8.3 67... (unpublished) by a method similar to 

ours in principle, but more elaborate.
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We are unaware of any improvement on Apéry's ine­

quality (5) for ^(¢(3)).

We remark that the bounds for ^(¢(2)) and ^(¢(3)) 

where Fn(x^,...,) eZ[x^,...,xml, give linear combina­

tions of 1, ¢(2), (3),...,(m) with rational coeffi­

cients. One then expects that good choices for the 

polynomials Fn(x1,...,x ) might lead to some results on 

the linear independence of 1, ¢(2),..., ¢(111) over Q.

For simplicity, we shall confine ourselves to the

case m = 3. As an instance, we shall prove:

THEOREM 3. At least one of the following two

statements holds:

(i) 1, ¢(2) and ¢(3) are linearly independent over Q;

(ii) ^(¢(2)) = ^(¢(3)) < 7.04826... .
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2. A LEMMA

Given an irrational number a, one usually obtains 

upper bounds for 11(a) by proving sufficiently good 

estimates for q a -p , where p /q is a suitable1 m ‘■ml m m
sequence of rational approximations to a. This well-known 

principle can be formulated in several ways. The following 

is appropriate for our purposes.

LEMMA. a be irrational, and let Qm be a real

sequence such that

lim Q = 00mm-*°°

and

Qm+1 « QI}1+e for any e > 0 .

Further, let Pm/<lm be a sequence of rational numbers 

satisfying

0 < q < Q^m wm

and

« |q a - p I «Q"? + e
m Pm ^m I m

for a suitable £ such that 0 < £ < 1 and any e > 0. Then

U(a) < -I + 1 .
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Hence we may apply the Lemma with

It is easy to see that, for any fixed X, the best value 

of E, is obtained for p = 1, q = 11 (note that 1/11 is 

the first convergent in the continued fraction for )• 

With these choices, the maximum of E, - £( X) is taken on 

at Aq = 14.18764... . Letting n = [Am], we obtain

p(C(2) ) < 1 0.45494... .

To prove the stronger inequality of Theorem 1, we choose

R(t) = t2k (1-11t)2n (1-12t)2m ,

with

k = [A^m] , n = [v^] ,

A1 = 18.53172... , v1 = 1.38784... .

An argument entirely similar to the above now gives

U ( £ ( 2 ) ) < 10.02979. .. .
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4. PROOF OF THEOREM 2

We only sketch the proof of Theorem 2, since the 

arguments are similar to the proof of Theorem 1. As in 

[3], we have 
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r (1) . (1)For n = L XQ m], XQ =45.72151...,we have

p(¢(3) ) < 12.90791 ... .

On choosing

R(t) = t2k(1-34t)2n(1-35t)2m ,

with

k = [ A .J1 ’ m ] , n = [ v 1} m ] ,

(1) (1 >
X = 56.41..., = 1.342 ,

we obtain

p(C(3) ) < 12.74359... .

5. PROOF OF THEOREM 3

As remarked in the Introduction, an integral of the

type

1 1 T
S S Íooo

F(x,y,z)
1 - xyz dx dy dz
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Since $ > 0, we have, by (12) and (13),

|v I «d3 $n
Ini n

and, since u 0,

dn n(1+E)n «e |k„| «< nn

by (1 0 ). We apply the Lemma with

~ , 3+e ^n
n

and C defined by the equation

(e3 $)“? = e3 n .

This yields

pi (c; ( 2 ) ) < | + 1 = 7.10828.............

To improve upon this we define

R(t) = R (t) = t2n(1 - 55t)2m , 
m, n

and

1
= Í

0
L m,n

1 1
J / R(g(x,y,z))
0 0

dx dy dz
1 - xyz

Let, as before, n = Am. One finds that the maximum of the 

corresponding function E, = £( A) is taken on at

A = 106.699... .o
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Assuming again (14), we obtain

p( £ (2) ) < 7.04826...............

This completes the proof of Theorem 3.
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THE S-UNIT EQUATION AND DIRICHLET SERIES

EVEREST, G.R.

Suppose n is a square free integer. Let

denote a primitive nth root of unity and L = Q(C )• 

Write T = Gal(L| Q) then it is well known that the 

conjugates of C under form a Z-basis for o -the ring n
of algebraic integers of L. The set of all such generators 

is the Galois orbit

(11)

wnere ZTX denotes, the units of the integral group 

ring ZT and‘denotes the natural action of QT on L. 

One knows that l|q is a tame, abelain extension and 

our methods apply to this more general set-up viz.

659



660



THEOREM: Let T = Hom(r,CX) denote the character

group of T and suppose

L n Q(f) = Q. (5)

poles at s = r^ and s = r^ - 1.

(i) 1 (5)
Cl

has half-plane of convergence Re(s) > ip

(ii) 1 (5)Cl has analytic continuation to

Re (s) > rr - 2 where it is analytic apart from simple

(iii) The residue at s = rr is independent of L

while that at s = r^ - 1I looks like,

+ Tn br1 2 L

where bT depends on LLi and is defined in §3, r1 and

r? are (messy) group ring constans.

In §1 we will study the geometry of ZTX more closely 

and show how a spectral decomposition enables us to regard 

this problem as an S-unit equation. In §2 we will demon­

strate the link with diophantine approximation, using our 

geometric results together with, in one case, Baker’s 

theorem, and in another, W. Schmidt's subspace theorem. 

In §3 we will show how these ingredients are used to give 

the analytic continuation.
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and let G denote the set of all 1^. Suppose W is any 

open subset of . Define,

l(s) = E (log|x|)"s, (9)
xezrx

lw(s) = E (log|x|) S, (so l(s) = lc (s)) 
xezrx 1

x'ew

-1where x' = x|x| denotes the central projection of

x into c^.

PROPOSITION A. (i) lTT(s) has half-plane of con- w
vergence Re(s) > r ,

(ii) 1^ (s) has analytic continuation to

Re(s) > rp - 2

(iii) If E <= W then l(s) - lrT(s) is analytic in w
Re(s) > rr - 1

(iv) If GcW then l(s) - lw(s) is analytic in

Re (s) > r p - 2

(These will appear in E6□).

Our aim is to use inequalities from diophantine

approximation to compare 1 (s) with the series above. 3.

To obtain a spectral decompositisn define the

reso Ivent

Y _
(a|X) = E a x(Y)• (10)

yer
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The orthogonality relations yield

a«x = |T| (a|x)l (x) and therefore
yer x

nt |O(a-x) = n (|r|~1 I (a|x)l (x)). (11)|Q ősr xe? X

Now it is easy to prove that for x E ZT,

x € ZTX if and only if ~ ±>'*
xer

Thus, by (11) , (12), we are studying a special case of the

S-unit equation.

Evettse’s paper C7J discusses the general S-unit 

equation but his results are not applicable to our 

problem. We replace his bound by three separate bounds, 

two of which are superior for ’most' of the units (in the 

sense of the proposition). The third is inferior but it 

does not rely upon the non-vanishing sub-sum condition 

which, in this case, seems difficult to verify.

§2. There are three types of bound which are important 

here

PROPOSITION B: There exist open subsets of 0^, V

and W where E c V, G c W such that
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(i) | T | log | x | + bT + 0(1/log|x|)
1j / e

and be

(ii)

(iii)

No

vx e zix,

x' g v Ab, e G E, e

denotes a sufficiently small ball about e.

|T|log|x| + 0(loglog|x|)

WV x G zrx, x' G

where < > 0.

details are given here. In essence (i) follows by

insisting that in each of the factors of 

term is very much larger than the others.

allows two large terms but one can apply Baker's theorem.

Part (iii) uses W. Schmidt's subspace theorem (see £53 

for details).

§3. The proof is easier to describe in the case where

1 r 1 is a prime so we make that assumption.

Given that

x rr
u = zr = t x z ,

tensor with the reals,

Then the 1
X

U = U ® R.
R

rr 
can be viewed as being defined on R
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I r I(and no longer on R 1 ’). Write

H(y) = max |}' y 6 R

xer

Let 0 denote any open ball about the origin in R

Then one can prove(£5J) that the function

I(s) f (logH(y)

AT=R -0

is meromorphic in C with simple

Also, the residues of the poles

independent of the choice of

is used to give the analytic

is clear that T U cx
xezrr

D T

0.

) S dy, s e C, (14)

poles at s = 1,»a»,rp«

at s = rrr r p - 1 are

The function I(s), (HO,

tinuation of 1 (s). It cl
', where cx denotes

the (closed) unit cube with centre x. Now, for all

x e zrx with x* G V one can use the mean value

theorem to obtain

f
C HT

(logH(y))“s dy = (logH(x)) s + b^+ 0
1 - 1

(15)logH(x) 1

where the 0 means a function f which satisfies
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t 0(1>

xgzrx (log|x|)s 

x’ew

which is analytic for Re(s) > rp - 2, again by Prop A.

Thus, we have obtained the analytic continuation to

Re(s) > tp - 2. It is straighforward to read off the 

singular behaviour at s = rp - 1. The constant bL is 

defined in the following way,

exp(b ) = II <(a|x) + (a|x))1/2 (16)
Xn*d

where the product is over all non-degenerate x e r•

The linear disjointness condition ensures that this

expression does not vanish.

We have made two calculations of the number on the

right hand side of (16).

1. 0(^)

I
L = Q(COS yy)

2. Q(C13)
A |

L

Q

Here T is cyclic of order 5 and the 

number is 113«109

Here A is the unique subgroup of 

order 6 of the Galois Group of 

Q(£31)/Q. So again, L/Q is a quintic.
This time the number is

31 3•71 9 
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In both cases, the first factor can be predicted using 

the Stickelberger relations. The second factor is not so 

easy to interpret.
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ON THE NUMBERS OF SOLUTIONS OF UNIT EQUATIONS AND 

DECOMPOSABLE POLYNOMIAL EQUATIONS

y * 'X1
EVERTSE J.H. (Amsterdam) and GYŐRY K. (Debrecen)

§ 1- INTRODUCTION

The unit equations and decomposable form equations 

play an important role in several branches of number 

theory. The theory of unit equations and the theory of 

decomposable form equations are in fact equivalent. In 

1986, Evertse, Győry, Stewart and Tijdeman [13] and 

Evertse and Győry [10] gave general surveys on unit equa­

tions and decomposable form equations, respectively, as
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well as on their applications. The purpose of this paper 

is to present some recent results on the numbers of so­

lutions of unit equations and decomposable form equa­

tions .

For the equations in question there exist general 

finiteness criteria. Further, in case of equations in 

two unknowns (and for certain restricted classes of de­

composable form equations in more unknowns), there are 

explicit upper bounds for the numbers of solutions which 

are independent of the coefficients of the form involved. 

In Evertse and Győry [11] (for unit equations) and Evertse, 

Gaal and Győry [7] (for decomposable form equations) 

similar (but not explicitely given) upper bounds have 

been recently established in full generality, under the 

most general finiteness conditions. The papers [11] and 

[7] are closely related, [11] furnishes the basic tool 

for the proof of the main result of [7] . The results of

[7] have also been extended to the "inhomogeneous" case, 

that is to decomposable polynomial equations. In §§ 2 

and 3 of this paper we present the most important results 

of [11] and [7], respectively. Further, we outline the 

basic ideas of the proofs of the main results.

§ 2. ON THE NUMBERS OF SOLUTIONS OF UNIT EQUATIONS

Let K be an algebraic number field of degree d ,
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and let T be a finitely generated subgroup of the mul-
1)tiplicative group K*. We shall deal with the number of 

solutions of the equation

(1) aixi+-.-+anxn = 1 in xj,...,xner ,

where n^2 is an integer and a1,...,an6K*. Of particular 

importance is the special case when r is the unit group 

of K or, more generally, the group of S-units Ug of K 

for some finite set S of (pairwise inequivalent) additive 

valuations on K. Further, every finitely generated sub­

group of K* is contained in some group of S-units of K.

Hence equations of the type (1) are called unit equations 

and, for F = Ug, S-unit equations.

There is an extensive literature of unit equations 

and their applications (cf. [13]). A solution (x^ ,. . .,xn) 

of (1) is called non-degenerate if a. x. * 0 for
j j

each non-empty subset 5 of {1,2,...,n} and degenerate 

otherwise. It is clear that if r is infinite and if (1) 

has a degenerate solution then (1) has infinitely many 

degenerate solutions. Using the p-adic analogue of the 

Thue-Siegel-Roth-Schmidt method, van der Poorten and

L) *
K denotes the set of non-zero elements of K. In general, for

any integral domain R, R will denote the unit group (i.e. the 
multiplicative group of invertible elements) of R.
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Schlickewei [25] and Evertse [5] proved independently of 

each other that (1) has only finitely many non-degener­

atesolutions. For n = 2, more precise results are known. 

By combining a method of Thue and Siegel involving hy­

pergeometric functions with some ideas of Mahler on 

p-adic approximations, Evertse [6] derived in case n = 2, 

r= Ug the upper bound 3x7^^+2s for the number of solu­

tions of (1), where s denotes the cardinality of S. Two 

tuples (a1 ,...,an), (6<j,...,3n) with non-zero entries 

in K* are said to be Tif there are 

£1,’**'en such that ^i=ai ei f°r i=1z...zn.

Obviously, the number of (non-degenerate) solutions of

(1) does not change when (0^,...,0^) is replaced by an 

equivalent tuple. Evertse, Győry, Stewart and Tijdeman 

[14] showed that in case n=2 (1) has at most two solu­

tions for all but finitely many T-equivalent classes of
2

pairs (a^,a2)e(K*) , and here the bound "two" is already

sharp.

Recently, in [11], we have partly generalized the 

above-mentioned results of [6] and [14] to the case 

n£2. We shall now present some of these generalizations. 

In what follows, ( ) , C2 ( ), ... will denote numbers

which depend only on the parameters occurring between 

the parentheses.
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THEOREM 1- ([11]/ Thm. 1). The number of non-' 

degenerate solutions of (1) is at most C^n^T).

This is a refinement of the theorem quoted above of 

van der Poorten and Schlickewei [25] and Evertse [5]. 

From the point of view of applications it is a remarkable 

fact that the bound C^(n,D is independent of the coeffi­

cients a^/..,anof (1). We note that in [11] we extended 

Theorem 1 also to systems of unit equations.

By Theorem 1, the set of non-degenerate solutions 

of (1) is contained in at most C^nJ) (n-1)-dimensional 

K-linear subspaces of Kn. Further, the degenerate solu­

tions of (1) belong to the union of fewer than 2n (n—1)— 

dimensional K-linear subspaces of Kn. Hence Theorem 1 

implies the following result.

THEOREM 2. ([11] , Thm. 3). All solutions of (1)

are contained in the union of at most C2(n,D (n-1)- 

dimensional K-linear subspaces of Kn.

On can show in an elementary way (by induction on n; 

cf. [11])that Theorem 2 implies Theorem 1. Theorems 1

and 2 are therefore equivalent.

We are not able to make explicit and C2 in 

Theorems 1, 2 by our method. For an expected explicit 

expression for , see our conjecture formulated at the 

end of this section.

We have two ways to prove Theorem 2. In the first
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method one shows that the solutions of (1) with large 

"heights" satisfy some diophantine inequality which is 

independent of the coefficients of equation

(1). This diophantine inequality is of such a form that 

the p-adic subspace theorem of Schlickewei [27] can be 

applied to it, and thus it follows that the solutions 

of (1) with large heights are contained in the union of 

a finite number of (n-1)-dimensional K-linear subspaces 

of Kn that does not depend on the coefficients

a . Using a "higher dimensional gap principle"

(cf. [11], Lemma 6) it can be proved that also the solu­

tions of (1) with small heights are contained in the 

union of a finite number of (n-1)-dimensional K-linear 

subspaces of Kn independent of the coefficients of (1).

The second method is an extension to the case n 2 2 

of the method used in [14] for the case n=2. This second 

method enables one to prove the following refinement of 

Theorem 2.

THEOREM 3 ([11] , Thm. 4). For all but finitely

many r -equivalence classes of tuples (oC| , . . . ,an) 6 ( K*) n , 

the set of solutions of (1) is contained in the union of 

fewer than 2^n+^’ (n-1)-dimensional K-linear subspaces

of Kn.

Note that the minimal number of (n-1)-dimensional 

linear subspaces of Kn containing all solutions of (1)
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subset of K* which depends only on n and T. The tuples 

(u^/uq1,.../uin/uQn) for i=0,...,n-1 are, however,

linearly independent and, in view of (1), 

to a finite subset of K* depending only on n and T whence 

the assertion of Theorem 3 follows.

For n=2, Theorem 3 implies that equation (1) has
3 1fewer than 2 ' solutions for all but finitely many

2 
r-equivalence classes of pairs (a1,a2)6(K*) . This is a

weaker version of the above-mentioned theorem of Evertse,

Győry, Stewart and Tijdeman [14]. For n=3, a similar

result can be deduced from Theorem 3. Suppose that

r=Ug for some finite set S of additive valuations on k-

Theorem 3 implies that apart from finitely many U -
3 

equivalence classes of a = (c^ ,a2,a3)e(K*) , the solu­

tions of the equation

(2) a.x.+anxn +a_,xo = 1 in x.,x„,xoe U 1122 33 12 3 s

4 1are contained in the union of at most 2 * proper linear
3

subspaces of K . However, the non-degenerate solutions 

contained in such a subspace satisfy an S-unit equation 

in two unknowns. Hence the theorem of Evertse [6] quoted 

above gives the following.
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COROLLARY 1- ( [11], Thm. 5). For all but finitely
3 

many U — equivalence classes of a =(a1 ;an,aje(K*) , s — I z J
equation (2) has fewer than 3x2 x 7^d+2s non-degener - 

ate solutions .

An example given in [14] , §§ 0,5, shows that the

bound occurring in Corollary 1 cannot be replaced by a 

bound which is polynomial in terms of s.

The results quoted and presented above suggest the 

following.

CONJECTURE (cf. [11]). Suppose that r S Ug for 

some finite set S of additive valuations on K with 

cardinality s. It is possible to give an explicit expres­

sion C(n) , in terms of n only, such that the number 

of non-degenerate solutions of (1) is at most C(n)

For a possible approach to prove this conjecture, 

see Remark 1 at the end of § 3.

REMARK. Our results formulated above are stated 

and proved in [11] in the more general case when K is 

an arbitrary finitely generated (not necessarily al­

gebraic) extension field of J) and T is an arbitrary 

finitely generated subgroup of K*. Further, we estab­

lished in [11] an analogue of Theorem 3 above for the 

function field case.
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§ 3. ON THE NUMBERS OF SOLUTIONS OF DECOMPOSABLE 

POLYNOMIAL EQUATIONS

Let again K be an algebraic number field, and let G 

be a finite, normal extension of K. We recall (cf. [9]) 

that if M is a finite set of linear forms in G[Xy...^ 

(t > 2) then a non-zero K-linear subspace V of is 

said to be M-non-degenerate or M-degenerate according 

as M does or does not contain a subset of at least 

three linear forms whose restrictions to V are linearly 

dependent, but pairwise linearly independent. Further, 

V is called M-admissible if no form in M vanishes 

identically on V.

Let F(X)=F(X1,...,Xm)6 K [X1, . . .,X ] be a decompo­

sable polynomial in mvariables with splitting field 

contained in G, that is

n
F (X) = n £.(X) 

i=1 1

where the are linear polynomials (possibly with a

non-zero constant term) with coefficients in G. Next we 

shall deal with the decomposable polynomial equation

(3) F (x) =b in x = (x^ , . . ,xm) SR10 with I (x) *0 for all £ in L , 

where R is a subring of K which is finitely generated 

over , b is a non-zero element of K, and L is a 

finite (possibly empty) set of linear polynomials in
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G[X^,../X^]. If in particular F(X) and the linear polyno­

mials in L are homogeneous, then F(X) is called a de­

composable form and (3) a decomposable form equation.

Important classes of decomposable form equations are 

Thue-equations (when m=2), norm form equations, discrim­

inant form equations and index form equations, a great 

number of finiteness results have been established for 

various restricted classes of decomposable form equations 

and decomposable polynomial equations; for references see 

e.g. [29],[26],[1] ,[30] ,[18[,[19] ,[4] ,[15] , [31] ,[16]and 

[10], In [9], we gave a general finiteness criterion for 

decomposable form equations and pointed out that the 

theory of decomposable form equations is equivalent to 

the theory of unit equations. In a recent joint work with 

Gaál (cf.[7]) we have extended this criterion to the 

"inhomogeneous" case, i.e. to decomposable polynomial 

equations. In order to formulate this criterion we have 

to introduce some further notation.

over G. Put

Let LQ be a maximal subset of pairwise linearly 

independent polynomials in {£^,..,£^} 

Lo = iXn>+1} u {Xm+1
X1 

^(77— 
m+1 m+1

x 9 • • • 9

and
r* X1
L = txm+i x ux~ 

m+1

Then L* and L* consist of linear forms in G[X^ ,.. . ,Xm+^J.
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THEOREM 4([7], Thm. 1). The following two statements 

are equivalent:

(i) The forms in L* have rank m+1 over G, and every 

L* u L* -admissible linear subspace of Km+^ of dimen­

sion £3 is L ^-non-degenerate;

(ii) For every b in K* and every subring R of K which 

is finitely generated over 7L , equation (3) has at most 

finitely many solutions.

For several restricted classes of decomposable form 

equations, there are explicit upper bounds for the num­

bers of solutions which are independent of the coeffici­

ents of the decomposable form involved; see [4] , [32] , 

[22], [6], [8], [3], [10], [23], [2], [12], [33] and

the references given there. Recently, we showed with Gaál 

(cf. [7]) in full generality that under the finiteness 

condition (i) of Theorem 4, the number of solutions of 

(3) is bounded above by a number which is independent of 

the coefficients of F and the linear polynomials in L . 

We shall now formulate this statement in a more precise 

form. Assume that R contains b and the coefficients of 

F. Put R = R[b ] and denote by R the integral closure
A

of R in G. Both RG and RQ are finitely generated (cf.

[24],[20]). The following theorem is a refinement of the 

implication (i)=>(ii) of Theorem 4.
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THEOREM 5([7], Thm. 2). Let b6R\{0} and suppose that 

the decomposable polynomial F has all its coefficients 

in R. If condition (i)of Theorem 4 holds then equation 

(3) has at most nC^fm^R*) solutions where
m+1

C3(m,£*)= n C2(r,R*)

with the C9(,) defined in Theorem 2.
It is clear that the bound nC3(m,R*) depends only

on n,m,b,R and G, but not on L and the coefficients of F.

The proof of Theorem 5 is based on Theorem 2. We 

give now a sketch of the proof. Put 

^t1(X*)=Xm+1 and (X*) =X (j-1...........^-) for

m+1 m+1

i=1,...,n. It is more convenient to consider equations

(3) in the form

(3Z) F*(x*)=b in x* = (X.J , . . . ,xm+1) eRm+1 with xm+1 = 1

and P(x*k C

for all £* in L*.

One can show (cf. [7]) that the factorization of F over

G into linear factors can be chosen to satisfy

(4) K(x*)6R* (i=1 , . . . ,n+1) for every solution

2*=<X1......... xm+i’ of <3'>-

Further, it is easily seen that every two dimensional

L*uL*-admissible subspace V of Km+1 contains at most
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n solutions of (3'). Then, one can prove that if V is any 

L*U l*-admissible, L★-non-degenerate subspace of K m+^ 

of dimension r^3, then the solutions in V of (3')
z\

are contained in at most C^fr^*) (r-1)-dimensional

U LG*-admissible subspaces of V. This implies at

once that the total number of solutions of (3') is at
Zs.

most nCh (m,R*) .
3 G

To prove the above assertion, consider the smallest

integer t for which there are t linear forms among 

£*+say , such that

t
(5) J c±£*(x*) = 0 for all ** in V

i = 1 
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t-1 t-1subspaces of G . For each of these subspaces of G / 

there are ^GG, not all zero, such that

t-1
, i.e. £ (x*)=0

i=1 

for the corresponding solutions x* of (3') in V. By the 

minimality of t, (6) cannot hold for all x*6 V. Therefore, 

the x*6 V satisfying (6) lie in an (r-1)-dimensional sub­

space of V which is obviously L^lll*-admissible. This 

proves the above assertion and hence Theorem 5.

It is a consequence of the non-explicit character of 

Theorem 2 that we are not able to make explicit the upper 

bound (m,£*) in Theorem 5. An explicit version of 

Theorem 2 or Theorem 1 would enable one to compute explic- 

itely all upper bounds occurring in this section. For an 

expected explicit version of Theorem 1, see our conjec­

ture in § 2 and Remark 1 at the end of this section.

We now present a consequence of Theorems 4 and 5 

for decomposable form equations. Let F (X) =Fq (X^ , . . . ,X ) 

6K[X^,..,X ] be a decomposable form which factorizes 

into linear forms (X) , . . . , (X) over G, let LQ be a

maximal subset of pairwise linearly independent linear 

forms in {£^,...,over G, and let L be a finite 

(possibly empty) set of linear forms in G[X^,...,Xm].
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COROLLARY 2 ([7], Cor. 1). The following two state­

ments are equivalent:

(i) Every L w L- admissible linear subspace of Km of
o

dimension 52 is Lorton-degenerate;

(ii) For every b6K* and every subring R of K which is 

finitely generated over Z2 , the equation

(7) Fq(x)=b in x€Rm with £(x)*0 for all £ in b has 

only finitely many solutions.

Moreover, if (i) holds and if R is a finitely 

generated subring of K containing b*0 and the coeffi - 

cients of F^then equation (7) has at most nC^fm,!^* ) 

solutions .

The equivalence of statements (i) and (ii) of 

Corollary 2 was earlier proved in our joint paper [9]. 

Further, under a condition stronger than (i), we derived 

in [8] a completely explicit upper bound (independent of 

the coefficients of F ) for the number of solutions of o
(7) .

Next we state another consequence of Theorem 4.

Let lQ have the same meaning as in Corollary

2, and let L = {£ ..} be a (possibly empty)n + i n
set of linear forms in G [X.,...,X ]. Let A be the set1 m
of tuples A_= (X.j,.., ^n+j<)eGn+k for which the decompo­

sable polynomial
n

F.(X):= n (£.(X)+A.)
i=i 1 ~ 1
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has its coefficients in K . Obviously 0 6A .

COROLLARY 3 ([7], Cor. 2). The following two state­

ments are equivalent:

(i) Every subspace of Km of dimension is non-de­

generate;

(ii) For every b6K* , every ASA and every finitely gen­

erated subring R of k , the equation

(8) F^(x)=b in X6Rm with £^ (xJ+X^O for all £ in p has 

only finitely many solutions.

It can happen (cf. [7]) that equation(7) has finite­

ly many solutions for every bSK* and every finitely gener­

ated subring R of K, while, for suitable A_, b and R, 

the corresponding inhomogeneous equation (8) has infini­

tely many solutions.

We formulate now some further consequences of 

Theorems 4 and 5 for Thue equations, discriminant polyno­

mial equations and norm polynomial equations. First con­

sider the case m=2. Let F(XvX2)e K[X1 ,X2J be a decompo­

sable polynomial of degree n which factorizes into 1inear 

polynomials £±(X],X2)+ A±, i=1,...,n, over G where the L 

are linear forms in X. ,X0 and X.6G. Let L be a maximal.i z 1 o
subset of pairwise linearly independent polynomials 

among £^+1^, i=1,..,n, and put
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L *o = { x3) u {£i(x1 zx2) + a±x3

COROLLARY 4 ( [7] , Cor. 3). The following two state­

ments are equivalent:

(i) The forms in L* have rank 3 over G, and there are 

at least three linear forms in L * which are linearly 

dependent, but pairwise linearly independent ;

(ii) For every b CK* and every subring R of K which is 

finitely generated over TL , the equation

(9) F(x1fx2)=b in x^zx2 C R
has only finitely many solutions.

Moreover, if (i) holds and if R is a finitely gen­

erated subring of K containing b^O and the coefficients

solutions where

From Corollary 3 one can also deduce a finiteness

criterion for equations of the ty[e (9). For m=2, condi­

tion (i) of Corollary 3 reduces to the following state­

ment (cf . [7] ) :

(iz) There are at least three pairwise linearly inde­

pendent forms among .

When F(X1ZX2) is a homogeneous polynomial (i.e. 7^=0 for 

i=1z...zn)z equation (9) is called a Thue equation. Then 

(iz) and condition (i) of Corollary 4 coincide (cf.[9]z 

Corollary to Theorem 1). In case of Thue equations, for
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explicit expressions for C.(R*) see Evertse [6], Evertse
4 G

and Győry [8] and Bombieri [2],

Let M be a finite extension field of K of degree 

n>3, and suppose that G contains M as a subfield. Let 

01.,...,0 (m^2) be elements of M such that M=K(a. , . . . ,a )I m ' 1 m
and that 1,. . . ,am are linearly independent over K. 

Let X be an arbitrary element of M, and consider the 

discriminant polynomial equation

(10) aoDM/K <a1x1 + "-+“m Xm+x) = b in X1'•••'xmeR'

where R is a finitely generated subring of K having K 

as its quotient field and aQ , b€R\{0). If in particular 

^=0,(10) is called a discriminant form equation.

For discriminant form equations, discriminant 

polynomial equations and their applications to index 

form equations and algebraic number theory, see

[17] , [18] , [19] , [8] , [16] ,[10] and the refer­

ences given there. The element a can be chosen so that3 o

SoDM/k(a1X1 + ’’'+amXm+A>eR[X1’ *’*'Xm]’ Theorems4 and 5 

imply

COROLLARY 5 ([7], Cor. 4). The number of solutions 

of (10) is at most nC,(m,R*).

For discriminant form equations, the corresponding 

result was proved in [8] with an explicitely given Cg.
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. 1
Let now ad,...,a (m^2) be elements of M which are1 m

linearly independent over K, and let a^bCK? Consider the 

norm form equation

(11) aoNM/K(“lx1 + ---+amxm)=b in X1...........xmeR'

where R is a finitely generated subring of K . We assume 

that a^ = 1 and M=K(oi2, • ,am) which is no restriction.

Let 7 denote the K-vector space generated by a

in M. V is called degenerate or non-degenerate according 

as it does or does not contain any subspace of the form 

PM' where pCM* and M' is a subfield of M with K^M'SM. 

As is known, equation (11) has only finitely many solu­

tions for every beK* and every finitely generated subring 

R of K if and only if V is non-degenerate. This crite­

rion is due to Schmidt [28] (see also [30]) and Schlickewet 

[26] in the case K= X), and to Laurent [21] in the gener­

al case. In [9] we showed that this finiteness result 

is a consequence of our criterion concerning decomposable 

form equations of general type (i.e. of the equivalence 

of statements (i), (ii) of Corollary 2 of the present 

paper). As a consequence of Theorem 4 presented above, 

we have recently extended in [7] the above-mentioned 

result of Schmidt, Schlickewei and Laurent to the "inho­

mogeneous" case, to norm polynomial equations. Further, 

in [7] we proved that Theorem 5 stated above implies an
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upper bound for the number of solutions which is independ­

ent of the coefficients of the norm polynomial involved. 

Namely, we established with Gaál the following.

COROLLARY 6 ( [7] , Cor. 5). The following two state­

ments are equivalent:

(i) V is non-degenerate;

(ii) For every A 6 M , every subring R of K which is 

finitely generated over 7L and every b 6 K* , the norm 

polynomial equation

aoNM/K(a1x1 + * ‘ ,+amxm+Á) = b x-| '' *'XmG R

has only finitely many solutions.

Moreover, if aQ, b 6 K*, AC M and R is a finitely 

generated subring of K containing b and the coeffici­

ents of the norm polynomial occurring in (12), then (12) 

has at most n C_(m,R*) solutions.

In the particular case when A = 0 and bas

degree at least 3 over K ((^,...,0^) for i=1,...,m-1, an 

explicit expression for can be found in Evertse and 

Gyory [8] .

REMARK 1• In his lecture given at the Number

Theory Conference of Budapest (July 20-25, 1987), W.M. 

Schmidt* announced that in the case K=®,R=ffi , A=0, 

he had derived an explicit upper bound for the number

Added, in proof. See Schmidt’s paper in these Proceedings.
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of solutions of (12) which depends only on b,n and m. 

Schmidt's approach is different from ours, he deduced 

the upper bound from his recent quantitative version of 

the subspace theorem over 7L . We note that a p-adic 

generalization over algebraic number fields of Schmidt's 

quantitative subspace theorem together with the "higher 

dimensional gap principle" (cf. [11]) quoted in §2 would 

enable one to make explicit the bounds in Theorems 1 

and 2 of the present paper. As was remarked above, this 

would make it possible to give explicitely the upper 

bounds in Theorem 5 and in its corollaries above.

REMARK 2. Our results presented in this section 

were formulated and proved in [7] in the more general 

situation when k is an arbitrary finitely generated 

(not necessarily algebraic) extension field of 0 and R 

is an arbitrary finitely generated subring of K over 7L. 

Further, it was shown in [7] that the finiteness condi­

tions in our results are decidable, provided that the 

ground field and the decomposable polynomial involved 

have appropriate effective representations.
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A BOUNDEDNESS THEOREM FOR THE TORSION OF ELLIPTIC CURVES

OVER ALGEBRAIC NUMBER FIELDS

HELMUT G. FOLZ and HORST G. ZIMMER

1. INTRODUCTION

Let

E : y2 = x(x2 + a2x + a4)

be an eZZTptTc curve over an algebraic number field K 

with ring of integers 0,,.

A = 24aJ(a2 - 4a4) 0

is the discriminant and

8 (a2 - 3a^)3
j = 2 —;—------------—

aj(a2 - 4au)
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the ab solute invariant of E.

Suppose that a2, au E 0R and j 0,123.

We call E over K

2-deficient if (see [8])

= A , (a2 - 4au) = B

and 3-deficient if

= A , (a2 - 4au) = B2

for some integral divisors A, B of K.

Kubert (cf. [21]) defined

E over K to be ^-deficient for a prime £ > 5

if the denominator of j is in £-th power of an integral 

divisor of K. Hence the above definition amounts to a mo­

dification of Kubert's notion.

For the class of ^-deficient elliptic curves E over 

K, where £>2 is a prime, it is possible to prove the 

so-called boundedness conjecture. To state this conjecture 

we introduce the group

E(KA := {P = (x,y) e/^ly2 = x(x2 + a2x + a4)

or = o = (°° °°)}

of rational points of E over K and recall the famous
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THEOREM (Mordell-Weil, 1922-1928)

E(K) = E{KK © Zrtor

where is the finite torsion group of points of

finite order, and r is the rank of E over K.

BOUNDEDNESS CONJECTURE (e.g. Cassels, [2])

For the order of the torsion group, we have

#E(K\ < N(K)tor

with a real positive bound N(K) depending only on K.

A strengthened version of this conjecture asserts that 

N(K) depends only on the field degree n = [Á?:QJ.

In 1979 Kubert [21] proved: The conjecture is true for 

^-deficient elliptic curves, £>5 a prime, the bound 

depending on K and £.

In 1985 Folz [8] proved: The conjecture is true for

2- deficient elliptic curves E over K.

In this lecture we first report on some known 

boundedness results, then outline the proof of the 

boundedness theorem of the first author for 2-deficient 

curves and indicate its possible generalization to

3- deficient curves, and finally exhibit some "explicit"
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bounds. The method of proof is based on ideas of 

Demjanenko ([3] - [6]). The details of proof in the 

3-deficient case have not been carried out yet.

REMARK: If Z/O7 ® Z/,-, c then E over K is2Z '4Z— tor'
2- deficient; if Z^z ® Z/^ ~ ^\or' then E over K is

3- deficient.

Hence 2-deficient should possibly be called 2-^-defzcient 

and 3-deficient 2-6-deficzent. This concept generalizes 

to 2-%-defzc'Lent for primes Z > 5.

2. SOME KNOWN RESULTS

THEOREM (Manin, [22])

For a prime p, the order of the p-primary part of

E(K'), satisfiestor

1f£ (p) (X) < M(K,p )
tor

with a real positive bound M(K,p) depending only on K 

and p .

THEOREM (Kubert, [21])

For a prime £>5, every ^-deficient elliptic curve

E over K satisfies
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*/7(70 < 7V(^,£)tor

with a real positive bound N(K'Z') depending only on K

and i.

Demjanenko ([3] - [6]) claims to have proved the bounded­

ness conjecture. However, his proofs contain gaps though 

the basic ideas are useful.

a) Results about the Manin-bound

THEOREM (Kenku, [16] - [20])

Suppose K is a quadratic field. Then

M(K,p)
'< 4 if p = 2
= 2^^ = 3
= 1 if p = 5/ 7
= 0 if p = 17, 19,

and

M(K,p) = 0 if p > 181 , p 191 ,

provided that

H<T(P) = Jo (P )/d +^)^(^)

is defined in terms of the fundamental involution 

wp of E.
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THEOREM (Momose, [24])

(i) Suppose K is a quadratic field. Then

M^K,p) < 1 if p = 11, 13

and

M(K,p) = 0 if p > 17

provided that

*Vo‘(p)(Q) < <«•

(ii) Suppose K is a cubic field. Then

f< 5 if P = 2
K,p) P ~ ii

< 1 if p = 17
|= o if p = 19, 23, 41, 47, 59, 71,

and

M(K,p) = 0 if p > 79, p f 109

provided that

<(p)(Q) < “•

THEOREM (Kamienny, [12])

Suppose K is a quadratic field. Then

M(K,p) = 0 if p = 17, 19, 23, 29, 31 , 41, 47, 59, 71.
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b) Some special results on the torsion

THEOREM (Mazur, [23])

Suppose K ;= Q. Then

Kamienny (cf. [13]) calls E batanced over K if, for 

each finite prime p of K and corresponding normalized 

additive valuation v .
P

v < 0 for uZZ- p IP whenever]

Vp(j) < 0 for one p Ip J

and Frey calls E I-balanced at infinity over K if, for 

the infinite primes p1, ..., pr of K and corresponding 

multiplicative absolute values | | -i,. . . , | |

11Ő I p - IJ | v | T (1 < p, v < r )

for some real positive I .

THEOREM (Kamienny, [13])

Suppose K is a totally real number field and E is 

balanced over K. Then
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*^(2Otor < M(n),

where the real positive constant M(n) depends only on 

the field degree

n = [AT;C].

This theorem corroborates, in a special case, the 

strengthened version of the boundedness conjecture. More 

generally, we have the

THEOREM (Frey, [7])

Suppose K is an arbitrary number field and E is 

balanced over K and /-balanced at infinity over K for 

some real positive I . Then

ra(/Otor < N(n, I.)

where the real positive constant N(n, I) depends only on / 

and the field degree

n = [K:Q] .

THEOREM (Silverman, [25])

Let £ > 5 be a prime, E[£] denote the set of 

^-torsion points on E, .K^ : = be the field of

^-torsion points over K, and denote the 5,-rank of the
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class group of K^. Then

N(<n> P£) /

where the real positive constant N(n, SL-, p) depends only

2, and the field degree

n =

3. THE BOUNDEDNESS THEOREM FOR 2-DEFICIENT AND

3-DEFICIENT ELLIPTIC CURVES

MAIN THEOREM. Suppose E is a 2-deficient or 3-defi- 

cient elliptic curve over an algebraic number field K. 

