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PREFACE
nrVHERE are three different approaches to the theory of 
-L functions of a complex variable, due to Cauchy, Weierstrass, 
and Riemann respectively. Riemann’s method, based 
appropriate generalization of the complex plane (Argand’s dia­
gram) and leading to the beautiful but arduous problem of 
uniformization, does not seem suitable for an introduction to the 
theory. Therefore the way of approach adopted in this book is 
a combination of the first two.

Cauchy starts with functions of a complex variable which 
uniform and differentiable (monogenic, synectic) in a domain, 
establishes his famous formulae for their integrals, and pro 
that in a sufficiently small circle about any point of the domain 
such a function can be represented as the sum of a Taylor 
series.

on an

are

ves

Weierstrass starts with functions defined by a Taylor series 
and its analytic continuations, as the simplest kind of functions 
after polynomials, and in the examination of their properties he 
makes as much use as possible of their Taylor expansions.

Cauchy s method only defines a part, a so-called uniform 
branch, of a complete analytic function so that it must be 
supplemented at a later stage by the idea of analytic continua­
tion. Ultimately the two methods lead to the same class of 
functions.

The post- Weierstrassian development of complex function 
theory is still dominated by the ideas and results of Poincaré, 
Picard, Hadamard, Mittag-Leffler, and Borel. The bulk of 
Poincare’s work lies in Riemann’s direction, so that his share in 
the development of function theory will not be manifest in this 
introduction. (See Osgood, 1923, in Bibliography.)

Picard’s famous theorem essential points leading through 
Borel’s ‘ elementary ’ proof to Landau’s and Schottky’s already 
classical results has become in Montel’s hands the starting-point 
of a new method. This book contains but the bare elements of 
this powerful new instrument. (See Montel’s beautiful book 
1927.)

on
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the singularities ofHadamard’s penetrating researches 

„„alytic functions, Mittag-Leffler’s expansions in the star-domain, 
and Borel’s systematic handling of divergent series are mainly 
responsible for a large class of more recent researches in close 
connexion with the Taylor series. The second half of this book 
is an attempt at the coordination of these results, and is preceded 

biuniform mapping of domains by analytic 
method widely used nowadays

on
an

by a chapter on 
functions, a comparatively new 
in this kind of work (see e.g. Lindelöf, 1915, Julia, 1930). As 
examples of two different kinds of recent results, Ostrowski’s 
theorems on over con vergence and Hardy and Littlewood s work 
on the mechanism of arithmetic means may be mentioned.

An analytic function is defined by a Taylor series 2an(z *0) 
and by its formal continuations obtained successively by the
transformation of the series into ^bn(z — z^n, where z1 is any

the first series. Thepoint within the circle of convergence of 
circle of convergence of the second series may extend beyond 
that of the first. Continuing in this way, we define the complete 
analytic function by an infinite network of Taylor series It 
follows that an analytic function is completely determined by 
the sequence of coefficients an and by the formal properties of 
Taylor series. To detect the properties of the function from 

of the coefficients is the central problem of the Taylorthose
series and that of this book.

have to establish as many special andFor this problem 
general relations as possible between the mechanism of representa­
tion which is in our case a chain of Taylor series and the lunction 
determined by this mechanism. To conquer the function, the 
infinite chain of Taylor series must be replaced by a single 
formula whenever this is possible. Since the original Taylor 
series is divergent outside its circle of convergence, the most 
direct line of attack is to find a suitable generalization of the 
sum of an infinite series which, when applied to a divergent 
Taylor series, will lead, under specified conditions, to the value 
of the analytic function outside the circle of convergence.

Therefore chapter XII on divergent series is an attempt to 
give a systematic account of the general results obtained so lar 
on generalized limits and sums. Here and there some new, un­

we



PREFACE V

published results, due to L. S. Bosanquet and to the author, fill 
some obvious gaps in the general theory. This survey of the 
outstanding problems of divergence may possibly lead to research 
on the subject.

The first part of this book, chapters I—VII, gives the elements 
of the usual Cauchy-Weierstrass theory of functions of 
plex variable, with due regard to the ideas and results needed in 
the sequel.

Chapter I deals with the properties of functions of real 
variables which are essential for a thorough understanding of 
complex function theory, and which are as a rule hardly touched 
upon in works on Calculus. Short of Lebesgue integration and 
Riemann’s theory of trigonometrical series, which are used in the 
last two chapters, the book is self-contained in the sense that 
only the elements of ordinary Calculus are supposed to be 
known.

a com-

At the end of chapter II on complex algebras the reader will 
find a sketch of hypercomplex algebras meant to induce 
generalizations of function theory to those fields. (See e.g. 
Dienes, 1930.) The results of Articles 21—2« are not used in 
the sequel.

Since in this book infinite series are methodically and exten­
sively used from the beginning, a thorough grasp of their 
mechanism is a first necessity for the understanding of the argu­
mentation. Chapters III and IV provide the material and 
help for this purpose.

Chapter V on complex differentiation contains the first group 
of fundamental theorems on

some

analytic functions, namely those 
which can be established without Cauchy’s theory of complex 
integration.

Chapter VI on Jordan’s theorem and on the connectivity of 
domains is an introduction to complex integration. On a first 
reading, Jordan’s theorem for polygons together with the in­
tuitively rather obvious results on connectivity may form a good 
enough preparation for the next chapter. Jordan’s theorem is, 
however, unavoidable in proving that mathematics does not in­
volve geometry, Euclidean or otherwise.

A detailed study of special functions is beyond the scope of 
this work. The second half of Whittaker and Watson’s Modern



Analysis is an excellent introduction to special functions, and 
monographs like Watson's Bessel Functions and Titchmaishs 
Zeta-function of Riemann (Cambridge tracts, 1930) will supply 
the reader with the necessary detail.

In the first half of the book the exercises at the end of chapters 
either straightforward illustrations of important results or 

further developments of the theory, in which case the proof is 
always indicated. In the second half, the examples are incor­
porated in the text. The best companion book to this work is 
Pólya and Szegö’s excellent Aufgaben und Lehvsätze, 1925.

PREFACEvi

are

I am specially indebted to Professors G. H. Hardy (Cambridge) 
and A. R. Richardson (Swansea) for their encouragement and 
insistence on my writing this book. I 
in finding some colleagues whose interest and help in my attempt 
at producing an up-to-date account of some problems in connexion 
with the Taylor series made my task ever so much easier. I owe 
R. Wilson (Swansea) many helpful remarks on the first five 
chapters, D. E. Littlewood (Swansea) some on chapter VI, R. G. 
Cooke (Birkbeck College, London) on chapter X, B. E. Lawrence 
(Goldsmith College, London) on chapter VII, and above all 
L. S. Bosanquet (University College, London) on nearly every

also very fortunatewas

page.
I can hardly overestimate the value of Dr. Bosanquet’s help. 

He went through all the heavy proofs of fundamental results, 
clearing up the intricate reasonings involved. I also owe him 

riginal contributions to the theory of divergent series. 
Moreover, Dr. Bosanquet most kindly helped me in revising the 
proof-sheets. I acknowledge with great pleasure my indebted­
ness

some o

and gratitude to him.
Finally my thanks are 

all my requirements with complete thoroughness.
due to the Clarendon Press who met

P. D.
BIRKBECK COLLEGE, LONDON.

June 1931.
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CHAPTER I
REAL VARIABLES

1. The idea of real numbers. Integers and fractions describe 
the result of direct comparison of magnitudes. Hence their name 
rational numbers, i.e. ratio numbers. Our belief in the continuity 
of physical events leads to the logical analysis of the idea of con­
tinuity. According to this belief a changing magnitude like the 
length of a heated rod, the velocity of a particle, &c., is supposed 
to pass through every possible magnitude between the initial and 
the final one. Since the precise measurement of a magnitude is 
naturally expressed by a decimal fraction, the logical equivalent 
of * all possible magnitudes ’ is ‘ all possible decimal forms \

We notice, however, that not all decimal forms can be trans­
formed into vulgar fractions. In fact, the decimal form of the 
vulgar fraction a/6 is necessarily either a terminated or a recur­
ring decimal form (after a certain decimal place), the recurring 
group containing less than 6 figures. And, on the other hand, 
the decimal form A = 0-123...91011..., where we write down the 
integers one after the other (10 occupying two, 100 occupying 
three places, &c.), is an infinite decimal form that does not con­
sist of the repetition of a group of digits after any decimal place. 
Thus A cannot be transformed into a vulgar fraction ; A is a 
new symbol. On the other hand, A may represent a length just 
as well as any recurring decimal fraction like 0*333.... Conse­
quently, if we want symbols for ‘ all possible lengths ’, we have 
to add to our system of rational numbers the ‘ irrational ' 
numbers, i.e. the infinite non-recurring decimal forms. The 
united class of rational and irrational numbers is the class of 
real numbers.

Equality, addition and multiplication of real numbers are 
defined as follows : We say that the positive real number 
a = a0- a1a2... 'precedes b = 60 • 6162... if (1) a0< 60, or 

(2) a0 = 60, ax = 6j,..., a„_1 = 6M_1, but an<bn.



REAL VARIABLES 
The reverse holds for negative real numbers, and every negative 
number precedes every positive one.

We say that b is between a and c if either a precedes b and. b 
precedes c or c precedes b and b precedes a. There is no number 
between a0- axa2... an_lan000... and a0 • axa2 ,..(an— 1)999.... 
Definition of equality : a = b if there is no number between a 
and b.