Then

p <

for the prime order p of any torsion point P = (x1, xje 

e £,^)-tor/ where stands for a real positive constant

depending only on K.

REMARK: Combined with Manin's p-boundedness result, 

this theorem corroborates the boundedness conjecture 

for 2-deficient and 3-deficient elliptic curves E over 

algebraic number fields K.
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As pointed out above, the details of proof in the

3-deficient case are still to be carried out. This will 

be done in a subsequent paper. Here, we shall confine 

ourselves to giving an outline of the proof in [8],

MAIN STEPS OF PROOF:

We apply

(1') Nérón's reduction theory,

(2') Riemann's hypothesis for function fields,

(3') the generalized Nagell-Lutz-Cassels theorem

to reduce the proof to the case in which

(1) E has semi-stable reduction at all finite p of K,

(2) E has multiplicative reduction at all finite primes 

pl 2 of K,

(3) the given torsion pointP= (x-i, x,) of prime order 

p on E over K and all its multiples rP = (xr , yr ) 

have integral coordinates in K.

REMARK: If one of the conditions (1), (2) or (3)

does not apply,(1'), (2') or (3') leads to the bound

N(K} = maa;{ max { pip -1 < 6vp (p ) for one Ip} ;

max{1 + 2\/ W( P) + N(P)IPI2}}

where N denotes the norm of a prime divisor p.



Hence we are left with the case in which (1) - (3) are 

satisfied. Suppose therefore in what follows that

(1) - (3) are valid for E over K.

The proof of the main theorem is composed of four theorems.

The first two are essentially due to Basarab [1],

Demjanenko ([3] - [6]) and Hellegouarch [10], but proved 

in a different manner, the last two are independent.

THEOREM 1. There are relatively prime integral

divisors A,, ... ,A and By 
2

to inessential factors -

of K such that - up

P~1
2 Ap 2~ n , a - 4u4 

i =1

—
n Ai

i =1

p-1

. n V'}p 
i =1

for rP = (x , y ) e E(K) of prime order p
E L L O 1

(r=1,2,...

... ,p-1).

Here, for a e R, {a} denotes the distance of a to the 

nearest integer in pZ.
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REMARK: in Theorem 1, the 2-isogenous curve

E : y2 = x(x2 + a 2x + a4)

implicitly occurs, since

<2 2 — 2(2 2 j

and

is the 2-isogenous point in E(K} corresponding to 

P = (Xji/)

in £(tf).

Of course, E is 2-deficient over K since E over K

was assumed to have this property.

THEOREM 2 There is a finite field extension L of

K, depending only on K, such that the mapping

for r, s e {1,2,..., p-1} such that r ± + s (mod p) 

yields rational points Qr s on the auxiliary elliptic 

curve
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X

over L given via

P~1
n

i =1

{(r+s )£} 
A.i

{(r-s
P

s

in L.

In fact, L is obtained from K by adjoining to the 

Hilbert class field of K all square roots of the roots 

of unity and of the fundamental units of K. We call the 

map appearing in Theorem 2 the Pemjanenko map. Suppose 

now that the elliptic curve

2 3•c : y = x - X

over L has

rank R (Theorem of Mordell-Weil)

and

number of integral points G (Theorem of Siegel).

The crucial idea of the proof is the following. If E 

over K possesses a torsion point P = (a?i3 x-t ) of high 

prime order p we can construct more than G integer 

points Q = (x 3 y ) on the auxiliary elliptic
P j 8 P j 8 Y* S

curve EA over L via the Demjanenko map.
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THEOREM 3. At most

k (resp. £) < 2R+^ - 1

of the divisors A,,...,A (resp. B ,...,B of K are
2 2

different from the unit divisor 1 of K.

Two cases are possible.

CASE 1: All divisors Ait,,.,A (resp. B -i, . .. ,B ) are p — 1 c p — 1
2 2equal to 1. Then

p < 2G + 1 .

CASE 2: Exactly k (resp. £) divisors, viz. >la , ... rAa^

(resp. B^^,...,B^^) are different from 1. Then

Here, again the A's are referring to the curve E over K 

whereas the B’s refer to the 2-isogenous curve É 

over K,

How does one ensure that the points Q = (^ ^y _)£
x j O x^O x j O

e E^ {L} constructed via the Demjanenko map are all 

distinct and have integral coordinates?
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Theorem 2 yields

1 {(r+sH) -{(r-s)i}
= fl P P

i =1

It suffices therefore to find r3s E {1,2,... ,p-1} , where 

r Í +s(mod p ), such that

(resp. {(r + s)B.} - {(r - s)B.l > 0)
Is p (/ p

in case 2, case 1 being trivial.

This is accomplished by a theorem in elementary 

number theory which generalizes a classical theorem of 

Thue1 and Scholz:

THEOREM 4. Let £, n G R and k, n E N be numbers such 

that

£, r) > 1 and n > 2£^

and suppose that there are given integers a }...3a. E Z K.
such that

g.o.d. {a^3n} = 1 for i = 1,2,...,^.

1 We learned from A. Schinzel that some other ge­
neralizations of Thue’s theorem were obtained by Redei 
CActa Math. Acad. Sci. Hungar. 2 (1951), 75-821 and by 
Mordell [Proc. Amer. Math. Soc. 5 (195^), 85^-8591.

711



There exist at least

N > > 1

distinct (k + 1)-tuples

(«P • • • e Nfe+1

such that

x^,...,xk e {1,2............ ||J} , y € {1,2,..., ||]}

satisfying the system of congruences

a-\y = +x ■] (mod n ) ,

a^y - (moc^ •

COROLLARY 1. Let K = Qk^pp} be the imaginary 

quadratic field generated by a prime p > 3 such that 

p = 3(mod 4). Then the torsion group of a 2-deficient 

elliptic curve E over K is, up to isomorphism, contained 

in one of the following groups:

or 24 if p = 3(mod 8)

or 15 if p = 7 (mod 8)

The proofs of these theorems and of Corollary 1 are to be 

found in [8]. 712



4. EXPLICIT BOUNDS FOR 2-DEFICIENT ELLIPTIC CURVES

COROLLARY 2. Suppose £ is a 2-deficient elliptic 

curve over an algebraic number field K satisfying the 

conditions (1) - (3) of Section 3. Then the prime order 

p of the torsion point P = (an, y -i ) on E over K satisfies

p < 2Z . 3Z 1• G .

Here again R is the rank and G the number of integral 

points on the auxiliary elliptic curve EAty2=x3 - x over 

the finite extension field L over K depending only on K.

Now let S be the number of infinite primes of L.

Then we have the

THEOREM (Silverman, [26]) There is a constant H 

depending only on K such that

G < ^+S+1 ,

This is Silverman's recent quantitative version of 

Siegel's theorem on integral points on elliptic curves.

Hence we obtain the "explicit" bound (cf. [9], [27])

p < 22 • 32*+1-1 . //B+S+1
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5. FURTHER IMPROVEMENT VIA ELEMENTARY NUMBER THEORY

Theorem 3

- 1

327?+1-1 . ffR+S+l

can be considerably sharpened to (see [8], [9])

k < R + 1

and

_2 r»v2? + 1 ttSp < 2 • (3 • H) • JÍ

provided the prime p would be known to be non-exceptional.

This means that the rank of the Demianenko matrix (see

[9] )

Mr \ A! xe 1 (r 13s1) ... e. J
A K

d = : •. :• • •
£1(^^40^) ...

is

rk(DA) = k

for all subsets
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A = {on,.. .fak) c {1,2,...,

of cardinality k, where (r.,s.) ranges over all pairs of 

integers (r,s) eZ2 such that r3s G {1,2,... ,p-1} and 

r jÉ +s (mod p ), and e*. is defined by putting

(rj s ) :=1 (reap. 0)

for

{(r + s)a.} - {(r - s)a.) > 0 (resp. < 0) .
b P Is p

Note that of the first 132 primes p > 5, at most 21 

are exceptional for the choice A = {1,2,..., . The

first three exceptional primes are

p = 29, 113 and 163

where

rk(Z>X) = 11 , 53 and 79

instead of

k = = 14, 56 and 81 ,

respectively.

We list the ranks of the Demjanenko matrices for these 

primes p in the subsequent table.
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REMARK: During the congress we learned from E. Reyssat 

about the very interesting phenomenon that the same 

Demjanenko matrices D and the same exceptional primes P 

also occur in connection with the real subfield of the 

cyclotomic field of degree p when one wants to compute 

the rank of the totally positive cyclotomic units modulo 

squares.
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Table
The rank of the Demjanenko matrix

p rank P rank P rank P rank

5 2 7 3 11 5 13 6
17 8 19 9 23 11 29 11*
31 15 37 18 41 20 43 21
47 23 53 26 59 29 61 30
67 33 71 35 73 36 79 39
83 41 89 44 97 48 101 50

103 51 107 53 109 54 113 53*
127 63 131 65 137 68 139 69
149 74 151 75 157 78 163 79*
167 83 173 86 179 89 181 98
191 95 193 96 197 95* 199 99
211 105 223 111 227 113 229 114
233 116 239 116* 241 120 251 125
257 128 263 131 269 134 271 135
277 134* 281 140 283 141 293 146
307 153 311 145* 313 156 317 158
331 165 337 162* 347 173 349 170*
353 176 359 179 367 183 373 181*
379 189 183 191 389 194 397 194*
401 200 409 204 419 209 421 206«
431 215 433 216 439 219 443 221
449 224 457 228 461 230 463 228*
467 233 479 239 487 243 491 239*
499 249 503 251 509 254 521 260
523 261 541 270 547 271« 557 278
563 281 569 284 571 285 577 288
587 293 593 296 599 299 601 300
607 301* 613 306 617 308 619 309
631 315 641 320 643 321 647 323
653 326 659 326* 661 330 673 336
677 338 683 336* 691 345 701 347*
709 350* 719 359 727 363 733 366
739 369 743 371 751 371* 757 378
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COLLOQUIA MATHEMATICA SOCIETATIS JANOS BOLYAI
51. NUMBER THEORY, BUDAPEST (HUNGARY), 1987

ON NON-UNIQUE FACTORIZATIONS INTO IRREDUCIBLE ELEMENTS II

GEROLDINGER A .

1. INTRODUCTION

Let H be a semigroup with divisor theory 3 : H -> D 

and divisor class group G. Every element a e HXi^has a 

(not necessarily unique) factorization a = u^...u^ into 

irreducible elements u^,...,uR ; k is called the length of 

the factorization and L (a) = tk/a has a factorization of length 

k} is called the set of lengths of a. One possibility to 

study non-unique factorization is to consider the sets 

L(a) for every a e H\HX.

The multiplicative semigroup of the ring of integers 

R of an algebraic number field K with ideal class group 

G is a most interesting example of a semigroup H with 

divisor theory. It is well known that R is factorial if 

and only if //G = 1. The following results back up the
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opinion that R is the farer away from unique factoriza­

tion the bigger G is, and they show that sets of lengths 

are a measure for non-uniqueness of factorization.

(i) #L(a) = 1 for every a 6 R \(R* {0}) if and

only if #G á 2 (Carlitz [2]).

(ii) If #G^ 3, then for every m 6 >1 there is an 

element a 6 R with #L(a) = m (Sliwa [6]).

(iii) Let 3: H-> D be a divisor theory with divisor 

class group G and let G CG be a finite subset. Then 

there are constants M(Gq) and D(Gq) such that every set 

of lengths L e£(GQ) has the following form:

L = {xi...........xa- y-y+si ...........................y+ 'Y+d-

y+V0,..................................... ,y+2d,

7+6,+ (k-1)d,....................... ,y+kd, z,,...,

with <...< xa <y < y + <5 <...< y+ő^<y+dáy+kd<z^ <.,. <z$,

0 á a S M<GO) , Oá £ < M<GO) and 1 = d á(D(G )-2 (Geroldinger 

[3] ) .

If p is minimal such that L has a form as above and 

if L is sufficiently long, then [0^,... , ő d] is the 

period of L ([3]) and p+1 is called the length of the 

period.

In this paper I consider long sets of lengths with 

length of period 1 and using methods of diophantine 

approximation I study possible values of d in the case of
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cyclic divisor class groups.

Arithmetical problems which arise in a semigroup H 

with divisor theory may be translated into combinatorial 

problems on the divisor class group. This idea goes back 

to Davenport and was further studied by Narkiewicz [4]. 

In this paper I use the combinatorial diction right from 

the beginning. But all combinatorial results have arith­

metical analogues via the translation which is described 

in [3] (Proposition 1) , and so they may be interpreted as 

arithmetical results on H.

2. NOTATIONS

Let G be an additively written abelian group and 

let GqCG be a subset. Two sequences b = (g^ , . . . ,gm) and 

b' = (9^..../9^) of elements of Gq are called equivalent, 

if for some permutation aS g' = %(i) ^or everY 

i e {1,...,m}. An equivalence class of sequences 

B = <9i/---/9 > is called a block, if g.+...+g = 0.1 m 31 3m
The equivalence class consisting of the empty sequence 

is called empty block. Let v (B) denote the multiplicity
9

of g 6 G in block B and let £(B)= V v (B)=m denote the 
gee g3 o

length of B. The set B(Gq) of all blocks has a natural 

semigroup structure defined as follows:

<b.,...,b > * <c.,...,c > = <b1z...,b ,c-,...,c >1 m 1 ' n 1 ' m' 1' ' n
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(The empty block is the unit element.) As usual a non­

empty block B 6 B(Gq) is called irreducible, if B=B^*B2 

implies that B^ or B^ is the empty block. For every 

block B 6 B(Gq) its set of lengths is defined as L(B)= 

= {k/B has a factorization into k irreducible blocks}; 

let L(Gq) = {L(B)/B 6 B(Bq)} denote the system of all 

sets of lengths corresponding to Gq.

Let D(Gq) = sup {2(B)/B 6 B(GQ), B irreducible}

6 JN + u {°°} be the maximal length of an irreducible block. 

If Gq is a finite abelian group, then D(Gq) is Davenport's 

constant. For L =(^,...,^} 6 L(Gq) with r^-.^r let 

A(L) = ^ri+i“ri/ "I = i = s-1 } be the set of distances of 

successive lengths of L; further let A(G )= T_ A(L).
O -Li

Due to Proposition 3 in [3] A(Gq)c{1,...,D(Gq)-2} and 

by virtue of Proposition 4 in [3] min A(Gq) = gcdA(Gq).

3. SET OF LENGTHS L 6 £(Gq) WITH PERIOD d

I investigate the period d (I briefly write d instead 

of [d] ) of long sets of lengths with length of period 1 . 

To do so I define A^(Gq) = {d/for every k 6 U there is 

an L 6 L (Gq) with period d and #L k}. Obviously A^(Gq) 

does not depend on sets of lengths L for which #L is 

smaller than a fixed constant. Therefore it is without 

influence on A^(Gq), that in [3] due to various reasons 

I assigned a period only to those sets of lengths L, for
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which #L^P(Gq) holds ( P(Gq) is described in [3], see 

Remark 1 after Theorem 1). In the following also only 

the existence of the constants M(Gq) and P(Gq) is needed 

and their explicit numerical values, which I assigned to 

them in [3] , are without importance.

Now let GqC G be a finite subset. In the following 

propositions A^(Gq) is studied. Obviously A^(Gq) is con­

tained in A(Gq) and hence A^(Gq) is finite.

PROPOSITION 1. If G1 C Gq with A(G^) , then

gcdA(G1) 6 A1(Gq).

PROOF. Because d= gcdA(Gp 6 A(Gp there is a block 

C 6 B(Gpc B (Gq) such that x,x+d 6 L(C) for some x S K 

For k 6 IN with k max{2M(GQ) + D(Gq) - 1, P(Gq)} I 

consider L(C ). Since for some y € 3N (y,y+d,...,y+kd}c 
k kcL(C ) and since d = minA(G^), L(C ) has period d. □

PROPOSITION 2. For every d 6 A^(Gq) there is a subset 

G.] AT Gq with A(Gp^(j) such that d|gcdA(G^) In particu­

lar this implies d|gcdA(G2) for every G2CG^ with 

A(G2)^0 .

PROOF- Let G. , . . . ,G. be all subsets of G ={g1z...,g } I ip o i «m
with A(G.J * (j); let d^ = gcdAfG^) and let C^^eBfG^Ic B(Gq) 

be a block such that x^,x^+d^ 6 L(C^) for some x^ 6 K .
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x. e TI , for every ie{ 1, . .., ip} .

PROOF. According to Proposition 2.2 in [3] the

set of irreducible blocks B 6 B(G ) is finite! o

Every distance d of lengths of factorizations of

a block

which d

B 6 B(Gq) corresponds to a tuple (x^,...,x,) for 

= 7 x. holds and which satisfies the restric-
i = 1 1

tions above: for let

r1
B = B- *...*B1

<P

'<P =
S1 v

B *...*B with d= L s.- y r. , 
V i = 1 i=1

1 .

then (s^-r-j , . . . ,s^ -r^) a tuPle satisfying the 

required properties.

2. Conversely, if (x^,...,x^) satisfies the rest­

rictions above, then x . is the distance of lenaths
i = 1 1

of two factorizations of a block B 6 B(G ) : for without o
loss of generality let x^<0,...,x^ <0,

-x
then B = B^ 1|*.and x. d ip +1

2

x. .>0,...x. >0

-x i
*1 =. .*B,4’x . = 0

1

r •

% +1
1

* . . . * B .
*2

x .
has the factorizations 

desired.D

Finishing this section I consider subsets Gq 

consisting of 2 elements.
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PROPOSITION 4. Let = 2 and A(Gq)* (j). Then

Ai (Go> = (%)}•

PROOF. Let Gq = {g,h} , d = gcdA(Gq) and C e B (Gq) 

such that x,x+d 6 L(C) for some x e IN ; let 

k = max{2M(GQ)+D(Gq)-1z P(Gq)}.

Now let L = L(B) 6 B (Gq)' 1 Prove that either L has 

period d or #L is bounded.

Case 1: (vg (B) , vh (B) ) > (vg (Ck),vh(Ck))=(v1,);

then B may be written in the form B = C * B-j • Since

{y,y+d,...,y+kd}c L(B) for some y 6 JN and since

d = minA(GQ), L(B) has period d.

Case 2: (v (B) , (B) ) (v^,v2); without restriction

let v (B) < v1 .

(i) h has infinite order: then vg(E) >0 for every

block E 6 B(Gq) . If B = B^ *...*B^ with irreducible 

blocks B^. then kávg(B) < , and thus #L (B) Smax L ( B) <v^ .

(ii) h has finite order: let v^lB) = £.ord(h)+r 

with 0<r ord(h); let B=B^*B2 with B2 6 B({h}) and 

v^(B2) = ^’ord(h) • So ^L(B2)=1 and £ (B)=r+vg(B)<ord 

(h) 4-v.j . According to Lemma 4 in [3] #L(B)S

“ 2D(~G~ ) (ord(h) +VP (D(Gq) -2) (D (Gq) + 2)+1. □
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4. SETS OF LENGTHS L 6 i(Cj WITH PERIOD d

From now on let G = C={0,1,...,n-l}={0+n2Z

.. . , (n-1)+n2Z } be the finite cyclic group of order n^3. 

In the following sections A^ (Cn) will be investigated. 

According to Proposition 1 {gcdA(Gq)/GqcCn, 

A(GQ) * 1c A .J (Cn) . I shall determine gcdA(GQ) of subsets

G c C containing two elements and so I obtain a non-o n 
empty subset M = {gcdA (Gq)/Gqc Cr , #Gq = 2, A(GQ) * (j)} of 

A^ (cn). If n is a prime power, then M has the following 

property: for every d 6 A^(G^) there exists a 6 6 M 

with d | <5 (Corollary 1) .

Let a,b e Cn and Gq = {a,b} ; if A(Gq) *01 put 

d(a,b) = gcdA(GQ). First I show that the investigation 

of L ({a,b}) may be restricted to the case b = 1, and I 

derive a relationship between the irreducible blocks in 

B(Gq) and A(Gq) which is easier to handle than the one 

described in Proposition 3. In section 6 I determine the 

irreducible blocks in B (Gq) and combining these results 

I obtain a formula for gcdA(Gq) (Theorem 1, section 7).

PROPOSITION 5. Let n > 3Z a,b 6 {1,...,n-1} and

n = n.gcd(azbzn)
1 gcd(azn) gcd(bzn)‘

{1z...zn^-1} with gcd(cznp=1 

= L({1+n^ffiz c+n^ffi}). In 
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particular A({a+nffi , b+nffi }) = A({1+n^2 zc+n^2 }).

2. A({a+nffi zb+nS })= (j) if and only if 2 or

3. b
gcd(azn) E gcd(b,n) (nP hoZds'

PROOF. Let g = gcd(a,b,n), gg1 = gcd(a,n),

gh^ = gcd(b,n); then n = gg^h^n^ and there are a^zb^G M 

such that a = gg^a^ and b = gh^^ .

1. Let B 6 B({a+nffi zb+n2 }) with v (B) =k anda + nZZ

vb+nffi = Because of ka + £b E 0 (gg^h^np there are

k1,£1 6 IN with k = h1k1 and £= g1 £1 . Let B1 68((^+112 , 

b1+n1ffi }) be defined by v x (B.) = k. andIl a^+n^S1 1

vb +n.]E = £1* Let C1'c 6 with b-|ci ~ 1 <n-|)/

a1cl E cinp and let ce B( {1 +nq Z} zc+n.j Z}) with vQ+n (C) =k1 

and v1+n (C) = £^. Because gcdia^np =gcd (c 1 zn^ ) =1

it follows gcd (a.j c .J ,n .J) =1.1 consider the map

ip : B( {a+n2Z ,b+n2Z }) -> B ( { 1 +n 1 2Z ,c+n 1 7L } )

B w ip (B) = C.

Since B is irreducible if and only if ip (B) is irreduciHe, 

L(A) = L (ip (A) ) holds for every block A 6 B((a+nffi zb + n2Z}). 

The surjectivity of ip now implies L ({a+n2 ,b+nE }) =

L ( { 1 +n1 2 , c+n^ 2}) .

2 . If n^ < 2 z then A ({ 1+n^ 2zc+n^ 2 })=()); a1 E b^ (n 1 ) 

implies 1 E c(n^) and thus A({1+n^2 zc+n^2}) = (|) again. Now 

on the other hand let n1 > 3 and a1 1 b1 (np ; then it
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follows 1 ^c(np. I define three irreducible blocks:

A= < 1 +n^ 22 , . . .,1 +n^ 7L > , B = <c+n22>, . . . ,c+n22 and

C = <c+n1ffi ,...,c+n12Z ,1+n12Z>with v „ (C)= k where k 1 1 1 c+n^Z
satisfies kc + 1 E0(np. The block E = cni = Ak*B has

factorizations of different lengths.o

PROPOSITION 6. Let n = p with p prime and k 6 IN 

and in the case p = 2 let k > 2 . Let G c C witho n
A(Gq) ^ ({). Then there exists a subset G^ c Gq with A(G^) 

and #G = 2 .o

PROOF. I do the proof by induction on k.

(i) Let p = 3 and k = 1 : because A (Gq ) * (j) there are

elements a^ 6 {1,...,p-1} with a^+pZZ ,a2+p2Z 6 Gq .

According to Proposition 5.2 Alfa^+pZZ ,a2+pffi }) * (|).

(ii) Let p = 2 and k = 2: then n = 4 and the asser­

tion is correct.

Now let k £ 2 in the case p £ 3 and let k S 3 in the

case p = 2. Let a],...,am 6 {0,...,pk-1} and let

Gq ={a^+pkffi.......... am+pkffi }.

I define a map

Case 1: there are a^a^ with gcdfa^p) =gcd (a^ ,p) =1

Then k kPropositon 5.2 implies A({ai+p 22,a^+p TL })*(p.

Case 2: p|ai for every i 6 {1,...,m}.

ip: ( {a1 +pkffi , . . . ,am+pkffi } ) -+ ({^-+pk 1S,.
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surjectivity of 0 implies l (Gq) ~ (Gp•

REMARK. Proposition 6 does not remain valid if n 

is not a prime power but an arbitrary integer.

COROLLARY 1. Let n=p with p prime, k 6 TJ and

in the case p = 2 let k 2 . Let G c C and de A. (G ).on 1 o
Then there exist a,b 6 Gq with d|d(a,b).

PROOF. The assertion follows immediately from

Proposition 2 and Proposition 6.D

For every block B eB(C ) I define S(B) (= "sum of
n-1

the elements in B") by S(B) = £ i.v-r(B); of course
i=1 1

S(B) = 0(n) holds .

PROPOSITION 7. let? e GqC Cn ,A(Gq) * 0 and 

d = gcdA(GQ). Then d=gcd{^-S (B)-1/B 6 B (Gq) irreducible, 

B *<0>}.

PROOF.

1. Assertion: if B 6 B (Gq) , B *<0> , is an irreducible 

block, then d|—S(B)-1.' 1 n
Proof: let B = <a. , . . . ,a > with a. , . . . ,a 6 {1,...,n-1}1 m 1 m

1 1 m --
and let y = —S(B) = — Ya.. Let A1 = < 1,..., 1> with' n n . L. 1 1 ' 'i = 1

v-y(Ap = n. I define a block C 6 B (Gq) having the follo­

wing two factorizations into irreducible blocks:
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irreducible block B 6 6 ({1 ,a}) is of the form B = B(m)

for some me {0,...,n}.

following Proposition holds:

For x 6 ]R let [x]= max{g e 2Z/gSx}; let

£1 e {1,..,.,n-1} with a£.j + lEO (n) ; f or, N 6 TJ let

-¾ = + 1 ; then i < j implies nr < nr and the

PROPOSITION 8.

1. For i 6 {1,...,n-1} let N 6 TJ be maximal with

nij^ £ i. Then v— (B(i) ) = £.^i-Nn.

2. For every irreducible block B6B ({1 ,a}) , B*B(0),

B * B(n) there exists an N 6 {0,...,^-1} such that

B = Bin^).

PROOF.

1 . á n-1 implies N e Because Nn<mN£^S

<i£1 £(mN+1~1)£1 <(N+1)n I obtain 0<i^-Nn^n; and 

since ( i-Nn)a + i = 0(n) I get £1i-Nn<n and thus

v—(B(i) ) = J^i-Nn.

2. As I noticed above B = B(i) with i e {1,...,n-1}; let 

N 6 K be maximal with nL,£i. Since vy(B () ) = m^ i = 

= vy(B(i)) and since B(i) is irreducible I obtain 

fl^i-Nn = v-(B(i) ) <v-(B(m^)) ^^-Nn and thus
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a£ +1
d(l7a) = gcd(a-1,——  -1 ' [N-jp—] -N/N 6 { 1 ,...,£ .j — 1 ), B (m^)

írre dúczbZe }

a5,- + 1
= gcd(a-1,—------- IjNpij-N/ir^ ö( 2 ,. . . , j-1 ) ,B (m**)

zrreduczbZe}.

( S j-1 zmpZzes N<5,^ - 1 ) .

PROOF. Since Vj-ÍBÍn^)) = and v-(B (n^) ) =1^5^ -Nn 
a 5,- +1

I get S(B(m^))= aím^ -NnJ+ir^ = nín^í—-—)- aN) . Thus

Proposition 6 and Proposition 7 imply

a 5, +1 
d(1,a) = gcd(a-1, (—-—)-aN-1/

N 6 (0,...,5,^-1), B (irL^) irreducible)

a5,.. + 1
= gcd(a-1, "b [N

N 6 (1,...,5,^-1), B(m^) irreducible).

If B(i) with i 6 (j,...,n) is irreducible, then S(B(i))=

= av—(B(i))+i S ak+i á ak+n < 2n implies S(B(i))=n; and 
cl

hence
a5,- +1

d(1,a)=gcd(a-1 , —------- 1 , [N-^-N/n^ 6 (2,.. .,j-1), Biir^)

irreducible).
n £1(j-1)

m^ S j-1 implies N— <j-1 and therefore N<----- —-----  =
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£1(n-ak-1) £^
------- —-------  = £^ - —(ak+1); so it follows 

a£^k + £^ ^a£^ + 1 >n and thus N<£^-1 . □

5. DETERMINATION OF [Na] FOR RATIONAL a

Let a6 ¢, a > 0, N e IN and let a = [aQ;a^ , .. . ,a ]

be a continued fraction expansion of a with partial 

quotients a... I shall derive a formula for [Na]involving 

only the partial quotients a^ . In doing so I rely on a 

paper of J.Schoissengeier who settled this problem for 

irrational a (see [5]).

P
As usual let for i 6 {1,...,m}^ denote the

pmconvergents of a = — and let p_2 = 0, q_2 = 1, p_^=1 

and q_ = 0.

LEMMA 2. For N e {0,...,q^-1} there are uniquely 

determined rational integers t , 0 á t < m, and bQ, . . . ,b^_ 

having the following properties:

t
1 . N = V b.q. .. L 11

1=0

2. b^ > 0 and 0Sb^Sa^+^ for every i 6 {0,. ..,t}.

3. If 0 < i Í t and b^ = a^+^ r then b^_^ = 0 .

Furthermore b <a..o
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2. Similar to 1.0

6. DETERMINATION OF THE IRREDUCIBLE BLOCKS IN

B( { 1 +n2 ,a+nffi })

Let n£3z az£^ 6 {1 z. . . zn-1}z gcd(azn) = 1Z

a£^+1 = 0(n). Further let a = = íao? av*’*'am^ a
1 P j_

continued fraction expansion of a with convergents ——
"i 

for i e {1,...,m}. Proposition 8 states that

{B6 B ({1+nZ , a+nffi })/B B(0) , B * B(n) , B irreducible)

r {B (n^) /n^ = [Na] + 1z N e {0,..., J^-1}).

In this section I determine these N e {0,...£^-1} for

which Blm^) is irreducible.

LEMMA 5 . B(m^) is not irreducible for the following

N: tV1
1 . N= b.q. with. . 11

1 = 3
OS j < t<m, bj > 0 , and b2jc+ > 0

for some k with j < 2k+1 < t.
t

2. N ;= I b.q.• nf -i 11 wi th 0 < 2k+1 < t < m and b2k+ j £ 2.

t
3. N = b.q. with 2 S 2k Í t < m and b~, > 0.

• — *51 1 1 -K.i = 2k
t

4. N= b q + bni q«. + b.q. with 2 á 2k á t < m,o^o 2k12k . O1 . 1^1i=2k+1
b >0 and bol > 0.o 2k
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0 < 2k+1 < 2£ < 2Z + 2 Stem, ^*2£<a2£+1 an^ ^2Z + 2 >

PROOF- In each of the five cases I show the

existence of an N'< N with [Na] - [N'a] >a (N-N') . Then the

assertion follows by Lemma 1.

1. and 2. For N' = N_<22k+1 1 get iNa^“ ^N^=p2k+1 >

> aq2k+1 = a<N"N'>•

3. For N' = N+q2k-rq2k 1 get (Na]-[N'a]=p2k-p2k_l+1

and (N-N') == q2k~q2k-1* Ib is weH known that

p2k"p2k-1+1

q2k”q2k-1
p2k-1

£ > a , which implies p0, p9, 1 + 1 >
q2k-1 2K

>a (q2k q2k-p ’

4. Case 1: bQ<a1-2. For N' = (bQ +1)qQ+(b2R-1)q2k+ 

t
+ £ b^q^ 1 obtain [Na] -[N'a]= P2k_po an<^

i=2k+1

N-N' = 12k"%* Now f°r everY e { 1,...,k}

^q2£a-p2i,^ < ^q2£-2a ~p2£-2^ holds and therefore it 

follows
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<q2ka'p2k’ < <c’oO_Po> • 
t

Case 2: bQ = a -1. For N'=q +(b -1)q i b q
i=2k+1

I obtain [Na]- [N'a] = (a^l) pQ+p2R-p1+ 1 =p2R-pQ>a (q2R-qQ) =

= a((a1-1)qo+q2R-q1) = a(N-N').

5. Case 1: (b2£ < a2j? + 1-2) or (k>2a =a2£+1 “1 and

£>k+1). For N'=<l2k+1+*b2£ + 1) q2£+<b2£ + 2-1 ’ q2ü+2 +

t
+ J,, biqi 1 qet [N«]-[N'a]= P2£+2-P2)l=a2Jl + 2p2£+1 " 

i=2£+3

>Ota2£ + 2q2£+1 = a<q2£ + 2_q2p = a<N_N')*

Case 2: b2^ = a2£+1_^ an<^ . Then 2£-1 =
t

= 2k+1. For N' =q2Jt+1+(b2)i+2-1>q2O2+ £ biqi 1 qet
i=2£+3

[Na]- [N'a] = P2£-1+(a2£+1_1)p2£_p2£+1+p2£+2=p2£+2”p2£=

a2£ + 2P2£+1>Ot a2£+2q2£ + 1 = a(N_N')-a

PROPOSITION 10. Let N 6 {1,...,qm-1}. Then Bín^) is

irreducible if and only if N has the form (i) or (ii):

(i) N =qt_1 +bt<2t with bt 6 { 1 ,. . . ,at+1-1 } , t=0(2)

and 0 t < m
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(ii) N - q^_ with t = 1 (2) and 0 á t < m

PROOF.

1. Assertion: if B () is irreducible, then N has the

form (i) or (ii) .

Proof : let Bim^) be irreducible and let q^SN<qt+^

with 0 S t < m; then N= V b.q. with b. > 0 .. L 1^1 t
1=0

Case 1 : t = 0(2). Using Lemma 5 .1 , 5.3 and 5.4 I

see that j= min{i/0 < i < t, b. > 0} is odd. Let j=2k+1.
t

From 5.2 I deduce b2R+1 = 1; hence N=q2k+1+ £ biqi*
i=2k+2

By Lemma 5.1 I conclude that b^ = 0 for every odd

i 6 {2k+2,...,t}. t > 2k+2 would imply the existence of 

an £ with 2£ 6 { 2k + 2 , . . . ,t-2} and t32£<a2£+1z 

b2£+2 > 0 (f°r ^*2k + 2 < a2k + 3 an<^ b2t > and SO N wou^^ 

be of the form 5.5. Thus 2k + 2 = t and N = qt_-|+btqt 

with bfc 6 {1 , ...,at + 1-1}.

Case 2: t E 1(2) . By 5.1 I get b = . . . = b,. = 0o t-1
and by 5.2 I get bfc = 1; hence N = q^.

2. Assertion: if N is of the form (i) or (ii), then 

Bim^) is irreducible.

Proof: I do the proof by induction on N having a 

form as above.

Let N=1 (N= q_1+qQ for a1 > 1 , N=q1 for a^1

respectively); Biir^ ) is irreducible for N2 = 0 and by
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virtue of Lemma 1.3 it has to be proved that

[Na]- [N2a] < a(N-N2). This holds since [Na]<aN (0 < m!).

Let N e {2,...,q-1) having a form as above and 

let the assertion be proved for all N^< N. Let 0 = N2< N 

be maximal such that B(m^ ) is irreducible; then accor-
2

ding to Lemma 1.3 it has to be proved that

[Na]- [N2a]<a(N-N2)•

Case 1: N = with t E 1(2) and 0 S t < m. Then

N2 = qt_2 +(at~1)qt_^ (and of course this holds in the 

case at = 1 and in the case at > 1) and the inequality 

[Na]- [N2a]<a(n-N2) is fulfilled.

Case 2: N = q +btqt t = 0(2),

bfc 6 { 1 , . . . ,at+.J-1 } and 0St< m. Then N2=qt_+(bt~1)qt 

and the inequality [Na]- [N2a] <a(N-N2) is fulfilled.O

7. RESULTS ABOUT A1(CJ

Now I combine Corollary 2 with Proposition 10. In 

order to give a formula for d(1+nZZ ,a+n!!Z ) it remains to 

determine

gcd{[Na]-N/N 6 {0,...,^-1), 6(1¾) irreducible)

or rather

gcd{[Na]-N/m^ 6 {2,...,j-1) , 8(1¾) irreducible).

To do so I define for every t 6 {0,...,m)

M(qt)={[Na]-N/0 SN< q , B(m^) irreducible)
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LEMMA 6.

1 . d = 0 ;o
•- 0, for a^ = 1

d1 *
Lao"1 ' f°v a1 > 1

2 . For t € { 2,...,m}

If t e 1(2) and afc> 1, so dfc | (Pt_1~qt_1).

wi th

dt ={gcd %• ]z 2 7 4/ • ..zas}

rt-2z /or t = 0(2)

s = ■ t-3, for t = 1(2) and a^. = 1

_t-1z for t = 1(2) and a^ > 1

If t =0(2)z so dt 1 (pt- 1_qt-l"1) and d^_ | (pt-2"qt-2

PROOF.

1. M(qQ) ={0} and dQ = 0. M(q1)=M(qQ)u{bQqo/1< bQ <

= a-]-"!}. For N = bQqQ I get [Na]-N =bQ (pQ-qo) =bo(aQ-1). 

For a^ = 1 M(q1)=M(qQ) and hence d^O. For a^ > 1 I 

obtain d =a -1.1 o
2. I use induction on t.

Let t = 2. M(q2) = Miq^uiq^. For N=q1 [Na]-N =
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p -q -1 = a. (a -1). Thus do=a -1 (and this is true in IO z o
the case a1 = 1 and in the case a1 > 1 !) and so

d2 | P^q^l and d2 | PQ-qo-

Let the assertion be proved for t£ 2. M(qt+1) =

M(qt)uRt with Rt ={ [Na]-N/qt < N < qt+1 , B (n^) irredu­

cible} .

Case 1: t E 1 (2) . Then Rfc={[Na]-N/N=qt}={pt-qt~1}.

If afc > 1 , so Pt-qt-1=at(pt_1“<Zt-l) + (pt-2"qt-2”1) and 

hence d |pt-qt“1; from this it is obviously that 

dt+=dt=gcd{aQ-1, a2 ,...zat_^}. Now let afc = 1. Then 

Pt-qt_1=atat-1^pt-2-qt-2^ + at ^pt-3~qt-3^ + ^pt-2_qt-2~^ * 

Since dt_-| I pt-2_qt-2_1 and dt-1 ' pt-3~qt-3 1 obtain 

dt+1|at_1 and thus dfc+1 = gcd{aQ-1, a2,... ,afc_3,at_1}.

In both case dfc+1 divides (pt~qt“1) and (Pt_1~qt_-|)•

Case 2: tE0(2). Then Rt={[Na]-N/N=qt_1+bfcqt with

1 <bt<at+1-1}. If at+1 = 1 z so Rt = (J) and hence dfc+1 =

= dfc = gcd{aQ-1, a2 , . . .>at_2}. Now let at + 1 > 1. For 

n = qt_-j+btqt 1 get [Na]-N = (pt_1-qt_1-i) +t>t(pt_qt^ ~ 

= (pt-i-qt-r1)+btat(pt-i’qt-i)+bt<pt-2*qt-2) • Thus 

dt+l'pt_qt and dt+1lat which imply dt+i=qcd{ao_1' 

a2,...,at}.