Two equal numbers have identical symbols except terminated 
decimals which have two distinct symbols, as above.

2. Manipulation of real numbers. The definitions of ele­
mentary operations are based on the following lemma.

Lemma 1. To every bounded monotone sequence of real numbers 
there corresponds a determinate reed number said to be associated 
with the sequence.

If a set of numbers is contained in a finite interval, i.e. between 
two numbers, we say that the set is bounded. A never-de­
creasing or a never-increasing sequence is said to be monotone.

Proof for increasing sequences. Consider the sequence
ax = a10 • axxal2... > 
a2 ~ a2o*tt<2i^22•••>

2 OH.

(1)

an — ctn0 • anlan2..

By hypothesis, an<a0+1 and there is a B such that, for every n, 
an<B. Consequently the sequence of integral parts ct10, a20>... 
is also increasing and bounded, i.e. there is a greatest integer 
a¿ among them, and, say for n>n0, we have an0 = a'0. We 
take this greatest integral part a' for the integral part of a real 
number A, so that A = a'0-.... We determine the first decimal 
figure of A by considering the part of the sequence (1) after 
the suffix n0 (in which the integral parts are the same, viz. a'0). 
Since the sequence is increasing, the first decimal figures 
an0, i, an0+i, i> ••• form an increasing sequence of integers all less 
than 10. Thus there is a maximum integer a[, such that, for 
n>nx, all the decimal forms of (1) have the same integral part 
and the same first decimal figure. Restricting ourselves to this 
part of the sequence we determine in a similar way the maximum 
second decimal figure and assign it to A, and so forth. The
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number A so determined is called the number associated with 
the sequence.

If after a suffix 
the number associated with the

an+i = an f°r every i, we say that an is 
sequence.

Similarly for decreasing sequences.
The addition of infinite decimal forms, recurring or not, cannot 

be started, as in elementary arithmetic, from the right-hand 
side, for there is no end on this side. However, if a = a0 • axa2... 
and b — b0- 6j&2... are two positive real numbers, we can add the 
two terminated decimals (a)n = a0 • av..an and (b)n = bQ • b1...bn, 
called the -zi-th sections of a and b respectively. The sequence 
(a)n + (b)n is an increasing sequence of real rational numbers and

(a)n + (b)n <a0 + b0+ 2.
Hence, by Lemma 1, there is a determinate real number associated 
with this sequence. We call this number the sum of a and b 
and denote it by a + b.

The difference b — a of two positive numbers a and b, b>a, 
is defined as the solution of the equation

x +a = b.(2)

We prove the existence and uniqueness of the solution as follows. 
There is an N such that (b)n >a for n>K If this condition is 
satisfied, x + (a)m = (b)n has a unique solution xm n 
positive and decreases when m increases ; and the

which is 
sequence

xm, n (m = L 2,...) defines a unique solution xn of x + a = (bn). 
This solution in turn increases with n, and thus the number 
associated with the sequence

xn+i> i — L 2, 3...

is the unique solution, b-a, of (2). If b<a, we put 
b-a = -(a-b).

To define addition of a positive and a negative number 
put a+( — b) = a — b. Similarly we put — a + ( — b) — — (a + b). 
Thus subtraction becomes a particular case of addition. We 
notice that a — (a)n < l/10n+1.

The product a.b, of two positive numbers is similarly de­
fined by the process which we might call 'partial multiplication, 
since (a)n. (b)n is an increasing and bounded sequence.

we
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For negative numbers we put

a.(-b) = (-a). b = - (ab), (-a) (-L) = ab.
The reciprocal of a positive number a > 0 is defined as the 

solution of
ax = 1.(3)

As a > 0, there is an n such that (a)n > 0 and the equations 
(a)n+i-x = 1 determine a decreasing sequence xn+i of positive

The number associated with this 
xa = 1 and is said to be

(rational) decimal forms, 
sequence is a solution of (3) and also of 
the reciprocal of a ; in symbols 1/a or a-1. If a is negative, we 
put 1/a = — (1/—a). The quotient of a by b is, by definition, 
a/b = a . 6_1 = b~x .a, so that division is a special case of 
multiplication.

As partial sums and products are operations on rational 
numbers, they obey all the manipulative laws of rational 
numbers, so that the same is* readily proved for sums and pro­
ducts of real numbers. E.g. it follows from

(«)» + (&)»= (6)n + (<

and (a)n(b)n = (b)n(a)n that a + b = b + a and ab = ba.
Table I contains all the essential laws of manipulation with 

real numbers.
Table I

(E) Equality :
(Ex) Identical symbols are equal, i.e. A = A.
(E2) Equality is symmetrical, i.e. if A = B, then B =
(E3) Equality is transitive, i.e. if A = B and B = G, then A = G.

(A) Addition:
( 4 ) Addition is uniform with respect to equality, i.e.

A + B^A' + B' 
if A — A' and B = B'.

(A2) Addition is commutative, i.e. A + B = B + A.
(A3) Addition is associative, i.e. (A + B) + C = A + (B + C).
(A4) There is a symbol Z such that, for every A, A + Z = A 

We denote the symbol Z by 0 (zero).
(Ar) Addition obeys the law of implication, i. e. if

A + B = A' + C 
and A = A', then B = C.

A.
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(M) Multiplication :
(Mx) Multiplication is uniform with respect to equality, i. e.

AB = A'B' if A = A', B = B'.
(M2) Multiplication is commutative, i.e. AB = BA.
(M3) Multiplication is associative, i. e. (AB)C = A(BC).
(Mf¡ There is a symbol E such that for every A, EA = AE = A. 

We denote E by \.
(M5) Multiplication obeys the law of implication, i. e. if 

AB = A'G and A = A', then B = C.
(M6) Multiplication is distributive with respect to addition, i. e.

A(B + C) = AB + AG.
(if7) Multiplication obeys the product law for 0, i. e.

A 0 = 0A = 0
and if AB = 0 then either A or B = 0 (or both).

3. The root in the algebra of real numbers. The sequence of 
successive integers, i.e. counting, is the ultimate source of 
mathematical ideas. For instance, the addition of 4 to 5 
counting up to 4 and continuing by 5 consecutive steps. Multi­
plication of integers is a special case of addition when all the 
terms are the same. Similarly a power is a special case of a 
product. Subtraction and division are the inverse operations 
of addition and multiplication respectively, i. e. one of the 
numbers a and b determining the sum a + b or product ab being 
given, we have to determine the second number. The solution 
of the equation = c, in which c and either a or b are given 
leads to two different operations, since the interchange of a and 
b affects the result. The determination of x by the equation

xlc = a

means

(1)

is called the extraction of the Tc-tli root of a. The solution x of 
the equation

bx = a(2)

is called the logarithm of a to the base b.
Thus the scheme of the seven operations of algebra is 

follows.
Counting addition -> multiplication -> power 

subtraction

as

division root log.
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Consider first equation (1) when k is a positive integer. As 

( —ic)2n = cc2n > 0, there is no solution if a < 0 and k is even. If 
a< 0 and k = 2n + 1, we have ( — x)2n+l = —x2n+l, i. e. we have 
to solve xk — —a> 0 and then —x will be the solution of (1).

Thus, if k is odd, (1) determines a single number xx, denoted 
by Va. But, if l is even, the symbol kV a1 denotes two values, 
viz. the two solutions xx and —x1 of the equation xkl = a}. In 
fact, from xf = a and ( — xx)k = —a, we have xfk = a1 and 
{ — x^)lh = a1.

Moreover, if a < 0 and k is even, there is no (real) number 
corresponding to the symbol Va, but, if l is even, there are two 
numbers denoted by kV a1, viz. the two solutions of xkl = a1 > 0. 
If a < 0, k is even and l is odd, there is no number correspond­
ing to either of the two symbols Va and kV aK Finally, if a > 0 
and k is even, Va and kVal both denote two numbers.

Therefore, an equality involving roots, e. g.

Va — kVal,

has the following meaning. If one side denotes r different 
numbers xx,x2,..., xr and the other side s different numbers, 
s > r, say, then every xi is equal to some yk. In particular, when 
we put x = Va, we mean that we consider the case where Va 
has one or two values and, in the latter case, x denotes either of 
these two values.

We now proceed to establish the main properties of roots. 
Vaa = kVaal, where a is any integer.

Proof. Putting xx = Vaa, we have xk = aa, i. e. xfl = aal. 
This shows that xx is also a solution of xkl = aal and is therefore 
equal to a value of the right-hand side.

= (Va)a.

Proof. Putting x2 = Va, we have x2k = a, i. e.

*2ka = Mk =

and thus x2a is also a value of the left-hand side.

Va Vb = Val.

6 CH.

(a)

(b)

(C)
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Proof. Putting xl = Va, x2 = Vb, we have 

xk x2k = (aq £c2)7i = ab
and thus xl x2 is a value of the right-hand side.

í/V¡. = aVa.(d)

Proof. Putting x2 = lkVa we have x2k = (x2l)k = a, and thus 
x2 is a value of Va. Therefore x2 itself is a value of -V Va.