Summing up I obtain the following theorem.
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THEOREM 1- Let n 3, a 6 {2,__ ,n-l} with gcd(a,n)=1

pi 
and £1 6 {1 , ... ,n-1} such that a£1+1 = 0(n). Let — i q±

denote the convergents of a = =[aQ; a^,...,amJ .

Further let n = ak + j with k 6 JN and 0<j<a, let

= max ({N/2<mNáj-1, Bin^) irreducible}and ip =

= min{i/N1 <qi). Then

d (1 ,a) = gcd{a-1,
a£ .J +1

-1' Vn

= gcd{a-1 ,
a£1 + 1

-1' Vn

COROLLARY 3.

1. d(T,a) has the form (i) , (Ü) (iii) :

(i) d(1,a) = n-2 .

(ii) d(7,a) = [^]- 1 wi th 2áiá^ and gcd(i ,n) = 1.

(iii) d(T,a) = [?] with 4 áián and i 4 n .

2 . Let a ,b e {1,... ,n-1} with A({a,b}) | (|)

Then- d(a,b) -has the form. (i), (ii) or (iii):

(i) d(a,b) = 1^1- 
i 2 with 1 = 1 = J ‘and i | n.

(ii) d(a,b) = [2]- 1 wi th 2<i< —z = 1 = 2 and i | n.

(iii) d(a,b) =[y] with 4<ián and i 4- n.
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3. Let n = with p prime andk 6 IN +, for p - 2 

let k > 2.

Then every d 6 A^ (Cn) has the form (i), (ii)/ (iii) or 

(iv) :

(i) d = y -2 with 1Si< | and i I n.

(ii) d = -1 1<i< y, i | n ana i = 0(2) .

(iii) d =^-1 with 2 S i i 5 and i 4" n •

(iv) d ~ [y] with 3<i^n and. i I n.

PROOF- I use the same notations as in Theorem 1 and 

assume without restrictions that a > 1.m

1. If m = 0, so y— 6 IN . Because of gcd(n,£..)=1 I 

get £^ = 1 and hence a = n-1 . Thus d(1,a) = d (1 ,n-1) =n-2. 

If m > 1, then £1 >1 and d = d(T,a) divides aQ-1=[y-]-1. 

Let n = u£^+v with 0 < v <£j and let dw = u-1 . Then
£- +v

n = (dw+1)£1+v and d = y^----------— . In the case w = 1 II x.w x.w
1 1 £-+w

get d= [y—]—1 and in the case w > 1 y -- <1 implies
Z1 *1

d = *

2. According to Proposition 5 for a+nZZ , b+nZZ 6 Cn 

there are n^ and c with n^|n and gcd(c,np=1 such that 

d(a+nZZ) = d (1 +n 1 7L ,c+n 1 ZZ ) . So the assertion follows 

from 1.

3. Corollary 1 states that for every d e A^(Cn)
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there are a,b 6 Cn with d d(a,b) and therefore it remains 

to show: if d(a,b) is of one of the forms in 2, then d 

is of one of the forms in 3.

Case 1: let d(a,b) = n1-2 with n Jn and d|d(a,b). 
' 1

Let dr = n -2 and n = snd = s(dr + 2); then d=— - -. For 1 1 sr r

r=1 I get d = n1-2; r = 2 implies d = — - 1 and for
1 2s

r 3 I obtain d = [—] with sr f n.

Case 2: let d(a,b) = [^] - 1 with 2 á i S and i j n.

Similar computations as in the proof of 1 imply that d 

has the form (iii)or (iv).

Case 3: let d(a,b)= [j] with 4Si^n i f n. Let

n - ui+v with 0 < v < i and dw = u. Then n = dwi + v and

d
Wl Wl Wl

wi f n. O

COROLLARY 4. Let n £ 3, n = ak+j with 0 < j < a and 

let a = 1(j).

Then d = 6 A^ (Cn) .

REMARK. This implies in particular that

{j - 2 |1 <i< i|n} c A^ (Cn) . For let n^ |n, so n^ =
(n^D-1

= (n^-1)1+1 and d = --------------- .

PROOF. (j-1)n+k 
j is the unique solution of
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a£1+1 = 0(n) with 0< < n and hence

—’------- 1 = (a—1) +2^1; -j2- = [a;k] for j = 1 . For j > 1 I
n 3

get — = [1; j-1 , k] . According to Theorem 1
J

d(7,a) = . □

If y is even, then also d = -^(y -2) e A^ (CR) . I 

show this by an explicit construction which also may 

serve as example for a d 6 A^(GQ) with #Gq > 2 and 

d ¢ A.j (Gp for a subset G^ C Gq with #G,| = 2.

PROPOSITION 11. Aet n > 3 . Then

- 1/1 < i i|n , i E 0(2) }CA1 (Cn) .

PROOF- Let n1|n , n. >2 and n1 = 0(2). It is
n1

sufficient to show that -1 6 A^ (C^ )cA^ (C^) . To do

so I define the following five irreducible blocks:

A1 = <1+n^Z ,. . . , 1+n^Z >, An -1 =

= <(n1-1) + n.ZZ ,. . . , (nyD + n1Z>,
n1

B = <1+nqZ , (n1-1)+n1ffi>/ C=<—+n1Z, 1 +nq Z,.. ., 1 +n1 Z >

niand E= (nf1) +n Z, . . . , (n1 -1) +n1 7L > . For

k 6 JN+ let Bk=A1k*An _.]k *C*An _1 . Then for every
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£6{0,...,k} may be written as
n^ £

B, = A.k ^*A * B *C*A 1 and as
k 1 nl“1 n1-'

k-£ k-£ n..£ n../2
B, = A. * A . * B * B * E

k 1 n1~1

Hence L(B^) = {2k +£(n^-2) + r | £6 {0,...,k},

n1r e {2, -y- + 1 }} . □

REFERENCES

[1] R.E. BURKARD, Methoden dér ganzzahligen Optimierung,

Springer 1972.

[2] L. CARLITZ, A characterization of algebraic number

fields with class number two, Proc. Amer. Math. Soc.

11 (1960), 391-392.

[3] A. GEROLDINGER, Uber nicht-eindeutige Zerlegungen in

irreduzible Elemente, Ma th.Z. 197 (1988) ,505-529.

[4] W. NARKIEWICZ, Finite abelian groups and factoriza­

tion problems, Coll. Math. 42(1979), 319-330.

[5] J. SCHOISSENGEIER, On the discrepancy of (na), Acta

Arithm. 44(1984),241-279.

[6] J. SLIWA, Remarks on factorizations in algebraic

number fields, Coll. Math. 46 (1982), 123-130.

GEROLDINGER, A. Institut fúr Mathematik
Karl-Franzens-Universitat Graz 
Halbarthgasse 1/1, A-ÖO1O Graz 
Austria

- 757 -





COLLOQUIA MATHEMATICA SOCIETATIS JANOS BOLYAI
51. NUMBER THEORY, BUDAPEST (HUNGARY), 1987

PRESENTATIONS OF WEIL GROUPS AND GLOBAL SKEW FIELDS

WOLFRAM JEHNE

1. The fundamental sequence of class field theory

gives a presentation of the idei class group C of aLi

number field L by the idei group JT with the multi- 

plicative group Lx as kernel. This presentation is of 

"local type" since JL is the restricted direct product 

of the multiplicative groups L* of all local comple-
r

tions of L. For a galois extension L|K of number fields 

is contained in the Weil group W^jK as a subgroup.

Tne problem we are concerned with is to find a "local 

type" presentation of the Weil group WT , which induces 1j I i\ 
(1) as a subsequence.



The solution of this problem has its roots in the 

theory of noncommutative galois algebras, its local 

embeddings and previous work of Teichmüller, Nakayama 

and myself. For a proper treatment, the theory of central 

separable algebras (Azumaya algebras) has to be refined 

in various directions. In particular, quite general types 

of crossed products (over rings) and their formal proper­

ties are being studied. More precisely, the solution of 

the presentation problem of Weil groups, we are going 

to present, reveals a deeper connection between Weil's 

class field theory and the structure of central sepa­

rable algebras over the adel ring of number fields.

However, there is another motivation for looking at 

a problem of this kind. The sequence (1) has turned out 

useful for the Grunwald principle, i.e. the construction 

of characters of C of given order with given localLi
components at finitely many places. Can the "local type" 

presentation, in an analogous way, serve to construct 

representations of the global Weil groups with given 

local behaviour at finitely many spots? The solution of 

this presentation problem can, if of use at all, only 

be considered as a first modest step in direction of 

that much deeper representation problem.
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The aim of this talk is to report on some work [Je] 

which appeared recently. The detailed proofs and further 

references can be found in this paper.

2. Firstly, we need some additional informations on 

ordinary adel rings which do not seem having been 

observed so far.

LEMMA 1.

For the adel ring Adv of a number field K all
Jtx

finitely generated ideals are principal and projective, 

hence: Ad,, is a Bezout ring and a Prüfer ring. The 

Picard group is trivial:

(2) Pic AdR = 1 .

here, the adel ring Ad,. is defined as restricted
IX

direct product Ad*, = of all local completions Kp

with respect to the family (Rp) of valuation rings Rp 

in Kg . In an analoguous way, we introduce the basic
1 ) definition: An adel algebra T to K is a restricted 

direct product

(3) (a) r = U rp for (Op)
P

1 )' One should notice that in CJeJ the notion ’’adel 
algebra” is used in a weaker sense, namely without 
condition (y).
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of central simple K -algebras T
P P

family (Op J of maximal orders Op 

with respect to a 

in Tp, subject to

the following conditions:

(B) dimv rn < const. (bounded dimensions) 
(3)

(y) r ~ 1 split for almost all p.
p

In (3), p runs over all places of K, finite and in­

finite ones. The following statements are obvious:

The centre of r is the adel ring Ad . Different
XX

choices of the maximal orders 0 lead to isomorphic 
p

Ad^-algebras.

THEOREM 1. For an Ad -algebra r the following are
XX

equivalent:

(a) T is adel algebra to K

(b) P is a central separable Ad -algebra
XX

(Azumaya algebra over Ad^) .
XX

Since a central separable Ad -algebra T is, by Theorem 1, x\
uniquely determined by their local components T one has, p
via local Hasse invariants, the following

762



COROLLARY: The Brauer group of the adel ring is

determined

Br AdR s ®pQ/Z ® ®Q Z / Z

here P runs over the finite, Q over the real places of 

K. The classical main theorem on Brauer groups then 

takes the form:

Brauer-Hasse-Noether:

(4) Br K ■-* Br AdT —■.-------- Q/ZAd L mv},

is an exact sequence, where the maps are defined as 

follows:

The "adel functor" B ---- • Ad B := Ad 0 B induces
K

the first homomorphism; the second homomorphism in the 

"global invariant map"

inv T := E inv T .
K p P P

This sum over the local Hasse invariants makes sense 

because of Theorem 1 and (3) (y).

3. We are now able to formulate the main result.

Let us consider a finite galois extension L|K of number 

fields of degree n and galois group G. Then (4) gives 

the exact sequence
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(4' ) Br K —► BrAd n Ad —------K mv
x̂x

nZ/z '

where Br Ad-, denotes the n a

with n.inv-, T = 0.
XX

We start with a class Ad-,. Since the
xx

global invariant multiplies with the degree n under

tensor extension with Ad we have J—I

invT f = 0 for T := AdT 8-,L L Ad-,K
r .

Hence,

Brauer class [B] G Br L such that

r' Ad 

we have

THEOREM 2.

a) Given any B G [B] there exists a unique T G [T]

such that

T is an "embedding of Ad B" ,

(5)

Such

the centralizer of Ad B in T is AdT:1j

(equiv.: Cr(AdL) = Ad B) .

attached to B is always a free AdK~module.
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b) The normalizer of B in the idei group
*2 )JB := (Ad B) of B is just B*Jl. One has the following

commutative diagram

hlik

1
CT

where HL|K is a certain group extension of CL with 

factor group G.

c) The cohomology class [a] which defines H . Jj I K
depends only on the Brauer class [T] of T. The map

[T] —— [a] is homomorphic and so gives rise to the

exact sequence

(7) Br K >--------- * BrnAdK H2(G,Cl) .

As an immediate consequence this result (7), 

together with (4'), gives a definition of an invariant 

on the 2-cohomology group:

invL|K = H2(G,Cl) 1 Z/Z .

2) The unit group of a ring A is always denoted by A*
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Therefore, if we start with a Brauer class [T] of
1invariant — + Z, then CaJ >is the canonical class and n

HLIK = WLlK' The Weil group. Moreover, the procedure at 

the beginning fixes a unique global skew field De [b] 

attached to [T]. Part a) of Theorem 2, furthermore, 

fixes a unique T e [T] embedding Ad D in the sense of

(5). Now, (6) gives the exact sequence

(8) DX >--------- Nr*(D) ---------- — WL|R ,

the solution of our presentation problem. (8) can be

considered to be of "local type", since T* = 

restricted direct product of local groups T* 

[ r* is

with
*
Prespect to the unit groups 0 of the maximal orders.

Finally, (8) induces sequence (1) as can easily be seen 

from part b).

However, one observes that the presentation (8) of 

the Weil group |K is not canonical. On the contrary, 

one can choose infinitely many Brauer classes [T] over
-|

AdK of invariant — + Z which give rise to infinitely 

many global skew fields D. At a first sight this seems a 

great disadvantage. But it could turn out to be an 

advantage if applied to the generalized Grunwald problem 

mentioned in the introduction.
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4. I will now give an outline of the proof methods

Theorem 1 is by no means obvious, it requires some 

nonstandard technics. To make this transparent we start 

with a characterisation of central separable algebras 

over an arbitrary commutative ring R, due to Auslander- 

Gotdman [A-G] and Bass: For a f.g. R-Algebra A to be 

central separable is necessary and sufficient that the 

factor algebras central simple R/M-algebras for

all maximal ideals M of R. So, one needs to know 

the maximal ideals of the adel ring. Besides the obvious 

maximal ideals of Ad^, namely the complements 

Mp := {a 6 AdKI= 0} of the components , there is a 

much bigger class of maximal ideals:

My := {a G AdRI(p G PKlap 6 n^} e U} .

Here, U is a nonprincipal ultrafilter on the set Pv of 

all prime ideals p of K (U is a "superprime" in the 

sense of [Je-Kl]) and m is the maximal ideal of the
r 

valuation ring R^ of . 

Fortunately (N. Klingen):

LEMMA 2: These ideals M^/ My are all the maximal 

ideals of Ad .K
To prove Theorem 1 one shows
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THEOREM 1': The properties (a) and (b) in Theorem 1 

are equivalent to the following:

(c) T is finitely generated as Ad^-module,

T fulfills (3) (a) and

(9) T/ = M (kTT) is full matrix algebra 'MyT r U over the

class

K.

For this equivalence one has to use local arithmetic

double centralizer theorem

[Ka] .

I now turn to Theorem 2. Some proof ideas involved

here are of algebraic nature: a galois theory of central

separable algebras over rings, particularly an extensive 

calculus of generalized crossed products.

of number fields with group G the corresponding adel 

extension AdT |Ad„ has automorphism group G and 

possesses a normal basis (namely a normal basis of L|K). 

Thus, the adel ring extension is "strict galois" in the 

following sense: a commutative separable ring extension 

SIR is called strict galois with (the finite auto­

morphism) group G if S considered as RG—module is iso­

morphic to the group ring RG. More generally, a separable 

R-algebra A is called G-galois (or G-normal), if its
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centre S is strict galois over R with G and all g e G 

can be extended to algebra automorphisms of A.

Let A be G-galois algebra with its strict galois 

centre S over R. We define: A is embedded into a 

central separable R-algebra T if

(10) Cp(A) = S (or equiv.: Cp(S) = A) ;

T is then an embedding of A for SIR. If for all such 

situations for fixed SIR any R-algebra monomorphism 

<p : A ---- • T can be extended to an automorphism of T I

say that the Noether principle (NP) holds for SIR.

THEOREM 3.

Let SIR be strict galois with G and Pic R = 1, and 

let us assume (NP) for SIR.

A unitary ring extension T of a G-galois algebra A 

with centre S is an embedding for SIR if and only if T 

is a "generalized crossed product" of A over R:

sX , u u, ’ s t(11 ) X u =u s s (xe A, 9 . e A*)
D f L

Here denotes an extension of s(e G) to A
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If S,R are both fields (NP) is just E. Noether's 

result. If only R is a field an additional condition has 

to be imposed for (NP) to hold (Teichmüller). That 

Theorem 3 can be applied to the adel situation is 

guaranteed by Lemma 1 and the following

THEOREM 4: (NP) holds for adel rings of number 

fields.

We want to stress one basic consequence of the 

application of Theorem 3 to Theorem 2. The 2-cocycle a 

occuring in the latter Theorem can be written as a 

quotient of two noncommutative 2-cocycles, one of which 

coming from a crossed product of type (11). Namely, the 

embedding T in part a) of Theorem 2 attached to the 

global L-central simple algebra B can, by Theorem 3, be 

written as a generalized crossed product

(12) T = (0,0, Ad B|AdR) ;

here a is normalised to be an extension section 

a:G ---- * Aut(BlK) to automorphisms of B (instead of

merely automorphisms of Ad B). It is this 2-cocycle 0 in 

(12) which is connected with the cocycle a.

Theorem 3 does not provide the full proof of Theorem 

2. What is needed to establish the exact sequence (7) is 

a calculus for generalized crossed products. For instan­

ce, the following rules are being used:
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Multiplication rule;

(13) (0,0,AIR) (0',o',A'|R) ~r (00',a 8g o',A Sg A'|R),

where A,A' both have centre S.

Inflation rule:

(14) (0,0,AIR) ~R (inf¢0 , inf^o, T fig A) ;

here t|r is strict galois algebra with group H
Ncontaining S with S = T where N is the kernel under the 

restriction H ------- - G. For functorial properties of the

presentation (8) is useful the

Restriction rule:

(15) (0,o,AIR) 0R SQ ~ (resR0, olR, AIS ) ,
o

where Sq is the fixed ring of a subgroup H of G in S.

Of course, ~ means Brauer equivalence over the
lx,

commutative ring R in the sense of Auslander-Goldman.
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ON PRIMITIVE PRIME POWER DIVISORS OF LUCAS NUMBERS

PÉTER KISS*

INTRODUCTION

_ _ 00
Let R = (R } a be a n n=0 sequence of Lucas numbers

defined oy the recursion

R =A • R .+ n n-1 B • R n n-2

where A, B are not zero rational integers and the initial

values are R^ = 0 and R^ 1. We shall denote
2 the roots of the cnaracteristic polynomial x - Ax - B of

R and throughout this paper we assume that lai

R is a non-degenerate Lucas sequence, i.e. a/8 is not a

root of unity. It is well-known that the terms of a

*
Research (partially) supported, by Hungarian National 
Foundation for Scientific Research grant No. 273.
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non-degenerate Lucas sequence can be expressed as

(n = 0, 1, 2 , ...).

We say a prime p is a primitive prime divisor of a 

Lucas number R (n>0) if p|R but p<R for 0<m<n. If n n m
p is a primitive prime divisor of and p (k >1) is the 

greatest power of p such that p IR^, then p is called a 

primitive prime power divisor of Rn» We shall denote the 

product of all distinct primitive prime power divisors of 

Rn by Rn? i,e*

Rn = nPk (n > 1)

where the product is extended for the distinct primitive 

prime power factors of R . We write R = 1 if R has no 

primitive prime divisor. We note that Rn >1 for large n 

since it is known that there is an absolute constant 

such that in every non-degenerate Lucas sequence the 

terms Rn have at least one primitive prime divisor for 

any n >CQ (see, e.g. A. Schnizel [6] and C.L. Stewart 

[111).

The aim of this paper is to study the greatest 

primitive prime and the greatest primitive prime power 

divisors of Lucas numbers R ; we shall denote them by n J
P(Rn) and PP(Rn), respestively.
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RESULTS

The primitive divisors and the greatest prime 

factors of the terms of linear recurrences were studied 

by several authors, see e.g. K. Mahler [4], A. Schinzel 

[5], C.L. Stewart [2], I.E. Shparlinskij [8, 9] and 

their references. The best results for the greatest 

prime factors of Lucas numbers have been obtained by 

T.N. Shorey and C.L. Stewart [7]. Among others they 

proved that the greatest prime factors (not necessarily 

primitive ones) of Lucas numbers R^ are greater than

, 2 n • log n_____
£(n) • log log n

for "almost all" integer n, where f(n) is any real 

valued function for which f(n)-*°° as n— °° and "almost 

all" n means the set of natural numbers except perhaps 

for a set of asymptotic density zero.

For the greatest primitive prime power divisors of 

Lucas numbers, from results of C.L. Stewart [10], it
2

follows that PP(R ) > 0(q>(n) ) , where $ is the Euler's 

function. But we do not know whether the prime is large 

or its exponent is greater than 1. In the simple case 

when R is the Fibonacci sequence we do not know prime
2for which p |R would hold.n
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In [3] we investigated the average order of the 

primitive parts of Lucas numbers showing that

y log Rn = . x2 + o(x-log x).
n<x TT

As a consequence of it we can obtain: If A is a real
1+Anumber, 0 < X < 1, and P(R ) < n for almost all n

natural numbers, then there are infinitely many n such 

that Rn has a primitive prime power factor with exponent 

greater than 1; furthermore the set of these n's has 

positive asymptotic density. Now we show some other 

connections between the greatest primitive prime and the 

greatest primitive prime power factors of Lucas numbers. 

They will show that if we should have only a "few" Lucas 

numbers with "large" primitive prime divisors, then 

"many" Lucas numbers would have primitive prime power 

factors with "large" exponents.

We shall prove the following two theorems:

THEOREM 1. Let y be a real number with 0 < y < 3/tt .

If

P(R ) > n<
2 'i i n I < x 

log nJ I log x ' 

then there is a positive real number c such that
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| |n: 1 < n < x , PP(Rn) > nC’ nj-1 > yx

for any x>x0(y,R), where l{ } I denotes the cardinality 

of the set { }.

THEOREM 2. Let <5 and e be real numbers with condi­

tions 0 < ő < 1 and 0 < e < 1-6. Further let N and T bex x
sets of natural numbers defined by

= |n : n < x, P( Rr ) >

and
= |n : n < x, PP(Rn) > exp(n^ e ) | .

If for the cardinality of the set N^ we have

In I < x6 ,I x I

then

|T | > (1 - s' )x
I x I

for any e' >0 and x>xQ, where xQ depends only on ő, e, 

s' , and the sequence R.
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PRELIMINARY LEMMAS

We need some auxiliary­ results in the proof.

Let $ (a,3) denote the n
thn cyclotomic polynomial in

numbers, that is

n 
din

r

where pi is the Moebius function.

From some results of C.L. Stewart (Lemma 6 and 7 in

LEMMA 1. Let R be a non-degenerate Lucas sequence.

Then for n >12 we have

R = A • $ (a,6) ,n n n ' '

where Xn = 1 or X^ = 1/P(n/(3,n)) and P(m) denotes the

greatest prime factor of the integer m.

LEMMA 2. If R is a non-degenerate Lucas sequence,

then

exp{(1-e)vp(n)*log|a|} < R^<exp{(1+e)4>(n)*log|a|}

for any e>0 and n>n(e), where 4) denotes the Euler's 

function.
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PROOF. It follows from Lemma 1 using some results on 

linear forms of logarithms of algebraic numbers e.g. 

results of A. Baker [1] or A. Baker and C.L. Stewart 

[2J)z but it follows also from results of A. Schinzel 

(see lemma 1 and formula (5) in [6]).

We prove two other lemmas.

LEMMA 3. If o)(m) denotes the number of distinct 

prime divisors of a natural number m, then

u>(R) <(1 + e) • ' ^laln log n

for any e>0 and n>n(e).

PROOF. We know that p>n-1 for any primitive prime

divisor p of a Lucas number R .n So by Lemma 2

nU(R ) 
(n-1) n < R < n

and

w(Rn) < (1 + 1> •
follows for any £ > 0 and
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PROOFS OF THE THEOREMS

PROOF OF THEOREM 1. Let e (< 1/2) and x be positive 

real numbers and let L be a set of natural numbers 

defined by

L = in : 1 <n < x, P(R ) > 1 .
x [ ' n log nJ

Suppose that

|L I < — .
I xI log x

In this case, using Lemma 3, the prime number theorem and

the fact that <p(n) < x for any n X,

(1 ) ) < 7T n
x-log I a I . x < 
log x log x+ (1 + -) •2'

<(| + e)

follows for any x sufficiently large.

Let q > 0 be a real number and let be a set of

integers defined by

If 2
< yx, y < 3/ir and

Mx

Mx
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/ 1 , 3 xq < 2 • (—2 - y - £) / 
TT

then by Lemina 4

J a>(R ) > I U(R ) > I f <n) ^-0.9.1 «!■ >
n<x n n^M^ n n£Mx q•log n

v 4> (n) • log I a I x-loglal
2. 2 ~ 2 ’ iX ” n<x q*log n q«log x

2 23•log I a I b x _ Y , x • log I a I
2 . 2 q ,2q«7T log x log x

+ 0Í-4-] >(<+£)• *2 ' ^1°11 

'■log x' log x

would follow. It contradicts to (1), thus we have

M > yx .I x I

It is evident that

w(R )
(PP(Rn)) > Rn

for any n > 1 therefore if nEM^, then by Lemma 2

PP(Rn) > exp{(1 -eMnhloglal • =

_ n(1-e)q«log n

follows which proves the theorem with any c <q.
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PROOF OF THEOREM 2. If | < x<^, then by the prime

number theorem and Lemma 3, using the fact that ^>(n) < x 

for any n < x, we get

(2) J 0)(R) < 7T(x1+ő) + xő . < x1+<5
n<x n log x

ket be a set of positive integers defined by

Qx = {n : n < x, co(Rn) < n6+£/2}.

If |qx| < (1 - ^2~)x for an s' >0, then 

would follow, which contradicts to (2) and so

(3) |qx| > (1 -

for any s' >0 and x > xQ.

We show that PP(R^) > exp{n^ £} for any n with 

n e Qx and n>nQ. Let nGQ*. Then
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U)(R ) ő+e/2
Rn < (PP(Rn)) < (PP(Rn))

and so, using Lemina 2 and the known fact that there is a 

constant c^ such that 4>(m) > c^m/log log m for every 

integer m > 9, it follows that

PP(Rn) > exp{n1 e)

for any n e Qx and n>nQ, where nQ depends only on s and

the sequence R. It implies, using (3), that

|Txl * lQxl - no > (1 - £')x

if x is large enough and so the theorem is proved.
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SPECIAL PRODUCT RELATIONS BETWEEN LOCAL GAUSS SUMS

LAKKIS K.

Let p be an odd prime number, K a finite extension 

of the field O of p-adic numbers, R the valuation ringIt
of K, p the maximal ideal of R, D the different of the 

extension K/© , T the inertia field of K/Q and U the
* P

group of units of R. For any i=0,1 let U± = 1 + P1 (thus, 

uo=u).

We consider the group G of the multiplicative resilie 

classes mod* p of K (see [1]) and a subgroup H of G of 

finite index. Let y be a character of G/H. This charac­

ter x leads to a character of G and consequently to a 

regular character of K i.e.to a character of K with 

conductor f(x)=P1, where i = 0 or i=1.

The local Gauss sum t (y) is
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T (x) = I X<f) * <|) - 
e

where c is a generator of the ideal f(x)D, <p is the

"canonical" character of the additive group K , i.e. the

composition of the canonical maps:

A / wí -1 ii -i-

K+ -----—© ■> Q m O' Z [-] /z—>]R/Z----- > C
p p p p

and £ runs through a set of representatives of U modulo 

U^. It is easily verified that t(\) does not depend on 

the choice of the representatives of U modulo U.. Hence, 

t(x) does not depend on the choice of c.

In this paper we compute the product

nr (X)•
X

where x runs through all the characters of the group 

G/H.

In order to do this we consider the group Gq of the 

prime residue classes modulo P of K and we denote by

Hq = H 0 Gq, G* = HGq, e=[Go:HQ] and f= [G:G*1.

It holds G/H = G*/H. Every character X of G/H leadso o
(by restriction) to a character xo °f Gc/Ho’

In the following we choose a fixed generator n of p

and a fixed generator 6 of D with the following
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n xí^) = (-Df 1 
x =eÁo o

We are now going to compute the product Hx ( ött) . We
X 

distinguish the following two cases:

a) G/H has either none quadratic character or it 

has more that one. This case exists if e,f are both odd 

or both even and tt^ is a square in G*/H.

b) G/H has exactly one quadratic character io. This 

is true if e is odd and f is even or if e is even and e 

is odd or both e and f are even and is not a square 

in G*/H.

Since for every non-quadratic character y*e of G/H 

(6 is the principal character of G/H) its inverse 

character exists, the product ]]y (<5tt) is reduced to the 

product ntü(őir) over all quadratic characters of G/H and
0)

this is equal to one if there exist more than one 

quadratic characters. Hence

1 in case a

Ily (6tt )
X

U) (ŐTT) in case b.

Therefore

ÜT (y )
X

'1

.io (<sn)

in case

in case

a"

b
(II T(Xo))f.
X„
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We are finally going to compute the product

II t (y ) • To this end we observe that we have: (i) for 
°o _-|

any pair of inverse characters XQ• Xo :

T (xo) T (xq1 > = Xo(-1 )NK ( P ) •

(ii) t(6o) = 1 and (iii) for the unique quadratic 

character co , which exists only in the case of an even o
e, we have

fP*-P £21
t(wo) = . i 2 /Nk(p ) (p*=(-1) 2 p) .

Hence one can easily verify that

life is odd
1

nT(Xo) =

XO

ie
N (P) - 1

-1 \ f P*. -~E

/iK(p)e i

21(-1)
1 )

4
f- 1 1 2

.(-1) .i

if e is even.
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INTEGRAL BASES IN FUNCTION AND NUMBER FIELDS

LAMPRECHT, E.

1. INTRODUCTION

We use the following notations:

VK : integrally closed integral domain,

K = : field of quotients of v ,
(1 ) K

L : finite and separable extension field

of K of rank n = [L:K],

: integral closure of vK in L.

Then is an v^-module and the number of generators is

> n.

DEFINITION. If v is free as an v -module with n
-Li K

generators , n = [L:K] , i.e.

(1a) VL = VK ’ W1 +---- + VK * Wn '
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then u)^, .../ o>n is called a relative integral basis of 

vT over v .
xx

There are some questions concerning this notation.

a) When does a relative integral basis exist?

b) How to calculate this integral basis?

c) When the existence of an integral basis can

be excluded?

The general conditions mentioned above cover the following 

well known special arithmetical cases:

m K number field, v principal order of algebraic
XX

integers of K (for instance K =Q, v =z).
XX

m K local field (with respect to a discrete rank 1 

valuation), valuation ring.
XX

I 3'1 K a Igebraic function field of one variable over k, 

xGK transcendental over k, vK integral closure of 

k[x] in K.

In these cases vv is a Dedekind domain, if L is a finite 
XX

separable extension of K, v is also a Dedekind domain.
Li

The following well known result gives an answer to the 

questions a) and c) for special cases of r~T~l , I 3 I and 

the case I 2 I .
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RULE- If vK is a principal ideal domain and L is a 

finite extension of K then there always exists an 

integral basis for vT over vv.
Li i\

In this paper we give a report on more general cases for

Dedekind domains and mention some results on Krull 

domains, which cover the following example:

QZI Let k be a field, = k[X,.,...,X ] (polynomials in
Rothe variables X1,...,X ), Kn = — , K a finiteI n u Rq

extension of Kq and the integral closure of Rq

in K; Rq and are Krull domains and RQ is also

a factoriaI ring.

This report and some supplements are contained in The 

calculation of integral bases of Kummer extensions of 

the fields of quotients of Krull domains and factorial 

domains is given in 3^. . Section 4_. contains some

examples and applications.

2. GENERAL ALGEBRAIC AND ARITHMETIC CONDITIONS

We use some algebraic facts to obtain results for

Dedekind or more general domains. Suppose (1); let

, ,x } n be a basis of L over K where x G vv L
1,...,n), TrL/K the trace of L over K and let
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Now we additionally assume that vR is a Krull domain, 

i.e.: There exists a family °f valuations of

K witn the following properties ([10], p. 82; [2],

p. 1-34):

(KD.j): Every v± has rank 1 and is discrete. 

(IQ^): We have

(4)

and

( 4a ) at the center(v ) localization 
K Pi

of v. in u„.
1 x\

(KD^): For every x + 0 x E K we have v^(x) = 0

for almost all iei.

Then ^ihei 18 said to be a family of essential valua-

n

rank 1 and

. ,g. ) in L; the w.. are1 1 j
for the corresponding

valuation rings holds

(5)

is the integral closure

more, we have

799
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domains and also Dedekind domains). We consider the ideal

^L/K VK * idL/K^X1 > • • • /xn) I , • rxn) — u L) £ VK '

generated by the discriminants of bases of integral 

elements. d.^/^ caHed the relative discriminant of 

UL/VK-

We mention the well known

PROPOSITION 2. Suppose (1) and to be a Dedekind 

domain. Then {x^ , . . .,xn) C is an integral basis of 

VL^VK arid ori^ll

The usual properties of discriminants are valid in this 

case, especially the multiplicative formula for exten­

sions in towers. This leads to the following

PROPOSITION 2a. Let v c v c v be Dedekind Kq K L
domains and Kq c k c L be the tower of corresponding

finite field extensions. Suppose that there exist
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; n = [L:K].(6b) (I'^/Kr.(dL/K(x1'"’,xn),) " J>

If the integral bases of L/KQ and of K/KQ are determined, 

this proposition can be applied for testing the integral 

basis property of a system {x1,...,xnJ (compare £., and 

also Schmal [8], §3).

REMARK. Let KQ c k c l be a tower of finite exten­

sions and let integral bases of L/K and of K/K^ be known, 

then an integral basis of L/Kq can easily be calculated. 

In the case of Dedekind domains further essential 

theoretical criteria can be given:

THEOREM I (ARTIN [11)- Let be a Dedekind domain 

and {x^,...,x } a field basis of the extension L/K. Then 

there exists a fractional ideal a of K such that

(?) <dL/K<xi...........xnJ) = ax • dL/K

and we have: There exists an integral basis for L/K if 

and only if

(7a) ax is a principal ideal of K.

802



THEOREM II (HiBi MANN [7] ). Let vv be a Dedekind x\
domain which is no principal ideal domain. Then there 

exists an extension L of K of degree 2 = [L:K] without 

any relative integral basis.

THEOREM III (Ai FROHLICH [3]). Let K be an algebraic 

number field. Then the following is equivalent:

(i) The class number h(K) of K is odd.

Every finite extension 

principal ideal has an

L/K where a

integral basis.

These results can be improved and hold more generally as 

shown by A. Thome [9a] in the following considerations:

Let G = be a finite group of order n, Sn the

symmetric group of all permutations of the a and A v n
the corresponding alternating group. Then by use of the 

regular representation (a o v = 1,__ ,n, yields a

permutation of (, ...,a )) we obtain an inclusion 

map

(8) G --re^ -» Sr, where G 9 0------ ♦ tt G S

G is called IB-group, iff reg(G) £ A .
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REMARKS, a) If G is a finite group of odd order, 

then G is an IB-group. - b) If the order |g| is even, 

then G is an IB-group if and only if the 2-Sylowgroup 

is not a cyclic group.

Then Thome's result reads:

THEOREM la. Let vv be a Dedekind domain, L a finite
JX

Galois extension with group G = G(L/K) and let G(L/K) be 

an IB-group. Then an integral basis for exists if

and only if there is an element b G suoh that

(8a) dL/K = ) •

If L is an unramified Galois extension of K and G(L/K) 

is an IB-group, then there exists an integral basis.

Furthermore, Frohlich's Theorem can be generalized to 

Galois extensions of the fields of quotients of arbitrary 

Dedekind domains .

3. INTEGRAL BASES OF KUMMER EXTENSIONS

We calculate integral bases for a class of Galois 

extensions of a field K by a method which can be applied 

in very general cases of Krull domains. Let be
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V

n G N, K = — and char (K) 1 n;
VK

K 9 e (n-th primitive root of unity);
(9) n

VK: Krull domain, (v^)^£j family of essential 

valuationsof v__ (v.(KX) = Z).

For (i Gl) p^ denotes the corresponding prime divisor; 

tne di visor group (in additive notation)

(9a) (Div(K;(v. ));+) = {a = J n • p.; n. G Z,
iGI

almost all n^ = 0}

contains the subgroup PDiv(K) of principal divisors

(9b) div(x) = 2 v.(x)«p. ,x^=0, xGK;
iGI 1 1

we have x =j= 0/ x G v if and only if div(x) is an
1\

integral divisor (v^(x) > 0, i G I).

KtMARK 1. These facts hold also in the special cases

of a Dedekind domain or of a factorial ring v - if 
IX

(9c) n G v i.e. n unit in v
1\ 1\

then char(K) f n; the property (9c) holds if K is a 

function field over k, char(k) -f n and v D k for all
i

iGI.
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L is called a Kummer extension of K of exponent n, if

L/K is a finite Galois extension and G = G(L/K) is
2 nabelian of exponent n; if G = {a, a ,...,a = id} is 

cyclic of exponent n, then L is a cyclic Kummer field 

over K of exponent n.,

In the cyclic case L is generated in the form (compare

[4], [5b [5a], [6])

L = K(y), yn = B e K,

do)
B f B , where din, d > 1 and B G K;1 o 1 o

the generating automorphism a of L over K can be fixed 

according to

(10a) crv(yU) = • yM (v = 1,...,n; p G N) .

Then all the other Kummer generations of L over K can be 

obtained in the form

L = K(y'b Y,n - B' G K, where

(10b) y •—*y' = yK • Bq, Bi—>B' = BK • B°,

Bq + 0/ Bo 6 K' (K'n) = 1 '

Thus the right hand side of (10) can be modified 

mod•(Kx)n.
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DEFINITION 2. Az element B =|= 0, B £ K is said to be

distinguished with respect to n if it is of the form

B = 11 b\ b £ k,
v=1 v

n-1
(11 ) div(B) = I v • div(b ) ,

div(b ) = y p (v = 1,...,n-1).
V i£IrVi(B)=v 1

REMARK 2. div(b^) is the sum of all prime divisors 

pi witn the property v^B) = v and we suppose that all 

tnese div(b^) are given by elements b^ £ K; and for the 

greatest common divisor we have

(lla) gcd(b ,b ) = div(1) for vd f v_;
V1 v2 i z

furthermore, there holds

(llb) 0 < v^(b) < n-1 for all i £ I,

and B £ v^. - If is a factorial ring or a principal

ideal domain, then an arbitrary B' =(=0, B' £ K, can be 

transformed mod (Kx)n into a B distinguished with respect 

to n.

By use of localization at the p (i £ I) and transfer 

of arithmetical considerations for Kummer extensions 

(compare [4], [5], [5a]) we obtain

807



LtMMA 1. Suppose (9)., (9c) that L according to

(10) is a cyclic Kummer field of exponent n where B is 

distinguished with respect to n. Then y € v .