4. Logarithms of positive numbers to the base 10. In order to 
define the logarithms of positive numbers we must introduce 
irrational and negative indices. Let a. = a0 •a1a2..ar ... be an 
irrational number and a a positive number. The bounded mono­
tone sequence a“«, aao‘ai, aao-aia2,aao'aiaz---ar ... of positive 
real numbers (they are all between 0 and a°o+1) defines, by 
Lemma I, a decimal fraction, A, associated with the sequence. 
We define irrational indices by putting a° = A and negative 
indices by putting a~a = l/a°. Finally we put a0 = aa . a~a = 1.

It is easy to verify that irrational and negative indices, 
together with the zero index, satisfy the three laws of indices : 
aa. of — au+l3, aaba = (ab)a, (aa)0 = aaß, which justifies the 
definition.

Take now the equation
10x = a(1) (a>0).

The number a is either between two consecutive numbers of the 
sequence ..., 10“”, ..., 10“1, 10°, 101,..., 10”,... or is equal to one 
of them. Suppose that 10ao^a< 10°o+1. Take a0 for the 
integral part of a decimal fraction a and consider the ten 
numbers, 10°o-0, 10ao-1, ..., 10ao"9, and suppose that 

10ao‘ai ^ a < 10ao‘ai+1/1°.
Take a1 for the first decimal figure of a and continue the pro­
cess. By construction the number a. = a0 • cx1 cx2 ... determined 
in this way* satisfies equation (1), for the meaning of the 
symbol 10a is just the decimal associated with the sequence 
10ao aia2---°”, (n = 1, 2,...). We call a the logarithm of a to 
the base 10.

The properties of the logarithm, i.e. log (a/b) = log a — log b,
* With the convention, in case Oi0 is negative, that 

a0- oqoij... = a0+ -oqoq....



log (ab) = log a + log b, log (a°) = a log a, for every real value 
of a and for positive a and b, are easily deduced from its 
definition as an index.

Polynomials P(x) — a0 +axx+... anxn, their ratios called 
rational functions, radicals like \P(x)/Q(xf\p/q, exponential 
functions 10x, 10p(x)/QW, logarithmic functions log x, log P(x), 
&c., and their finite combinations form the class of elementa,l'y 
functions of a real variable.

Some of these functions, such as rational functions, are 
uniform (one valued, monovalued), some are multiform (e. g. 
•fix is two-valued). The function x of the independent variable 
y determined by the equation y = f(x) is the inverse function 
of f(x) : Vx is the inverse function of xk ; log x is the inverse 
function of 10X.

5. The idea of infinitely many (transfinite cardinals). The 
idea of ‘ infinitely many ’ is the most fundamental of all mathe­
matical notions. It is essentially a negative idea. When we say 
that the series of integers is infinite, we mean that, any one of 
them being given, there is another integer greater than the given 

greatest can be given. When we say that there are 
infinitely many fractions, we mean that labelling them by means 
of the integers as first, second, &c. we cannot exhaust them by a 
finite number of integers.

One method of so labelling them is to group together fractions 
p/q for which p + q is a given integer, e. g. the fractions for 
which p + q = n are 
(n—2)/2. Taking n = 3, we find only 1/2, for n = 4, only 1/3 ; 
for n = 5, 1/4, 2/3, 3/2, &c. Thus the sequence

(1) 1/2; 1/3 ; 1/4, 2/3, 3/2 ; 1/5 ; 1/6, 2/5, 3/4, 4/3, 5/2;
1/7...

contains all the fractions in a certain order.
Counting objects means, in general, labelling them by integers 

in a similar way, i. e. establishing a one-one correspondence 
between the objects to be counted and a section of the integers. 
This idea of one-one correspondence extends to infinite sets.

For instance, (1) shows that there are just as many fractions 
as integers. Similarly the correspondence in which n corresponds

REAL VARIABLES8 CH.

one : no

all included in 1/(n— 1), 2/(n — 2),
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to 2 ri, shows that there are as many even numbers as there are 
integers. But, so far this means only that both sets contain 
infinitely many numbers. Let us try, however, to label all the 
real numbers, or more precisely all the decimal forms, whose 
integral part is 0, irrespective of equality, so that 0*1 is con­
sidered as different from 0-0999.... It is easy to show that we 
cannot succeed. In fact, suppose that the sequence

•<XjjCïl2 ..., mQ>g\ ^22 • ' • > •

exhausts all the decimal forms between 0 and 1. The decimal 
form whose first decimal figure is au + 1 (= 0 if an = 9), whose 
second is a22+L &c., differs from the first decimal form of 
the sequence, for their first figures are different, differs from 
the second, for its second figure differs from a22, &c. Thus 
• (an + 1) (n22+1)..., with the convention of writing 0 when 
ati +1 = 10, is not included in the proposed sequence :

I. iVo sequence of decimal forms exhausts the whole class of 
decimal forms. (Cantor 1873.)

Hence the ‘ infinitely many ’ of decimal forms is distinguished 
from the ‘ infinitely many ’ of integers by the test of one-one 
correspondence. Generalizing in this way the idea of cardinal 
number (‘ how many ’), we may say that the cardinal number, 
(called also power), of decimal forms is not the same as the 
cardinal number of integers. Therefore the information con­
tained in (1), i. e. that the cardinal number of the fractions is 
the same as that of the integers, acquires a clear sense, since we 
know now thatf infinitely many ’ can have different meanings in 
different cases. If the cardinal number of a set is that of the 
integers, we say that the set is enumerable (countable), i. e. it can 
be written out in the form of a sequence. We note that as a rule 
also a finite set of numbers is included in the class of enumerable 
sets. All the real numbers between a and b, a<b, are said 
to form an interval (a, b) or a continuum. We denote by c 
the cardinal number of any set that can be put into one-one 
correspondence with the interval (0, 1).

The chief properties of transfinite cardinal numbers are as 
follows. If jSl and S¿ are two distinct sets, i. e. have no common 
number, we denote by S1 + S2 the united set. 
are enumerable, each can be written out in the form of a
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sequence (aq, x2,... and y1, y2,...), and so + S2 can be written 
out in the sequence xl,y1, x2, y2, .... If Sl and S2 have common 
numbers, the result holds a fortiori. The sum of tico enumerable 
sets is an enumerable set. This property extends to an enumer­
able infinity of enumerable sets :

II. An enumerable infinity of enumerable sets is itself 
enumerable. (Cantor 1875.)

Proof. Write the sets in the form of a table :

cn.

iCji, x12, aq3,...
^21’ III. * * * * * * X22> X23> •••s*--

Sn: Xnl ’ xn2 > xn3’

The so-called diagonal process, i. e. writing first the numbers xiJc 
of the table for which i + k = 2, then i + k = 3, Ac. leads to a 
unique sequence containing every number of the given table ; 
which proves the proposition.

We know that both integers and fractions are enumerable. 
Thus rational numbers are enumerable. Passing to decimal 
forms, there are decimal forms like 1-1 and 1-0999... correspond­
ing to equal rational numbers. But an irrational number has 
only one decimal form. Therefore if irrational numbers were 
enumerable, the complete set of decimal forms would consist of 
three enumerable sets, viz. irrational numbers, rational numbers, 
and the duplicates of some rational numbers, which contradicts I. 
On the other hand the fraction (x — a) / (b — a) = y establishes a 
one-one correspondence between the intervals (a, b) and (0, 1). 
Similarly x/1Vx* + 11 establishes one-one correspondence between 
the complete set of real numbers and the interval (0, 1). Hence

III. The cardinal number of all the real numbers and also
that of irrational numbers is c. (Cantor 1875.)

We remark without proving it that there is no one-one corre­
spondence between all the functions of a real variable and all
the numbers of an interval, so that there are cardinal numbers
‘ greater ’ than c, but we do not know whether there is a non-
enumerable subset of the continuum whose cardinal number is
less than c (problem of the continuum).
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6. Transfinite ordinals.
If we consider the numbers of the two sequences (n — l)/n and 

1 + (n—l)/n together in their natural order of magnitude, we have 
no ordinals to denote the ‘ rank ’ of the numbers of the second 
sequence. In fact 0 is the first, 1/ 2 is the second, &c., (n— l)/n 
is the -nth number of the combined set, and 1 comes just after 
having exhausted all the finite ordinals, and 1 + 1/2 comes after 
this, &c. Therefore we introduce symbols indicating such orders. 
We shall say that the number 1 of the united set is in order of 
magnitude the (co + l)th number of the set, 1 + 1/2 is the (to + 2)th 
&c. If we have three or more, or even an enumerable sequence 
of sequences, we might use the symbols go + <o+ 1 = 2<u + 1, 2o> + 2, 
&c. 3co + k,..., <o(o+l = co2 + 1, &c. For instance, the numbers 
(n—l)/n, l+(n—l)/n, 2 + (n—l)/n, ... in their natural order 
of magnitude form a transfinite sequence of numbers of <o2 type. 
An ordinary sequence is, in this terminology, a sequence of co type.

In this book we shall consider only transfinite sequences 
formed by an enumerable sequence of ordinary sequences. By
5. II, we can of course write such a transfinite sequence in the 
form of an ordinary sequence (of <o type), but in many questions 
the order of the numbers in the sequence will be of importance. 
It will be so in the case of simple and double infinite series. 
The only result we need about general transfinite sequences is 
the following theorem, which shows how difficult it is to pass 
beyond the class of enumerable transfinite sequences.

I. A monotone transfinite sequence of different real numbers 
is enumerable, i. e. it can be written in the form of an ordinary 
sequence. (Dienes 1923.)