£1,y,...,y } is a field basis of integral elements

and the ramified primes and local discriminant components 

are obtained by

= Tn,v7CB-TT vi(B) * °

( 11c) (i e I)•

v.(d (L/K)) = (n,v.(B)) • (e( P../p.)-1)
1 Pi 1 1

all these p^ are tamely ramified.

For p = 2,...,n-1 we have

( 1 1d) (yM) n = BM G K ;

but in general BP is not distinguished with respect to n 

(according to definition 2).

We suppose (11) for B. Then there exist elements

(12) e VK “ 2,. ..,n-1 )

such that A

(12a) B(P) = G v ( p = 2, . . . , n-1 )K(g(p))n
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are distinguished with respect to n. The elements g^p) 

can be calculated in the following way: For every pair 

of numbers (v,p), 1 < v < n-1, p e Nq there exist 

numbers A G N (uniquely determined), such that
v r R O

(12b) 0 < v • p~A^ . n < n (1 < v < n-1, p G Nq).

Let

(12c)
n-1 

II
v=1

A according to (12b),
V r |d

then the reduced elements in (12a) are distinghished
. (1 )with respect to n; g = 1.

We consider the elements 

all basis elements y^ are integral over v and the
K

n-th powers are distinguished with respect to n.
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REMARK 3. The field basis (13) is called the 

reduced basis corresponding to {1,y,...,yn "*} ; the 

elements are obtained by multiplying the yM in

such a way by factors of K, that (y^^)n are distinguished 

elements.

In order to calculate the discriminant of the basis (13) we

study the trace

Then by use of

_(k>1 )
elements TrT /1z(y

L/K n-1
(1°a), Tr (z) = I 

v=0

y ) •

(z) and by rela~

tions for roots of unity we obtain

According to the decompositions (11) and (12c) there 

holds
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Lemma 1 and especially (11c) show: If v^(b) > 0, i.e. if 

p. (i ti) is ramified in L, then we have 

p^. Therefore there exists an (vK)p -unimodular basis-

- trans formation from , . . . , wn} to {1 ,y \ . . . ,y

and {1,yk ' ,...,y1 ~ must be a local integral basis of

(vT)p over (v„) . This holds for all p. of v (if p is
L r , K p . 1 xx. 1

1 1 1
not ramified in L, the result is trivial).

According to proposition 1a {1,y 7,...,y } is a 

global integral basis.
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THEOREM IV. Let K be the field of quotients of a 

Krull domain and suppose (9),, (9c); further., let

L = K(y) be a cyclic Kummer field of exponent n over K 

and y = B e k_, where B is distinguished with respect to 

n. Then there exists an integral basis of v over v : 

the reduced basis [1 ,y(1 }, . . . ,y(n"1 }} of (13) correspond­

ing to {1,y...,y ”*} . If Vr is a factorial ring then

this is valid for every cyclic Kummer extension of 

exponent n.

Consider the case of a general abelian Kummer extension 

L of exponent n; by use of primary decomposition and the 

basis theorem for finite abelian groups we may suppose 

that the Galois group G = G(L/K) is the direct product 

of cyclic subgroups Zp:

G = Z1 x Z2 x ... x Zr,

(16) zp= tOp], exp(op) = n(p) for p = 1,...,r,

n = n(1) > n(2) > ... > n(r), n(p)|n(p-1),

then

r
G = Z x Z', Z = Q Z (o = 1 r)P p p v“, V P ..............r)

v+p
(16a)

x1 x
G = {a = a1 ---- crr | xq mod n(p)} .
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This implies the following generation of the field 

extension

ZP 
L =K(yr .. . ,yr) = K1 • ... -Kr, Kp = K(yp) =L ,

(16b)
n(p) _ B s vT, (irreducible);

Jp p K

the effect of the automorphisms can be described as

follows

X. X
...0r )(a

a1 
•y-i • •

a
* *

r
z x a

a n(p) P P1 r p-1(16c) = ay1 ...yr • e

for a £ K, 0 < x , ap < n( p) (p = 1,...,r)

The elements

a1 ar .
(17) Y1 * *,yr Za1,...,ar (0 < a < n(p) , 

P
P = 1,. ..,r)



DEFINITION 3. Suppose that the elements

(17b) B
P ( p = 1 , — ,r)

are distinguished with respect to n(p) respectively and 

that all the divisors gcd(...,b , ...) can be given by

integral elements of v , then we say: L/K has a 

dis tinguished generation.

REMARK 4. If is a factorial ring then every 

Kummer extension has a distinguished generation. 

Supposing the situation of definition 3 we are able to 

find elements gCa-j,...,^) e vR, such that

(18)

0 < ap < n(p), p = 1,...,r .
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The elements z also yield a basis of integral
<1 f » r

elements for L over K and the elements B (0^,...,01 ) are 

distinguished with respect to n(,...,ar).

THEOREM IVa. Let v and K satisfy the conditions of A
theorem IV and let L be a Kummer extension of K of 

exponent n which has a distinguished generation. Then
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the elements z and consider the field
1 r

K „ = ) ,a-| r • • • , oc^ ,,,., a

(18b)

where [K :K] = n' = n(a1z...,a )u-| r • • • > a 1 r

and 1 , Z i a anar...,ar' ,/Z(n'-1)ar ...,(n'-1)ar 1S an
integral basis of K /K. Let Ua^,...,ar , . . . , ar
= G(L/K ) á G(L/K) be the subgroup of K ,

------ 'r «1 , . . . , a ' 
i. e.

U

<18C) L " S.... ar ' \....J “ l = l-' •
The basis elements of K over K are invariantCX f • • • / ex
for every aeU . if z 4 K

then there is at least one a e U such thatex x « •• f ex-v i r
°^ZB P, ) = ‘ zr a ' where s' is a root

of unity. Therefore

^L/K (^’Z8-,...,6 )= Z (^'ZB b )
1 r av...,ar

(18d) Í0 for zQ o é K
3^,..., Br ot.j,...,

|G | _ — ~
n * ^*ZR R for zr o e K £ e KPp •• • /Pq, . , Pj. a1, • •.,a ,

- 819 -
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let

(19a) p = {P± = Pi(X1,...,Xn)|i e 1}

be a system of irreducible polynomials of v (unique up 

to units) and

(19b)

the family of corresponding valuations. Then

(19c) n
i el

is a Krull domain and every Kummer extension L of 

exponent n has a distinguished generation. Therefore L 

has an integral basis over K, i.e.: integral bases may 

exist over Krull domains which are not Dedekind domains.

REMARK 1. The results of 4. can be applied also for

Kummer extensions of L even if v is not a factorialLi

ring; it is sufficient to assume that a Kummer extension 

L-| of L has a distinguished generation. Thus, integral 

bases may exist for solvable extensions of the fields of 

quotients of Krull domains.
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REMARK 2. A. Thome ([9], [9a]) has shown that some 

of the above mentioned results can be proved in the case 

of extensions with pure equations which are not of 

Kummer type. - Furthermore, it holds: If vK is a 

principal ideal domain which contains and p is a unit 

of v (p > 3 prime number) and L is a Kummer extension 

of exponent p and degree pr (r > 1), then there exists 

an integral basis for L/K for every K c k c l c l.

We give an illustration by the following example.

I~5"l Let k = IF7 (field of 7 elements), K = k(X) field

of rational functions in X, v = k[X] . K contains the 
K

third roots of unity, therefore Kummer extensions of 

exponent p = 3 are possible. Consider K^ = K(yi), 

y? = B. (i = 1,2) where B1 = (X+1)(X-1), B9 = X^+X;
J i 1 1 2

L = K(y^,y2) is a Kummer extension of exponent 3 of K.
21,y^,y. is integral basis of K^/K (i = 1,2); these

~ ~ 2 -1
5 elements together with = y-jy2' z-]2 = '
z = yiy2(x+1 )-1' ^22 = y^2(x+1)'1 are an inte9ral 

basis of L over K according to theorem IVa.

The results of Thome mentioned above guarantee that

there also exists an integral basis of L over K^,

where

arguments ).

2~ X • (by use of ramification
K1

Furthermore, the elements = 1 ,
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(L:Kj =2. - Thome [9] , [9a] has shown: If 2 is invert­

ible in v (for instance if K = k(X) is a rational func K
tion field), then there exists an integral basis if

[L : K] > 4 .

We illustrate the situation by the following example for 

Kummer extensions of exponent 2 (biquadratic extensions) 

of function fields.

E] Let char(k) f 2, K = k(X), = k [X] ; according to

theorem IVa and (16b) a biquadratic extension of K 

can be given by

(20a) L = K(yiry2), K± = K(y±) and y^ = B± (i = 1,2),

where are squarefree polynomials such that

(20b) B. = B. • G (i = 1,2) and G = gcd(BirB9) .
ii,o i z

Then we have the integral bases and relative 

discriminants

824



Let 1 , z = s+t-y^ e ul ke a basis of L over , then
2

^L/K = *B2’ Because °f (2Cc) for
1 X1 x

t = x + -7T- ‘Vi and e e k unit in k [X]o G J 1 1

e‘NK1/K(dL/K1(1'z)) = e-42.B2.NKi/K(t2) =

2
.2 D2, 2 X1= e-4 -B„(x - —~ •

2 ° G2

2 2
.2 _ B1‘B2,0 _ dL/K . 2

1 b2 "a2 _ 2'°
B1 K,/K

is equivalent to the property that 1,z is an 

integral basis for v /v (compare proposition 2a).

Therefore, {1,z} is an integral basis iff 

is solvable for x ,x. k [X] = u,,.

Let deg(B^) and deg(G) denote the degrees of B^ and G 

respectively (as polynomials of X).If deg(B^) 

deg(G) mod 2, then (20d) is not solvable. Therefore, 

we have infinitely many biquadratic extensions of K 

without an integral basis of VL/VK (remark that k is an 

arbitrary field of char(k) =|= 2). This can be used to 

prove that certain ideals of cannot be principal 

ideals .
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A. Thome [9] developed conditions for cyclic extensions 

of prime degree p to exclude the existence of a relative 

integral basis.
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INTEGER-VALUED p-ADIC FUNCTIONS

LAOHAKOSOL, V.} LOXTON, J.H., VAN DÉR POORTEN, A.J.,

INTRODUCTION
A classical theorem of Polya E4J states that among 

all entire transcendental functions taking integer values 

at the non-negative integers, the one with least rate of
zgrowth is 2 . There are many extensions of this theorem 

for entire functions of one or more complex variables 

taking algebraic values at certain algebraic points. The 

purpose of this note, however, is to investigate Polya's 

theorem in the p-adic setting where different problems 

arise because the functions are only defined locally.

Integer-valued p-adic analytic functions have been 

investigated by Hilliker and Straus L3J and theirs is the 

only result of this type that we have found in the lite­

rature. They prove a theorem valid in an arbitrary number
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number field, but we state it here in the rational case 

to avoid introducing extra notation. Let p be a finite 

set of primes and suppose that, for each p in p, f(z) 

is a p-adic analytic function in the disc |z| < R withP P
Rp > 1. Further, suppose that f(n) is in Q for each

positive integer n and that

lim sup n log max{q , f(n) = y^ < 00, 
n->oo

where q is the least common denominator of the numbers 

f(1),f(2),...,f(n). If

1/(P-1)R 2Y
n p > 2e ,

p in p

then f(z) is a polynomial. The proof relies on the fact 

that a p-adic function analytic over a domain containing 

the unit disc can be represented by a convergent Newton 

series interpolating the function at the positive integers. 

The hypotheses imply that, from a certain point on, the 

coefficients of the Newton series vanish and so the func­

tion must be a polynomial. Comparison with the classical 

theorem of Polya suggests that the growth restriction 

y^ < °°, or something like it, is essential. Indeed, 

Hilliker and Straus give an example of an entire p-adic 

analytic function taking integer values at the positive
-1 I 'integers and with n log|f(n) | -> 00 but increasing more 

slowly than any prescribed rate.
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In what follows, we investigate the significance 

of the condition on the p-adic radius of convergence in 

the theorem and obtain more precise results. We also show 

that, as in Polya's theorem, the transcendental functions 

which take integer values at the positive integers and 

have the least rate of growth are exponential polynomials 

Similar ideas involving the characterisation of exponent­

ial polynomials are described in E7□.

2, PRELIMINARIES

Throughout, ] | denotes the usual absolute value on

C and
1 *P for a rational prime p denotes the p-adic

valuation normalised by We denote the comple­

tion of the algebraic closure of the p-adic rationals

by cp.
Let K be an algebraic number field and set d = CK:Q3.

If p is a prime ideal of K dividing the rational prime p, 

we denote by | I the corresponding valuation on K which
r

extends | I and by d = EK :Q 3 the local degree of the
P r r r

respective completions of K and Q. In this notation, the 

product formula takes the form

for any non-zero a in K, with the product taken over all 
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the primes of K.

Let a be a non-zero element of K and let P(X) be the 

characteristic polynomial of the Q-linear map -> ax on K. 

If Aq is the least common denominator of the coefficients 

of P(X), we can write

AqP(X) = AQXd + A^Xd 1 +.

where a = a(1), a(2),...,a(d) are the field conjugates 

of a and AQ, A1, ...,Ad are relatively prime integers. 

The absolute height of a is given by

h(a) = ( |A_ | II max{1 , | })
3=1

Note that h(a) is independent of the field in which we 

happen to work. We can give an alternative definition 

of h(a) by using the equations

,dP
|A | = n max{1, |a I }, |Ad 

u p '*
II max{ 1 , I a j , 
P ?

which follow from properties of the Newton polygon of

P(X). Taken together with the product formula, this shows 

that h(a_1) = h(a). (For further details on these matters, 

see E6, pages 205-2143.) We record the following funda­

mental inequality.
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LEMMA 1: Let a be a non-zero element of K and p 

be a finite set of primes of K. Then

n |a|/ a h(a)"d.
p in p ”

PROOF: From the preceding discussion,

h(a)d = h(a"1)d = IA j | H max{1,|a(j}|_1} > n loci”010.

j = 1 P^P P

We also need to define heights on the projective
Nspace P (K), in which we follow C63. Let £ = (c^,...,^) 

be a point of PN(K). By working in a bigger field if 

necessary, we may choose the coordinates a± to be relati­

vely prime algebraic integers. Then the absolute height 

of £ is given by

Alternatively, if £ = (aQ,...,aN) is represented by an 

arbitrary set of homogeneous coordinates in K, we see 

from the product formula that 
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An = n max |a.I •
u p 0<i<N p

This formulation makes it clear that h(£) does not 

depend on the field in which we work nor on the choice of 

coordinates for the point 5. We can take advantage of this 

invardance in the following way, familiar from the study 

of the Thue equation (See, for example, C22, pages 38-39.)

LEMMA 2: Suppose K has r conjugate real fields and 

s pairs of conjugate complex fields and that the conjugates 
are numbered so that, for a in K, 0/^),...,0/ are real 

and o/r+s+^) = c/r+^) (1 < j < s) . There is a constant

CR depending only on K with the following property. If 

6-j,...,are non-zero numbers in K with l$r+s+jl =

In particular, for each £ in P^(K), we can find coor

dinates (aQ,---- ,aN) for g such that

C"1h(?) < max la!1) | < C.h(C) d < i < d) .
K ~ 0<j<N 3
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PROOF: By Dirichlet’s unit theorem, K has a funda­

mental set of units, r|.,...,ri , ., and each point ini r+s-1
(r+s-1)-dimensional Euclidean space is within a distance 

cQ, say, of some point of the lattice with basis
(2)

(logjrij | , . . ., log | n jr+S^ |) (1 < j < r+s-1), for some
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£ = (r)aQ,,, .naN) has the required property.

Next we develop a formula for the radius of con­

vergence of a p-adic power series. This involves the 

forward differences defined by

836



On the other hand, by another standard formula (Eld

page 824),

where the s (n,m)

kind. This series

are integers and

00

E 
n=m

are

Anf(0)
—---- s (n,m) ,

Stirling numbers of the first

converges in because the s(n,m)

I Anf (0) /n! I -> 0 as

am

n -> oo

Consequently,

-1 iR = lim sup | a.
m->°°

I 1 /hi■ml £ lim sup 
P m-*-00

Amf(0) 
m!

1 /m

P

and the lemma is established.

An exponential polynomial is an expression of the

shape

s
f(z) = E P . (z), 

j = 1 =>

where the a.
J are distinct non-zero numbers and the P.

are non-zero polynomials with P^ of degree v j-1 , say.
s

The order of the exponential polynomial is v = E v . . 
j = 1 J

The values of f at the non-negative integers satisfy 

a recurrence relation of order v. In fact, if E is the 

translation defined by Ef(z) = f(z+1), then
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s v.
II (E - a.) Jf(z) = 0. 

j=1 3

Such a sequence can be characterised by the vanishing of 

so-called Kronecker-Hankel determinants as follows.

(See C 5 3 , page 5 .)

LEMMA 4: Define the determinants D = det(f(i+j))
0<i,j<M

Then D„ = 0 for M > if and only if the numbersM 0
f(n) for n =0,1,2,... are the values of an exponential

polynomial f(z)

So far, these remarks only involve the values of the 

exponential polynomial f(z) at the non-negative integers,

where the definition of az is obvious. As usual, we can 

interpolate these values by aZ = ez loga. This gives a

3, THE MAIN THEOREM

THEOREM, Let K be an algebraic number field of 

degree d. Let p be a finite set of primes of K and3 for 

each p in p, let p (= pc) be the rational prime divisible 

by p and dp = EKp : <£)p 1 be the local degree. Suppose 

that for each p in ps f(z) is a p-adic analytic func­

tion in the disc | z |p < with > 1. Further suppose that

f(n) is in K for every non-negative integer n and that
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-1
lim sup n log h (f(0)),f(1),...,f(n)) = y < ~. 

n->°°

(i) if n (P1/(p_1}r )> eYd, 
p in p

then f is an exponential polinomial.

(ü) If n (p1/(p“1)R )^ > (2eY)d,
pin p P

then fisa polynomial.

PROOF: (i) Take e > 0 and let M be a sufficiently 

large positive integer to be specified later. Since the 

data is not affected by multiplying f by a non-zero 

element of K, we can suppose that the numbers f(0),f(1), 

...,f(2M) are algebraic integers. If £(n) = (f(0),f(1), 

...,f(n)), then

h(C(n)) < C1 en(Y+E) ,

where c^ = c^(e) is independent of n.

Consider the Kronecker-Hankel determinant

DM = det(f(m+n)>o<m,n<M’ We wil1 shOW that DM = 0 if M 

is sufficiently large; this conclusion also is unaffected 

by the preliminary normalisation. For each conjugate, we 

have the estimate
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ID^1)| < (M+1)! max |f(0+nQ)f(1+n1)...f(M+nM))(1)|,

where the maximum is taken over all permutations 
{nQ,...,nM} of {0,...,M}. Let {n^^, . .. ,n^[i^} be a 

permutation where this maximum is attained. By lemma 2, 

we can find units in K suc^ that
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d(y+e)n (p1/(p 1)(R + e) ) P 1 (1+e)e 
p inp p

whenever M > MQ(e). This contradicts the hypothesis of 

the theorem if e is taken sufficiently small. Consequently, 

we must have = 0 for all sufficiently large M.

By lemma 4, f(z) takes the same values on the non­

negative integers as an exponential polynomial, g(z) say. 

Now Akg(0) = Akf(0), so by lemma 3, g(z) is analytic
(k) (k)on the disc | z |p < Rp for each p in p and g ' (0)=f (0) for

each k. Thus f(z) is identically equal to g(z).

(ii) After (i), we can take f to be an exponential 

polynomial of order v, say

s
f(z) = Z P.(z)cu,

j = 1 J J

The a . and the coefficients of the polynomials P. are J 3
determined by f(0),f(1),,...,f(v-1), so we can suppose

that they lie in K, after making a finite extension of K

if necessary. Denote the degree of

the translation defined in section

P . by v . -1 . If3 2 3
2, we have

E is

(E - ct-j) 1 . . . (E - ctg-P S 1 (E - ag) S f(z) = c3«| ,
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where c^ is a non-zero constant in K. On expanding the

left-hand side, we obtain

z V~1
a = X a.f(z+j),

j=0 3

where the a^ are constants in K. We use this first to

estimate the size of a11 at each valuation of K and s
for positive integers n, giving

| (%) (1) | < c max |f(n+j)(1)|,
0<j<v-1

l%| - co max |f(n+j)L,

where c^ and Cp are constants independent of n and 

Cp = 1 for all but a finite number of primes p. Since 

we may assume f(0) = 1, we have

h(as)n = h(c^) < c5 h(f(0),...,f(n+v-1)),

with c^ independent of n. Taking the n-th root and 

letting n -> 00 gives

h(a ) < .s
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Next, since f(z) is analytic in the disc |z| < R
r r

2
for each p in p, so is a . By hypothesis, Rp > 1, so

l% - 1I = I l°g a | < (p1/(p_1)R )_1 
s p s p '

for each P in p. But h(a -1) < 2h(a ). If a / 1,s s s
lemma 1 and the preceding estimates yield

H (p1/(P-1)R <(2end,
P in p

contrary to the hypothesis of the theorem. So ag = 1

and similarly, all a. = 1, that is f is a polynomial.

4, REMARKS

I. The theorem implies the result of Hilliker and

Straus C31. With the notation of the theorem, define

_ -| _____
= lim sup n logimax q^,]f(n)|>,

n->°°

where q^ is a positive integer making each qn f(j)

an algenraic integer for 0 < j < n and |f(n) | denotes 

the maximum of the absolute values of the conjugates of 

f(n). Given e > 0, there is a constant c^ such that

_____ niy.+e)
max{q , If(n) I} < c, en 1 1 o
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for all n > 0 . Thus 

h (f(0),...,f(n)) = h(qnf(0),...,qnf(n)) <

_____ 2n(y1+e)
< max {q, | f(j) |} < c,e

0<j<n b

and

Y = lim sup n log h(f(0) ,...,f(n)) < 2y .
n-x» 1

Assume y^ < °°. The following two assertions are now 

immediate from the theorem.

(i) If H (p1/(p"1)R ) P > e Y>|d

pin p

then f is an exponential polynomial.

1/(n—11(ii) If n (p1/tp ' R ) > (2e )
p in p

then f is a polynomial.

The second of these is the theorem of Hilliker and

Straus. Our theorem using the correct height, is usually 

much sharper than this, and only reduces to (ii) above in 

extreme circumstances .

II. The determination between polynomials and expo­

nential polynomials in the theorem is sharp. Take, for 

example, K = ® and let p = 2q-1 be an odd prime. If
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f(z) = (1-p/q)z, then we find h(f(O) ,...,f(n)) = q11

and f(z) is analytic in the disc|z! < p1 1/(p 1).
p

In the notation of the theorem, (2ey)d = 2q = p+1 and we

can take p1//^p_1^Rp = p-e for any e > 0, so we cannot

replace the 2 in part (ii) of the theorem by any smaller 

constant.

Again, if K = ©(.(.1-p/q) 1 ^d) and f(z) = (1-p/q) ^d, 

with p = 2q-1 as before, and p-f’d, then h(f(0),..., 

f (n) ) = qn/d and so eyd and p^^p Rp have the same 

values as before and p1/(P_1)R^ ~ 2eyd. The appearance

of d in part (ii) of the theorem is therefore also 
1 / d.essential. (In this example, (1-p/q) is in © , so

The following less explicit example shows that, in 

fact, the 2d of the theorem cannot be replaced by any 

smaller constant. Let p = 2dq-1 be a prime and choose
J

a polynomial P(x) = qx +...+ p which is irreducible 

over ©, splits completely over © and has all its com­

plex roots near -2. There is just one root, $ say, in 

© with 113 I <1. Put f(z) = (1 + 8)Z. ThenP 1 P
h (f (0 ) , . . . , f (n) ) z qn//d and f(z) is analytic in the 

disc | z I < R with R = p1-1/(p-1), in the notation
' Pl P P

of theorem, for this example .

It is, of course, essential that the height used to
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measure the rate of growth of the sequence f(n) should 

take account of the common denominators of f(0),...,f(n).

The example f(z) = (1-z) shows that we cannot 

replace h(f(0),...,f(n)) by h(f(n)) in the definition 

of y in the theorem. (For this example,
-,.-1 klim sup n log h(f(n)) = 0 and we can take R = p -e 

n->0 P

for any e > 0.)

As for part (i) of the theorem, consider the follow­

ing construction. Let p1 = 2, p2 = 3,... be the se­

quence of primes with the prime p omitted and define the

sequence uby u „ = p~ and u = 
n n2 n m

when m is not a

square. Set f(n) - v /u , where the integers v are n n n
chosen successively so that f(n) has denominator u n 
in its lowest terms and Anf(0) = 0 mod pn. This can be 

done with 0 < vn < 2pn. Finally, construct f(z) by 

interpolating the values f(n) as implied in lemma 3.

The resulting function is analytic in 

any Rp < p1 V(p 1) by jenuna 3. Also 
|zl £ R for 

P P
h(f(0) , . . ., f(n) ) <

< 2pnun, so in the notation of the theorem ey = p. Thus 

f just fails to meet the condition in part (i) of the 

theorem. Clearly, f is not an exponential polynomial 

because infinitely many primes appear in the denominators 

of the numbers f(n).



III. It is much easier to prove results about func-

tions whose derivatives at a fixed point are all algebraic.

Thus, let be an algebraic number field of degree d and

let p be finite set of primes of K. Suppose that, for

each p in

disc

is in

p, f(z) is a p-adic analytic function in the
(n)Rp with Rp > 0. Further suppose that fk J (0) 

every non-negative integer n and that

If

then

lim sup
n->°°

n_1 log h(f(n)(0)) = y2

n 
p in p

(p1/(P-DRp)dp > eY2d

< oo

observe

lemma 1

is a polynomial. To see this, 
that Jlim sup f(n)(0)/n!|p/m = 

to see that f(0) = 0

we need

R-1

only

and use

for all sufficiently

K

a

<

f

2 
large n. The example f(z) = e shows that the results

is best possible.
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NORMAL BASES OF UNITS

LORENZ F.

1.

In a previous paper (cf. El□) we have investigated 

which normal number fields possess a normal basis con­

sisting of units. These investigations shall now be ex­

tended to the relatively normal case. Hereby we hope 

also to mend some small but irritating deficiences in 

the presentation of our paper mentioned above.

Our main result will be the following:

THEOREM 1: A normat extension K/k of algebraic num­

ber fields possesses a normal basis consisting of units 

if and only if K/k is not of the following 'exceptional 

type ' :
851



(a) K -is imaginary

(b) k is real

(c) Every unit of K is either real or purely imaginary.

Here and in what follows an algebraic number field K 

is considered as a fixed sub field of the field C of com­

plex numbers (and we always assume K/Q to be a finite 

extension). Let then

(1) Kq := K n R

be the maximal real subfield of K. If K / Kq we say 

that K is imaginary; if K = Kq we call K real.

2.
Now let k be a subfield of the algebraic number 

field K and assume the extension K/k to be normal with 

Galois group G = Gal(K/k). We denote by

(2) p : z H* z

the complex conjugation automorphism of C. The auto­

morphism p induces an isomorphism

(3) PK : K»* pK.

We have either p / G or p £ G. The latter case oc- 

curs if and only if k is real (and therefore K is
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napped into itself, since K/k is normal).

The proof of Theorem 1 is based on the following

LEMMA 1« Let K/k be a normal extension of algebraic 

number fields with Galoisgroup G. Let e be an element of 

K satisfying

(4) |e| > 1 and | cp e | < 1 for every cp E G \ {idK,pKJ.

In case p E G and pv / id., we assume furthermore K K K

(5) e / ±e, i,e, £ is neither real nor purely imaginary.

Under these conditions there exist infinitely many 

natural numbers n such that

(6) det( (cr”1TEn) ) f 0.
U ,

PROOF: Let d denote the degree of K/k, so

d = G:1. For every n E N we consider the d x d-matrix

(7) A = £ n, -1 nx
(0 Te a,T£G‘n

It suffices to show that

(8) det(A )n / 0 for infinitely many n.

Note that the diagonal coefficients of An are all 

equal to 1.
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1) We consider now first the case

(9) PK £ G or PK = idR.

For a t and |E I > 1 we have

(10) |e"na"1 T(en)' I i “1 / \ i nIo t (e)

Therefore by condition (4) the sequence of the 

matrices An converges in case (9) to the d x d-unit 

matrix:

In particular det(An) / 0 for sufficiently large n.

2) Now suppose that

(12) pK G G and pR / idR,

i.e. p induces a non-trivial automorphism of K/k, which 

for brevity we shall denote here also by p. Let a 

be a system of representatives for the left cosets of G 

modulo the subgroup <p> generated by p. Then if we 

write down the elements of G in the following order
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4
for all sufficiently large k. If z^ = 1 

the subsequence

we consider

(22) (ei(n(k)+1) t)
k

(23)

It converges to and we now have

4 i tBut e £ 1 since otherwise by (17) we would obtain 

££ 1 = e = ±1, contradicting our hypothesis (5) .

We are now going to prove Theorem 1. So let K/k be

a normal extension of algebraic number fields with Galois 

group G. Let’s first depose of the (trivial) necessity 

part of Theorem 1. If K/k is of exceptional type (as 

defined in Theorem 1) then pR 6 G \ {idR} and for every 

unit e of K we have = ±e. Hence for any unit £ of

K the system 

(24) (oe) crGG

is linearly dependent over k and for that reason K/k can­

not have a normal basis consisting of units.
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Now we shall prove the sufficiency part of Theorem 1. 

It is well known that there exists a unit e in K for 

which the condition (4) of lemma 1 is satisfied (cf. £23, 

page 524). Now, if

(25) PK ¢. G or pK = idR,

by Lemma 1 there exists a natural number n such that 

for a := en we have

(26) det((u“1t(a)) ) 0.
O t T tU

But then it easily follows that the system

(27) (Ta)T£G

is linearly independent over k and thus we obtain a 

normal basis of K/k consisting of units.

So we are left with the case

(28) pK G G and pR / idR

where p induces a non-trivial automorphism of K/k. 

Then k must be real and K imaginary. Therefore, if 

K/k is not of ’exceptional type' then K must contain 

a unit r| with

(29) n / ±n.

858



We may as well suppose |n | (otherwise replace ri by

t] 1). Now, if already e / ±e then both conditions (4) 

and (5) of Lemma 1 are satisfied; thus again for a cer­

tain power a = sn of e, (26) holds and therefore (27) is 

a normal basis of units for K/k. So assume e = ±e.

Then we consider units of the form

(30) em = e N

in K. For them we certainly have e £ ±e bv (29).

Hence if m is sufficiently large we can apply Lemma 1 

to (instead of our original e) and again we obtain a 

normal basis of units for K/k.

4.

We want to give other characterizations of the 

normal extensions of algebraic number fields which 

have a normal basis consisting of units. In view of 

Theorem 1 we may restrict ourself to the case that the 

groundfield is real. For any algebraic number field K 

we denote by ER the group of its units and by WR the 

group of its roots of unity. We call K totally real if 

all its isomorphic images in C lie in R and totally 

imaginary if none of its isomorphic images in C are
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contained in R.

DEFINITION 1: We call an algebraic number field K 

a 2-restricted CM-field if the following conditions are 

satisfied:

(a) K is a CM-field, i.e. K is totally imaginary, 

Kq = K n R is totally real and LK:K0J = 2 

(cf . 141).

(3) The order of WR is a divisor of 4; i.e. 

Wv c <i>.
1\

(y) If WK = <i> then ER = wkeKq U-e. Q = b 

where Q denotes the Hasse unit index of K, 

cf. C33) .

To begin with, one has the following characteriza­

tions of the imaginary number fields with only real or 

purely imaginary units:
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THEOREM 2 (cf. [11): Let K be an imaginary algebraic

number field. Then the following statements are equi-

valent:

(i) Ev E R u i RK

(ii) K / Q(ER}

(iii)
2K / Q(e ) for every e G ER

(iv) K is a 2-restricted CM-field (cf. 
preceding Definition 1) .

the



For the convenience of the reader we restate here

our proof of Theorem 2 given in E1□:

(i) => (ii) : If E c R U iR then E2 = {e2|e E ETZ }
K k 1 K

2is contained in R, thus Q(E ) S Kn K.
K U

(ii) => (iii): trivial.

(iii) => (iv): Let T be the set of all subfields L

of K with L K. Then the hypothesis implies

(31 ) E2 c U Et .
K LET L

By tensoring with Q over Z it follows

(32) ® Q.

But a finite dimensional vectorspace (over a non finite 

field) cannot be a finite union of proper subspaces, 

hence there is a LET such that

(33) Er (x) Q = El @ Q.

Now, by Dirichlet’s unit theorem one easily derives 

from (33) that L is totally real, K totally imaginary 

and CK:LD = 2. In particular L = KQ. So we already know 

that K is a CM-field . Assuming that one of the properties 

(3) or (y) of a 2-restricted CM-field is violated for K,
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we are going to construct an unit e of K satisfying 

the following three conditions:

| e | > 1(34)

(35)

(36)

|oe| < 1 for all embeddings

a : K -* C except the inclusion 

and the complex conjugation map 

e2 t Ko.

2Then e will have CK:Q] different conjugates. But then
2

K = Q(e ), contradicting our

First we choose an unit

ditions

map .

(37) l^ol >
(38) la0e0l

°o: Ko

hypothesis (iii).

q in Kq satisfying the con-

1

< 1 for all embeddings

-* R except the inclusion

It is well known that such an unit £q in Kq does 

exist (see again C2J, page 524; note that Kq Q in 

the case we consider).

Now, if (6) is violated, i.e. if K contains a root £ of
4 

unity with C / 1, then the unit e := £Eq of K satis­

fies all of the conditions (34), (35), (36).

Finally let us assume that property (y) is violated,
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i .e .

(39) WK = <i!> and ek wkek

For any CM-field K the endomorphism

1-p: x x/px of Ek has image in WR (a wellknown fact,

cf. C4J); so it induces Kummer’s exact sequence

(40)

Hence (39) implies that there exists an unit

0 £ Er with n/n = i, i.e. ri^ Kq. It follows that 

every unit of the form

(41) c := Eq n

satisfies condition (36). But if we choose n sufficiently 

large then e will satisfy conditions (34) and (35) as 

well (since Eg satisfies (37) and (38)).

(iv) => (i) : So assume that K is a 2-restrie ted CM-field.

Then by looking at the exact sequence (40) we see that 

for every e G Er we have e/e = ±1. It follows 

Er £ r □ iR, i.e. (i) .

LEMMA 2: If an algebraic number field K is real then 

for each n G N there exists an unit e of K such that 

K = Q(En).
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PROOF: We know (cf. C22, page 524) that there 

exists an unit e £ EK such that |e| >1 and 

| ere | < 1 for all embeddings a: K - Q which are dif­

ferent from the inclusion map. The same then holds for 

en as well. From this we easily conclude that e11 has 

CK:Q] different conjugates. It follows K = Q(en).

THEOREM 3: Let K/K be a normat extension of algeb­

raic number fields, and suppose k to be real. Then the 

following statements are equivalent'.

(i) K/k has a normal basis consisting of units

(ii) K = Q(E2)

(iii) There is an e 6 E such that K
K

= Q(e2)

(iv) K is not a 2-restrie ted CM-field (cf. Def.
above)

(V) There is an s G Ek such that K = k(e2)

(vi) K = k(E2) .

PROOF; 1) First we consider the case that K is real.

Then all six statements turn out to be true. For (i) 

this follows by Theorem 1. For (ii) , (iii) , (v) , (vi) 

it follows by Lemma 2, and for (iv) it is trivial.

2) Now suppose K is imaginary.

(vi) => (i): Assume (i) to be false. Then by Theorem 1
2we must have E £ R U iR and consequently E E Kn.

ix KU
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It follows

k(E^) c kq * K

and so (vi) does not hold.

(i) => (ii) : Suppose (i) holds. Then by Theorem 1 (and 

oar assumptions) we have EK Í R U iR• Applying Theorem 2 

we get K = Q(W^), i.e. (ii).

ALl the rest follows immediately by Theorem 2.

5.

Finally we want to generalize Theorem 2 (and Lemma 2) 

in the following sense: Given an algebraic number field 

K and a natural number n. When does there exist an unit 

e of K such that K = Q(£n)? The answer to this ques­

tion given without proof in E 1 □ is not quite correct. 

This was noticed by S. Kruger, a student of mine, while 

she was working at her Diplomarbeit in 1986.

We first generalize the notion of a 2-restricted 

CM-field; in a suitable way, to that of a n-restricted 

CM-field:

DEFINITION 2; Let K be an algebraic number field 

and let n be a natural number. We call K a 

n-restricted CM-field if the following conditions are
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satisfied:

(a) K is a CM-field

(B) The order of WK is a divisor of 2n

(Y) If Wp 1 then Ek = WkEKq

THEOREM 4; Let K be an arbitrary algebraic number 

field. Then for a given natural number n the following 

two statements are equivalent*.

(i) There is an unit e of K such that K = Q(sn).

(ii) K is not a n-restricted CM-field (cf. the

preceding Definition 2)

PROOF: (i) => (ii): We assume that K is a n-restricted

CM-field. In particular, K is a CM-field and so the 

sequence in (40) is well defined and exact. For any 

e G Ev we know that e/e K.
case wfj = 1 it follows K

is a root of unity in K. In

is real, and

so for every unit e of K we have Q(en) £ Kq / K, 

contradicting (i).

Therefore we may suppose 1. By property (y)

of a n-restricted CM-field we have = W^E^ • Then,

by the exactness of the sequence (40), we conclude that
— Q 2 nc/e G WT, for every e G E . But W = 1 , by property

K lx lx

(B). So again en G Kq for all e G E^.
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(ii) => (i): We assume that K Q(en) for every

e G and proceed analogously as in the proof of

(iii) => (iv) of Theorem 2. By the same method as there 

we then first can conclude that K is a CM-field.

Since in case of an imaginary quadratic numberfield K 

our assertion is easily seen to be true, we may suppose 

from now on that KQ Q.

So again we can choose an unit of KQ which 

satisfies the conditions (37) and (38) above.

Now, suppose first that property (6) of a n-restricted

CM-field is violated for K, i.e. let us assume that K 

contains a root £ of unity such that £ / 1. Then the

unit s := of K satisfies the following three condi­

tions :

(43) |e| > 1

(44) |oe| < 1 f°r all embeddings a: K — C

except the inclusion and the complex conjuga­

tion

(45) en £ Kq.

But then it follows K = Q(en), contradicting our initial 

assumption .

Suppose now that property (y) is violated for K, i.e.
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(46) w£ * 1 and ER £ .

The exact sequence (40) tells us then that there

is an p G Ev for which the element X, : = p/p belongs

to W but not to . it follows £n 1 (since we 
-K K

already know that the cyclic grorp WR has order divi­

ding 2n, and by (46) we have WR 1).

But rn t 1 implies pn £ KQ . Thus every unit of the 

form

(47) e := EqP with k G N

satisfies condition (45). If we choose k large enough 

then e will satisfy conditions (43) and (44) as well.