Proof. Suppose that a transfinite sequence ax, a2, ..., a 
.. is increasing, i. e. ai<ai+1 and that the sequence is

CV + l’

®<y+2 ’ •
bounded : all the numbers of the sequence are < B. In this case 
! an-am \ <B — ax = 8 and as the sequence is increasing,

ap am > am +1 am
if p > m + 1. Hence

8 > ftp + i fip f i ®p) d" fip Q'm) fip + 1 ap) d" (t(m +1 am)'

so that there is at most one number am for which am+1 — am > 8/ 2. 
Similarly there are at most two numbers of the sequence such
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that a — am^S/3, and so on. In this way we write out the 
numbers of the transtinite sequence in an ordinary sequence.

If the transfinite sequence is not bounded, our preceding result 
shows that those of its members between two integers are 
enumerable and thus, by 5. II, the whole sequence is enumerable. 
A similar proof holds for decreasing transfinite sequences.

For instance, a set of non-overlapping intervals is enumerable, 
since otherwise, by adding the lengths of intervals completely 
included in (—1, 1), (—2, 2),... respectively, we should obtain 
a non-enumerable sequence of increasing numbers. This result 
(Cantor 1875) is in fact equivalent to I.

7. Limiting numbers. All the numbers between a and b 
(b>a) are said to form the interval (a, b). It is closed if the two 
extremities are included, open if neither of them is included. 
An inner point of (a, b) is a number of the open interval (a, b). 
We say that a number x is isolated or separated from another 
number a if there is an interval (x — d, x + d'), d > 0, d' > 0 such 
that a is not an inner point of this interval. The number (or 
point) x is isolated from a set of numbers S if there is an interval 
{x — d, x + d'), not containing numbers of S, (except æ if a; is a 
number of S). For instance, 0 is not isolated from the numbers 
of the form 1/n since, for every d, there is in ( — d, d) a frac­
tion of the form 1 /n. In fact, if the first non-zero decimal 
figure of d is the k-th, 1/ 10k+1 <d. A number not isolated 
from the given set is said to be a limiting number of the set.

On the other hand, every number other than 0 is isolated 
from the set (1/n). In fact, this is obvious for numbers outside 
(0, 1), and a number of (0, 1) is either a number of S, 1 /n, say, 
and then is isolated from the other numbers of S by {\/{n+ 1), 
1/(^1—1)), or is between two consecutive numbers of S, i. e. in 
an interval not containing any number of /S'. The set (1/n) has a 
unique limiting number, 0.

The set F of all the fractions in (0, 1) is so dense that no 
number a of this interval is isolated from F. To prove this 
we have to show that the interval (a — d, a + d) contains a 
fraction for an arbitrarily given d, however small. But if the 
first non-vanishing decimal figure of d is the n-th, we see from 
a — (a)n < 1/10n and d ^ (d)n > 1/10n that

m+1

{a)n > a — 1/10n > a — d,
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i. e., as («)ra5¡ct, we see that the fraction (a)n is in (a — d, a + d). 
Thus no numbers of F are isolated from the other numbers of F, 
and neither are the irrational numbers in (0, 1), i. e. all the 
numbers of (0, 1) are limiting numbers of F.

Similarly for the set R of all the real numbers in (0, 1). In 
fact, if the first non-vanishing decimal figure of d is the w-th, 
a+l/lO^is in (a-d,a + d). On the other hand every number 
a is isolated from the set of integers because, if a is not an 
integer, it lies between two consecutive integers separating it 
from the integers, and if a is one of the integers, it lies between 
a—l and a+ 1, i. e. the interval (it— 1, a + 1) separates it from 
the other integers. The set of integers has no limiting number.

This gives rise to the problem of determining the class of sets 
having a limiting number. The fundamental result is due to 
Bolzano.

I. An infinite set of real numbers contained in a finite 
interval has a limiting number in that interval.

(Bolzano 1851, Weierstrass in his lectures.)
We split up the proof into two useful theorems.
II. The number associated with a monotone bounded sequence 

is the only limiting number of that sequence.
We have to prove that the number in question is not isolated 

from the sequence and that every other number is. If (xn) is 
the sequence and x is the number associated with it, x>xn, by 
construction, and there is an N such that the first m decimal 
figures of xn for n>N are the same as those of x, i.e. 
x°—xn<l/lOm. Thus, if l/10m (i.e. if we take for m 
the place-index of the first non-vanishing decimal figure of the 
arbitrarily given d), xn is in (x — d, x + d), which proves the 
first part of the statement. For the second part we have only 
to notice (1) that if a<xv or if a>x, a is obviously isolated 
from the numbers of the sequence xn, (2) that if a<x, then also 

n for a conveniently chosen n. This is obvious since there 
is a first decimal figure (or the integral part), the u-th say, in 
which a and x differ, and, by hypothesis, (a)n < (x)n, while, on 
the other hand, there is an xn such that its first n decimal figures 
(integral part included) are the same as in x, so that a < xn. It 
follows from the second remark that a is either one of the

i REAL VARIABLES
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numbers xn, which is separated from the rest by (x 
else a lies between two consecutive xn.

The same proof applies to decreasing bounded sequences.
III. An infinite set of real numbers contains a monotone 

sequence.
Proof. As an infinite set contains by hypothesis an infinite 

sequence of different numbers, it is sufficient to establish the result 
for infinite sequences. We first consider a special case. If the 
sequence y,, y2, ... has no greatest term,it contains an increasing 
infinite sequence. In fact in this case there are infinitely many 
terms after any of them, yn say, greater than the term yn. 
Thus, starting with yx, we pass to the nearest term y„i>yl, and 
then from yn^ to the nearest term yUn>yni, &c. without being 
stopped. Similarly if the sequence has no least term, it contains 
a decreasing infinite sequence.

Denote now the group of numbers xn, x 
original sequence by n(xi)m. Either there is an n such that the 
sequence has no greatest or no least number, in which
case , and thus also the complete sequence 1(xi)aD contains 
a monotone sequence, or else all the sequences have both
a greatest and a least number for every n. In the latter case 
the greatest numbers of , for n = 1,2,..., form a decreasing 
sequence (and the least numbers form an increasing sequence). 
Further, this sequence contains infinitely many different numbers, 
since the greatest term xm of fix^^ will not figure in

Since, by II, a monotone sequence has a (unique) limiting 
number, Bolzano’s theorem is proved by III.

If a set is not bounded above, i.e if the set contains numbers 
greater than any integer, we say that + oo is a limiting number 
of the set. Similarly, if a set is not bounded below, — oo is said 
to be a limiting number of the set. With this convention we 
can state Bolzano’s theorem in the general form.

IV. An infinite set of real numbers has a limiting number 
(finite or conventional).

We add the remark that a finite number of numbers xi has no 
limiting number, for there is a least difference d of | — x¡. | and
there are no numbers xt in (a — d, a + d) except perhaps a itself.

To sum up, no finite set of real numbers has a limiting 
number, and every infinite set of real numbers either has a limit­
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ing number or else it is unbounded (and has one or two con­
ventional limiting numbers).

V. If every number of a set S of real numbers is isolated, S is 
enumerable.

Proof. Isolate a number of S by an interval Ix. Isolate 
another number of S by an interval I2, not overlapping Ix, 
and so on. Adding the lengths of our isolating intervals we 
obtain a sequence (in general transfinite) of increasing different 
numbers whose number is, by 6.1, enumerable. This means that 
after an enumerable number of steps the set will have been 
emptied.
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8. Limits. We define a limit as follows : The limit of a set is
its unique limiting number (conventional limiting numbers 
taken into account). Thus, if a set has more than one limiting 
number, we say that it has no limit (but several limiting 
numbers). For instance, the set 1 /n has 0 for its limit ; in 
symbols :

lim (1 /n) = 0,

where n = cc indicates that n assumes successively all the 
integral values 1,2, .... The sequence 1, 1/2, 3, 1/4, 5, ... has no 
limit since it has two limiting numbers, viz. 0 and + co. If, 
in a sequence xn, the same number x is repeated infinitely 
many times, so that every section n(xi)CD(n= 1, 2,...) has 
numbers in (x — d, x + d), e. g. x, we consider x as one of the 
limiting numbers of the sequence. Otherwise theie is no differ­
ence between the definition of the limit for sets and sequences. 
In fact

I. If a set has a limit x, say, the set can be written out in the 
form of a sequence. To prove this statement we have only to 
remark that outside (x-l/n, íe+1/tu) there is only a finite 
number of numbers (otherwise, by Bolzano s theorem 7 I, the 
set would have a limiting number outside this interval and thus 
would have more than one limiting number). Thus enumerat­
ing first the numbers of the sequence outside (x— \,x + 1), we 
continue by adding to the list the numbers of the set inside 
(x— 1, x+l) and outside (x— 1/2, x + 1/2), and so forth.

Thus, in dealing with limits we may restrict ourselves to
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sequences. When the sequence xn has the limit x, it is con­
venient sometimes to say that x tends or converges to x. In 
symbols xn-*x. In this case we say also that xn is a con­
vergent (or regular) sequence. If xn -> 0, xn is said to be a 
0-sequence.

16 CH.

II. If xn> 0 and xn -> 0, and if | yn \ <x then also yn —> 0. 
In fact, as there is only a finite number of xn outside ( — d, d), 
the same holds for yn. We denote 0-sequences by era, y n, Çn, &c.

n >

III. The sum, diference or product of a finite number of 
0-sequences is a 0-sequence. We write out the proof for two 
sequences. In fact, by hypothesis, there is only a finite number 
of en and yn outside ( —e/2, e/2), i. e. only a finite number of 
numbers en + yn outside ( —e, e). As for the product, from a 
sufficiently large n on, \yn\ < 1, so that | enyn ¡ < |en|, which 
proves the result.

IV. If c is any number, cen is a 0-sequence. And if 
|cn| <c, cnen is also a 0-sequence. In fact, outside (— e/c, e/c) 
there is only a finite number of eJt, hence outside ( —e, e) there 
is only a finite number of cen or cnen.

The meaning of lira xn= + go is that the set of numbers xn 
has no finite limiting number, is bounded below and unbounded 
above. Similarly, lim xn— — go means that xn has no finite 
limiting number, is bounded above and unbounded below.

The fundamental property of convergent sequences is expressed 
by the following theorem.

V. If xn->x, then xn = x + en, where enis a 0-sequence. Con­
versely, if €n is a 0-sequence, x + e„ -> x.

Proof. If xn -> x and y is an arbitrary small positive number, 
there is an N such that all the numbers xn, n>N, are in 
(x — rj, x+y), for there is only a finite number of xn outside 
this interval. Hence, for n>N, \ x — xn | < r¡. Applying this 
remark to y = 1/2, 1/3,... we see, by II, that x — xn is a 
0-sequence. Conversely, if en -> 0, there is only a finite number 
of ic + en outside (x — e,x + e) for any arbitrary e, which proves 
the second part.

The following property of convergent sequences is of frequent
use.



VI. If xn -* x> Vn V’ tlien xn±Vn X±V> XnVn XV>
xn/yn~*x/y> 'provided in the last instance yn 0 and y =£ 0.

Proof. By V, xn = x + en, yn = y+ yn,l e.
xn + yn = x + y + en + Vn-

Similarly xnyn = xy + eny + e„x + enr\n. Thus III and IV prove 
the first equations of the theorem. To prove the fourth result we 
have to remark that as 1/ 9t 0, there is an e such that 0 < e < | y |. 
There is only a finite number of yn outside the interval 
(y — e, y + e) and, as none of them is 0, there is a least | yn \ = a, 
say. Hence for every n, \ l/yn \ ^ 1/a, and since (y + en)/yn—l, 
we have l/yn = l/y-en/yyn. where l/\yny | < 1/ | ay \, and so, 
by IV, l/yn = l/y + yn. Now

xn/yn = (x + *n)(l/y+ Vn) = X/V + XT1 n + V?/ + 
which prove« the result in question (by IV and III).

There are no general rules for the determination of the limit 
of a set. All we can do is to establish the existence and deter­
mine the value of the limit in particular cases, and to reduce 
unknown cases to known ones. Theorem VI furnishes the most 
useful artifices for this purpose.

9. Bounds and extreme limiting numbers. In the case of a 
convergent sequence xn tending to x, we know that any of the 
intervals (x—l/n, x+ l/n) contains an infinity of numbers xn 
and only a finite number of these numbers are not covered by 
this interval. The expression ‘any of the intervals (x—l/n, 
x+ l/n) ’ or, what amounts to the same, ‘ any of the intervals 
(x—€n, x + ej ’ is shortened into ‘the neighbourhood (or 
vicinity) of x ’.
numbers xn lies in the neighbourhood of x. 
knowing the limit, we can locate the bulk of the set.

In the general case we locate the set S by two pairs of bounds. 
The first pair is the upper and lower bound of S and is defined 

follows. If S is not bounded above (below), we say that 
+ 00 ( — co ) is its upper (lower) bound. If all the numbers of S 
are less than A, we proceed in the following way. Suppose first 
that all the numbers of S are positive. There is only a finite 
number of different integers figuring as integral parts of the 
numbers of S. Take the greatest of them, x0 say. Consider
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Thus we might say that an infinity of the
In this case,

as



now the numbers of S with the integral part x0. There is a 
greatest first decimal figure xx, say, assumed by these numbers. 
Consider now the numbers of S whose decimal forms begin with 
x0 • xx. There is a greatest second decimal figure, x2, say, assumed 
by these numbers, and so forth. The number U = x0 • xxx2 ... 
thus determined by the set S is its upper bound. Similarly for 
the lower bound L. If S contains both positive and negative 
numbers, in the determination of U we restrict ourselves to 
the positive numbers and define L as being the upper bound 
of the numbers of S with reversed signs. If S contains only 
negative numbers —xn, the U of xn is the L of — xn, and vice- 
versa.

We might also say that the lower and upper bounds of a set 
S are the two extremities of the shortest interval containing S.

If a set consists of a single number a, we have L = U = a, 
and conversely, if L = U, the set consists of a single number 
a = U = L.

U (as well as L) may be a number of S, in which case it is its 
greatest (least) number. For example, for 1/n, ¿7=1 (a number 
of the set) and L — 0 (not a number of the set). For {n—\)/n, 
U = 1 (not a number of the set), and L = 0 (a number of the 
set). For the fractions a/b, (0<a<b), U = 1, and L = 0, 
neither of them being a number of the set.

I. If U (L) is not a number of the set S, it is a limiting 
number of S.

Proof. If there are no numbers of the set in (U—d, U) the 
set is contained in (L, U—d), i. e. its upper bound is not U but 
a number < U—d.

We notice, however, that if U (L) is a number of the set, 
U (L) may be either an isolated number or a limiting number 
of the set.

If we know the U and L of a set S, we know the shortest 
interval containing S, but in many problems the really important 
point is the position of limiting numbers. We call the set S' of 
all the limiting numbers of S the derived set of S. The lower 
and upper bounds U and U' of this derived set S' form the 
second pair of bounds characterizing the set S. They have the 
important property of being limiting numbers of S, i. e. numbers 
of S'. If all the limiting numbers of S are numbers of S, we
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say that S is closed. To establish that U' and L' are numbers of 
S', we prove a more general theorem.

II. The derived set S' of any set S is closed.
Proof. If x' is a limiting number of S', there are numbers x'n 

of S' in any neighbourhood of x'. As, for every n, there are 
numbers of S in any neighbourhood of x'n, there are numbers of 
S in any neighbourhood of x, i. e. x is not isolated from S and 
is, therefore, a limiting number of it, which proves the theorem.

The two bounds L' and U' of S' are therefore the least and the 
greatest limiting numbers of S. In symbols

L' = lim inf S — lim S, U' = lim sup S = lim S.
We say conventionally that the greatest limiting number U' is 
+ co when S is not bounded above ( + oo is a limiting number 
of S). U' = — co means that the greatest, i. e. the only limiting 
number of S, is the conventional limit — oo . 
that S is not bounded below ( — co is a limiting number of S), 
L — +00 means that the least and the only limiting number of 
S is + oo .

10. Closed sets. We are going to discuss shortly the properties 
of the most important class of sets, viz. those of closed sets. 
They contain by definition all their limiting numbers or contain 
only a finite number of numbers. The set 1/n is not closed, for 
its only limiting number 0 does not belong to the set; but by 
adding 0 to it we close the set. Since to close the set of 
rational numbers requires the addition of all the irrational 
numbers, if follows that the operation of closing a set may 
radically alter its structure. (Art. 7.)

The simplest example of a closed set is an interval, with its 
extremities included (closed interval). Consider now a sequence 
of closed intervals (av ¿q), (a2, b2)..., (an, bn), ..., each encasing 
the next, i. e. (an, bn) is a portion of (a

t't-hand extremities al, a2, ...,a 
decreasing) sequence necessarily tending to a 

bn, ... a decreasing (never increasing) 
sequence tending to a limit b. If c is any number of the closed 
interval (a, b), the inequalities < m < c < ^ Z>ro show that c is
contained in all the intervals, in fact the whole interval (a, b) 
is a portion of all the intervals (an, bn). In particular if a = b,
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L' = — oo means

bn-1)- This 
.. form an

n-1 >
means that n » •

limit and ¿q, b .

<
 CD

a s.
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i. e. if the lengths bn-an-+ 0, the intervals (an, bn) have a single 
number a = b in common. Thus we hav e

I. The closed intervals (an, bn), n = 1, 2. ..., such that (an, bn) 
is contained in K_v bn_x), have a common interval or, if 
Urn (bn — an) = 0, they have a single common point.

If from the set 1 /n we take away first 1, then 1 and 1/2, &c., 
we obtain sets, each contained in the preceding ones, and yet 
there is no number common to all the sets. If we close the set by 
adding 0 to it, and require that all the subsequent sub-sets be 
also closed, we cannot take away 0, and thus 0 will be a common 
number of the closed sub-sets. We are going to prove that this 
is true for any sequence of closed sets each containing the next. 
To denote the fact that every number of S2 is a number of 8X 
we shall use the symbol 82<SX] moreover, if Sx has a number
not contained in S2, we write 82< Sx.

II. A sequence of closed and not empty sets of numbers 
a ,o .q S <8 ,. has at least one common number and
Oj, ^2> n n-\ ’
the set of the common numbers is closed.

If none of the sets 8n is bounded, + oc or 
(conventional) number of all of them.