Thus again we arrive at K = Q(sn).
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COLLOQUIA MATHEMATICA SOCIETATIS JANOS BOLYAI
51. NUMBER THEORY, BUDAPEST (HUNGARY), I987

AN OVERVIEW OF THE SOLUTION TO THE CLASS NUMBER ONE
PROBLEM FOR REAL QUADRATIC FIELDS OF RICHAUD-DEGERT TYPE

MOLLIN, R.A.

ABSTRACT

The purpose of this article of to give a survey of 

the results leading up to the recent solution of the 

class number one problem for real quadratic fields of 

Richaud-Degert type (modulo a suitable Riemann hypothesis). 

Included will be the remarkable connection with prime- 

-producing quadratic polynomials.

1. NOTATION AND PRELIMINARIES

Throughout, D will denote a positive square-free 

integer. 2(\/d) (or simply D), is said to be of (wide)
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Richaud-Degert type, (or simply of R-D type), whenever 

D = £2 + r y= 5 where 2 is a positive integer, r devides 

4£, and -£ < r < £, (see [2] and [16]). If Irl 6 {1,4} 

then D is said to be of narrow R-D type. Finally h(D) 

will denote the class number of Q(\/d).

2. RESULTS

The longest-standing class number one problem for 

R-D types is that of the narrow R-D type D = £2 + 1. In

[1] S. Chowla conjectured that if p = m2 + 1 is prime 

with m > 26 then h(p) > 1. This remains an open problem. 

However, in [8] we established the following result.

THEOREM 1. D = 4£2 + 1, then the following are 

equivalent

(1) h(D) = 1

(2) p is inert in Q(\/d) for all primes p < £.

(3) fD(x) = “X2 + x + £2 0 (mod p) for all

integers x and primes p with 0 < x < p < £.

(4) fD(x) is equal to a prime for all integers x 

with 1 < x < £.

The case where D = £2 + 1 with £ > 1 odd is easily 

handled by the genus theory of Gauss to yield h(D) > 1. 

In the case where £ is even, Gauss's genus theory also
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reduces to the case where D is prime. This also follows 

easily from Theorem 1. Moreover, if £ is composite then 

setting x = 1 in (3) of Theorem 1 yields that h(D) > 1. 

Hence the Chowla conjecture reduces to the case where 

p = 4q2 + 1 where p and q are odd primes. Furthermore 

observe that the equivalence of (1 ) and (4) of Theorem 

is similar to the Rabinovitch result for complex 

quadratic fields (see [14] and [15]).

Although Theorem 1 appears to exhaust the algebraic 

techniques for attacking the Chowla conjecture, Mollin 

and Williams were able to prove the following result in

[11]. In what follows GRH means the generalized Riemann 

hypothesis; i.e., the Riemann hypothesis for the zeta 

function of the field K under consideration.

THEOREM 2. If GRH holds for K = Q(Vp) with p = m2 + 1 

prime, then h(p) > 1 for m > 26.

Essentially Theorem 2 was proved by using the GRH 

to get an effective bound (in this case p > 1013) for 

which the Chowla conjecture holds.

With Theorem 1 and 2 as an inspiration, Mollin and 

Williams were able to handle all other narrow R-D types 

in [12]. To discuss this work we need to set some nota­

tion. In what follows:
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í-x2 + x + (D-1)/4 
fD(x) =

[-X2 + D

if D = 1 (mod 4)

if D £ 1 (mod 4)

and

[(Vd=T)/4 if D = 1 (mod 4)

if D 1 (mod 4 )

Moreover we label the following conditions to which we 

will refer.

(I) p is inert in Q(Vd) for all primes p < a.

(II) fD(x) 0 (mod p) for all integers x and

primes p such that 0 < x < p < a.

(Ill) fQ(x) is prime for all integers x with

1 < x < a.

(IV) h(D) = 1.

The first result of [12] is the following.

LEMMA 1. (I) — (II) -* (III) - (IV). Additionally , 

if D = 1 (mod 4) then (III) - (II).

Thus Lemma 1 provides three sufficient conditions 

for h(D) = 1, and in the case D = 1 (mod 4) these three 

conditions are equivalent. At first glance this seems 

to be quite a general result. However the following 

result tells a more restrictive story.
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LEMMA 2. If (ill) holds for D > 13 then D = 1 (mod 4) 

and D is of narrow R-D type.

As an immediate consequence or Lemma 1 and 2 we 

have the following result.

THEOREM 3. Let D > 13, then (i) *-* (II) *-* (ill) -- 

*--* (IV) holds if and only if D = 1 (mod 4) and D is of 

narrow R-D type.

COROLLARY 1. h(D) > 1 if any of the following 

conditions hold:

(1 ) D = m2 + 1 with m > 1 odd.

(2) D = 4m2 + 1 with m composite or D composite.

(3) D = m2 - 1 with m > 2.

(4) D = m2 + 4 with (D-1)/4 composite.

The cases not covered by Corollary 1 are of 

interest. As we demonstrated earlier, the case where 

D = 4q2 + 1 is prime with q prime is the remaining case 

of the Chowla conjecture. Moreover, Yokoi conjectured 

in [18] that if D = £2 + 4 with £ > 17 then h(D) > 1. 

Thus Corollary 1 reduces this conjecture to the case 

D = £2 + 4 = 4p + 1, pa prime. Furthermore, Mollin 

conjectured in [9] - [10] that if D = £2 - 4 with 

£ > 21 then h(D) > 1. Corollary 1 tells us that, in this 

case, (D-1)/4 must be prime when h(D) = 1.
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All of the above conjectures are solved (modulo GRH) 

by Mollin and Williams in [12]. Specifically:

THEOREM 4. Suppose D > 13 and the GRH holds. Thus 3

(I) —* (II) (III) *-* (IV) holds if and only if

D e {17, 21, 29, 37, 53, 77, 101, 173, 197, 293, 437, 

677} .

As an immediate consequence we get the following 

remarkable Rabinovitch result for real quadratic fields.

THEOREM 5. If GRH holds then fQ(x) is prime for 

all integers x with 1 < x < a if and only if

D e {2, 3, 5, 6, 7, 11, 13, 17, 21, 29, 37, 53, 77,

101, 173, 197, 293, 437, 677}.

It is worth observing that Theorem 4 establishes 

(modulo GRH) that Saski E173 did without realizing it, 

find all real quadratic fields with h(D) = k(D) = 1 

(where k(D) is the period of the continued fraction ex­

pansion of (1 + /0)/2 for D > 2). They are

D G {2, 5, 1 3, 29, 53, 1 73, 293} .

Finally, the real quadratic fields of narrow R-D 

type with h(D) = 1 are'all determined (modulo GRH) in 

:121:
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THEOREM 6. If GRH holds then h(D) = 1 for D of 

narrow R-D type implies D 6 {2, 2, 17, 21, 29, 37, 53, 

77, 101, 173, 197, 293, 437, 677}.

Observe that 6, 7 and 11 are of the more general 

wide R-D typed, whereas 5 and 13 are not R-D types.

The existence of the link between prime-producing 

polynomials and class number one, as suggested by 

Theorems 5 and 6, is a fact which has far-reaching 

implications beyond those established above. It is the 

investigation of this link which led Mollin and 

Williams in [13] to discover all real quadratic fields 

of R-D type with class number one (modulo GRH). We now 

discuss these connections.

The first result in [13] dealt with wide R-D types 

D 1 (mod 4). In [10] Mollin proved that if h(D) = 1 

for such D then D = £2 + r with |r| = 2. We consider 

two cases separately, that when t is even and that when 

t is odd. We deal with the even case first.

THEOREM 7. Let D = 4£2 + 2 > 2. If f^ x = -2x2 + 

+ D/2 is prime or 1 for all integers x with 0 < x < x/D/2 

then h(D) = 1 .
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Table 1.

D fQ(x) = -2x2 + D/2 for 0 < x < fD/2

6
14
38
62

398

3
7, 5
19, 17, 11, 1
31 29 23 13
199, 197, 191, 181, 167, 149, 127, 101,71,37

Observe that when D = 398 we get the so-called

Karst polynomial (see [3]). Karst showed that the density 

of primes in -2x2 + 199 is higher than the celebrated 

Euler polynomial x2 + x + 41. However, no explanation, 

other than having done a computer search, was given.

Theorem 7 indicated why this should be the case. More­

over the following conjecture posed by Mollin [13] 

indicates that D = 398 is at the "top of its class".

CONJECTURE 1. If D = 4£2 + 2 then h(D) = 1 if and 

only if D is an entry in Table 1.

We will return to this conjecture later. First we 

deal with the case where £ is odd. Mollin and Williams 

[13] proved:

THEOREM 8. If D = (2m+1)2 + 2 with m > 0 and 

fD(x) = -2x2 + 2x + (D-1)/2 is prime or 1 for all 

integers x with 0 < x < (\/D+1)/2 then h(D) = 1.
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As an illustration we have:

Table 2.

D fD(*) = ~2x2 + (D-1)/2 for 0 < x < (70+1)/2

7
1 1
23
47
83

167
227

3
5, 1
1 1 , 7
23, 19, 11
41, 37, 29, 17, 1
83, 79, 71, 59, 43, 23
113, 109, 101, 89, 73, 53, 29, 1

Mollin [13] posed the following:

CONJECTURE 2. If D = (2m+1)2 + 2 > 3 then h(D) = 1 

if and only if D is an entry in Table 2.

Again we will return to this conjecture later.

First we turn to wide R-D types D = 1 (mod 4). As a 

first case we consider the situation where r divides 2£.

In [10] Mollin proved that if h(D) = 1 for such D then 

D = 33 if D = 1 (mod 8) and D = £2 - p where p is an odd 

prime dividing £ if d = 5 (mod 8). Therefore h(D) = 1 

forces q = d/p, prime and p = q = 3 (mod 4).
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Mollin [13] posed the following:

CONJECTURE 3. Suppose D = £2 - p where p is an odd 

prime dividing I and D = 5 (mod 8). If

Ipx2 + px - (D-p2)/4p| is prime for all integers x with 

0 < x, (Vd-1)/4 - 1/2 then h(D) = 1.

Evidence was given for the conjecture and the 

following illustrates it.

Table 3.

D P q £ Ipx2 + px- (D-p2) 4pI for 0 <x < (x/d-1 )/4- 1/2

141 3 147 2 11, 5, 7
573 3 193 24 79, 47, 43, 41, 29, 13

1293 3 431 36 223, 263, 109, 107, 101, 89, 71, 61, 47
1757 7 251 42 1619, 1409, 1213, 1031, 863, 709, 569, 443,

331, 233

This led Mollin [13] to pose:

CONJECTURE 4. Suppose D = £2 - p = 1 (mod 4) where 

p is an odd prime dividing £. If h(D) = 1 then D is an 

entry in Table 3.

The remaining R-D types are those of the form

D = &2 + 4m with £ odd, m > 1 and m dividing I is odd.

Therefore if h(D) = 1 then p = m must be prime, as must 

q = D/m and p = q = 3 (mod 4 ). Certain evidence given in 

[13] suggests that the following holds.
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CONJECTURE 5. Let D = £2 + 4p where is an odd 

prime dividing £. If Ipx2 + px - (D-p2)/4p| is 1 or 

prime for all integers x with 0 < x < (x/D-1 ) /2 + 1/2 

then h(D) = 1 .

As an illustration we have:

Table 4.

D P q t |px2 + px - (D-p2)/4p| for 0 < x < /D/2 + 1/2

213
237
413

3
3
7

7
79
59

1, 11, 17, 18, 3,
1, 13, 29, 71, 127,
1, 19, 23, 31, 37,

453 3 151 21 1, 19, 23, 31, 37, 53, 89, 131, 173, 233, 293, 359
717 3 239 27 23, 31, 37, 41, 53, 59, 67, 109, 157, 233, 271, 337,

409, 487
1077 3 359 33 1, 29, 37, 53, 71, 79, 83, 181, 241, 307, 379, 457,

541, 631, 727, 829, 937
1133 11 103 33 1, 23, 43, 109, 197, 107, 439, 539, 769, 967,

1187,1439,1693,1979,2287,2716,2969,3343
1253 7 179 35 13, 29, 41, 43, 97, 167, 251, 349, 461, 587, 727,

881,1049,1231,1427,1637,1861,2079,2351.

CONJECTURE 6. Suppose D = £2 + 4p = 1 (mod 4)

where p|£, p an odd prime. If h(D) = 1 then D is an entry 

in Table 4.

Using some of the techniques of [11] together with

a new approach for the D's of Conjectures 4 and 6 Mollin 

and Williams [13] proved:

THEOREM 9. If the GRH holds then Conjectures 13 2,

4 and 6 hold.
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In summary we have the following remarkable result.

THEOREM 10. If the GRH holds then all real quadratic 
fields of R-D type Q(/D) with h(D) = 1 are one of 39 values 

of D given in the set [2, 3, 6, 7, 11, 14, 17, 21, 23, 29, 

33, 37, 38, 53, 47, 53, 62, 77, 83, 101, 141, 167, 173, 

197, 213, 227, 237, 293, 398, 413, 437, 453, 573, 677, 

717, 1077, 1133, 1253, 1293, 1757}. Of these values 14 

are of narrow R-D type, and the remaining 25 are of wide 

R-D type. (Note that 5 is not included since it is not 

generally considered to be of R-D type; and 13, 69 and93 

are excluded since they are of the form d = Qf+r with 

|r | > £) .

Although Theorem 10 is contingent upon GRH there 

are other substantial reasons for believing that this 

result is true, independent of GRH. For example, 

Theorems 7 and 8 prove that, if any more D exist than 

are in Tables 1 and 2 then there would have to exist 

a prime-producing quadratic polynomial with an astro­

nomical density of primes. Conjectures 3 and 5 point 

in the same direction. In what follows we discuss some 

data pertaining to these prime densities.

Let v(f,N) be the cardinality of the set

(xGZ : 0 < x < N; If(x) I =1 or prime} where f is a 

polynomial.
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Table 5.

f (x) v(f, 8000)

3x2 + 3x - 11 998
3x2 + 3x - 19 1 780
7x2 + 7x - 13 2031
3x2 + 3x - 37 2199
3x2 + 3x — 107 2492
3x2 + 3x - 59 2513
7x2 + 7x - 61 2540
7x2 + 7x - 43 2871
3x2 + 3x - 89 2897
2x2 - 199 3573

We observe that for the Euler polynomials

x2 + x + 41 = f(x), v(f,8000) = 3406. Thus the Karst 

polynomial has a higher density for reasons given 

earlier. Moreover, a search through the literature 

shows that in the papers dealing with high density 

prime-producing quadratic polynomials there are no 

reasons given for the phenomenon other than having done 

a computer search as in [3]. However on the basis of 

the work accomplished above and evidence obtained it 

seems that if D > 0 is any square-free integer 3 then 

h(D) = 1 if and only if there exists some polynomial 

ax2 + bx + c = fD(x) vhose discriminant b2 - 4ac = v2D 

for some integer v > 1, and f^(x) is prime for certain 

integers x depending on a,b and c.
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We cannot be sure specific about the bounds on x in 

terms of a,b and c because they are not yet well under­

stood. Further investigations should yield specifics. 

Yet, given the R-D class number one solution in this 

paper, it appears that the answers for the bounds may be 

quite complicated indeed.

Finally we note that, although R-D types may appear 

to be very restrictive, they provide a firm basis for a 

general investigation of arbitrary square-free D. As 

evidence for this point of view we cite the following. 

It is clear that there as always an integer v > 1 such 

that v2 = Z2 ± 4, since one needs only look at the norm 

of the fundamental unit of q(/d). Thus, if we choose the 

smallest integer v > 1 such that v2D = £2 + r where r 

divides 4£ and -Z < r < Z then using E43 we may explicitly 

write down the fundamental unit for Q(/D) in terms of v, 

Z and r. Hence R-D types are much more general than they 

appear. It is on this basis that we are continuing 

further investigations begun in L5J - C7J.

NOTE ADDED IN PROOF! Since the writing of this survey 

substantial progress has been made. In particular the 

author and H.C. Williams have been able to remove the 

GRH assumption in Theorem 10 yielding an unconditional 

result saying that the values of D in Theorem 10 are all
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R-D types having h(D) = I with possibly only one move 

value. Moreover we have given evidence to show that it 

is virtually impossible for this exceptional value to 

exist. Finally, the author and H.C. Williams have been 

able to classify certain non R-D types with class number 

one in terms of prime-producing quadratic polynomials.
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COLLOQUI A MATHEMATICA SOCIETATIS JÁNOS BOLYAI 

5|. NUMBER THEORY, BUDAPEST (HUNGARY), 1987

A CONSTRUCTION OF QUADRATIC FIELDS WHOSE CLASS NUMBERS
ARE DIVISIBLE BY A POWER OF 3

NAKAHARA, T.

1- INTRODUCTION

One aim of ours is to solve a question of T. P. 

Vaughan as an application of class number problems in 

Section 3[9] , [5].

For the preliminary it is necessary for us to have 

a series of real quadratic fields whose fundamental 

units are explicitely known and infinitely many real 

quadratic fields whose class numbers are divisible by a 

power of 3 (cf. Section 2).

Our results estiblished in Section 3, are closely 

related to works of G. Gras, P.J. Weinberger and D. 

Shanks (cf. [3], [10], [8]).

In Section 4, we shall give some experimental data 

concerning the 3-Sylow group of the class groups of real 

quadratic fields whose odd (resp. even) discriminants
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are smaller than or equal to 999,869 (resp. 4,000,008).

H. Cohen discribed some asymptotic distribution of class 

groups of quadratic fields [1]. We hope that our experi­

ments support a part of his heuristic statements. Recent­

ly F. Diaz y Diaz, P. Llorente and J. Qver found several 

examples of 3-rank equal to 4 of the class groups in the 

real case [2].

2. KNOWN RESULTS

From the following Proposition 1, Theorem 1 and 

Lemma our new results will be deduced succinctly in the 

next Section.

PROPOSITION 1 [ 5] . Put f2d = 1 +4(cx)2n, where n >1,

c £ 1 are arbitrary fixed rational integers. Then

6 .= 2 (ex) n+ ffd
J

is the fundamental unit of a real quadratic field Q(fd), 

where x takes any prime number except for at most a finite 

number of primes.

We proved this Proposition by a slight modification 

of Lemma 4[10], using the Thue-Siegel-Roth theorem [4, 

pp. 121-160].

From the above result we obtained the following
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THEOREM 1 [5] . For D - 1 + 4.r2", let the x take all 

of the prime numbers except for a finite number of pri­

mes, where n = 3em, (3, m)= 1 and e > 1 hold. Then the 

class numbers of real quadratic fields Q( J~D) are diz>isib>le 

by 3 . Therefore there exist infinitely many real quadra­

tic fields whose ideal class groups have a 3-subgroup.

The following lemma is known as the ' Spiegelungssatz' 

of Scholz.

LEMMA [7]. For an integer d >1 whose square-free 

part>i is prime to 3 , let r and s be the 3-rank of the 

class groups of an imaginary quadratic field Q(f-3d) and 

of a real quadratic field Q(/d) respectively. Then

s r < s + 1 .

3- SEMI-CUBE FUNDAMENTAL UNITS

In [9], T.P. Vaughan proposed an interesting ques­

tion: For what integer D > 0 do we have 3 | h (- 3z?) while 

the fundamental unit of ¢(/0) is not a semi-cube? Are 

there any such P?

Let F= ¢(/77) be a quadratic field. Define the ideal 

T in F by

if 3 is not ramified in F,

T

if 3 is ramified in F-, (3)= P2 .
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Then a number y e Fis called a semi-cube in F provided

(0) y is an integer and y is not a perfect cube,

(i) the principal ideal (y) is an ideal cube,
3

(ii) y is a cubic residue modulo T; y-Z mod T 

for some integer C 6 F,

(iii) N(y) is not divisible by 3.

By [7] it is known that if the fundamental unit of 

q(/d) is a semi-cube, then the class number h (- 3Ö) is 

divisible by 3. However, we can see that its converse 

does not hold in general. In Theorem 2 we will give 

that there is an infinite class for which the converse 

does not hold.

PROPOSITION 2. For m = 0 mod 3 let f2d=l + 4(3p) mor 

f2d = p2m + 4, where d is square-free . Then the fundamen­

tal unit of Q(/d? is not a semi-cube for any prime p > 3 

up to a finite number of primes p.

PROOF* From Proposition 1 and Lemma 4 in [10] we 

can see that the units 6 = 2(3p) + f/d- and (p + f/d)/2

are the fundamental units of $(/d) for the cases of D = 

=1+4p^w and p2m+4 respectively. Since D and 3 are rela­

tively prime we may consider the case of the ideal 

T =(9). If 6 is a cubic residue modulo T, then we have
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3
6= C mod T for some integer £= (x +yfd)/2 in Q(/d) .

In the former case we get the congruences:

- 2(3p)mEx^ + 3xy2 d mod 9 and -f E 3^2z/+ z/ d mod 9. 

Then 0 E x mod 3 and f^(~f) = f^y^d=^y^E ~ y$ mod 3, hence
_ o

f = y mod 3 hold, which implies that - f Ef d mod 3.
2Since f d - 1 mod 3, it follows 2f- 0 mod 3, which is a 

contradiction .

In the latter case we get:

3 2 J. 3$pm = x + 3x1/ d mod 9 and 4 f E 3x y+ y d mod 9. 

Then + 1 E x mod 3 and f E -y mod 3 hold. Hence 

4 / = 3 (-/) + (-f)^dmod 9. By /2 d = 5 mod 9, it follows 

12/ E 0 mod 9, which is impossible. Therefore we have 

proved Proposition 2.

Combining Theorem 1, Lemma 2 and Proposition 2 we 

obtain

THEOREM 2. There exist infinitely many real 

quadratic fields Q( fd) whose fundamental units are not of 

semi-cube while the class numbers of imaginary quadratic 

fields ¢(/- 3) are divisible by 3.

4. THE DATA OF THE 3-SYLOW GROUPS IN REAL QUADRATIC
FIELDS ¢(/^) WITH D ^1,000,002
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In this Section we shall describe a part of our 

experimental data for the last six years [6]. In the table 

'...(n)...' means the number n of real quadratic fields 

omitted here, whose class numbers are divisible by 9. 

For any square-free D > 1, H3, H,L and N denote the 

structure of the 3-Sylow group of the class group of 

Q(^D), the class number, the number of the reduced forms 

in the principal class and the number of the reduced 

forms in all the classes respectively. The minus sign of 

H means the negative norm of the fundamental unit of

We found the nine fields ¢(^) whose class numbers 

are divisible by 81 for 1 < D< 1 ,000,002 i.e., in addition

to our table the next seven cases:

538267 (H3 = 81), 577601 (H3 = 81 ) , 700571 (H = 81) ,

705091 (H =162), 837286 (H =162), 861898 (H = -162)

882526 (H3 = 81 ) .
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11 29

8761

23659

156566

389911

484417

999869

1000002

9 - 9

.......... (18)

27 - 27

............ (58)

3 x 3 18

. . . . (802)

9 x 3 27

• . . . (1642)

27 x 3 81

....(701)

81 - 81

. . . (438 2)

9

27

- 18

54

3 51

3 165

10 280

10 422

8 1184

3 491

5 192

2 636

The number £ of all the Q (/D) with H = 0 mod 9 for

1 < Z? S 1000002 is equal to 7611.

The structure 
H3 of class group 9 3x3 27 9x3 81 | H

# of q(/d) 6684 417 477 24 9

Ratio
case

of each
to Z 87.8% 5.5% 6.3% 0.3% 0.1%

Our experiments were carried out mainly by TOSBAC
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7/70B in our department and partially by FACOM M-150 F 

in the computer center of Saga University and FACOM 

M-380 + VP100 of Kyushu University.
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COLLOQUI A MATHEMATICA SOCI ETAT IS JÁNOS BOLYAI
51. NUMBER THEORY, BUDAPEST (HUNGARY), 1987

DIVISIBILITY PROPERTIES OF LINEAR RECURSIVE SEQUENCES

ATTI LA PETHŐ*

1. INTRODUCTION

Let R be a ring, k>1 an integer, G1,...,Gk_l,

A1...........Ak €R' Ak * 0 and let Gn+k = A1Gn+k-1 + -"+AkGn

for n>0. We shall call (Gn)n£N a linear recursive 

sequence, in the following lrs, over R, and
k k-1x -A^x - ... - the characteristic polynomial of 

^Gn^nEN’ We denote by Z the ring of integers, by N the 

set of non-negative integers, and by Q as well as by C 

the field of rational and complex numbers.

P. Bundschuh and A. Pethő [1] proved theorems on 

transcendency of real numbers, which are defined by 

quickly convergent series using W.M. Schmidt's approxima-

* Research supported, by Hungarian National Fundat ion for 
Scientific Research Grant No. 273/86.
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tions theorem [9]. There occurs, beside natural 

analytical conditions, an assumption on divisibility 

property of lrs's over Z. In the appendix of [1] we 

proved (Satz 6.) that if (Gn)neN is a lrs over Z, such 

that /= 0 for infinitely many n then there exists a 

strictly increasing sequence (n,). „ with G |G for
1 ni ni + i

all i=0,1,... .

In this paper we prove

THEOREM 1. Let R be a Dedekind domain such that R/P 

is finite for every prime ideát P of R3 and ^Gn^nGN 

a lrs over R such that G^ f 0 for infinitely many n. 

Then there exists a strictly increasing sequence 

(n.).CM with G |G for all i=0,1,... .r iGN n±i n±+1

The maximal orders of algebraic number fields and 

univariate polynomial rings over finite fields satisfy 

the conditions of Theorem 1.

We remark that in Theorem 1 the assumption R/P is 

finite for every prime ideal P of R is necessary. More 

precisely it holds:

THEOREM 2. Let p1(x),p2(x) GQ[x] such that

(p1(x),p2(x))=1 and p1(x)/p2(x)GQ. Let further a,bGQ\{0} 

with la/bl^h and Gr(x)=ap1(x)n-bp2(x)n a lrs over Q[xJ. 

Then there exists at most one n>0 with Gn(x)^Qj and if
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n,m£N such that Gr(x),Gm(x)$Q then (G (x),G (x))=1.

Let now (Gn)neN be as in Theorem 1 and

1(G) = strictly increasing, with

G |G for all i=0,1
i ni+

By Theorem 1 1(G)^0, hence there exists

n. 1
w(G) = inf liminf —— .

(n )ei(G) i-*oo ni

It is evident that co(G)=1 for k=1 . M. Hall [4] called a 

lrs over Z divisibility sequence if Gn•Gnm for any m and 

n not zero. This concept is naturally meaningful for 

lrs's over arbitrary integer domains. It is also clear 

that cü(g)<2 for divisibility sequences. A typical 

divisibility sequence is the well-known Fibonacci 

sequence, which is defined by k=2, GQ=0, G1=A1=A2=1.

We proved in [1] (Satz 7.) that if (Gn)nGN is a lrs 

over Z with k=2 and such that the quotient of the roots 

of its characteristic polynomial is not a root of unity, 

then w(G)>2. We generalize here this result too.

THEOREM 3. Let (G ) be a lrs over the maximal n ntN
order Z^ of an alg ebraic number field K with k=2_, and 

such that not both of GQJ G^ are zero 3 and neither the
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roots nor the quotient of the roots of its characteristic 

polynomial are roots of unity3 then uj(G)<2.

Theorem 3 is much sharper than Corollary 3.6 of 

T.N. Shorey and R. Tijdeman [10].

M. Hall [4] observed, that the only second order 

divisibility sequences over Z are defined by

G =t(a? - a1?) I (a- - ao ) or G =tnan_1 according as the
n I z I z n

2
roots of x -A^x-A2 are distinct - and ~ or equal 

to a. Combining this result and Theorem 3 we get

COROLLARY 1. Let (Gn)neN be a second order 

divisibility sequence over Z3 then w(G)=2.

2. AUXILIARY RESULTS

LEMMA 1. Let R be a commutative unitary ring3 and M 

be an ideal of R such that R/M is finite. If 

a Irs over R, then (G mod M) is periodic3 and if inJ n ntw
addition (Ar, M)=1 then (Gn mod w)neN is purely 

periodic.

In the case R=Z this Lemma is due to Carmichael [2] 

and in general to E.C. Dade, D.W. Robinson, O. Taussky 

and M. Ward [3].
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LEMMA 2. Let R be an integer domain and (G ) _KT be0 n nGN
k k— 1a Irs over R with characteristic polynomial x -A^x -... 

*’* ”Ak* Let a'keNj b^O. Then G^b ) = ^Ga+j3n)neN a^so a

Irs over R and its characteristic polynomial looks like 
xk-A*xk 1-...-A*j where A*=-(-A^)^.

PROOF. Let K be the quotient field of R, and let
k k k-1
II (x-a. ) be the factorization of f(x)=xK-A.xK -...-A. 

j=1 J lk

over the algebraic closure K of K. Then by Theorem 1 of 

H. Niederreiter [6], which is acutally true for any 

fields not only for finite ones, the characteristic 

polynomial fb(x) of G^bhas the factorization
Id *“

II (x-a.) in K. Hence the coefficients of f, (x) are
j=1 J D
symmetric polynomials with integer coefficients of the 

elementary symmetric polynomials of a.,..., a, , i.e.
.K

of A^,...,A^, so fb(x)GR[x]. The absolute term of fb(x)

is (-ab)...(-ab) = ((-a,)...(-ak))b = (-Ak)b.

3. PROOF OF THEOREM 1 AND 2

PROOF OF THEOREM 1. If R has infinitely many prime 

ideals then there exist a,b6N, b^O such that Ga+bn^0 for 

nCN. Let namely GQ = ... = Gr_-| = 0 > Gr Í 0 / where 

r<k-1. There exists a prime ideal P of R which does not 

divide G and A . Consider (G mod P) „T. This is by r k n nEN -2
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In case P^0^ 0 shall the arrangement be refined

in which the prime ideal P divides the ideal A .

Let = { P G P: for each mGN there exist only

finitely many kGN with

vp(Gk)<m}

and
p(0)
r2

= P\p(°).

in the following way. Let P GP^0 \ we may assume p = p^; 

and let N^GN such that v (GR)<N^for infinitely many
P1

N1kGN. By Lemma 1 (G mod P. 1) is periodic, henceJ n I nGM N
there exist a^, b^GN, b^ 0 with G& +b sEGa =0(mod P^ ) 

for all sGN. By Lemma 2 (G& +b s)seN is a lrs over R 

and all prime ideal divisors of the absolute term of its 

characteristic polynomial belong to P. Take 

(Gn1) = (Ga1+b1s)seN‘
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(1 )
Let now P^j = {P GP: for each mGN there exist only 

finitely many kGN with 

(G^1})<m}

and Pp ) = P\P^1). There hold pj1)Dpj0) and P^P^.

( 1 )If now P^ \ { P p is true, then will the above
f 1 )

procedure with a from P distinct element of P^ be 

repeated. After finitely many, say t steps where

tG {0,...,t} one will get a disjoint partition
( T ) ( T )

P^ u P2 of P with the following properties:

(i) For all P GP^ and mGN there exist at most

( T ) finitely many kGN with Vp(Gk )<m.

(ii) For any P.GP^T\ 1<i<T, there exist N. GN and
1 z 1

gi?t0 with (9-j, )<Nj_ and Gk T E gi (mod Pj-N-*-) (k=0,1,...).

(iii) All prime ideal divisors of the absolute
f T )

term in the characteristic polynomial of (G^ )keN belong 

to P.
( T )

(iv) Gk for inifinitely many k.

For brevity take P-|=P-j i P2=P2 ' and Gk=Gk for

KGN ana define:

Vp(Gk ) v p(Gk ) V p(G^ )
t = n p , u = ji P , u = n p

P$p Pep1 K pgp2

It is clear that (Gk) = (k=0,1,..,). By (ii)

is independent of k and equal to an ideal U . If R has

only finitely many prime ideals then
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PROOF OF THEOREM 2. Let n>m>0 and assume that 

Gn(xh Gn/X) eQ* This means that aP-j (x)n - bp2 (x)n e Q and 

so deg p^x) = deg p2(x) >0. Let p±(x) = a±Rxk +...+ aiQ, 

(i=1/2) then aa^ - ba2R = aa™R ~ ba2R = 0 and so 

a/b = (a2R/a1R)n * ^a2k^a1k^m' but this is impossible by

the assumption 1.

Let now n be chosen such that G (x) ¢0 and let

P(x) EQ[x] be an irreducible divisor of G (x). Let a be n
a complex root of P(x), then Q[x]/(P(x)) is isomorphic 

to Q(a). Hence P(x)|Gm(x) for some m eN if and only if 

Gn/a) = aP-|(a)m “ = 0. If p2(a) = 0 would hold,

then Pq(a) =0 would be satisfied too, which implies 

(p<|(x), p2(x)) 1. Hence p^(a),p2(a) 0. Assume now

that there exists a m n with P(x)|Gm(x). Then 

aP-|(a)m “ bp2(a)m= ap^(a)n - bp2(a)n = 0 leads to a
I cl I

contratiction with j 1 in the same way as in the 

first part of the proof.

4. LEMMAS ON ALGEBRAIC RECURRENCE SEQUENCES

In the sequel let A, B, Gq, G^ be algebraic integers,

B 0, G_ and Gd not zero at the same time and (G )u 1 n n6N
be defined by the recursion

(1 ) Gn+2 ” AGn+1 ~ BGn n = 0 *1 / ) •
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Let K = Q(A,B,Gq,G.| ) and denote ZK the maximal order of 

K. Let a and 3 be the roots of the characteristic 

polynomial of (Gn)neN, and a = (G^ -3GQ)/(a-3), 

b = (G^ - oiGq ) / (a - 3). We call (Gn)neN non-degenerated if 

neither a, 3 nor a/3 is a root of unity and ab f 0.

(a,3/...) will denote the ideal generated by a,3,...£ZK.

LEMMA 3. Let (G ) be a non-degenerated Irs over n ncN
Z . Then there exist a positive integer h and w 0 Z

K 2h 2h
such that (a— r = (1) and if

2h n . ft2h n
(2) G. = aa1 ia—) - b31K—) (n=0,1,...;i,n v w J ü) J

i=0,...,2h-1)

then (a-B)2Gi/nezK and = G2hn+i’

PROOF. Let A = (a2,B) in K. Because the ideal class 

group of K is finite there exist an integer h > 0 and 

wezv with Ah = (id). Let F = K(hx/w) and X = (A2,B) in 

F. Then by Theorem 98 [5], A = (^x/w), hence A2/^x/w and 

B/^x/io are algebraic integers and (A2/^x/w, B/^x/w) = (1).

9¼ 9½
It follows that a/ x/w and 3/ x/w are algebraic integers 

and (a/2^x/w, 3/^^x/w) = (1) in L = F(a). From this we 

conclude that B = (a2il/u), 32^/w) = 1 in K. The other 

assertions of the Lemma are clear.

908



LtMMA 4. Let (Gn)n^^ be as in Lemma 3 and be a 

prime ideát of K which is tying above the prime number p.

^p(Gn) =|rvp(A2,B)+p4m+4(log p) 70(log3n+p3m)

hotds uniformty in p3 where m =[K,Q] or 2[K,Q] according 

as a E K or not.
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algebraic integers. The coefficients of Q^(x) =

= (x-ot. /3 .) (x-ot. /3 •) belong to and they are
J J m

conjugates of each other. Hence II Q.(x)ez[x] and so
j=1 3

all conjugates of a^/3^ are roots of this polynomial. On 

the other hand the absolute value of every root of the 

last polynomial is 1, therefore they are roots of unity, 

which contradicts the assumption. This proves the Lemma.

5. PROOF OF THEOREM 3.

PROOF OF THEOREM 3. Let (Gn)neN be defined by (1) h,
V p (G, )

a) and (G. ) be defined in Lemma 3; T,= n P K
' K P|B

and 5k = Gk^k for those k with Gr y= 0 while T^ = (1), 

= (0) for the one possible k with G^ = 0. From the 

easily provable identity

Gk2 - AGkGk-1 + BGk-12 = Bk_1ab

we get

(3) (Sk' Sk-1)l(ab)’

Let k = q2h + i with i G {0,...,2h-1}, then

G, = u)^G. , hence by Lemma 3
k. irq

(4) T n '’’’“W = U<JT*

K PIB k
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Putting A^ = (a2h + 02h)/w and = B2h/u)2, (Gj_,q)neN

z
satisfy the difference equation

From (a2h/w, 32h/oj) = (1) it follows (A2,B^) = (1).

B has only finitely many prime ideal divisors, hence by

Lemma 4

(5) vp(Tk) = Vp(Gi,q) = °(log3q) 

for every prime ideal divisor P of B, where the constant

implied by 0 is independent from k.

Let (R ) be the recursive sequence n n£N
= 1 which satisfies (1). Take for k > 0 

with Rq = 0,

which is meaningful because ± 0 for k > 0. Updating

(4) and (5) we get

(6) Uk = w<3 U*

with

(7) v (u£) = O(log3k)

for all PIB.
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ON THE DIOPHANTINE EQUATION a- a0 
+ p + p z +

ROTKIEWICZ A. and ZtOTKOWSKI W.

We will denote by cr(n) the sum of positive divisors 

of n. Fermat proposed on January 3,1657 to Wallis (see 

Dickson [3], the following two problems:

I Find n such, that a(n2) = t2

II Find n such, that a(n2) = t2

The history of the above problems up to 1918 is pre­

sented in Dickson's "History of the Theory of Numbers" 

Vol. I on pages 54-58 and we will only mention that the 

least positive composite integer n such that
3 2a(n ) = t is n = 2.3.5.13.41.47. Ferrier found in 1954 

(see [4]) further 20 solutions of the equation in Problem

I and 20 solutions of the equation in Problem II, but we 

do not know whether there exist infinitely many such
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solutions.

A. Takaku (see [13]) considered in 1984 the equation 
ct 2a(p ) = t , where p is a prime number. He proved the 

following theorem.

Let a be an odd integer greater or equal to 3. Then 

all prime numbers p such that a(pa) is a perfect square
2a+1

satisfy p < 2Z

A much stronger theorem follows from the theorem of 

W. Ljunggren [6] of 1943, who using the results of D. 

Schepel [10] of 1935 and K. Mahler [7] of 1935 and T. 

Nagell [8] of 1921 proved that

The diophantine equation 

is impossible in integers x,y,|x| >1, except when n =4,

x = 7 and n = 5, x = 3.

The above theorem for even n was proved by T.

Nagell [8] in 1921. From Ljunggren's theorem we get at 

once the following.

THEOREM 1• If p is a prime number then all solutions
ct 2of the given equation cr(p ) = y are given by

a=1,p=3;a=3,p=7 and a = 4, p = 3.

For odd a we can give the following direct and 

elementary proof of Theorem 1.

Let p = 2 ; then u(2a) = 2a+^ -1=3 (mod 4) and
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Ct0(2 ) is not a perfect square. We distinguish two cases:

2m, where 2 / mj> 1 , p>3. We have

II. Let a+ 1 = 2^m,6^2, p>3. We have

pz8m - 1 = (pm - 1)(pm+ 1) (p2m+1) ...(p26 1|“*1) ,2 

P - 1 p - 1

n o j pp m 1

But, since (p + 1, p +1)=2 for i / j and ,
p

~k
p m + 1) = 1, we have (pm + 1) (p m + 1) = £2,

2m 3m _
■j -{■ p 4“ p + p =

It follows from the theorem of E. Gerono of 1877 

that the only integral solutions of 1 + x + x2 + x3= y2 

are (x,y) = (-1,0), (0 ±1), (1,±2), (7, ±20) (see

Dickson [3] p. 56), hence p = 7, m = Í. The same conclu­

sion follows from Theorem 3 B below.

Concerning the equation 1 +x ' +...+ x k - y f where 

x is not restricted to primes, we have the following 

theorem suggested by B. Brindza acting as the referee
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LEMMA 2. Let p be a prime, 0 < <...<a^.

If CX]^ > 1 and E1 mod (p,2) the polynomial

k a.
1 + E X 1

i = 1

has at least (p,2)+1 zeros of order non-divisible by p.

PROOF (due to J. Browkin and A. Schinzel).

Assume to the contrary that at most (p,2) zeros

have the order non-divisible by p. The condition

ak = 1 mod (p,2) and Lemma 1 imply that

k a.
f (x) = 1 + E x 1 = c (ax+b) qg (x) p,

i=1

where a,b,c SZ , gCZ[x] 1<q<p , Clearly a,b,c e{ 1,-1} and 

since f(1)*0,we may assume without loss of generality 

that

(2) f(x) = (x + 1)qg(x)P.

£ 6 •
Let g(x)= y b.x -1 (B <...<B0). Considering

j=0 3 ° z

the equation (2) mod p we obtain

k a * pB.
(3) 1+ Ex =(x + 1)q E b.x J mod p.

i=1 j=0 J

Comparing the constant terms and the coefficients 

of x on both sides of (3) we obtain Bq = 0,
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1 = b mod p, o '

0 or 1 e qbQ mod p, 

hence q e 0 or 1 mod p and since 1 < q < p eventually

(4) q = 1.

Moreover =1 , ct2j+r =p^j +r r = 0 or

Therefore

k a. £
(5) f(x) = 1 + E x 1 = (1+x) E x J .

i=1 j=0

Since ak > 1, we have £>0. Comparing (2) with (4) and

(3) we infer that

£ P6j PE x 3 = a(x) , 
j=0

contrary to Lemma 1. The obtained contradiction completes 

the proof .

PROOF OF THE THEOREM (due to A. Schinzel)-

By Lemma 1 f(x) has at least two distinct zeros, 

hence by the result of [11] the equation (1) with the 

conditions |y|> z > 1 > implies z < zq, where zq is an 

effectively computable constant. Like other constants 

mentioned in the seauel zq depends on aak» Now if
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n r. íf (x) n 
i=1 = z/(z,r±) ,t.

1

by virtue of Lemma 2 {t ,...,t^} is neither a permutation 

of {t,1,...,1} nor of {2,2,1,...,1} unless a^Ez=0 mod 2.

By virtue of the theorems of Siegel [12] and LeVeque

[5] , made effective by Baker [1] and Brindza [2], all 

solutions of the equation (1) with a fixed z>1 and 

|y|>1 satisfy

max {|x | , |y|}< C(z)

unless = z = 0 mod 2. In the latter case, however, 

the polynomial f(x)-yz is irreducible over Q in virtue
a,

of Lemma 1 and its highest isobaric part x * - y

factorizes

the two factors being relatively prime. It follows from

Runge's theorem [9] that

max { | x | , | y | } <C (1) .

Therefore the theorem holds with

C = max{z , max C (z) } . 
° 1<z<z— o

Now, we shall consider the equation

(6)
a1 a2 ak

1 + p + P +...+ p

where p is an odd prime and 1 <a <]<a2 < • .<ak, k > 1 .
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We see that equation (6) has the trivial solution

(7) 1 + + 3n + 3n+1 + 32n=(2 + 3n) 2 for every n >. 2.

Let p be an odd prime, y a positive integer and

(8) 1 <_ O| <...<a, , k>1 ,

(9) a2—ak — 2 £a-| •

We ignore the trivial solutions given by (7).

We shall prove the following

THEOREM 3.
A) For £ = 1 the equation (6) has no solutions •

B) For £ = 2 the equation (6) has only one solution

(a) 1 2 31+7 + 7+7 = 202 •

C) For £ = 3 the equation (6) has only two solutions

(b) 1 + 32 + 38 + 39 + 311 = 4512 and

(c) 1 + 33 + 310 +313+ 314 = 25372 .

D) For £ = 4 the equation (6) has only one solution

given by (b).

Proof of Theorem 3 .

Let k > 1. From (6)

a1 a2 akp + p +...+p = (y -e) (y + e) , where e = ± 1 .
a1 a1 a2 akHence, y -s = p x^ , x^>0. Th^s p +p +...+p =

a- a a9-a- ak“ai ai 2
= p x1 (p 'lx1 + 2e) , 1 + p +...+p =p x^ +2ex1

and so
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a1 2(10) p x1 + 2ex1 - (1 +
a2-a

+ ...+pak a1 ) = 0

then

1-2p + P

which is in
2a^ -1

which contradicts with (6) .

ai 2
If y = -1 + p then y 

a contradiction with (6) for k > 1.

Now let £ = 2.

First we shall prove the following

LEMMA 3. If a2 —2a-]' the inequality (8)

and the equation (6) hold, p is an odd prime,then

(11) p|4x2 + d ,

2a -1 a -1 4x + d a.-2ai-1
(12) p 1 x| + 2p 1 x2+ —----- =4(p 1 1 +

ak_2ar1.
+...+ p ),

where d = 1, i = 2 for a2>2a^ and d= -3, i = 3 for
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a2 = 2OÍ1 an^

a) x2 = -Í1 or b) x? = -3, a^ = 1, p = 3.

PROOF OF LEMMA 3.

By (10) there exists an integer x2 such that

(13) 2ex^ . a1
- 1 = P x2 .

\

If a2— 2a.J , then by (1 0) ,

a1p x + 
(------- —

2

1 2 
—)

ao-2a. a,-2a.
+ x2 - (p +...+ p )= 0 . Hence

2a. 9 a. a9~2a. a?-2a.
(14) p x2 + ^2p + 4)x2+1_4(P +P +

ak"2al+...+ p K ') =0.

If a2 > 2a^ then p|4x2 + 1 and (12) holds for d = 1.

If a2 = 2a^ then p|4x2 - 3 and (12) holds for d =-3 •

Now, we shall prove that x2 = ±1 or x2 = -3, a^=1z p=3-

By (14)

a1 ak(1+p +...+p ). Thus

x = ZL___  r i T p____7 • . . =------ 1_________ ±___
2 2a a. 2a.

P ' P P
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since> 0 then ,If x2 4a^a^.,we have

<
X2

__ 2_
2a

P

2 /1 < 2 < 3

From (13) it follows that X2 is odd. Thus x2

If x2<0,a1>1 2
2a

P

— + 2 - < —— + —— +
1 P_1 - 32 34

+ 2 <3 and x2 -1 .

If P^5, a^=1 then < T- +

x2 = -1 .

Thus x2 1 or x2 = -3, a^ = 1,p = 3 and Lemma 3 is

1
a d 

P 1
+ +

+

*2^
p

1 +
P p

1

proved

Proof of Theorem 3B, for £=2

By Lemma 2 it is enough to consider the cases x2 = ±1 

and x2 = -3, p = 3r a1 = 1 .

Let x2 = 1 .

If a2 = 2a1 then by Lemma 2, p|4x2 -3=1, which is 

impossible. If a2 >2a^ then by Lemma 2, p|4x2 + 1 = 5,
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hence p = 5 and by (12)

2n -1a1 1 a -1 a -2a -1
5 + 2.5 1 +1=4(52 ' + 

a. -2a . -1 , . , .r k 1 » , which is+ □ )

impossible since the left-hand side of the above equality 

is = 3, 1(mod 5) and the right-hand side is = 4, 0(mod 

5).

Let x? = “1•

If a2 = 2a^ then by Lemma 2, p|4 x^ - 3 = -7, p = 7 

and by (12),

_ . . a_-2a.-1 a. -20.-12a -1 a.-1 31 k 1 .
(15) 71 -2.7-1=4(7 +...+7 )

an-3 a. -33 k
If a^ = 1 we have »2 = 2 and 7-2-1=4(7 +...+7 ),
ao-3 a, -33 k

7 +...+7 = 1< hence k = 3, »3=3 and we get the

solution
2 3 21+7+7+7= 20 •

If a^ > 1 then the left hand side of (15) is E-1

(mod 7) and the right-hand side is E 0,4 (mod 7).

For a2 > 2a^, by Lemma 2, p]4x2 + 1/ hence p = 3

and we have
2a1-1 ot.j-1 a2-2a1~1 aR-2a1"1

(16) 3 -2-3 -1=4(3 +...+3 )•

a 2 “3 ak"3
If a^ = 1 from (16) we get 3 - 3 = 4(3 +...+3

which is impossible.
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If >1 then the left-hand side of (16) is E -1 

(mod 3) and the right-hand side is E 0,1 (mod 3).

It remains to consider the case p = 3, = 1,

x2 = -3. For a2 > 2a1 by Lemma 2 we have 3 14x2 + 1= -11, 

which is impossible.

For a2 = 2a^ = 2, p = 3 and by (12),

a3 - 3, = 4 and we get the trivial solution

1 + 3 + 3^ + 3^ + 3^ = 11.(This solution we get 

from the identity (7) if we put n = 2.)

The proofs of Theorems 3 C and 3D are analogous •

PROBLEM • For any fixed £ _> 1 find all solutions of 

the equation 1+p +p +...+p y , where p is an 

odd prime and a2 >£alf 0^528,0^, l£a1<»2<...<aR.

A generalization of the method used by A. Rotkiewicz 

and W. Z/otkowski to prove Theorem 3B of their paper 

leads to the following result

THEOREM 4. If an odd prime p and positive integers

a1<0t2 satisfy the conditions (6) and (9) (£>3)
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then we have the following congruences

(17)
a1 j

p = 0 (mod 2 )

and

k
+ E
i = 2

1
2(18)

1 + p—A
E 2 x(mod P

where x is an (odd) integer such that

(19)
£ + A-1

|x| < 2 32
25

Here A = ord2U - 1)!= ord2^!.

COROLLARY 1« The conditions (6) and (9) have only

finitely many solutions for fixed k and £ > 3.

al
COROLLARY 2. For fixed Z>_3 and p the conditions

(6) and (9) have at most two solutions with y>0-

LEMMA 4. Let on = ord2nl. The number

n+o /1 /2\
2 n is an odd integer.

PROOF- We have

9 30
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hence

On

thus

and

(20)

n+o n
2

the

is a 2 - adic integer not divisible by 2.

other hand

2n-2
2 n

2n-2
2

is a

LEMMA 5.

2n-2
2

(n,2)

q-adic

(n-2)

e Z

integer for every odd prime q .

For every odd prime p and a^>.1 we have

a1 
P V.1 +

a1 9
P “2 P mod

a1 (£ + 1)
P

PROOF- In the p-adic f ield we have from the Taylor

formula

/ a 
/1 + p

1
(
1/2 

j )
a1 j 

P f

hence

a1 2

P } 1 + a1
P mod

a1 (¢,+1)
P
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This gives

'£-1 /1/2’ 
Z

J = 0

a1 
j /P + Pa1 - 2

1/2'
£ ,

a1P
£ £-1 

z
j=0

1 +
«1

P
£

P
(£ +1)

mod p

Proof of the theorem 4. Since for odd p the

congruence

9 k a.
y = 1 + Z p 1

i=1
mod

ot _j £
P

has only two solutions,we get from (6) , (9) and (20)

integers on both

an integer.t iswhere

sides, hence

£+X-1
we get,

£ + X
(21) 2

£-1 /1/2' 
y =e Z I .

j=0 \ 3 '

Multiplying by 2 by virtue Lemma 3,

¢,-1 
z 

j=o

£-1
Z

j=0
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&+A-1 £ + A-1 / a ’’
lxl£7T6 2 +2 p /1 + p +

+ X — 1
<2

£+A-1 32
25

Moreover, x is odd since in (21) the left-hand side 

is even and the second term on the right-hand side is odd 

by Lemma 4.

congruence mod by Lemma 5P

£ + A a1£
2 p +x

2Z+2X-2
2

a
+ P

1 2

2&+2A-2
2

0Í
(1 + p 1 +

k 
E

i = 2

a .
P 1)

a1 (£ + 1)
mod p

which after
¢,+ 2 A-y-1 oc ¢, 

reduction and division by 2 p

gives (18); (17) is an immediate consequence of (21).

PROOF OF COROLLARY 1- Let in the interval

( £a 1 , (1+£) a .J ) be exactly r >_ 0 elements of the sequence

We put

$1 = 0, 8± = a.-i^ <2£i£r + 1) > 3r + 2 = ot-j '

Denoting by - Bm_1 the maximal difference B-_8- d1 1-1
we obtain
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Since

k a^-£a^
S p 1

i = 2

I m-1 B .
EE p

i = 2

considering the congruence (18)

mod

modulo we obtain

£+p-1 / /1 / 2\2 l2br m-1 
E

i = 2
(mod p m)•

The left-hand side is odd, the right-hand side is

even, hence they are different and

1/2
£ > +

m-1
E

i = 2
+ 2

£+U , 3
-2 (16 + 4 P ♦ 32

25
.</+11.537,3 

*400 4

21
k

)•

It follows that

a1 /k
p <2

£ + jj + 2

thus
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pa1 < 2(£+p+2)k < 2(2£+1)k

which implies the assertion.

PROOF OF COROLLARY 2. The congruence (17) determines 

x uniquely mod 2 , the congruence (18) gives for x

two possible residues mod p, corresponding to a2 = 

and a2 . Hence there are two possible residues of x

mod p . 2^ 1. However by (19) x lies in the interval

of length

X+A-1 z-. £+X-1
2 • H <2 p

This shows that there are at most two possible 

values of x. To each of them corresponds by (21) exactly 

one value of y > 0 and I , p and y determine uniquely

a2 ' •* * ak*

REMARK- The proof of Theorem 3C reduces almost 

completely to the determination of all solutions of the 

systems of conditions (17), (18), (19). Only to exclude

the solutions of the system

x = -1, p = 3, = 2i-3, on = 3«^ (2j-3) (2<_j<i) ,

x = -9, p = 3, a1 = 2i-3, on = 3a1 + (2j-3) (2<.j£i)

one needs a congruence stronger that (18), namely
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£+v
2

2 +V“X
2 x (£

1 /2' a1
+ P

a . -£a
1

1.
+ 2>P

an 2a1
) mod (p )

+ 2
k
E p

i = 2

where v = ord£ + 1) !
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A P-ADIC ANALOGUE OF THE LEGENDRE SYSTEM

JERZY RUTKOWSKI

1. Let Z , Q and C denote the ring of p-adic 

integers, the field of p-adic numbers and the comple­

tion of the algebraic closure of Q respectively. The 
P

p-adic integral over Z of a function f:Z -*C can be 
P P P

defined by the following formula

pr-1
I(f)= lim p"r E f(i) ,

r—oo i=o

in case the limit exists (see e.g. [3]). In particular 

it is known that I(xn) =B (n=0,1,...) where B is the 
n n

n-th Bernoulli number.

Using the above p-adic integral we can introduce

the inner product in the linear space C [x] by
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i • “rlim p
£•-*00

Pr-1
Z f(i)g(i) .

i=0

In this note we want to present the orthogonalization of
2 x ,the basis 1 ,

analogues of

of C [x]. This leads to p-adic 
P

classical Legendre polynomials. The result

is as follows

THEOREM. There exists a sequence f 0 , f 1, f 2, • of

polynomials3 determined uniquely up to their signs, such

that

x,

(1.1) deg fR = k (k=0,1,2,...)

and

(1.2) <fk,f£> 6k£ (k,£=0,1,2,...)

where 6. denotes the well known Kronecker symbol. The 

polynomials f^ are defined by

(n=0,1,2,.,.).

The first six polynomials of the sequence are

fo(x) = +1, fi(x) = Z=3(2x+1), f2(x) = /5(3x2+3x+1)
f3(x) = ~ /<(10x3 + 5x2 + 11x + 3),
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fit(x) =+^ (35x4 + 70x3 + 85x2 + 50x + 12),

f5(x) 1
60 + 525x2 + 274x +60).

It is interesting that the sums E

appear in "real" combinatories (see [2], p. 42).

Note that there always exists a non-zero polynomial 

f EC [x] such that <f,f> = 0. For example we can take
It

f(x) = (3+/3)x+1.

The p-adic Legendre polynomials provide a useful 

route for obtaining some combinatorial identities. For 

example, using the expansion of the polynomial (*) we 

shall prove the following

COROLLARY. For m > 1

(1.4) E (2i - 1) 1 = 0,

for m > 1

(1.5)
i

E (-1) (2i - 1) 
i=1

= m
-1

and for m > 0

(1.6) E (-1)i(2i +1)
i=0

^m+i+1 (m+1 ) M"
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2. PROOF OF THE THEOREM. We shall construct the 

sequence (fn) satisfying (1.1) and (1.2).

From (1.1), (1.2) it follows that we are forced to 

put f0 = 1 or f0 = -1. Let us assume that the first n 

polynomials f0, fi, ..., fn_q are already defined. Let 

us write

fn(x) = a0 + a,[*j +...+ an[*j

where the coefficients ao, ai, ..., &n are to be 

determined. The polynomial f has to satisfy the following 

system of equalities

(2.1) <f ,fR> = 0 (k=0,1,...,n-1)

and

(2.2) <fn/fn> = 1

which is equivalent to

(2.3) l(gR) = 0

and

(k=0,1,...,n-1 )

(2.4) Kgn) = c

where are polynomials given by

(2.5) gR(x) ~ (x+k) (x+1)fn(x) =
n 
E 

j=0 (S) (j+k)! 
j!
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and c is a suitable non-zero constant which will be

defined later.

We start from the evaluation of I(gk)- For

j,k GN U {0} we have

= lim
i=0 IS)

f pr+k]
U+k+1J

(-1)j j! k!
(j+k+1)!

Now, putting Xj = a^_1 we see that (2.3) and

(2.4) are equivalent to the system of equations

(2.6)
n+1 

E
3=1

1-7—V x .3+k j = 0 (k:

and

n+1
(2.7) E —— x . c

3=1 3+n j n 1

We solve this system by Cramer's roule, namely

Xj = det Aj/det A. The determinant det A of the last 

system is of Hankel type and it is known that

(2.8) det A = . . n! )______
. .. (2n+1)l
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If j e {1,2r...,n+1} then we have

(2.9) det Aj = (-1)n+j+1 det Dnj ,

where

’ 1 1/2 1/3 ... 1/(j-1) 1/( j+1) ...1/(n+1)‘

D . ~ 1/2 1/3 1/4 1/j 1/(j+2) ...1/(n+2)
%

.1/n 1/(n+1) 1/(n+2) ... 1/(n+j-2) 1/(n+j) ...1/2n

According to (2.8) we have

(2.10) det Dn,n+1
[ 1 ! 2! ... (n-1)!]3 
n!(n+1)! ... (2n-1)!

If j e {1 ,n} then det D . can be calculated similarly nj
to det A. Namely, we first multiply each i-th row of 

by n+i obtaining

Then

det D . nj

where

ik

n!
(2n) ! det(a±k),

is the n x n matrix with

n+i 
i+k-1
n+i

I i+k

if k < j ,

if k > j .

we subtract the last row from all others. Using

the equality
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n+i _ 2n _ (n-i)(n-^) 
i+£ n+£ (i+£)(n+£)

we obtain

det D .nj
n!

(2n)!
n-1

n (n-i)
i=1

n
£=o n+£

Uj-1

det D . . =n-1,3

= [n!(n-1)l]2
(2n)!(2n-1)»

n+j-1
n-j+1

The above recurrence, the value Du = and the equality

(2.10) imply that for each j e {1,2,...,n+1} we have

D = [n+j-11 Í n UH 21 ... (n-1)!]3n!
nj I j"1 J [j-lJ(n+1)!(n+2)! ... (2n)!

Therefore

(2n+1)l
(n!)3 (j=1,2,...,n+1)

and finally

(2.11) .,.,-,,^,.,.,,-=(^)(5)^ (j=0,1,...,n).

One has to define the constant c. We have
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From the last equality together with (2.11) in the case

j=n follows

1 (_1}n Í2n] (211+1)1 c = 1#
n! LnJ (n!)

Thus
*l

(-1)n c = /(-1)n(2n+1) n! (2n+1)"1^j

and finally

(2.12) a.. = /(-1)n(2n+1) (j=0,1,...,n)

under the condition that the value of root in all

equalities (2.12) is arbitrary but fixed.

The proof is complete.

REMARK. Substituting the obtained values of x..

see (2.11) and (2.12) we get the following combinat­

orial identities

? (-1)3 

j=o k+3+1
(k=0,1,...,n-1)

and

n
E 

j=0

(-1 )j
n+j+1

n (n!)2
(2n+1)!

The last identity is very similar to the following 

identity of Túrán:
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? <-Dj ín) = (n!)2
j=ü n+j+1 (jJ (2n+1)!

( see [4], p. 141).

3. PROOF OF THE COROLLARY. We shall find the expan­

sion of the polynomial with respect to our p-adic

orthogonal system. For this purpose we have to calculate 

the p-adic integral I

Using combinatorial identities

(:) (:) - « (:) (:) (:«)

(see [2], p. 24, (10)),

(3.1 )

(see [1], p. 443, (76)) and previously obtained equality

Tffx+kH _ (-1 ) £"kk! ( £-k) I 
(( l J J-------------- (T+TH--------

(-1)k+& (£+1)

(k e {0,1,...,£-1})

- 947 -



we get

_1 ^m+n+k

(m+n+1) (m+n)

(-1)m+n
m+n+1

E (~1)k
k=0 0 0 m -1

(-1)m+n (m+n+1)
.

(T) 1-1

.

Therefore

(3.2)

From (3.2), (1.3) and (3.1) we get

[(-1)n(2n+1)]"1/2
S

= P71)(72)’1 =
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Thus

('i
mJ = ,Z ci fi(x) (m£NU {0})

where

(3.4) c± = (-1 )mim(”][ (-1/(21+1

.
(m+i+1) IT)

(i 0,1 ,. .., m)

Putting x = 0 in (3.3) we get the equality

m
0 = Z (-1)m Í™] 

i=O vU
(-1)i(2i+1) (m+i+1)

1-1
(m c N)

which gives (1.4).

Similarly, putting x = -1 in (3.3) we obtain (1.5).

The third formula (1.6) can be proved as follows.

Applying the p-adic Parseval identity to (3.3) we get

Now, an application of (3.2) and (3.4) ends the proof.
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BOUNDS FOR ZEROS OF QUADRATIC FORMS

SCHLICKEWEI, H.P. and SCHMIDT, W.M.

/

1. BOUNDS FOR THE SMALLEST ZERO. Let

n

1,J=1 X. / 0

be a quadratic form with real coefficients having 

f±j = fji’ For simplicity we shall assume throughout 

that F is non-degenerate, although most of the results 

in this note hold — mutatis mutandis - under much 

weaker conditions.

In 1955 Cassels L4J showed that if F has integral

coefficients and if it has an integral zero x 7= 0, then

in fact it has a nontrivial integral zero x with

(1) xl « F(n-1)/2.
951



Here |x| = max {| x^ ] , . . ., | xn | } , F is the maximum modulus

of the coefficients f. .. Moreover here and in the rema­
in

ineder of the paper constants in depend only on n.

Raghavan C11□ extended (1) to the number field case.

Birch and Davenport C23 proved the following generaliza­

tion of (1) :

Let A be a lattice in Rn of determinant A. Suppose that

(2) F(A) c z

and that F has a zero xGA\{0}. Then it has such a zero

satisfying

(3)

An example of Kneser (see C43) shows that (1) and (3) 

are essentially best possible: given n > 1, there are 

infinitely many forms F with integral coefficients which 

do have nontrivial integral zeros, and every such zero 

has

|S| » F<n-1>/2.

Now let S be a d-dimensional linear subspace of Rn 

and A be a lattice in Rn. We call S a A-rational sub­

space if SDA is a sublattice T of A of rank d. 

A Zn-rational subspace will be simply called rational
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subspace. For a A-rational subspace we define the 

heights H(S) to be the d-dimensional volume of a funda­

mental parallelepiped of T:

H(S) = det(SAA) = detr.

In 1985 Sclickewei E13□ extended the results of Cassels,

Birch and Davenport:

THEOREM 1 . Let be a lattice in Rn. Suppose p 
satisfies (2). Let d > 0. Suppose moreover that

(4) F vanishes on a d-dimen si on al K-rational subspaceS.

Then there is a d-dimen si on al /^-rational subspace S on 

which F vanishes having

(5) H(S) « F(n d)

It is clear that as F is nondegenerate we have in (4) 

d < (n/2). An essential tool in the proof of Theorem 1 is 

Minkowski’s geometry of numbers. Theorem 1 was general­

ized by Vaaler E193 to number fields.

If we choose a reduced basis of S in A we see that 

Theorem 1 implies that there exist d linearly independent 

lattice points ,...,x^ with F(x^) = 0 (i = 1,...,d) and

with
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(6) « F(n‘d)/2 A .

In particular we may infer from (6) that there is a lat­

tice point x # £ with F(^) = 0 having

(7) ■ F(n-d)/2d &1/d .

Theorem 1 as well as (6) and (7) are best possible.

This was proved by Schmidt E17□ . In fact we have

THEOREM 2. Given n > 1 and 0 < d < (n/2)., there are 

infinitely many forms F with integral coefficients which 

vanish on a d-dimensional rational sub space such that 

every integral zero x # of F has

(8) x| » F<n~d)/2d .

Since every rational subspace S of dimension d has 

an integral basis x^ with

| • . . . • l^l » « H(S) ,

Theorem 2 and Theorem 1 complement each other, and there­

fore both are best possible.

If d divides n, Theorem 2 is obtained via an exten-
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sión of Kneser’s example E4□. This case was treated by 

Watson C20Z1. The case d f n causes much more trouble.

Here the reader is refered to Schmidt's paper E17□ for 

more details, (cf. also Schlickewéi and Schmidt E161).

If one wants to apply Theorem 1, the parameter d ap­

pearing in (4) sometimes is only given implicitely. Sup­

pose now that F has integral coefficients and is of type 

(r,s), i.e. r + s = n and F is equivalent over the reals 

to +...+ - ... -Y|. We will assume that

(9) r > s > 0 and n = r + s > 5.

Using a classical theorem of Meyer it can be shown that

F vanishes on a d-dimensional rational subspace where

s if r > s + 3

(10) if r = s + 2 or r = s + 1d = s s - 1

Put 

1/2«(r/s)

(11) 1/2-(s + 2)/(s + 1)

1/2.(s + 1)/(s - 2)

if r > s + 3

if r = s + 2 or

r = s + 1

if r = s.
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Schlickewei L13J derived from Theorem 1 using (10) and an 

ad hoc argument.

COROLLARY* Suppose F has integral coefficients and 

is of type (r,s) with (9). Then F has an integral zero 

x # £ with

(12) |x| « Fa ,

where a is defined in (11).

It is an easy consequence of Theorem 2 that the ex­

ponent a in (12) is best possible if r>s + 3. Moreover 

in C17J Schmidt shows that for n = 5, r = 3, s = 2 the 

exponent a(3,2) = 2 is best possible as well. His proof 

uses p-adic methods. In all the other cases when r = s + 2 

or s + 1 or s, the question of the best possible exponent 

in (12) remains open.

It should be mentioned that the bounds obtained in

(1), (3) and (7) were applied in the context of Oppenheim's

conjecture: Let Q(x^,...,xn) be a nondegenerate indefinite 

quadratic form in n > 3 variables which is not a multiple 

of an integral form. Then Oppenheim's conjecture says that 

given e > 0 there is an integral point x # £ satisfying

(13) |Q(x1,...,xn) | < £ .
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Using (3), Birch, Davenport and Ridout showed in a 

series of papers (£33, £93, £123) that the conjecture 

holds true provided n > 21. R.C. Baker and Schlickewei 

£13 could reduce the number of variables needed to 18, 

19 and 20 respectively provided that the form Q is of 

type (r,s) with min(r,s) > 9, > 8 or > 7 respectively.

A major tool in their proof is the use of (7). But 

naturally all these partial results are exceeded by the 

celebrated Theorem of Margulis £103 in which Oppenheim's 

conjecture is proved in full generality even for three 

variables. His approach is quite different and uses ergo­

dic theory and algebraic groups.

2. BOUNDS FOR BASES CONSISTING OF ZEROS.

Davenport £83 generalized the inequality (3) in a 

different direction. Again let A be a lattice in Rn and 

suppose that F satisfies (2). He proved that if there 

exists an xEA\ {(3} with F(x) = 0, then there exist two 

linearly independent lattice points x^, £ with

(14) |x1 | lg2 | C Fn_1 A.

Chalk £63 generalized (14) to number fields.

The hypothesis in (14) says that (4) is satisfied with 

d = 1. A natural question is to ask what can be shown if
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we assume d > 1. This question was studied by Schlickewei 

and Schmidt (ET41ZC151).

A particular instance of their results in £ 153 is as fol­

lows .

THEOREM 3. Suppose that F satisfies (2) and (4). Then 

there exist two N-rational subspaces ,S2 on which V 

vahishes having

(15) s-|ns2 = and

(16) H(S1)«H(S2) « Fn_d A2 .

The proof of Theorem 3 uses geometry of numbers as 

well as a particular results obtained in £143. It is 

clear that Theorem 3 is the natural extension of (14) to 

the case d > 1, in fact if d = 1 (16) is identical with

(14). An easy consequence of Theorem 3 is that there 

exist 2d linearly independent lattice points ,x2^

with F (x^) = 0 (i = 1,...,2d) and

(17) |x^ | • . . . • l^d I F11 A2 .

Again using Theorem 2 it is seen that Theorem 3 is best 

possible.

In view of (3) and (14), Davenport raised in £83 the
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question whether in analogy with Minkowski's inequality 

for the successive minima of a convex body with respect 

to a lattice it is possible to prove the existence of n 

linearly independent lattice points x.,...,x with=1 =n
= 0 (i = 1f...rn) satisfying

x | « Fn(n 1 )//2 An .

If we assume (4) to hold,then because of (7) the natural

extension of this conjecture should be

(18) xj « Fn(n-d)/2dAn/d.

However it was pointed out by Schulze-Pillot E181 

that given any function h depending only upon n, F and 

A, there is for each n > 3 a quadratic form F and a lat­

tice A with F (A)cZ such that F has a zero x€A\ [OJ , and 

such that for any n linearly independent zeros of F in 

A we have

I ’• • •* |x | > h(n,F,A).

But if we allow for weights in the product, we have:

THEOREM 4. Suppose that F satisfies (2) and (4).

Then there exist linearly independent lattice points
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x1,...,x with F(x.) = 0 (i = 1,...,n) and=1 ' ==n =i

(lsd+1
...|X Id« p(n_d)2 A2(n_d) .

The case d = 1 of this Theorem is due to Schulze- 

Pillot £ 1 8 2J. For general d it was shown by Schlickewei 

and Schmidt £1521. It is derived from a more detailed 

version of Theorem 3 as given in £1521 by means of combi­

natorial arguments.

If in Theorem 4 we have n = 2d, then (20) implies

«Fn~dA2 = Fn(n-d>/2dAn/d.

Hence in the particular case n = 2d Davenport's conjec­

ture (18) holds true.

Schulze-Pillot's example mentioned in (19) uses 

lattices A which are rather different from Zn• The si­

tuation changes if we restrict ourselves to forms F with 

integral coefficients and to A = Zn • Tn fact with this 

assumption we do obtain an inequality for the product 

of the norms without weights:

THEOREM 5. Suppose F has integral coefficients and 

vanishes on a d-dimensional rational subspace3 where 

d > 0. Then there exist n linearly independent integral
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zeros x^, . . .,x^ of F satis fying

(21) x | « F(n /2d) d.
=n 1

The case d = 1 of Theorem 5 was proved by Schulze- 

Pillot C18J, whereas for arbitrary d > 0 it is due to 

Schlickewei and Schmidt E 1 5 □ . Cook and Raghvan C73 

proved some variations of Schulze-Pillot's result.

According to Davenport's conjecture (18) one should 

hope to obtain the exponent (n2/2d) - (n/2) in (21). Hence 

the exponents in (18) and (21) are identical only if 

n = 2d. However it turns out that (21) is sharp. In fact 

Schlickewei and Schmidt E161 proved:

THEOREM 6. given n > 2, 0<d<n/2J there are infinitely 

many quadratic forms F with integral coefficients which 

vanish on a d-dimensional rational subspace such that any 

n linearly independent integral zeros ,x^ of F

satisfy

(22) x I » F<n2/2d>-d.

Notice that the exponent in (21) is the same as that 

in (22). Therefore both Theorem 5 and Theorem 6 are best 

possible. And therefore Davenport's conjecture (18) even 

in the case A = zn holds only true if n = 2d, i.e. for
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quadratic forms which split up into a direct sum of 

hyperbolic planes.
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THE NUMBER OF SOLUTIONS OF NORM FORM EQUATIONS

SCHMIDT W.M.

1. It might seem unlikely that a situation could 

arise in number theory where one can prove the finiteness 

of a set of integers, yet where one is unable to give a 

bound on the cardinality of such a set. Yet as A. SchinzdL 

has remarked to me, such a situation arises,e.g., if one 

is able to show that when an integer n is in a set, then 

every integer in the set is in fact <2n. A situation very 

much like this occurs in the method of Thue-Siegel-Roth 

in diophantine approximation.

For instance, Siegel's method shows that when a is 

algebraic of degree r >3, then the possible rational 

approximations x/y with

(1) I a - ~ I < y
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with fixed p>/2T can only be of two kinds. Either y is 

in some interval 1 _<y_<B = B(d,p) with explicitly given 

B—in this case there is no problem-- or possibly y lies 

in some interval

C <y iC0*0'14’ ,

where D is given, but we know nothing about C. Thus we 

have an exponentiated version of the situation above: if 

y is a solution > Bz then any other such solution is

< yD.

However, luckily we can still give a bound for the 

number of solutions of (1) by the "gap principle". If x/y 

and x'/y' are distinct solutions (in reduced form) of

(1) , and if y £ y', then

so that

and when y is sufficiently large, this certainly will 

indicate a wide gap between y and y'. So if, say, C >_ 2 

and p > 3, solutions x^/y^,...,x /y^ of (1) with

C < y d <. . .< y < CD will have y . . 1 y ? 2 and

Yv 2. 1 , so that (p-2)V 1 •< D and 1+log D/log (p-2).

Unfortunately, the situation is not so good for simul­

taneous approximation. The main theorem here is the
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Subspace Theorem [51 (see also [6]) which may be for­

mulated as follows.

Let L^,..., Ln be independent linear forms is n variables 

with real or complex algebraic coefficients. Then given 

<5> 0, the integer points s = (x.j ,. . . ,x ) with

(2) |L1(s) ... Lr (s)| <Is| "ő

(where |x| is the Euclidean norm) lie in finitely many

(n-1)-dimensional subspaces.

Recently I proved the following quantitative version.

Suppose that 0 < ő <1. Then integer points x * 0 with

(3) |L1(s)...Ln(s) | < | ?|_6|det(Lv...,Ln) |

lie in the union of the ball

(4) |s | £ max({ni)^\H) , 

where H is a bound on the "heights" of L1 ,...,L , and of 

t subspaces, where

926n -2
(5) t < (2d) Ő '

with d being the degree of the number field containing 

the coefficients of our linear forms.

The bound (5) is almost certainly too large. In the 

case n = 2, i.e. for Roth's Theorem, the number of excep 

tional solutions was recently estimated by Bombieri and
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Van dér Poorten [2] in a more efficient way, but this 

is because in this case a recent theorem of Esnault and 

Viehweg [3], which sor far has not been generalized so 

as to be applicable to simultaneous approximation, could 

be used. Now actually, one is usually most interested in 

the number of solutions of (2) or (3), rather than in 

the minimum number of subspace which contain these solu­

tions. If a subspace of dimension n-1 is parametrized as

= Ty where y = (y / ./yn_-j) , then one is led to 

|L'(y) ... I/(y)| <c|y| 6 where Li(y) = L±(Ty), and if, 

say, |L'(y) I £ ... £ iL^ty)!, then one is led to

|L' (y) ... (y) | < c' |y | _ő.

In other words, induction on n suggests itself. However, 

there is a difficulty with a quantitative argument: since 

we don't know the subspace, we don't know T, and hence we 

don't know the heights of the forms L',...,L^_^. Thus if 

we try to apply the quantitative version of the Subspace 

Theorem, a bound for |y| analogous to (4) is up in the 

air, since we have no bound H' for the heights of

Li....... LA-r
Let me illustrate this difficulty by an example. 

Suppose that 0^,...,0^,1 are linearly independent al­

gebraic numbers, and we wish to count the number of solu­

tions of
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(6) (i = 1,...,n), i I______ 1
' ai y 1 y1 + (1/n)+<5

in integers y,x„,...,x . With the notation L.=a.y-x.

(i = 1,...,n) and L = y, the relations (6) when y is 

sufficiently large imply that

il1 (^) ... Ln+1 (^) i < i? r6/2

with = (x.j , . . . ,x ,y) . By the Subspace Theorem (applied

with n + 1 in place of n), the solutions either have 

small norm |xj, or they lie in one of a few rational sub­

spaces. Let the equation

a d x +...+ ax + bv = 011 n n y

with rational coefficients define such a subspace. Then 

solutions of (6) in this subspace have

<

x n
y

+Since a.a. +...+ a1 1 . a n n b * 0, this gives a bound for y ,

so that (6) has only finitely many solutions. However, 

we don't know the subspace, so that we don't know the 

coefficients a^,...,a ,b, and hence we cannot give an 

explicit bound on y, or on the number of solutions of

(6) .

Now a norm form equation is an equation
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(7) F(x) = h,

where h is constant and F(x) = F(x.,...,x ) is a norm= 1 n
form,

r , . v , . .
F(x) = a Tíz (ax +.. .+a x ) = a IT (a. 1 x + ... +a 1 x ) ,

K 1 1 n n 11 n n

where a *0 is in Q, where 01.,...,01 are linearly inde-1 n
pendent in an algebraic number field K of degree r, and 

a > a(i) (i = 1 ,...,r) signify the isomorphic embedd­

ings of K into ¢. We shall further suppose that the co­

efficients of F (which are necessarily rational) are 

integers. Some years ago I proved [5] that when the form 

F is nondegenerate, then (7) has only finitely many 

solutions in integers. I do not wish to give here a de­

finition of a nondegenerate form, but roughly one could 

say that (7) has only finitely many solutions unless it 

has infinitely many solutions by Dirichlet's theorem on 

units. For example, the equation

2
A'k(x1 + ax2 + a x3) = 1

4
with a= /2 and K = ®(a) has infinitely many solutions, 

for if we set x3 = 0, the equation becomes

/?K(x1+a2x3) = (/VL(x1 + /2 x3))2 = (x2-2x2)2 = 1

where L = Q (/2), and this has infinitely many solutions
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since L has infinitely many units.