S 2, ... are all bounded and for the

— co is aProof.
common If one of them,
Sm, is bounded, 8__
common numbers we may restrict ourselves to that sequence, 
and so to bounded sets. Divide the interval (a, b) containing Sx 
into equal sub-intervals (a, ax), (av a2), ..., {ak, b). If the 
interval (af, ai+1) has no number belonging to every Sn, there 
is, by I, an Sn. having no number in («;, and this is
then true of the sets $W;+1,... also. If the same is true for all 
the Zc+1 intervals and! if n is the greatest of the suffixes 
(nx, n2, ..., nk+l), we see that none of the sub-intervals has num­
bers ofV i. e. Sn, Sn+1,... must be empty, which is contrary to 
our hypothesis. Thus at least one of the sub-intervals (af, ai+l) 
contains a number belonging to every Sn. Sub-dividing these 
sub-intervals and applying the same reasoning we can con­
struct a sequence of intervals (bn, cn), cn — bn-* 0, such that 
j <1 . By I, they have a single common number x. This
number x is a common number of all the Sn. In fact, 
if a number does not belong to a closed set 8, there are no 
numbers of 8 in its neighbourhood, i.e. there is an interval 
(x — d, x + d) not containing numbers of 8. Thus, if x were not

m+l >
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a common number of all Sn, there would be an Sn having no 

mbers in (x-d,x + d). But, by construction, there are common 
numbers of all the Sn in every neighbourhood of æ. This proves 
the first part of the theorem, viz., that the set o- of common 
numbers is not empty.

To show that o- is closed

nu

have only to remark that if 
xx,x2, ... are numbers of <r tending to x, then, by hypothesis, all 
the numbers aq x2, ... are numbers of all the Sn and, these bein» 
closed, x also belongs to all the Sn.

These two important theorems extend to sets of points (x, y) 
of a plane, and to sets of points (xv x2, ... xn) of an n-dim’en- 
sional manifold. We formulate definitions and results for plane

we

The square [A, B], A = (a, a'), B = (b, b\ consists of all the 
points (x, y) satisfying the inequalities

a<x<b, a'<y<b\

If also equality be admitted, the points are said to form a closed 
square. The circle of radius r, centre (a, a'), consists of all the 
points (x, y) satisfying the inequality

(x-a)2 + (y- a')2<r2.

If also equality be admitted, the points are said to form a closed 
circle.

In an -n-dimensional manifold the square is replaced by the
Ce}\ A = an): B - (t>i, .... bn), ai<b{, which
sists ot the points satisfying the inequalities

ai<xi<bi, i= l,..

[A, B] is a' + b'

con-

., n.

1 he centre of -t- o \
2 J- The four points

= (“■ -F)

=r-fJ>4

bisect the sides and together with the centre decomp 
into four equal squares. This mathematical

A

[A,B]ose
process of decom-
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posing a square will be referred to as the division of a square 
into four equal squares by parallels to the

A point (a, a) is said to be isolated from the points of a given 
set S if there is a square (or a circle) centre (a, a') containing no 
point of S. If (a, a') is not isolated from S, we say that (a, a') 
is a limit ing point of S. If S contains all its limiting points, S is 
said to be closed ; if every point of £ is a limiting point of S, 
say that S is everywhere dense. For example, all the points (x, y) 
with rational co-ordinates x, y form a set which is everywhere 
dense but not closed. If S is everywhere dense and. closed, S 
is said to be perfect. A set is bounded if it is contained in a 
sufficiently large square.

III. If the sequence of closed parallel squares (concentric circles) 
qn is such that qn is contained in çn-v there is a square (circle), 
perhaps reduced to a single point, contained in evei y qn.

Proof. Since the sides of qn are parallel to those of qn 
corners of the squares tend to definitefpoints, for their co-oidinates 
form monotone sequences. Thus, there is a limiting square 
(perhaps reduced to a point) contained in all the squares qn.

For concentric circles, the limit of the radii determines the 
circle contained in every circle of the sequence.

To extend II to plane sets, we divide the square qx containing 
the first set S1 into four equal squares, common sides being con­
sidered as belonging to both. If neither of the four squares 
contained points of Sn, Sn would be empty. Thus, one of the 
four squares contains a point belonging to every Sn. Bj* su 
dividing this square we establish as before theorem II. We 
formulate our results in the following theorem.

IV. A sequence of non-empty closed sets Sl} S2,... Sn>... of 
points of a plane (or of an n-dimensional manifold) with 
S <S , have at least one common point and the set of common^ ti~~\
points is closed. _ . .

A classical example is furnished by the successive derivatives
of a set. We have seen that the derived set S’ of any set S is 

Thus also the derived set S" of S’ is closed (or empty, of
,... form

Cfi.22

axes.

we

the four-i>

closed. yf
course). The sequence of successive derivatives S , S 
the example required. Their common set is called the derivative 
of the order c +1. By II, it is a closed set and thus we

start the derivation anew.can



Does this process end? As the derivative of 1/n consists of 
the single number 0, its second derivative is empty, and 
all the successive derivatives. On the other hand, the derivative 
of the closed interval (0, 1) is this interval, the derivative is 
identical with the set. The set is 'perfect. In this case all the 
derivatives are identical.
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so are

V. if S is any set of real numbers, it has a derivative of 
enumerable order which is either empty or perfect.

Proof. We have seen already that if

an

number (or point) x 
does not belong to a closed set S, there is a complete interval or 
cell (x-d, x + d) not belonging to S. Hence, if S"<S', i. e. if 
there is at least one number x in S' left out in passing to S", there 
is a complete interval of length 2d [or cell of volume (2d)n] not 
belonging to S". Similarly in passing from S" to S'" either S" 
equals S , i. e. S is perfect (or empty), or there is a new interval

forth. Adding these intervals or cells 
we obtain an increasing transfinite sequence of different numbers 
whose number is, by 6. I, necessarily enumerable, i. e. after 

enumerable infinity of steps we must have Sl = S*'1, i. e. S{~1 
is either empty or perfect. This proves the theorem.

Since in passing from a set S to its derivative S', we retain 
all its limiting numbers, the numbers left out are isolated 
numbers of S and thus their number is necessarily enumerable. 
Thus, in reaching the empty or perfect set, we have left out an 
enumerable number of enumerable sets, i. e.

or cell outside S'" and so

an

VI. A closed set is either enumerable or the sum of a perfect 
set and an enumerable set.

The fact that if a number a: does not belong to a closed set S, 
then there is a complete interval (x — d, x + d) not belonging to S, 
shows also that the numbers not belonging to S form complete 
open intervals, i. e.

VII. Every closed set is formed by suppressing in the complete 
continuum a finite or enumerable number of open intervals 
(cells).

The number of these intervals is necessarily finite or enumerable, 
since there is only an enumerable number of non-overlapping 
intervals.

11. Distance of sets. Borel’s lemma. We say that the distance



d(S, S) between two sets S and S is the lower bound of distances 
\x — x\ , where x is any point of S and x is any point of S. For 
example, if they have a common point, their distance is 0. The 
distance, however, may be 0 without the sets having 
point, e. g. the distance between the sets — 1/n and 1/n. We are 
going to show that if S and S are two bounded closed sets, they 
either have a common point or their distance is greater than 0.

I. If the distance of tico bounded closed sets S and S is d, there 
is a point in S and a point in S such that their distance is 
exactly d.

Proof. Since by definition d is the lower bound of differences 
I x — x |, either there is a pair x0, x0 such that \xQ — x0 \ = d (in 
which case the statement is verified) or else there are pairs xn, xn 
such that lim \xn-xn | = d. The numbers xn do not necessarily 
tend to a limit, but being bounded they have a limiting 
number x approached by a subsequence xn¡ say (where nx 
assumes a certain infinite sequence of integral values). Similarly, 
the sequence xn contains a subsequence xn^ tending to a limit x. 
Obviously, \x — x\ = d. Since the xn are points of the closed set S, 
their limit also belongs to S. Similarly x belongs to S. This 
proves the statement.

When one of the two sets is not closed, we can close it by 
adding to it its limiting points, i. e. by replacing S by S + S'. 
readily proved that

REAL VARIABLES CH.24

a common

It is

d(S,Sl)=d(S+S',Sl + S\).
Proof. Adding points to S or S1, or to both, cannot increase 

their distance, i. e. d(S, Sl)'^d(S+ S, Sl + S¡). On the other 
hand, as S + S' and Sl + S[ are closed, there is a point A of S + S' 
and a point B of S¡ + Sí such that d(S + S, S1 + S[) = d(A, B), and 
there are points of S and St as near to A and B respectively as 

like, i. e. d(S, SJ < d(A, B). Thus II is established.
The upper bound of distances between the points of a set S is 

said to be the diameter of S. It is 0 only if the set consists of 
a single number or if the set is empty.

The most important properties of closed sets are condensed in 
a result due to Borel, of great importance in every part of 
function theory.

II.

we
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Imagine that we cover every point of a bounded closed set S 

by an interval (the ‘ covered ’ point being an inner point of the 
covering interval). The number of intervals is in general 
infinite, enumerable or not. Borel’s lemma states that a finite 
number of these intervals conveniently chosen covers the whole 
set S.