Now since the result of [5] was derived with the 

aid of simultaneous approximation, one might think that 

there would be no way at present to give an estimate on 

the number of solutions. However, an explicit estimate 

may be given. In the special case h = 1 we have the

THEOREM Suppose F(^) is a non-degenerate norm form. 

Then the number of solutions of

(8) F(^) = 1

is under some bound B = B(n,r). In particular, one may 

take
9 31n 2

B(n,r) = (2rj r .

It is remarkable that the bound is independent of 

the coefficients of F. For the case n = 2, i.e.,for a 

Thue equation

F(x,y) = h,

the existence of a bound independent of the coefficients 

of F had been conjectured by Siegel and first proved by 

Evertse [4], with a better bound recently established by 

Bombieri and Schmidt [1].

Now let us turn to the proof. When dealing with (8) 

it is not hard to see that we may suppose
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where

(10) L(g) = x1 +t32x2 +...+ anxn

is a form such that the coefficient of x^ is 1. We have

BASIC LEMMA A. Suppose F is nondegenerate and of the 

type indicated above. Suppose x is a solution of (8) which 

is large, where "large" is defined in terms of the height 

H(L) of L . Then there are i^,...,i^ with

(ip (^n^ (ip i ,-<5
}L 1 (^)... L (^) |<det(L ,. . . ,L )|^| ,

wfcsre ő = <5 (L) >0.

The larger ő is, the better, and in a particular 

situation one can try to find a rather good value. In 

general, one may take 6= 1/(6r). We now apply the 

quantitative Subspace Theorem. For large solutions, (4) 

may not arise, so that we are left with t subspaces. 

Since the field generated by the coefficients of

(ip (i )
L , . . . ,L is of degree d < r , we are left with 

O26n, ~ n\2t <(2r )
-30n 2

<(2r)2 r

subspaces .

The small solutions are dealt with by a different
Tmethod. We observe that when T € SL(n,Z) and F (^)=F(T^),
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the number of solutions of (8) remains unchanged when
TF is replaced by F . We therefore write F ~F' if

TF' - F for some T 6 SL(n,Z). We put H(F)=H(L) when

F=L(1}... L(r) as in (9), and

H (F) = min H (Fz) ,
FZ~F

where the minimum is over forms F'~ F, again of the type 

(9), (10). It will suffice to consider forms F which are

reduced in the sense that H (F) = H(F).

Also, as in the case of Thue equations considered 

in [1 ] , it is convenient to "jack up the height": there 

is a simple way to reduce to the situation when H (F) is 

large, say when

(1 1) H (F) > n 10n .

BASIC LEMMA Bf Suppose F is a norm form as indi­

cated above with (11). Then when x is a solution of (8), 
there are i.,...,i with1 n

(i-I) (i ) C-1 (n) (i1) (i )
|l (£)...L (^) l< jypj- det(L 1 ,...,L ) .

We cannot go into a proof of this lemma, which is 

the most important new ingredient. To see how this lemma 

may be applied, I will first present another version of 

the "gap principle" on approximations to a number a. 

Suppose we consider rational approximations x/y in their
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lowest terms with

(12) 
Py

where p _> 4, say. If x/y and x'/y' are distinct such

approximations with y'_> y > 0, then

1
<\-

x' Illa- a<| + i x' 2jot-------- |< ----- j
yy' Y y' y y' Py

and

y' > (P/2)y.

If x^ /y.] , . . . ,x^/y are such approximations with 

0 < y^ <_ . . .<_ y^ _< Y, then y. >_ (P/2)-1 \ so that 

(P/2)U_1 < yu< Y, and

vS, + ... <i + 2 -Y < 3 Í22-Z
log(P/2) log P log P

_ -j 
if Y >_ P. Since (12) may be written as | y(ay-x) | <P , 

the following is a generalization.

LEMMA C. Suppose n! £ P £ Y» and put Q =logY/log P.

Consider -integer solutions of

| L.j U) . . .Lr U) | <P 1 | det (L1 , . . . ,Ln) | ,

where ,...,are independent linear forms in n vari­

ables with real coefficients. Solutions of this ine­

quality with
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|x|S Y

lie in the union of not more than c2(n)Qn 1 proper

subspaces .

As for the proof, write (L,M) for the inner product

of the coefficient vectors belonging to L, M. One reduces

the problem to the situation when

(L.,L.)1 j <5. (the Kronecker Symbol).

Then |xj < y implies

Y /

and we have

1I 4 = with c=(—)1/(n_1)
n !C n :

The solutions either satisfy

(14) ----for some i. 
ni y

Then if *1'” '?n are such solutions with fixed i,

(15) det (^ /X )=n

L1

L1 (x )=n L (x ) n =n

< mY11-1 1
----- =1-
n! Y

So det(^.j , . . . /X )=n 0. So all the solutions with (14)

9 • •

<

Ln(»1>
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for a fixed value of i are linearly dependent; they lie

in a subspace If (14) does not hold, then

YC R = ----- i-r llLJítl Í Y
n! Y

with
R = loglnixll «Q. 

log C

Say -Pi-1 -pi
YC lll-ifi) Il Yc

with integers p^ in 0 <_pj<R. Say this holds for 

i = 1,...,n-1 and fixed P1#...»Pn-1« Then by (13),

<

Again the product of elements from the n columns of the

center determinant in (15) is

n 1Yn-1

so that the determinant has modulus <1, hence is 0. The 

solutions with given p^ , . . ./Pn_-] in a subspace. 

But the number of possibilities for p^ , . . ./Pn_-|

<<Rn-1
<<Q

n-1

The small solutions of (8) are those with |^| small
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as compared to the height h (F); more precisely,

i 6n^rn + ''
l^l £#(F) . In view of Basic Lemma B we may apply

Lemma C with P = #(F)/c(n) ^tf(F) (we are sloppy in this 
fi2 n+1

lecture) and with Y= H (F)b r , so that Q=6nr 1. Thus

(F) (and hence all reference to the coefficients of

F drops out, and we are left with £ c(n)Qn_1 subspaces.

Combining our results for the large and the small 

solutions, we see that all the solutions lie in not more 

than t^ = t^(n,r) subspaces of dimension n-1. After 

introducing parameter representations of these subspaces, 

we are led to at most t^ norm form equations in n-1 va­

riables. Since being non-degenerate is unaffected by our 

substitutions, we now may apply induction, either by 

reducing to the trivial case n = 1, or to the case n=2 

of Thue equations treated in earlier work.

Among the questions which should be taken up next 

is the dependency of the number of solutions of (7) on 

h, as well as a treatment of degenerate equations. For 

degenerate equations, the solutions lie in a finite 

number of "families of solutions" (or "orbits"), and 

one should estimate the number of such families.

Detailed proofs will be given in [7] , [8].
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51. NUMBER THEORY, BUDAPEST (HUNGARY), 1987

THE NUMBtR OF SOLUTIONS OF DIOPHANTINE EQUATIONS

R. TIJDEMAN

0. INTRODUCTION

In two recent papers [4], [30], Erdős, Stewart and 

the author showed that certain diophantine equations have 

many solutions. In this way they indicated how far certain 

results are capable for improvements at most. First we 

mention some relevant results from the literature on 

upper bounds for the numbers of solutions of diophantine 

equations and then we sketch how our method leads to 

opposite results.

1. THUE AND THUE-MAHLER EQUATIONS

Let f(x,y) = aoxn + a^11-^ +...+ anyn£Z[x,y] be 

a binary form (i.e. homogeneous polynomial) of degree
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n > 3. Put A := max
j=0,...,n

l3jl

In 1908 Thue [31] proved that,

Let m e Z be non-zero.

for irreducible poly­

nomials f, the equation

(1) f(x,y) = m

has only finitely many solutions in x,y e Z and in 1929 

Siegel [26] showed that there exists an explicit upper 

bound for the number of solutions of (1). An equation of 

type (1) is said to be a Thue equation.

Thue's result was extended by Mahler in 1933. Let 

pi,...,ps be distinct prime numbers. Consider the equa­

tion

(2) f(x,y) = p*1... p^s.

in x,y e Z, zi, z2, ..., zs 6 Z>0 with gcd(x,y) = 1. 

Mahler [17] proved that, for irreducible f, equation 

(2) has at most c^+1 solutions where c1 is some number 

depending only on f. An equation of type (2) is said to 

be a Thue-Mahler equation. Without much trouble the 

condition 'f is irreducible' can be relaxed to 'f has at 

least three distinct linear factors in its factorisation 

over the complex numbers'.

Here we list some out of several upper bounds for 

the numbers of solutions of Thue and Thue-Mahler equa­

tions. In 1955 Davenport and Roth [3] proved that, for 

irreducible f, equation (1) has at most
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(4A)
3

+ e 643n2

solutions (x,y). Lewis and Mahler [15] showed that, for 

f with non-zero discriminant, equation (2) has at most

(3)

solutions (x,y,z1,...,zs) with gcd(x,y) = 1. Here c2, c3, 

c4 are constants of the order of magnitude of 100. In 

1984 Evertse [6] proved this result with (3) replaced by

(4) n3<4s+7>
e

The fact that this bound is independent of f confirmed 

an old conjecture of Siegel. The dependence on n was 

greatly improved by Bombieri and Schmidt [1] for the

Thue equation. They proved that, for irreducible f, equa­

tion (1) has at most

s+ 1
csn

relatively prime solutions (x,y). Here c5 may be of the 

order of magnitude of 106 in general, but it can be 

taken to be 215 for sufficiently large n.

There are a number of related results which we only 

briefly indicate. There are upper bounds for the number 

of solutions beyond some bound (see e.g. Mahler [19]), 

for the number of solutions of equation (2) in case about
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f only the degree and the splitting field is given (see 

Evertse and Győry [8]), for the number of solutions of 

Thue-Mahler equations over algebraic number fields (see 

Evertse [6]), and for the sizes of the solutions them­

selves (see e.g. Győry [11]). Recently Schmidt and 

Mueller gave upper bounds for the number of solutions of 

(1) in terms of the number v + 1 of non-zero coefficients 

of f. Schmidt [24] proved that, for irreducible f. the 

inequality |f(x,y)| < m has at most 

c 6 (nv)
1/2 2/n 

m (1 + log m1/n)

solutions (x,y) and Mueller and Schmidt [20] showed that 

the upper bound can be replaced by

2 2/n.„ , 1/n.
c7v m (1 + log m ) .

2. S-UNIT EQUATIONS IN TWO VARIABLES

Let p1, ..., ps be given prime numbers with

(2<) Q < p1 < p2 < ... < ps < R. Put

k k
S = (p1 ...pgs: k1,...,ks 6 Z>0) .

Equation (2) can now be written as f(x,y) G S. From his

result on equation (2), Mahler [16] derived that the

equation
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(5) x + y = z in x,y,z £S with gcd(x,y,z) = 1

has only finitely many solutions. Twenty-eight years 

later Lewis and Mahler [15] proved that the number of 

solutions of (5) is at most 

+ cs+1
logQj c9

where c8 and cg are explicitly given constants. In 1984 

Evertse [6] and Silverman [28], independently of each 

other, showed that the dependence on Q and R is not 

necessary by proving that (5) has at most c^J1 solutions 

where c10 is some absolute constant. Evertse generalized 

this result to the equation

(6) ax + by = cz in x,y,z£S with gcd(x,y,z) = 1

where a,b and c are fixed positive rational integers. He 

proved that, for any a,b,c, equation (6) has at most
_ -2S+3
3x7 solutions. Note that this bound is independent

of a,b and c. Last year Evertse et al. [10] showed that 

an equation (6) having many solutions is rather excep­

tional. Without loss of generality we may assume that 

gcd(a,b,c,p1,...,ps) = 1. They showed that there are 

only finitely many triples (a,b,c) subject to this
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assumption such that (6) has more than 2 solutions with 

x,y,z positive (cf. [9] §5). For this result and 

generalisations to the more general S-unit equation

(7) aoxo + a.^ + ...+ = 0 in xo,...,xn G S,

I refer to the paper of Evertse and Győry [7] in the 

same Proceedings.

It may not be clear why (5), (6) and (7) are called 

S-unit equations. By definition a rational S-integer is 

a number of the form x/s with xEZ, s GS. The units in the 

ring of S-integers are called S-units. Hence a rational 

S-unit is a number of the form + s^s^ with slZ s2 GS. 

Obviously, equation (6) is equivalent to the S-unit equa­

tion a£ + bn = c in the two S-unit variables E, and n. So 

(5)z (6) and (7) are just homogeneous forms of linear 

S-unit equations. S-unit equations are closely linked with 

Thue-Mahler equations. For example, there are only 3
s 

possibilities for the cubefree part A of x G S and also 3 

possibilities for the cubefree part B of yGS. Hence all
2 S 

solutions of (5) can be found by solving 3 Thue-Mahler 

equations

Ax3 + By3 e S .

Moreover, (5) is equivalent to the Thue-Mahler equation 

xy(x + y) G S. Conversely, any Thue-Mahler equation can
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be reduced to finitely many S-unit equations. The notion 

of S-units is particularly useful in cases where the 

ground field is not Q, but an arbitrary algebraic number 

field or some other finitely generated field of 

characteristic 0.

3. INTEGER SUMS COMPOSED OF FIXED PRIMES

Let ad, ..., a^ be distinct positive integers. Let 

o)(x) denote the number of distinct prime factors of x. 

In 1934 Erdős and Túrán [5] proved that

k k
w( n n (a. + a. )) > 1J-A- log k .

i=i j=i 1 3

They wondered whether similar results can be obtained
k k •for products II. _d K._d(a. + b . ) , where b-, ..., b, is
1— I J — I 1 J -K

another set of distinct positive integers. In 1986 Győry 

et al. [12] solved their problem by showing that even

k 2
(8) o)( n II (a. + b.)) > ch log k

i=1 j=1 1 3

where Cn is some positive constant. A survey of related 

results can be found in Stewart and Tijdeman [29].

There is a straightforward connection between this 

problem and the S-unit equation (6). Suppose
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k 2
nj_=-| nj = i^ai + b j) is composed of the primes p1z ..., ps. 

Then the equation

x - y = c, c = b2 - b1

has k solutions, x = a. + b_, y = a. + b. for i=1,....,k.
1 “ 1 ■

However, by Evertse's result on equation (6), we know 

that there are at most 3 x72S+3 coprime solutions (x,y). 

One essential point here is that this upper bound does 

not depend on c.

4. THE MASSER-OESTERLÉ CONJECTURE

In recent years some problems and conjectures on 

diophantine inequalities have been posed which have im­

portant connections with algebraic geometry (cf. Serre 

[25]). Ribet [23] has proved that the so-called 

Taniyama-Weil conjecture implies Fermat's Last Theorem. 

In connection with this implication, Oesterlé posed the 

problem of proving the existence of constants c12 and 

c13 such that if

(9) a + b = c with a,b,c 6 Z>0 and gcd(a,b,c) = 1

then

c < c n p Cl3 .
p I abc
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Put G = np|abc P« Let « be the Vinogradov symbol. Then 

the inequality is equivalent to

(1 0) c « GC1 3 .

Masser even conjectured that, for any £>0, (9) implies

(11 ) c «e G1 + e .

This is now called the Masser-Oesterlé conjecture or the 

abc-conjecture. There is also the slightly weaker 

conj ecture

(12) abc «e G3 + £

in the literature. This conjecture implies a conjecture 

of Szpiro on elliptic curves. To indicate the connection 

of conjectures (10), (11) and (12) with Fermat's Last 

Theorem, suppose x,y and z are relatively prime positive 

integers such that xn + yn = z11. Then, provided that (9) 

implies (10),

(xyz)" = zVz” « G3Cl3 < (xyz)3Cl3 ,

hence n is bounded. Similarly (12) implies that n < 4 

if xyz is sufficiently large. For a survey of such 

conjectures and their implications, see Vojta [32], 

Appendix ABC of Chapter 5.
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Using a p-adic version of Baker's estimate on linear 

forms in logarithms of algebraic numbers, Stewart and 

Tijdeman [30] derived that (9) implies the rather weak 

inequality

log c « G15 ,

but this is the best result we know. In this case both 

van der Poorten's p-adic version [22] and Yu's p-adic 

version [34] are applicable.

5. THE MASSER-OESTERLÉ CONJECTURE (CONTINUED)

Stewart and I wondered how large c can be made with 

respect to G, that is how sharp the Masser-Oesterlé 

conjecture is. Actually, we had no hope to be able to 

prove it, so we tried to disprove it.

Let ipo(x,y) be the set of all positive odd integers 

at most x composed of primes at most y. By the box 

principle, there are two elements a<c in this set such 

that
log ip0(x,y)

1Og 2 J|c-a .

/

Without loss of generality we may assume that gcd(a,c) = 1. 

Put b = c-a. Then a+b=c and gcd(a,b,c) = 1. Moreover
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bg = n p < ( n p)
p I abc p<y j'log ipo(x,y)j 1

4c
< ip0(x,y) n p . 

p^y

<

The surprising fact is that

n p

is rather small. On taking y = /log x an elementary 

estimation yields that, for any ő > 0, there exist 

infinitely many positive integers a,b and c such that 

a+b=c, gcd(a,b,c) = 1 and

G < c exp(-(4 -Ő) /log c/loglog c) ,

or, equivalently,

(13) c > G exp((4 - <5)/log G/loglog G),

see Stewart and Tijdeman [30]. The exponential factor in 

(13) grows much faster than any constant power of log G, 

but not as fast as G required to disprove the Masser- 

-Oesterlé conjecture (11).

Masser himself has shown to the author how to prove 

a comparable result opposite to the conjecture (12):
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There exist positive integers a,b,c as above such that, 

for any N,

abc G (log G) .

It is likely that this result can be sharpened.

For some numerical examples related to the Masser- 

-Oesterlé conjecture, see De Weger [33] section 5E.

6. INTEGER SUMS COMPOSED OF FIXED PRIMES (CONTINUED)

It is obvious that the important input in the deriva­

tion of (13) is the behaviour of the function ipo(x,y). 

Dickson, Ramaswami, Buchstab, De Bruijn, Norton, 

Hildebrand and others have made an extensive study of 

the function

ip(x,y) = {n<x:P(n)<y}

where P(n) = max p (see Norton [21] and Hildebrand and 
pin

Tenenbaum [14]). For extreme values of y the behaviour 

of ip(x,y) is relatively simple, but only very recently 

Hildebrand and Tenenbaum [14] established the complete 

asymptotic behaviour of ip(x,y) over the full range of y. 

We only need lower bounds. If y < (log x) then 

elementary estimates are sufficiently sharp. This was 

the case in our deduction of inequality (13). However,
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for y > log x the behaviour of ip(x,y) is totally different. 

The lower bound of Hildebrand and Tenenbaum is not suit­

able for our purposes, but for y > (log x)1+€ a useful 

lower bound has been obtained by Canfield, Erdős and 

Pomerance [2]: For u > 3

(14) ip(x,x1//u) > x exp{-u(log u+loglog u-1 +c14 lc!S^9^u)}

where c14 is some constant.

In the sequel of my paper I shall report on joint 

work with Erdős and Stewart [4]. Recall result (8) of 

Győry et al. How sharp is this estimate? Consider the 

ip(x,y) positive integers at most x composed of primes at 

most y. There are Pai-rs °f such integers and x

possible differences, hence there is some b such that

k := “ W*,y) )2/3x

pairs have exactly difference b. Call these pairs 

(a-i, a-] + b), ..., (a^, a^. + b) with a-i < ... < a^.

Then

w(IIk=1 (a±( a± + b)) < ir(y) .

Again, the difficulty is to make the best choice for y.
2 

The surprising fact is that the choice y = ((log x)/2) 

led to a much better result than we expected. Using (14) 

we obtained
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P(ni=1(ai(ai+b)) < ((1 +e) log (^2^))2 for k~ko(e)

which implies that there are infinitely many choices of 

a,, ..., a, and b such that1 k

(15) u)(IIk 1 a. (a. +b)) < (-1 + e) (log k) loglog k.

Thus (8) is not bad at all. It is consistent with a 

conjecture of Stewart, to be mentioned in the next sec­

tion, to guess that the right order of magnitude is 

(log k)3/2.

We further studied what happens if £ becomes larger 

than 2. I shall only indicate the power of our results. 

As long as £/log kiO we found the existence of infinitely 

many sets {a-i, ..., aand {b-i, ..., b^} of positive 

integers such that

(16) P( n n (a,+b.)) < ((1 + e) log(pp)/
i=1 j=1 J

for k > k-i ( £ , £) .

If £ ~ 0 log k for some constant 0 with 0 < 6 <1, then the 

upper bound can still be made k1^ with n = n(0) < 1. For £ 

around log k a bound r|k with 0 < n < 1 is still possible.

For larger values of £ nothing better than the trivial
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bound k 4- £ could be obtained. This bound can be reached 

if we take a± = i and b = j for all i and j. A simple 

example due to Rúzsa shows that it is possible that

k 
w( n

even if £ = k. Rúzsa' s choice is k = £ = 4, a-j = b-i = 1 , 

a2 = b2 = 2, a3 = b3 = 4, a4 = bq. =8. I conjecture that, for 

any e > 0,

k
o)( n

k £
n n (a. + b.)) » 
=1 4=1 1 3 £ i—1 j=1

when £ = k. Perhaps this inequality is even valid for
1 +££ > (log k)

7. S-UNIT EQUATIONS IN TWO VARIABLES (CONTINUED)

Looking more closely to the proof of (15), we see

that b can be chosen such that b < exp(log k loglog k).

Thus 0)(b) « log k whence

o)(bll^=1 a^ia^+b)) < (-^ 4-e) (log k) loglog k

for k > k2(e).
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The equation x+y=z can therefore have at least k solw 

tions in positive integers x=ai,y=b,z=a^+b with all
2

prime factors of xyz from a set of (log k) loglog k 

prime numbers. Put ch = gcd(ai,b). Then x=ai/di,y = 

= b/d^,z =(a^>+b)/di (i=1,...,k) are k distinct triples 

satisfying

I

x+y=z and gcd(x,y,z) = 1.

1 2Putting s a (g + e) (log k) loglog k, we obtain that

(5) can have as many as

k > expt(4 - eXisf-j)’72 )

solutions. This shows that Evertse's upper bound
2S + 33x7 is not far from the best possible. Stewart has

made a heuristic analysis which shows that exp(s ) 

might be the right order of magnitude.

8. THUE AND THUE-MAHLER EQUATIONS (CONTINUED)

Consider (16) with n := £ fixed. Put

(17) f(x) = (x + b-i)(x + b2)...(x + bn).

Then f is a monic polynomial of degree n. Let S be the 

set of integers composed of primes less than
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Then

((1 + e) 1°2JS iogfloS-JS))" . 
n n

(18) f(x) es for x = a-i, a2/ .../ a^,.

Note that s « ((log k)/n)n/ hence k ~ exp(ns1//n). By a 

slight refinement of the argument we obtain that in (18) 

k can be as large as

1 /n
(19) exp((n2 - e) --------- -------------- —) for s > s0(E,n).

(log s) '

This should be compared with the upper bound (4) of 

Evertse. A guess consistent with Stewart's conjecture 

mentioned in section 7 is that the right order of 

magnitude of the upper bound for the number of solutions
2/n 

of (2) is exp (s ) where n denotes the degree of f and 

s > Si(n).

Note that in our result f given by (17) has non-zero 

discriminant, but is far from being irreducible. It would 

be extremely interesting to have a similar lower bound 

for the original Thue-Mahler equation (2), where f is 

irreducible. To obtain such a bound, it seems that an 

extension of estimate (14) on ip(x,y) to algebraic number 

fields is needed. There are some preliminary results by 

Hazlewood (e.g. [13] ) in this direction.
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As far as I know, (19) is the first lower bound with 

respect to s for the number of solutions of Thue-Mahler 

equations. The only non-trivial lower bounds available in 

the literature concern the Thue equation of degree 3,

f(x,y) = m, m 0.

In 1935 Mahler [18] proved that, for any f with non-zero
1 /4

discriminant, there can be c15(loglml) solutions x,y
1/3 

and in 1983 Silverman [27] improved this to c16(log|m|) 

for any f and to c17(loglml)2/3 for suitable f. Here c15, 

Ct6 and c17 are positive constants. It is still possible 

that the number of coprime solutions of any cubic Thue 

equation is bounded by some absolute constant. It may 

also be true that the number of coprime solutions of any 

Thue equation corresponding to a curve of genus g > 1 

can be bounded in terms of g only.
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COLLOQUIA MATHEMATICA SOC I ETAT IS JÁNOS BOLYAI
51. NUMBER THEORY, BUDAPEST (HUNGARY), 1987

ON THE PRACTICAL SOLUTION OF THE THUE EQUATION -
AN OUTLINE

NIKOS TZANAKIS

This paper was presented at the Colloquium on Number 

Theory, held in Budapest, in July 1987. It reports on a 

joint paper of the author (speaker) and B.M.M. de Weger.

The purpose of this paper is to give an outline of a 

practical method for the solution of the general Thue 

equation

(1) F(X,Y) = m ,

where m is a given rational integer and F(X,Y) 6 z[X,Y] 

is an irreducible form of degree n > 3. A detailed expo­

sition, including examples, can be found in a forthcom­

ing paper by the author and B.M.M. de Weger.
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A. Thue in 1909 [6] proved that (1) has at most 

finitely many solutions (X,Y) £ Z , but his proof was 

ineffective. An effective proof has been given by 

A. Baker in 1968 [1], as a result of his deep study of 

the linear form in logarithms of algebraic numbers.

Since Baker's work, several papers have been 

published, in which examples of Thue equations are 

completely solved, using Baker's results. These are 

mostly cubic equations and only very recently Pe.thő & 

Schulenberg [4] and Blass-Glass-Meronk & Steiner [2] 

have solved explicitly several quartic equations in 

which 3 fundamental units are involved. The last 

mentioned paper provides also a practical method for the 

solution of the general Thue equation, which in several 

respects is. quite different from ours. A general treat­

ment of the Thue equation with the use of Baker-type 

theorems can be found in Sprindzuk's book of 1982 

[5, Chapter IV], but from this, one cannot find a prac­

tical way for solving explicitly a given Thue equation.

Let F(X,1) = 0 have s real roots and t pairs of 

complex-conjugate roots, so that s+2t=n. If s =0, 

then the solution of (1) is trivial; one can elementarily 

compute "small" upper bounds for IXI and IYI. So, we 

suppose from now on that s >1. Denote the roots of 

F(X,1) = 0 by the first s being the real
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ones. We work in the field K = Q(£), where F(£,1) = 0. 

In the ring of integers of K, as well as in any other 

order of K, the group of units has r generators of in­

finite order (the so-called fundamental units), where

r = s + t - 1

(Dirichlet's Unit Theorem). Then (1) implies a finite 

number of equations of the form

a1 a
(2) 3 := X - Y? = ue1 ...£rr ,

where p £ K is an explicitly known algebraic integer, 

£^,..., £ are the fundamental units of an appropriate 

order R containing £ and (a^,...,a ) e Zr is a sought

- for r - tuple with the property that the element 
a- a

p£^ ...£r be of the special shape: Integer + Integer*£.

From (2) we proceed as follows: First, we show that 

for some iQ < s the iQ-conjugate of 3 is very small and 

every other conjugate of 3 is large, in the sense that

13 ° I < const • IYI
(3)

13 3 ) I > const • IYI, (j iQ),

provided that IY| is "large enough".

If s > 3 ("real case") we choose indices j,

k G [1 ,. . . , s) such that i f j k i and if s = 1 or 2 o • ' o
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("complex case") we choose indices j,k > s such that
^(k) _ (j)e In both cases we consider the iQ,

j,k-conjugate relations of (2) to eliminate X and Y 

and then, by some more or less standard arguments, we 

are led to an inequality

(4) 0 < IA I < c1exp(-c2A),

where A = max I a. I, c^ and c2 are explicitly computable
i

positive constants and A is a linear form in logarithms 

of algebraic numbers. Specifically,

r
A = log Iő I + E a, log I ó, I ,

h=1 n n

(iQ) (j)
where <5 = .------ and 6, = £^k)/E^j) in the "real

? o _ h h h

case", and

r
Ai = Logő + E ahLogőh + ar+1Log(-1) ,

h=1

where Ő and <5, are as before, a , . is an extra unknown h r+1
integer and the logarithms are principal, in the "complex 

case". Using a result of M. Waldschmidt [7] we find, on 

the other hand,

(5) I Al > exp(-c3(logA + c4)) ,
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where and are, again, explicitly computable 

positive constants. Combine now (4) and (5) to get an 

upper bound for A, which in practice is very large. 

Having an upper bound for A, provides us with an 

effective method for solving (2) and, consequently (1), 

too. On the other hand, such a large upper bound for A 

(in a typical example it can be as large as 1040) 

cannot provide us with a practical method for solving 

(2) (and, hence, (1)).

In what follows I shall describe a process, which 

reduces considerably the upper bound for A. It is based 

on the Lenstra-Lenstra & Lovász Basis Reduction Algo­

rithm [3] . (I will refer to it as the L3-algorithm). In 

this algorithm the input data is an arbitrary basis of 

a lattice T and the output data is a so-called "reduced" 

basis of T. This is a good basis, in the sense that, 

roughly speaking, its vectors are "almost orthogonal" 

and of "almost equal lengths". We use the "integral
3

version" of the L -algorithm, due to de Weger [8], which 

works only with vectors having integral coordinates and 

in which all necessary divisions are exact. Thus, we 

completely avoid the rounding-off errors at this stage.

Let's come back to our reduction problem: Its more 

general shape is the following: Put
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A = jJq + a 1 + ... + arUr •

where the jj's are known real numbers, and find all

(aa^) £ Zr, which satisfy the system

(6) 0 < I A I <K1exp(-K2 A) and A < K3 (A = maxIa±I )

with K1, K2, K3 explicitly known positive constants and

K3 "very large". We reduce the size of K3 as follows:

Let c be a constant somewhat larger than K3 and let T o J
be the lattice generated by the column-vectors of the

r x r matrix

By the aforementioned algorithm we find a reduced basis

,...,br of r’ If we denote the matrix whose columns

are b1,...,br by B, then the same algorithm finds easily
_ 1

a matrix LI such that B = AU, as well as U . Consequently, 

we can easily compute, in view also of the simple form 

of A, the matrix B_1 = U_1 A-1. Then, if we put
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r
we have x = E s.b. and

i=1 1 1

can be explicitly computed. On the other hand, if we 

denote by l(x,r) the distance from x to the closest to 

x point of T (if x = 0, then l(x,T) denotes the minimal 

distance of non-zero points of T from £), then we can 

prove that

(7) l(x,r) > const • lb1I

where the constant is explicitly computable and depends 

on II s JI i=1,...,r (II • II means the distance from the 

nearest integer). Since the volume of the parallelepiped 

of bf , . . . ,br is [cQ]Jr], which is of the size of k|, and 

all the o^'s have "almost the same length", we expect 

that Ib^| is of the size of [c p ]•' , i.e. of the size

of K-.. Therefore, if no II s JI is extremely small, then, by •J 1
(7), l(x,r) is of the size of K^.

Let now (a^,...,ar) G zr be a solution of (6) and 

consider the point of T

ÍA )ai a1 '
• .
• a 4• r-1
a XrJ o J

r
where X = E a.[c p.]o 1 o 1

2 2 2Its distance from x must satisfy a^ +...+ a^ + X >
2

> l(x,T) , wnere X = X + [c p ]. From this and (7), it — o o o
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follows that IA| > const • K^. On the other hand, it is 

clear that I Al < cQI A I + (small error) and the right- 

-hand side is of the size of IAI . Thus, const • Kg < 

< | A I < k| I A I , from which it follows I Al > const • K^r . 

Combine this with the first relation (6) to get
— ( T“ — 1 )K^expt-KgA) > const • Kg , from which an upper bound

for A can be found, of the size of logKg.

If necessary, we repeat this process to reduce the 

upper bound of A even more, until the upper bound is so 

small that we can check by direct computations all 

possibilities.

As an application of this method we have computed 

all integral points on the elliptic curve

(8) y2 = x3 - 4x + 1 .

As it is well known, the solution of such an equation is 

reduced to the solution of a finite number of quartic 

Thue equations. In the case of (8), this finite set of 

Thue equations consists of reducible equations, which 

can be solved trivially and of the following two 

irreducible Thue equations:

(9) X4 - 4X3Y - 12X2Y2 + 4Y4 = 1

4 2 2 3 4(10) X - 12X Y - 8XYJ - 4Y = 1
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By the method described in the previous pages, we found 

out that the only solutions to (9) are (X,Y) = +(1,0) and 

to (10) are (X,Y) = +(1,0), +(1,-1), +(1,3), +(3,-1). 

Tracing back from the solutions of the quartic Thue equa­

tions to (8), we find that the only integral points on 

(8) are the following 22:

(x,+y) = (-2,1), (-1,2), (0,1), (2,1), (3,4), (4,7),

(10,31), (12,41), (20,89), (114,1217), 

(1274,45473).

A direct corollary to this is that the only 

triangular numbers Tn := (n+1)n/2, which are product of 

three consecutive integers, are T3/Ti5/T2ozT44'T608' 

T22736‘ In<^eed' following S.P. Mohanty (private communi­

cation), we consider the equation

(11) T^ = m(m + 1)(m + 2)

and put m = (x-2)/2, n = (y-1)/2, where x is even > 2 

and y odd > 1. Then (11) is transformed into (8) and our 

claim becomes obvious.
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COLLOQUI A MATHEMATICA SOCIETATIS JÁNOS BOLYAI
51. NUMBER THEORY, BUDAPEST (HUNGARY), 1987

DEPENDENCE OF LOGARITHMS OF ALGEBRAIC POINTS

WALDSCHMIDT, M.

INTRODUCTION
Let G be a commutative connected algebraic group 

over the field Q of algebraic numbers, expG:TG(C) * G(C) 

the exponential map of the Lie group G(C)r and A the in­

verse image in TG(C) of G(Q). We study the distribution 

of A in T_,(C) • More precisely, we give a necessary and 

sufficient condition on a C-vector subspace V of TG(C) 

for VOA to be of finite dimension over Q, and for such 

a V we give upper bounds for this dimension.

We consider first (§1) the case where G is a torus 

G^, next (§2) we take for G a linear algebraic group. 

In §3 we deal with an arbitrary commutative algebraic
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group, and in §4 we refine the estimate for a product of 

a linear algebraic group by an arbitrary commutative 

algebraic group. The proofs are given in §5.

§1. USUAL LOGARITHMS

We denote by L the set of logarithms of algebraic 

numbers:
L = {loga, a G Q*} = {Z G C, e£ G Q} c q.

We fix an integer d > 2. The set Ld is a Q-vector 

subspace of Cd. Let V be a C-vector subspace of Cd of 

dimension n. If V D Q ^0, then V n Ld is a Q—vector 

space of infinite dimension. Indeed, let 

b = (b^,...,b^) G V n Qd, b / 0; then

(b1 loga,...,bd loga) E V n Ld

for all loga G L.

Conversely, M. Emsalem proved that if V 0 Qd = 0, 

then the Q-vector space V n Ld is of finite dimension 

(see HE] theorem 1), and that this dimension is at most 

nd (see EEJ theorem 2). Emsalem gave interesting applica­

tions of these results to a problem considered by Greenberg 

on the arithmetic of Z -extension.
P

Here is an example where this dimension is finite, 

and > n(n+1)/2 (compare with Langevin's example in CWalJ, 

p. 1635). We choose V defined by the equations
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zlloga1 +...+ zn+1log«n+1 0 0

where loga^,...,logan+^ are Q-linearly independent 

elements of L. Hence V n Qd = 0, and V n Ld contains

the n(n+1)/2 points 

yij= (yij1.......... Yi jd>

where (
loga j

Yijs = S ~lo9ai

0

It is plain that these

are Qlinearly independent. (

6 Cd, (1 < i < j < d),

for s = i

for s = j

otherwise, 1 < s < d.

(n+1)/2 points of V n Ld

his construction works as

well if we replace L by any Q-vector subspace of C of 

dimension >n).

Here is an improvement of Emsalem's bound:
J

THEOREM 1.1: If VDQ = 0, -then the dimension over

Q of V n L is at most n(n+1), where n is the dimension 

of V.

It easily follows that for any V, there exists a
J

rational subspace W of C , contained in V, such that
Ó. d

dimQ^v n L /W n L ) < v(v+1) with v = n-dim^W (compare 

with CE2 theorem 2).
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In some cases we can improve the preceeding upper 

bound. Let us denote by t the dimension of the complex
d. dvector subspace of CQ generated by V A Q . Hence we 

have 0 < t < n < d.

THEOREM 1.2: If V A Qd = 0, then V A Ld is of 

dimension over Q at most d(d-1-t).

Here is an example of V with V A L of finite 

dimension >(n-t)(n+1-t)/2: we take V defined by the 

equations

(31Zl+B2z2+...+3tzt+zt+1)logat+1 + zt+2lo9at+2 +--*+

+ zn+1lOg“n+1 = °-

zn+2 = ••• = zd = °-

with 1,Q-linearly independent in Q, and 

l°go'-t+ f • • • t l°gan+ -] Q-linearly independent in L.

Let us give a few examples.

1) For n = 1, theorem 1.1 shows that the only lines of
d dCa containing three linearly independent points of L 

are those which contain a non-zero point of Qd.

COROLLARY 1.3: Let loga±j, (1 < i < d, 1 < j < £)

be £d elements of L. Assume that at least two of the d 

rows of the matrix
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logan . . . logot
• •• •• •

_lo9“d1 • • ’ lo9ad£_

are Q-linearly independent 3 and that at least three of 

the £ columns are Q-linearly independent. Then the rank 

of the matrix is at least 2.

Corollary 1.3 is equivalent to the six exponentials 

theorem: if the rank of the matrix were 1, then we would 

have logot^j = x^y, (1 < i < d, 1 < j < £) , with at

least two of x^,...,x^ linearly independent and at 

least three of y^,...,y^ independent over Q, which is 

impossible (e.g. rWa23§2).

The rank of the matrix may be 2, even if £ and d are 

large and all the d rows as well as the £ columns are 

linearly independent (for instance take all the entries 

equal to zero, apart from one row and one column).

2) We consider the case t = n = d-1 of theorem 1.2.
JI

This means that V is a hyperplane of C which is defined 

over Q. Let

61z1 *-"+ 6dzd -0

be an equation of V, with algebraic 8^,...,8^. The as-
J

sumption V A Qa = 0 means that 8 are Q-linear
J

ly independent, and the conclusion is V A Lu = 0, which
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reads Bloga+...+B^loga^ / 0 when loga^,...,loga^

are not all zero in L. This is equivalent with the ho­

mogeneous case of Baker's theorem:

COROLLARY 1.4: Let loga^ , . . . , logan be Q-linearly 

independent elements of L. Then loga^,...,loga^ are 

Q-linearly independent.