To understand the import of the statement we notice that the 
result does not in general hold for non-closed sets. Cover, for 
example, the 7i-th fraction an of the sequence

(1). V2’ V3, 2/3» y4, 3/4, 1/5, 2/5, 3/5, 4/5, 1/6,..., 
containing all fractions in (0, 1), by {an~e/2n, an + e/2n) where 
e is an arbitrarily given small positive number <1/2. The 
total length of intervals (mostly overlapping) is

2f (1/2 + l/22-f ...) = 2e,
as we please. On the other hand, the total length 

of a finite number of the intervals is < 2e< 1, i. e. if we <re- 
tain only a finite number of our intervals, complete intervals, 
necessarily containing fractions, will be left uncovered. Thus 
Borel’s result does not apply in this case. The set of fractions 
is, of course, not closed, since all the integers and irrational 
numbers are limiting numbers of it. We notice a great differ­
ence between finite and infinite sets of covering intervals. 
Roughly speaking, an infinity of intervals with a very small 
total length may be dense everywhere, i. e. scattered all along 
(0, 1) so that no complete interval is left uncovered.

To make easier the complete understanding of the lemma, we 
are going to establish it first for the case when £ is a closed 
interval (a, b). Suppose now that I is an infinite set of intervals, 
such that every number of (a, b) is covered by an interval of 1. 
In particular the first point a is covered by Ia. If aY is the 
right-hand extremity of Ia, Ia and /tt| cover the part (a, a2), say, 
of {a, b), («2 being the right-hand extremity of Ia ). Similarly 
^a> y > y i°rm a chain of overlapping intervals reachino- 
(covering) all the points (a, a3) of (a, b). Thus there is 
of (a, b) that 
intervals.

Suppose now that, contrary to Borel’s statement, there 
points in (a, b) that cannot be reached by a finite chain.

i. e. as small

a part
be reached by a finite chain of overlappingcan

are
The
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lower bound c of these points is the first point not reached. In 
fact, if c were reached, c would be an inner point of 
I belonging to a finite chain, and the same interval I would 
also cover points >c, i. e. c would not be the lower bound of 
points not reached. On the other hand, the left-hand extremity 
of the interval lc is, by hypothesis, reached by a finite chain 
Jft, Ia . Iak. Therefore the finite chain Ia, Itti, IaV Ic 

Consequently there is no first point that is not 
hed, which proves the result for a finite closed into. \ al.

More generally, if S is a closed set in (a, b), the points of 
(a, b) not belonging to S form a set F of open intervals. The 
two sets of intervals I and F cover the whole interval (a, b),

previous result, there is a finite

CH.25

an interval

reaches c. 
reac

and thus, according to 
number of them covering (a, b). Suppressing the intervals 

obtain Borel’s general lemma :

our
com­

pletely outside 8, we
III. Bwel’s lemma, if a bounded closed set S is covered by a 

set of intervals I, there is a finite number of these intervals 
covering S. ®ore^ 1895.)

The proof readily extends to sets of points of more than one 
dimension when intervals are replaced by the corresponding
neighbourhoods.

When the numbers of a set 8 can be covered by intervals with 
an arbitrarily small total length, we say that the (linear) 
of S is 0. As we have seen, the set of all the fractions is of

measure

zero measure.
avoid a good deal of complication byIn many problems 

restricting ourselves to intervals or corresponding complete 
neighbourhoods, like squares, cells. In fact, the boundary points 
of a set S require in most problems independent and sometimes 
delicate considerations. Hence the need of a rigorous termino-

of sets of more than one dimension.

we

logy, especially in the 
We are going to formulate our conventions for two dimensional- 
plane sets, but, mutatis mutandis, they apply also to linear and
three or more dimensional sets.

An inner point A of a given set 8 is characterized by the 
fact that 8 contains an open square (all the points of a square, 
sides not counted), centre A. It follows from this definition that 
a curve in a plane, for example a parabola, has no inner point, 
for the set of its points contains no complete square. On the

case
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other hand the x axis, considered as a linear set and not 
part of the plane, contains inner points since it contains complete 
intervals. Similarly the surface of a sphere considered as a set 
of points of the three dimensional manifold (x, y, z), has no 
inner point. The definition of inner point implies a reference 
to a fundamental manifold. The latter is explicitly mentioned 
only when it is not obvious. The set of fractions has no inner 
point with respect to the complete set of real numbers because 
there are irrational numbers in every interval.

A boundary point B of S is characterized (defined) by the fact 
that in every square, centre B, however small, there are points 
of S as well as points not belonging to S. For example, if S is 
an open or closed circle, every point of its circumference is a 
boundary point. Thus a boundary point may or may not belong 
to the set.

as a

An outer point C of S is characterized by the fact that there 
is a square centre C containing no point of S.

To bridge over the gap between the abstract notion of sets of 
points and the geometrical notion of region, we introduce the 
idea of open set. S is said to be an open set if it contains only 
inner points. For example, the inner points of a circle or the 
inner points of two circles outside another form open sets. 
If we add to an open set S its boundary points, i. e. if we close the 
set, we obtain a closed set called a region. A region differs from 
a general closed set by the fact that it necessarily contains inner 
points and therefore approaches our visual picture of a portion 
of the plane, whereas a closed set, like an interval of the x axis 
considered as a plane set, may contain no inner point.

A region may consist of disconnected portions of the plane ; 
for example, the region formed by several or even infinitely 
many circles outside one another. To obtain a ‘ connected ’ part 
of the plane we have to give a mathematical definition of 
nectivity.

one

con-

Two inner points a and 6 of a set S are said to be connected, if 
there is a finite sequence of open circles (or squares) lying entirely 
in S, such that consecutive circles overlap one another (a 
chain of open circles of S), and such that a is in the first circle 
and b is in the last.

If all the inner points of S are connected with one another
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say that S is connex. A connex open set is said to be a 

domain. For example, the points between two concentric circles 
(the points on the two circus excluded) form a domain, 
terminology a 
points.

we

In our
domain is always open, i. e. has only inner

12. Oscillation, continuity. The notion of a limit and allied 
notions are the main instruments in studying functions. We 
want, first of all, a measure for the change of a function in 
interval. If the function f(x) has a maximum value M and a 
minimum value m in the interval (a, b), we say that M m = 0 
is the oscillation of f(x) in (a, b). However, the values of a 
function may not contain a maximum or a minimum among 

Consider, for example, the function f (x) — x/2 from 0 
to a (a excluded), and/(a) = A, where 0<A<a/2. This function 
has no maximum value in (0, a), for a/2 is not a value of the 
function. Consequently, we have to define its oscillation in 
(0, a) as the upper bound of the differences \ f (xx) —/ (x.2) |, which 
is, in this particular case, a/ 2.

We define, therefore, the oscillation of a function f (x) as the 
upper bound of | f(xx) -f(x2) \ in the internal in question. This 
upper bound may be finite or infinite, but it is always positive, 
and in the case of a constant function, i. e. one which assumes the 

value throughout the interval, and only in that case, the

an

them.

same
oscillation is 0. The oscillation in a part of an interval cannot be 
greater than the oscillation in the whole interval.

Consider the function sin (l/x). Its value for l/x = tt/2 + 2kir, 
e. x = 1/(V2 + 2 for), is 1 and for \/x = 3 tt/2 + 2 Jen, i.e. 
= 1 /(3tt/2 + 2/vtt), is — 1, for all integral values of Jc. Taking 
= 1, 2,.... n, ... the values

X, = l/(7l/2 + 27r), X.J = 1/(77/2 + 477), ....
xn=l/(ir/2 +2mr), ...

tend to 0. But the values x\ — 1/(3 77/2 + 2kn) also tend to 0. 
Consequently there are values of x 
which sin {l/x) = 1, and other values of x as near to 0 as we 
like for which sin (1 /x) = — 1. Hence, in any interval contain­
ing the origin the upper bound of \f(x2)—f(xl) | is at least 2. 
Since it cannot surpass 2, we see that in any interval including

as near to 0 as we like for

s*
 « r

-
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the origin the oscillation of sin (1/x) is 2. We notice that at 
the points x{, = l/(a + 2/ctt) the function sin ( 1 /x) 
the value sin oc, so that in any interval including the origin 
sin(l/a;) assumes the whole range of values between — 1 
and + 1.

In any interval including c the oscillation of the function 
given in fig. I is greater than k.
Taking smaller and smaller inter­
vals containing c the oscillation 
decreases but never sinks below 1c.
The limit of the oscillations when 
the intervals tend to the point c is 
exactly k, and this limit charac­
terizes the discontinuity (jump, 
saltus) of the function at c.

Consider the function 0 (x) equal 
to 1 if x is rational and to 0 if a: is

assumes

k

Fig. 1.irrational. Since in any interval 
there are rational as well as irrational points, the maximum of 
I 0(«2)~I in every interval is 1 and its minimum is 0. The 
function is discontinuous at every point. Denote by 6C (ő;í, f) 
the oscillation of the function f(x) in the interval (c — 8n, c + 8n). 
We shall say that a function is continuous at a point c 
if the sequence 6(8n, f) tends to 0 with 8n. For example, 
xk, where k is a positive integer, is continuous at every point a ; 
in fact putting x2 = xl + £,

k(k-l)(xi + i)k — %ik = kxf~l £ + Xlk-*è2+
1 . 2

But in the interval (a — 8n, a + 8n) we have | £ ¡ < 2 5)t and thus
k{lc— 1)

Since the expressions

I*-1*»,.