3) We now give an example with d = 3, n = 2, and
3

t = 1. Let V be the hyperplane of C of equation 

nz1+0z2 = z^, where r| is algebraic (so that (1,0,ri) G V, 

and t > 1), and ri is irrational, while 0 is trans­

cendental. This ensure that 1 ,n and 0 are Q-linearly
3

independent, hence V n Q = 0. From theorem 1.2 we deduce
3

that the dimension of VOL over Q is at most 3:

COROLLARY 1.5: Let a ., B ., (i = 1,2,3,4) and n be non- •£- t-
zero algebraic numbers, and t E C be a transcendental 

number. Assume that r| is irrational, and that the four 

points (loga^, logB^), (1 < i < 4) are Qi-linearly indepen­

dent in L x L. Then one at least of the four numbers

a^’B^r (i = 1,2,3,4)

is transcendental.

4) Finally we give an example involving exponentials 

in several variables (compare with EBeJ II §1).
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COROLLARY 1.6: Let be ^-linearly in­

dependent complex numbersj and X^,...,X^ be £ Q- 

linearly independent elements of Lm. Ve write

(loga1 loga .), m j (1 < j < £) ,

and, as usual,

m
Tl

m
= exp( Z

v=1
t^loga^). (1 < j < H) .

Assume £>(r-1)(n+1), where r is the dimension of the

Q-vector space generated by 1,t.,...,t . Then one at1 m
least of the £ numbers

(1 < j < £)

is transcendental.

§2. LINEAR ALGEBRAIC GROUPS

Let dg > 0 and d^ > 0 be non negative integers with 

d = dg + d^ > 2. We consider the Q-vector subspace 

d° d1 d d
Q xl of C . If V is a Q-vector subspace of C ,

we are interested to know whether the intersection

V 0 (Q xl ) is of finite dimension over Q or not.
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Clearly, if V A (0 x Q ) 0, or if
-d0

V A (Q x 0) £ 0, then this dimension is infinite. We 

will see that the converse holds.

Let us denote by t the dimension of the C-vector
d. dsubspace of C generated by V A Q .

d1THEOREM 2.1: Assume V A (0 x Q ) - 0 and

-d -d0 d1
V A (Q X 0) = 0. Then V A (Q x L ) is of finite 

dimension over Q_, and this dimension is at most d^ (d-t-1 ) .

We will see also that this dimension is at most

n(n+1) .

EXAMPLES
1) If we take dg = 0, we just get theorem 1.2.

2) (Baker's theorem by Schneider's method). We 

first deduce Corollary 1.4 from Theorem 2.1. Assume 

loga,...,logan+^ are Q-linearly independent, but 

Q-linearly dependent:

loga^+...+ 3nlog«n = loga^ .

We may assume that loga^,...,loga are Q-linearly in­

dependent. We choose dQ = n, d1 = 1, t = 0, and V is 

the hyperplane

z.loga.+,..+z loga = z ,..1^1 n n n+1
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We get n+1 Q-linearly independent points ^-|'**’'^n+1

in V Cl (Qn x L) :

Xi = (6i1'’* *'őin' logai)• (1 - 1 “ n)'

and

Xn+1 = ...r6n, logan+1).

This contradicts the upper bound provided by Theorem 2.1.

We now prove the non-homogeneous case of Baker’s

theorem:

COROLLARY 2.2: Let logav...,log«n be Q-linearly

independent elements of L. Then the numbers 1,

loga^,...,logan are Q-linearly independent.

Indeed, if

Bo+ei 1O9“1+-•-+Bn-1 logan-1 = log“n'

with loga^

..,logan_1 Q-linearly independent, then we chooseloga^

and V is the hyperplane

logout. . • + zn_1 Iogan-1

We have t = 1 because (1,0,. ,0,1) EV. We now get n Q-linear-

z . n

ly independent points XAn in V n (Qn x l):
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Xi - V••'6in-i' logai>' (1 < i < n-1) ,

and

An = í60'B1'-"'Bn-1' lo9an>-

which contradicts theorem 2.1.

3) We also deduce Corollary 2.2 from Theorem 2.1 

by Gel1fond-Baker’s method: we start from a non trivial 

relation

Bo +B1 logai+...+3n_1 log«n_1 = logo^,

with algebraic a's and 0’s. We may assume (by induction) 

that 1,01,...,are Q-linearly independent, and

' l°9a-|/■ • • • f logoig) / 0. For dg = 1, d^ = t = n, the 

hyperplane V of equation

contains a non-zero point (6Q,loga1,...,loga ) of 

Q x Ln, which contradicts Theorem 2.1.

exponentials theorem" of EWa23.

COROLLARY 2.3: Let x^ , be two complex numbers 

which are Q-linearly independent, and let y^ , • ¥3
be three complex numbers which are Q-linearly independent.

Further let . ( i = 1,2; j = 1,2,3)

numbers. Assume that the six numbers

be six algebraic
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expíx^j - a^), (i = 1,2; j = 1,2,3)

are algebraic. Then

xiyj = aij ?ov i = 1/2 and j = 1,2,3.

We take dg - - t = 2, and V is the hyperplane 

of of equation x2^z1+z3^ = x1^Z2+z4^’ Xt contains 

the three points

(ot1 j'a2j' X1 yj “aij'x2yj_a2j)’ (j = 1'2'3>-

and these points are Q-linearly independent. From theorem

2.1 we deduce V fl (Q x 0) $ 0, hence y = is

algebraic and irrational. Define

logŐ.^ = Xj/j-a-jj, (i = 1/2; j = 1,2,3).

We get

Ylogő1 j-logő2j = a2j“Ya1j' (3 =

and Corollary 2.2 implies: 

= 0 logö^ = 0 and a_.2j

for j = 1,2,3, which is the desired conclusion.

4) Here is an example with dQ = 1, d^ = 2, d = 3

and, t = 0.
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COROLLARY 2.4: Let loga^, loga2, loga^, loga^ be 

^-linearly independent elements of L_, and £>2 ^wo

algebraic numbers . Then one at least of the two numbers

loga^ loga^
exp(---------*loga3 + 3loga^ ), exp(----------‘logot^ + 02 l°9a-|)-

loga^ loga2

is transcendental.

If these two numbers y^ , y2 are algebraic, then

we take for V the hyperplane
loga^

z^loga^ = z2 + --------- , with the 5 points
loga2

(0,loga1,-loga2), (1 , logo^ , 0 ) , (1,0,loga2),

and

(31,logy1,-loga3), (32,logy2,-loga4).

5) Finally we give a further example involving ex­

ponential functions in several variables.

COROLLARY 2.5: Let t^,...,t be ^-linearly indepen­

dent elements of L, and be £ Qi-linearly in­

dependent elements of Lm. f/e write

Aj = (loga1 3 . . . 3 logam;.) , d^j U

and3 as usual,
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m
= exp( E

v=1

m
n t log .) (1 < j < £) .

Assume l > m^; then one at least of the £ numbers

tm v
JI a . (1 < j < £)

v=1 v:)

is transcendental.

PROOF: We first notice that 1,t^,...,t are Q-linear-

ly independent by Corollary 2.2. We take dg = m,

d^ = m+1, n = 2m, t = m; the hyperplane V of equation

Z2n+1'

contains the points

(0,...,0, logot , . .., logot jm) ,

and

(1 * J < £) •

(1 < v < m) .

§3, COMMUTATIVE ALGEBRAIC GROUPS

Let G be a commutative algebraic group of dimension 

d > 2 which is defined over the field Q of algebraic 

numbers. We view the complex points G(C) of G as a 

Lie group, we denote by T^CC) the Lie algebra of G
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at the origin, and by expG:TG(C) — G(C) the exponenti­

al map of G(C).

We denote by G(Q) the group of points of G which 

are rational over Q, and by = A the inverse image

in Tq(C) of G(Q) by the exponential map. Hence A is a 

Q-vector subspace of TG(C).

Let V be a C-vector subspace of T (C) of dimension n.G

Obviously, if there exists an algebraic subgroup H of 

G, of positive dimension, which is defined over Q, such 

that th(C) is contained in V, then V n A is of in­

finite dimension over Q (because it contains 

exp^^ (H (Q)) ) .. Such a 1^(0 is nothing else than a non-zero 

Q-algebraic Lie sub-algebra of T_,(C) (see CBJ).G

From the arguments of CE: §1 it follows that the 

converse is true. It is easy to give an example where 

V n A is of finite dimension >n(n+1): we take a power 

of an elliptic curve with complex multiplication, and we 

repeat the example of §1.

THEOREM 3.1: As sume that V does not contain any non­

zero Q-algebraic Lie sub-algebra of T_(C) defined over
G

Q. Then V D A is of finite dimension over Q_, and this 

dimension is at most 2n(n+1).

Therefore for any V there exists a Q-algebraic

Lie sub-algebra TH<C) of TG(C), which is contained in

V, such that dim (V 0 A /A ) < 2v(v+1), where v = n-dimH.Q G ri
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Here AH = ag n TH^C^ ’

Since TG is the tangent space of G at the origin, 

it has also a Q-structure: we denote by TG(Q) the space 

of Q-rational points on TG, and by t the dimension of 

the C-vector subspace of TG(C) generated by V n TG(Q).

THEOREM 3.2 : Assume that V does not contain any 

non-zero Qi-algebraic Lie sub-algebra of TG(C) defined 

over Q. Then the dimension of V D A is at most 

2d(d-t~1).

If we choose G = G^ where Gm is the multiplicative 
H dg d i

group, then A = L . If we choose G = G x G where am
G is the additive group, then

3.

A = Q xL . However, our Theorem 3.2 does not give as 

sharp a bound as we announced in Theorems 1.2 and 2.1 

for these special cases. In order to achieve an estimate 

which includes these results, we will consider in the 

next section a product of a linear group by any commuta­

tive algebraic group.

For t = d-1, i.e. when V is a hyperplane of 

Tg(C) which is defined over Q, the conclusion is 

V n A = 0. This is a result due to Wüstholz (see EBel).

COROLLARY 3.3 : Let G be a commutative algebraic 

group defined over Q, and let uGT (C) be such thatG
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exp^uGG(Q). Then the smallest vector subspace of 

tg(C) deft ned over Q which contains Q is a ^.-algebraic 

Lie sub-algebra of T (C).G

§0. MULTIHOMOGENEOUS SITUATION

Let dg > 0 d1 > 0 d2 > 0 be non negative integers with

d = d +d_j+d2 2. Let G2 be a commutative algebraic

group, which is defined over Q, of dimension d„. We

d0 ^1
define G = G x a Gm X G2* Then, with the notations of

§ 3 , we have

-d0 di
ag Q XL x A_ .

G2

Let V be a C-vector subspace of T (C), of dimen G
sion n. We denote by t the dimension of the C-vector

subspace of TG(C) generated by V n TG(Q)> and by k 

the rank over Z of the intersection of V with the ker­

nel of expG (this kernel is a discrete subgroup of 

tg(C)).

THEOREM 4.1. As sume that V does not contain a non­

zero algebraic Lie sub-algebra of T (C) defined over Q.
G

Then V D is a ^-vector space of dimension at most

(d1+2d2-k)(d-t-1).
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This result generalizes Theorem 2.1 (choose d2 = 0), 

hence it contains Theorem 1.2. Theorem 3.2 follows also, 

by taking dg = d^ = ® ‘

Theorem 4.1 is proved in CWa2 3 when V is a hyper­

plane (n = d-1), and we will deduce the general case in 

§5.

Here is an example, with dQ = 0, d^ = 2, d2 = 1 ,

t = 1 , k = 1 :

COROLLARY 4.2: Let p be an elliptic function of

Weierstrass with algebraic invariants g2.> g^; further, 

let co be a non-zero period of p , and let u^,u2,Ug be 

three complex numbers, such that w,u^,u2,u3 are 

Q-linearly independent, and p(up, p(u2), p(u^) are

algebraic numbers . Furthermore, let loga^, loga2, loga^ 

be three Q-linearly independent elements of L. Then one 

at least of the three numbers

u^ cű/2ítt u2 cü/2ítt 
e , e *«2

U., U)/2ilT 
e *a3

is transcendental.

2 PROOF: We take G = G x E, where E is the elliptic m
3

curve associated to p . In T (C) = C , we have 

AG = L2 x Ae and we take for V the hyperplane of

equation - 2iir (z^-z^) 0. From Theorem 4.1 we
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deduce that dim (V Cl A ) < 3, and therefore if the
Q a

four points.

(2ítt,0 ,-oj) r (loga1 , logB^ ,u1) , (loga2 , log$2 ,u2) ,

(loga^ , logfB^, u^) are in and Q-linearly independent

then one at least of them is not in V.

§5, PROOFS

a) PROOF OF THEOREM 1.1. From CWa23 we deduce that, 

under the assumptions of Theorem 1.1, there exists an 

algebraic subgroup G' of G, which is defined over Q, 

with G’ / G, such that

dimQ(A n V/A n V n Tq,) < dimG/G' .

By induction we have also

dimQA n V n Tq, < n^n.j + 1),

where n1 = dimV Cl TQ, . Let d1 = dimG* . Since V does 

not contain TG», we have n^ < d^, and

dimQA n V < ^(d-dp + n^npl).

There is no loss of generality in assuming that the
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*dZariski closure of exp V is G(C) = C . Thereforeu
V 0 T„, / V, hence n1 < n. The desired result then fol- G
lows from the following lemma:

LEMMA 5.1: For d > n > n^ and d^ > n^3 we have

n (d-dp + (d-n) (n^ + 1) n^ < (d-n) (n+1) n.

PROOF: Notice first that the left hand side is an 

increasing function of n^.

a) Assume 2n < d+d^ . Then d-d^ < 2(d-n) and

d-d^ +(d-n)(n-1) < (d-n)(n+1),

which gives what we want since n^ <n-1.

b) Assume 2n> d+d^. Therefore we get n > d^-1, 
hence

n (n-d^+ 1)+dpd^-1) < n(n+1),

which gives the desired result when n^ = d.j-1 and

n = d-1. We deduce

n(d-d1) + (d-n)d1 (d^D < (d-n)(n+1)n.

Indeed, this inequality holds for d = n+1, and the 

difference between the coefficient of d in the left 

hand side and the coefficient of d in the right hand 

side is
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n(n+1)-d^(d^-1)-n = n2-d^(d^-1) > 0.

Since < d^-l, this concludes the proof.

The same proof gives Theorem 3.2.

b) PROOF OF THEOREM 4.1: This result is proved in 

CWa2J in the case where V is a hyperplane of TG(C). 

Therefore it is sufficient to prove:

LEMMA 5.2 : Let- V be a subspace of T^(C) which 

does not contain any non-zero Q-algebraic Lie sub-algebra 

of TQ(C). Then there exists a hyperplane H of T^iC), de­

fined over which contains V, and which does not con­

tain any non-zero Q-algebraic Lie sub-algebra of T (C) •

PROOF: We write V as intersection of hyperplanes

,. . .where each is the kernel of a linear

form L. on T(C). We take for H the kernel of a
J

generic linear combination t.L.+...+t ,L ,. The points11 n-d n-d
(t,...,tn_j) in C for which the corresponding H does 

not satisfies the desired property belong to a set of 

measure zero (for the Lebesgue measure on T (C) — Ca).
G
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§6. FURTHER PROBLEMS

It should be possible to deduce an estimate contain 

ing both Theorem 4.1 and Theorem 3.1. From CWa2J one 

could expect the bound

(6.1) (n-t) (d1+2d2-k)/(d-n)

for the dimension of V A A in Theorem 4.1. Indeed, 

Theorem* 4.1 of EWa2J states that if dim (V A A) exceeds u
the number in (6.1), then some kind of degeneracy occurs: 

in particular there is a Q-algebraic Lie sub-algebra of 

positive dimension in TG(C) such that many points of 

V A A are in V A A A T ,(C)• However we cannot garantee G
in general that T ,(C) is contained in V. The trivial 

case G' = G is excluded by requiring that V is not 

contained in any Q-algebraic Lie sub-algebra TG,(C)dif­

ferent from T (C) (this is anyway a natural assumption 

if we want to improve the bound of Theorem 4.1 when n 

is smaller than d-1). This assumption is not sufficient 

to get the upper bound (6.1) for dim (V A A), even in 

the situation of §1, as shown by the following example: 

we choose n > d/2, we take loga^,...,loga^ linearly 

independent in L, and we define V in C by the d-n 

equations

Zllogai+...+z2n_d+2loga2n-d+2 = 0/ 

zd-2k-1log“d-2k-1+Zd-2kiogad-2k = °'
(0 < k < d-n-2)



Then V contains at least

2n-d+2
2

+d-n-1 = j«d(d-1)-2n(d-n-1)

J

points of L , and this can be larger than nd/(d-n)

(for instance when d > 18 and n = d—3).

Another related but quite different problem is to 

work out the consequences of Schanuel’s conjecture for 

the problem which we considered in §1 and §2, or more 

precisely the consequences of the assertion according 

to which linearly independent elements of L are algeb- 

raically independent . It seems one should investigate 

the linear subvarieties of the algebraic hypersurface

det(X. .)=0 
ij

in P

J

The next step could be to study C D L (or more 

generally C n in the situation of §3), when C is
J

a curve in C (resp. in T (C)). The example of the 

surface z-jz2 = Z3Z4 shows that algebraic varieties 

of higher dimension can contain a lot of points of Ld 

(resp. A ).

(*) Added in proof (December 1988). This problem has been recently 
solved by Damien Roy.
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1. INTRODUCTION

Let F(X,Y) be a binary form with at least three 

distinct linear factors over (E. Let p1z ..., pg be fixed 

distinct prime numbers. The diophantine equation

s n.
f(x,y) = + n p.1 

i=1 1

in the variables X, YeZ, n1z ..., n 6|\LZ withs u
(XZY) = 1, is known as a Thue-Mahler equation. It was 

proved by Mahler [1933] that this equation has only 

finitely many solutions, and by Sprindzuk and Vinogradov 

L1968] and Coates [1969], [1970] that all the solution 

can, at least in principle, be determined effectively, 

since an effectively computable upper bound for the 

variables can be derived from the p-adic theory of linear 

forms in logarithms. For the history of this equation we 

refer to Shorey and Tijdeman [1986], Chapter 7.

It is the purpose of this paper to show that it is 

possible to solve Thue-Mahler equations, not only in 

principle, but in practice, by reducing the above 

mentioned upper bounds considerably. This is done by a 

combination of real and p-adic computational diophantine 

approximation techniques, based on the L3-algorithm for 

reducing bases of lattices (cf. Lenstra, Lenstra and
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Lovász [1982], and for an integral version de Weger 

[1987a]). The method can be considered as a p-adic 

analogue of the method for solving Thue equations, on 

which Tzanakis [1987] reports. For a more general 

treatment of the application of the L3-algorithm to 

solving diophantine equations, see de Weger [1987°], 

especially Chapter 3.

A similar idea, but without using the L3-algorithm, was 

used by Agrawal, Coates, Hunt and van der Poorten 

[1980], who determined all solutions of the equation

X3 - X2 • Y + X • Y2 + Y3 = + 11n .

This is, to the author's knowledge, one of the only two 

examples in the literature where a Thue-Mahler equation 

has been solved completely, the other one being

X3 + 3 • Y3 = 2n ,

which was solved by Tzanakis [1984] by a different method. 

It is an example of the simplest kind, in view of the 

fact that the cubic field Q(8), where 6 is a root of 

F(x,1) = 0, has only one fundamental unit, and there 

occurs only one prime. Therefore it was sufficient to 

use two-dimensional real continued fractions and one­

dimensional p-adic continued fractions, in stead of the
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3 
more complicated L -algorithm (which was not yet 

available at the time). We now extend the method to the 

situation where there are more than one fundamental 

units, and more than one primes, thus to the general 

situation. Then the L3-algorithm becomes very useful. 

(However, a more or less technical problem will show up 

for forms of large degree, that has not yet been solved). 

In this paper we only give an outline of the method. In 

a paper to be published. Tzanakis and the present author 

have used the method of this paper to solve the Thue- 

Mahler equation

X3 - 3-X-Y2 - Y3 = + 3ni- 17n2 • 19n3.

Here, two fundamental units and three primes are involved. 

Note that if (Xo, Yo) is a solution, then so is 

(-Yo,Xo+Yo). Thus solutions come in six-tuples, of which 

exactly one satisfies X > 0 and Y > 0. It turns out that 

there are 26 such solutions, all satisfying X < 896, 

Y < 379, ni < 1, n2 < 3, n3 < 5.

2. UPPER BOUNDS

In this section we give a short account of the 

classical arguments for deriving upper bounds for the 

solutions of a Thue-Mahler equation. Any Thue-Mahler
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equation reduces in a routine manner to a finite number

of equations of the type

(1 ) Ő! • 3, - 1 = ő2 • 02 ,

where ői, ő2 are algebraic constants, and 01, 02 are of 

the form

X - Y • 0'
x - y . e" '

where 6', 0" are conjugates of the root 0 of F(x,1) = 0.

From the Thue-Mahler equation it follows that there 

exist algebraic units e-i, ..., sr and algebraic constants 

a, tt1z ..., ip, and rational integers Vi, ..., v. closely t u
related to n1z ..., n , such that 01, 02 are of the type

r a. t v .
f . TT o'1. TT tt'J .

the prime sign indicating a proper conjugate, and the a^ 

being rational integers. For a given solution (X,Y,n1z..., 

...,n ) of the Thue-Mahler equation and for a given index 
s

i e {1,...,s} these conjugates can be taken in such a way 

that (supposing tnat n^ is large enough)

ord (01) = Ci, ord (02) = c2 + c3 • n. ,
Pi Pi

where Ci, C2, c3 are small constants. Put

A = maxlaj, N = nHx(n±), H = max(A, N).
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The theory of p-adic linear forms in logarithms (see 

e.g. Yu [ 1 987] ) provides an explicit constant Ci such 

that

ord (Ő! • 3i - 1) <Ci • log H .
pi

It follows that a constant C2 such that

N < C2 • log H

can be computed explicitly. It will be very large in 

practice (even for a Thue-Mahler equation of low degree
50it may be as large as 10 ). Put

t v. 
p = n ír. -J .

j=1 3

Then I log Ip I I < c^ • N < C3 • log H. Suppose that A is 

large enough. Then, since |32 have the form

r a.
a' • u' • n c]1 ,

i=1

the conjugates can be taken such that 62 is close to 0, 

namely

I32I <c5 • Ip'I • exp(-c6 • A)

for small constants c5/ c6- The theory of real linear 

forms in logarithms (see e.g. Waldschmidt [1980]) 

provides an explicit (large) constant C4 such that
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I ő 1 • 3-i~1| > exp(-Cu ’ log A).

Combining all the estimates it follows that H is bounded 

by an explicit constant Co«

3. REDUCING UPPER BOUNDS

Above we derived an upper bound Co for H, using an 

interplay between p-adic and real arguments. We now 

show, again combining p-adic and real arguments, and 

using a computer, how this upper bound Co can be reduced 

to an upper bound for H of the size of log Co. See also 

de Weger [1987^], Chapter 3.

Our computational tool is the L3-algorithm, that is 

capable of finding good lower bounds for the length of 

the shortest nonzero vector in a given lattice T, and 

for the distance of a given point to the nearest lattice 

point. These lower bounds are expected to be of the size 

det(r)1/din,(r) .

Write

r a. t v.
8 -i = <5 • He.1, IItt.-1

i=1 1 j=1 J

We assume that we know the numbers <5, e^, tt^ explicitly, 

and that we can compute their complex and p-adic values
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to arbitrary (but finite) precision.

First we make a p-adic step. Put for a fixed prime 

p e {pi,...,ps)

D± = - logpUp/log Ut) for i = 1,...,r,

Tj = - logp(iTj )/log (it t) for j = 1,..., t-1, 

4> = log (ő)/logp(TTt) .

We assume that these numbers n . ,
1

not in some algebraic extension.

obvious, but it can be proved in

degree of the binary form F(X,Y)

t . , are in Q , and
3 P

This is in general not

the cases where the

is not larger than 4.

(This is the unsolved problem 

tion) \ Further, we may assume

announced in the introduc-

without further loss of

generality that they are even in z . : 
p

denoteinteger y and for any m 6 No we 

For any p-adic

i by the unique

rational integer such that

0 (m)< y . m
P 1 .

We now define the lattice T by the matrix m J

*■) “
Note added in proof: This problem is solved now, due 
to J.-H. Evertse.
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1

0

0

where the column vectors of the matrix are the basis

vectors of T . Here we take m large enough, such that m
pm is of the size C^+t. Then the distance of the point

. (m)L4> J

to the nearest lattice point can be bounded from below, 

from the result of the L3-algorithm (cf. de Weger 

[1987b], Section 3.4). It will, in a typical situation, 

be at least c7 • Co for a suitable constant c7 (small 

compared to Co). If c? is not large enough, one should 

try with a larger value of m. For a solution a1r ..., a 

Vi,...,v, of (1) it follows easily that if ord ( ő-i • B i~1 )
L- it

> mtord (log ( it , ) ) thenp P t
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Now ordp(ő1 • 31 - 1) — c2 + c3 • n^, where i is the index 

such that p = . This contradicts the upper bound Co.

Hence 

which is only of size log Co. We repeat this procedure 

for all p = p1,...,ps, and find a reduced upper bound Nq 

for N, of size log Co.

Next we make a real step. Choose a constant C of size
r tCo • No, large enough. Put

= [C-Ioglc^l] for i = 1, ..., r ,

Tj = [C-log|7Tjl] for j = 1, ..., t ,

= - LC’logl ő | ] .

Define the lattice T by the matrix
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Co/No

0

0 Co/No
1

•1
t 1 • • • t 4- n 1 • • • n fir-1 r J

and suppose that C is so large that the distance from

the fixed point

0'

s- i
. .

to the nearest lattice point is at least c8 • Co for a 

small constant ca, following from the L3-algorithm. It 

follows that |ői • 3i - 11 > c9 • Co/C for a small 

constant c9. By the upper bounds for IB2I and I log IyI I 

a reduced bound for A follows, which is of size log Co.

We now may repeat the whole procedure, with the bound Co 

replaced by the new, reduced upper bound for H, that is 

of size Co, until no further improvement is reached. Then 

we can check all remaining possibilities, for example by
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using the fact that for a solution of the Thue-Mahler 

equation, the quotient X/Y must be near to one of the 

conjugates of the root 0 (in the p-adic sense). We also 

may use some more subtle techniques using approximation 

lattices, such as the Fincke and Pohst algorithm (cf. 

de Weger [1987a], [1987b]).

We expect that it is possible in this way to solve 

completely any Thue-Mahler equation of small degree 

within a few minutes of computer rime.
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VALUES OF GAUSS' CONTINUED FRACTIONS
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denotes the hypergeometric function and

SUMMARY: It is shown that - up to some obvious

exceptions - Gauss' continued fractions with rational

parameters a, b, c, take transcendental values for

algebraic arguments z .

F (a, b , c ; z) = 1 ab . a (a+1) b (b+1) „2 
c Z 2! c(c+1)

G(z) = G(a ,b,c;z) F(a,b+1,c+1;z)
F (a,b ,c ; z)

1 _ 213.223 _ ...ii r i rr
the associated Gauss' continued fraction with coefficients

(a+n-1) (c-b+n-1)
g2n-1 (c+2n-2) (c+2n-1)
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(b+n) (c-a+n)
^2n (c+2n-1)(c+2n)

(compare [KÍL, p. 11 ] ) . In some recent papers (Vasilenko 

[Va], Huttner [Hu]) questions of irrationality and irra­

tionality measures for the values of G(a,b,c;z) with ra­

tional parameters at algebraic arguments z are treated. 

In the present contribution a different approach is pro­

posed: We use results of Wüstholz [WW],[Wü 1 , 2] about

transcendence and jQ - linear independence of periods on 

abelian varieties to prove the transcendence of G(z), 

without giving measures.

The usual hypotheses |z|< 1 for the definition of F 

and z not real S1 for G (compare [Pe, p.151 ff.]) are 

irrelevant for our method, because the integral represen­

tations of F and G used in the proof are valid for any 

analytic continuation; only the integration path has to 

be moved. We prove

THEOREM 1- Let a,b,c be rational parameters,

c f 0, -1, -2,..., and. suppose that G(a,b,c;z) is not 

an algebraic function of z. Then at almost all algebraic 

arguments z, Gauss* continued fraction has transcen­

dental values.
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REMARKS. 1) If in addition a,b,a-c,b-c, £ S "almost 

all" means " C - {0 , 1}" ; only for integral a , b , 

a-c or b-c are a finite number of further exceptions 

possible.

2) It is explicitly known under which conditions 

on a , b , c Gauss' continued fractions are algebraic 

functions of z. If a , b , a-c , b - c £ Z , both 

F(a,b,c;z) and F(a,b+1, c+1;z) are periods on the same 

abelian variety (up to a normalizing factor, see proof 

below), so their monodromy groups are isomorphic [Wo 2, 

§5] and a classical result of H.A. Schwarz [Schw] says: 

F(a,b,c;z) is an algebraic function of z iff the monod­

romy group A is finite iff F(a,b+1, c+1; z) is an algeb­

raic function of z, and the triples (a,b,c) for which 

this situation occurs are explicitly known ([Schw] or 

[Wo2,§6]). On the other hand we will show that the condi­

tion "A infinite" is sufficient to prove the transcenden­

ce of G(a,b,c;£), C - {0 , 1}, so it implies the 

transcendence of G(a,b,c;z) as function of z. Of course, 

a direct proof using ramification properties of G in the 

points 0,1 and oo is also possible.

3) For integers a, b , a-c or b-c the situation is 

different, as the example of the algebraic function

F(1,0,1;z) = 1

and the transcendental function
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F(1 ,1 ,2;z) log (1-z)

shows. This example is typical; using Kummer's and Gauss' 

transformations, the proof will reduce the problem to 

the case b = 0, so that G(a,b,c;z) is a transcendental 

function iff at least one of the functions F(a,b,c;z) 

and F(a,b+1,c +1;z) is transcendental.

4) There are other possibilities to construct con­

tinued fractions as quotients of contiguous hypergeomet­

ric functions ([Pe,p. 283 ff.]). For those, the statement 

of theorem 1 is valid as well. In fact, theorem 1 and 

its generalizations follow from

THEOREM 2. Let a, b, c be rationals, n , m , £ 

integers, neither cnor c + £ = 0 , -1, -2, ... .If 

the associated hypergeometric functions

F(a,b,c;z) and F(a+n,b+m,c+£z)

are linearly independent over the field Q ( z) of algebra­

ic functions of z, then their values are C - linearly 

independent at almost all algebraic arguments E, =z.

REMARK 5) Theorem 2 is only a formal generalizati­

on of theorem 1 because in general any two associated 

hypergeometric functions form a basis of the £)(z)-vector
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space generated by all associated hypergeometric functions 

[K£, §1]. The assumption of C(z) - linear independence 

can be weakened to X3(z) - linear independence and trans­

cendence of at least one of the functions. This is needed 

to exclude not only the case of finite monodromy group, 

but also trivial counterexamples as

F(a,a+1,c;z) and F(a+1,a,c;z).

For theorem 2, remark 1 is no longer true; as the
Cj — 1 

argument z = £ = 2C—a.—b— 1 Gauss, relation

c[c-1-z(2c-a-b-1)] F(a,b,c;z)+(c-a)(c-b) F(a,b,c+1;z)=

= c(c—1)(1-z) F(a,b,c-1;z)

shows, a finite number of exceptional arguments does 

occur.

We start the proof of theorem 2 under the additional 

assumption a , b , a-c, b-c $ 2. As in [Wo 1 , 2] we 

reduce the problem to the question of the existence of a 

certain abelian subvariety V in another abelian variety 

T. But in contrast to the transcendence problem for 

F(a,b,c;z) itself our subvariety V will have such a 

special position in T that its existence is much easier 

to disprove than in [Wo 1 , 2]. We consider in the in­

tegral representation

-|
F(a,b,c;z) = B(b1yC-b) f xb_1 (1-x) c_b’1 (1-zx) “adx

0
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the integration path as "Pochhammer cycle" around x = 0 

and x = 1 [K£z p.80] on the curve

X(N,z) : YN = XA (1-x)B (1—zx)C ;

here NOU is the least common denominator of a,b,c,

A : = (1-b)N , B : = (b+1-c)N , C : = a N .

In contrast to [Wo 1,2] we do not exclude the case

c e N ; it causes difficulties only if in additon z = 0 

or 1 , where

(1-x)C 1 (1-zx) a dx

becomes a differential of the third kind. In all other

cases n is of the second kind, as is also the differenti­

al

b+m-1= x

occuring in the integral representation of

F(a+n,b+m,c+£;z).

Since for z = 0 and 1 the homology of the curve 

X(N,z) breaks down and G(a,b,c;z) becomes algebraic or 

singular, we assume in the following z*0, 1, and we 

restrict our attention to algebraic z. Then X(N,z) and 

ri , n* are defined over I) ; this extends also to the
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Jacobian of X(N,z) - or more correctly to the Jacobian of 

a non-singular model of X(N,z) - and to the abelian sub­

variety T of Jac X(N,z) which has now to be constructed: 

X(D,z) denotes a curve as X(N,z) with the same exponents 

A, B, C, only N is replaced by a proper divisor D of N; 

then, up to isogeny " , there is a splitting ([Wo 1,

Satz 1], [Wo 2, §2] )

Z
Jac X(N,z) = T ® D|N Jac X(D,z)

D0Í

whose essential factor T is an abelian variety of 

dimension (j) (N) (Euler's function) . As a complex torus it 
can be written as (E^^N^/A with a period lattice of the 

first kind

1 00
(1) A := {(a (u)/ w+o (v) f 0)) |u,vS2Z kNl J ,

n 0 n 1/z wes

where the notions are explained as follows: The vector 

space H°(X(N,z),fi) of first kind - differentials on

given consisting of eigendifferentials

X(N,z) splits into eigenspaces under the operation of

the automorphism

K : X(N,z) -•-> X(N,z) :
x *->- X

{ y H- £ n y

of the curve ( CT N

2tt i
:= e N ). Therefore, a basis can be

n q(x) dx with q 6 I)(x) .
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The set S corresponding to the coordinates of Aeay

consists of those basis - differentials for the eigen-

values C 5} with n e N
(2Z /N2Z)* ; o denotesn the corres-

ponding embedding

(E with N /

1
and f

0

00
, f denote

1/z
period integrals over fixed

Pochhammer cycles around 0 , 1 and —, <30 respectively.

If <a> denotes the fractional part a -[a] of a6 ¢,

the multiplicity of this

other words the

embedding in

dimension of the < -eigenspace of

A or - in

H°(X(N,z) ,fi) with

(2)

eigenvalue is given by

[Wo 1,§4], Sor is always 0 , 1 or 2 with r +r =2. n * ’ n -n
The remaining basis differentials with eigenvalues ,

(n,N) * 1, belong to the subvarieties Jac X(D,z) of
Jac X(N,z) .

Since both normalizing factors B(b,c-b) and

B(b+m,c-b+£-m) in the integral representation of any two 

associated functions F(a,b,c;z) and F(a+n,b+m,c+£;z) 

differ only by a rational factor, theorem 2 will follow 

from the £) - linear independence of f g and f r\* . Now
0 0

we can read these integrals as periods of the second 

kind on T, and at first we have to ask if g and g* are
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— 1
C - linearly independent in H (T). This vector space of 

differentials of the second kind splits in K-eigenspaces 

in the same way as H°(X(N,z),Q) and H°(T,Q), and an easy 

calculation reading Gauss' "relationes inter functiones 

contiguas" as relations between differentials modulo 

exact differentials shows that all these eigenspaces are
1 

two-dimensional, g and g*lie in the eigenspace of HDR(T) 

belonging to the eigenvalue N . By the hypotheses of 

the theorem and by Gauss' relations, all functions asso­

ciated to F(a,b,c;z) are £)(z) - linear combinations

(3) r(z) F(a,b,c;z) + s(z) F(a+n,b+m,c+£;z) ;

for all z 6J2 with the possible exception of the poles 

of r and s this implies that g and g* generate their 

eigenspace in H D(T), so they are linearly independent 

for almost all z e £). A closer look on Gauss' relations 

[EMOT] shows even more: For contiguous functions, i.e. 

for the case

|n | + | m| + | £ | = 1 ,

or for the case m = £ = 1 , n = 0 occuring in theorem 1 

the only possible poles of r and s in (3) are £ = z = 0 

and 1 (hence remark 1).

So we will assume that g and g* are X) -linearly
1 1 — independent but the periods f g and f g* were I) -

0 0
linearly dependent. Then there would exist an (eigen-)

1
differential g** * 0 in HDR(T) whose periods
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/n**= o
Y

vanish for all Pochhammer cycles around 0 and 1. An 

argument due to Wüstholz ([WW, Satz 2] and [Wü 1]) shows 

that this is possible iff T contains a proper abelian 

subvariety V; this V is obviously again 2Z [£ ] -invariant, 

so by a classical result of Shimura and Taniyama [ST]

0(N) divides dim V; this implies

dim V = 0(N) ,

i.e. V is an abelian variety of type CM. The eigenbasis 

S of H°(T,Q) can be chosen in such a way that exactly 

one half of the wCS, say all weSyCS, can be identified 

with a basis of H°(V,fi), so that their periods /u) vanish
Y 

on all Pochhammer cycles around 0 and 1.

The existence of such a V is only possible if both 

hypergeometric functions are algebraic functions of z, 

as the following argument shows: If not, the monodromy 

group A is infinite (compare remark 2), and this implies 

the existence of one-dimensional eigenspaces of H°(T,Q),

i.e. of an n6 (ffi/NZZ) * with

r = 1 = rn -n

( [Wo 1 z §7] or [Wo 2, §6] ) . At least one such eigenspace

must belong to H°(V,Q) since for abelian varieties of

type CM H°(V,Q) splits into one - dimensional Z[r__]-N
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eigenspaces which correspond to some nS(2Z/N2Z) forming a 

representative system of (S/Nffi) */{ + 1}([ST] ,[WW] or 

[Wo 1, §2]). But an eigendifferential weS^S generating 

a one-dimensional eiuenspace of H°(T,Q) has periods /w
Y 

again expressible by hypergeometric functions

F(a',b’,c';z), and these hypergeometric functions have 

no zeros, since their associated triangle functions map 

the upper and the lower half-plane onto simple hyperboLic 

triangles ([Wo 1], (7) and Satz 3). So we get a contra­

diction to /(o = 0.
Y

We have to complete the proof by a discussion of 

the exceptional cases a , b , c-a or c-b6 7L. Exchanging 

a and b and applying the Kummer identity

F(a,b,c;z) = (1—z) F(a ,c—b z c;z_ )

we can reduce the proof to the case bGS. The associated 

value of the normalizing Beta-factor is rational, and 

Gauss' relations between contiguous functions show that 

it is sufficient to prove the C - linear independence of

F(a,0,c;z) = 1 and F(a,1,c;z)

for almost all algebraic z and c>1. But then the trans­

cendence of F(az1zc;z) or

-]
f (1-x)C_2 (1-zx)"a dx
0

follows as in [Wo 1, §3] from a general theorem of

Wüstholz [WÜ 2] on abelian integrals. Note that the
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differential (1-x)c 2(1-zx) a dx is exact iff F(a,1,c;z) 

is an algebraic function of z.
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