I*, |'"i4i„2+... + 2*i/.
1 . 2

Jc(k-l) I«il*-*4*n* ...,2**,*1 . 2
0-sequences if 8n is one, their sum is a 0-sequence,

lim 0a(8n) = 0,
n = co

which proves the statement.

are
i. e.



It follows that a polynomial a0 + alx+ ... + anxn is continuous 
for every finite value of x. If a function is continuous at every 
point of the interval (a, b) we say that it is continuous in (a, b).

Geometrical intuition seems to show that if f(x) is continuous 
at c, it must also be continuous near c, or at least on one 
side of c. We are going to show by an example that this is 
not so.

Consider the function g(x) vanishing for every irrational x and 
equal to 1 /q for x = p/q {p and q being supposed to have no 
common factor).

Take the point p/q- The value of the function at that point 
is 1 / q. But as near to any fraction as we please there are 
irrational numbers for which the function vanishes. Hence, for 

xx, x2 in any interval containing the point p/q, we have

\g{x2)-g{xx)\>\/q.
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some

Taking smaller and smaller intervals containing p/q the oscilla­
tion remains >1 /q. The function considered is discontinuous 
at every rational point.

Consider now an irrational point x. At the irrational values 
the function vanishes, but as near to x as we please there 

fractional values of x for which the function is different 
from 0, i. e. 6x(8n) > 0. We are going to prove, however, that 
lim 6x(8n) = 0. Since the function is the same between any two

integers, we suppose that x is between 0 and 1.
Marking the points 1/2; 1/3, 2/3; 1/4, 3/4 ; 1/5, 2/5, 3/5, 

4/5 ; we divide (0, 1) into subintervals. At every fractional value 
of x inside these subintervals, g(x)< 1/5. In the same way, 
marking all the points p/q with q < n, we see that inside these 
subintervals g(x) < 1 /n. But the irrational point x is an inner 
point of a subinterval for every n. Hence there is a «^-neigh­
bourhood of x such that g(x) <l/n in (x — 8n, x + 8n) ; and, in 
(x-8n, x + Sn), I g(x2) -g{xx) | < 1 /n, which proves that the upper 
bound of J g(x2) —g(xx) | tends to 0 with 8n, i. e. g(x) is continuous 
at x.

near x
are

13. Functional limit. A function may have different pro­
perties on the left and on the right of a point. For instance, the 
function f{x) equal to x/2 in (0, 1), the point 1 excluded, and equal



to ¿c/2 + 1 in (1, + cc ) (1 included), is continuous on the right of 1,
i. e. at the point 1 of any interval (1, b), where 6> 1, if 
disregard the function outside that interval. On the other hand, 
the function is discontinuous on the left of 1, i. e. is discontinuous 
at the point 1 of any interval (a, 1), where 0<a< 1, even if we 
disregard the function outside that interval. For at 1 the value 
of the function is 3/2 so that the oscillation in (a, 1) is 3/2-a/2,
i. e. in (1 —6, 1) is 3/2 — (1/2 —e/2) = 1 + e/2, the lower limit 
of which is 1, not 0.

If the value of f (x) at 1 is different both from 1/2 and from 
3/ 2, f {x) is discontinuous both on the left and on the right of 1. 
The characteristic property of this discontinuity is that, if 
attribute to/ (x) the value of 1/2 or 3/2 at 1, it becomes continu­
ous on the left or on the right. The discontinuity of sin \/x 
at the origin is much more complicated because the function in 
approaching the origin on the left and on the right passes through 
every value between — 1 and + 1. To distinguish between these 
cases we
1/2, and when x approaches 1 on the right, /(æ) approaches 3/2, 
whereas sin {1/x) has no limit when x approaches the origin. 
More precisely, taking xn < a and lim xn = a, the limiting numbers

of the sequence f (xn) are called left-hand limiting values of 
f (x) at a. Taking all possible sequences xn<a tending to a, the 
united set of all limiting values forms the limiting set L~a of 
/ {%) on the left of a. Similarly we obtain L+a on the right-hand 
side of a. We notice that the value at a does not figure in the 
definition of the sets La and L+a. In the case of sin (l/a/, 
L0 and L+ consist of all the real numbers between — 1 and + 1. 
If L a(f) consists of a single number l (in certain cases + co 
or —go) we say that/(x) tends to l when x tends to a —0 (that 
is to a on the left) ; in symbols :
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we

we

say that when x approaches 1 on the left,/(æ) approaches

lim f(x) = l = /(a — 0).

Similarly for the right-hand side: if L+a(f) consists of a single 
number V, we write

lim f(x) = V — f(x+ 0).
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If I — l'} we say that f(x) tends to l when x tends to ct :

lim / (x) = l.

CH.32

In general, the upper and lower bounds, M a, ma of La are 
called the upper and lower limits of indétermination on the left. 
The four numbers, Ma, m a, M+a, m+, characterize the fluctua­
tion of the function in the neighbourhood of a. If f (x) is con­
tinuous at ct, all these four numbers are equal to/(ct). Conversely, 
if all these four numbers are equal to f (a), the function is 
tinuous at the point. If the oscillation of f {x) in the closed 
interval (x-d, x) tends to 0 with d, we say that / (x) is 
tinuous on the left of x. If the oscillation of / (x) in (x, x + d) 
tends to 0 with d, we say that f (x) is continuous on the right 
of X.

con-

con-

We remark that a limit, in general, implies a sequence, whereas 
a functional limit refers to a single function. Moreover, the limit of 

quence is determined by a countable set, whereas a functional 
limit implies all the values of the function in the interval, i. e., 
a continuum of values.

a se

I. If f(x) is continuous on the left of a, lim J (x) — f (a). If 

f(x) is continuous on the right of a, lim ^f {x) = / (ct). If f (x)

is continuous at a, lim f (x) =/(ct).
Proof. We prove only the first statement. By hypothesis, for 

arbitrarily small given e, there is a d such that |/ (x) —f (ct) | < e 
for a — d<x<a. Now if x-*a, we have xn = a — dn, and for 
sufficiently large n, dn<d, i. e. \f (x)—f (a)\<€. 
the limiting values of the sequence / (xn) are between f (a) —e 
and /(ct) + e ; e being arbitrary, the only limiting number is

Therefore all

/(a). Q. E. D.
Limit relations are also denoted by the following symbols :

/(cc)oo g (x) as x 
‘/(a;) comparable with g(x) as x tends to a means that

—> ct

/(a) _ jlim
g(x)

This notation is used, in particular, when the two functions
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tend to 0 or to infinity, provided there is no ambiguity as to the 
variable tending to a.

Another less precise notation, due to Landau, is used when 
we do not need or possess exact information about the limit.

as X —> af(x) = 0 [g(x)]
means that

ÍíñT ÍM
a g(x)

is finite ( < oo ). If f(x) and g(x) tend to oo as x tends to a, this 
relation means that, colloquially speaking, the two infinities are 
equally strong. Similarly

f(x) = o[g(x)] as x
means that

lim /_M = o 
x->a g(x)

If f(x) and g(x) tend to infinity, this relation means that the 
infinity of g(x) is stronger than that of f(x). Landau’s notations 
are used mainly in the case where a = + oo and lim g(x) = + cc .

14. Continuous functions. We are going to give a short 
account of the principal properties of continuous functions.

I. If f(x) is continuous in the closed interval (a, b) and if ux 
denote by M the upper bound of all its values assumed in (a, b), 
there is a point c in (a, b) such that f(c) = M, i. c. the upper 
bound is one of the values of the function. Similarly for the 
lower bound. M may be + go .

Proof. Dividing (a, b) into n closed subintervals ilt i2,..., in 
of equal length, there is obviously a subinterval in which the 
upper bound of f(x) is M. Subdividing, e.g. halving, that sub­
interval and reasoning as before we see that there are sub­
intervals In, each encasing the next, and such that (a) the length 
of In tends to 0 when n -> go , (6) in every In the upper bound 
of f(x) is M.

It follows from (a), by 10. I, that the intervals In have one, 
and only one, common point c, say. Moreover, by the definition 
of oscillation, every value of f{x) in In is < M</(c) + 0C (/„). 
But as f(x) is continuous at c, 0C (ln) -» 0 when n -» co , which 
proves that M — f(c). Q. E. D.



If every individual value of f(x) in (a, b) is finite, it follows, 
by I, that

II. If a function f(x) is continuous in the closed interval 
(a,b), and if every value of f(x) in (a, b) is finite, f(x) is bou nded 
in (a, b).

The example \/x shows that the function may be continuous 
at every inner point of an interval, e. g. 1/x in (0, 1) without 
being bounded in the interval, i. e. theorems I and II do not, 
in general, hold for open intervals.

The most obvious property of continuous functions from the 
geometrical point of view is described by the following theorem :

III. Iff(x) is continuous in the closed interval (a, b) and G is 
any number between f (a) and f(b), there is a point c in {a, b) at 
which f(c) = C.

Proof. We are going to prove first the particular case in which
the sign of f(a) differs from that 
of f(b) and (7=0. Suppose, 
for instance, that f(a) is negative 
and f(b) is positive. If xx is the 
middle point between a and b, 
then either f(xx) = 0 and the the­
orem is established, or f(x1) ^0. 
In the latter case if f(xf) > 0, the 
first interval, and if f{xx) < 0, 
the second interval, is such that 

the sign of f(x) is different at the two extremities. Halving the 
interval possessing the property in question, and repeating the 
reasoning, we obtain a sequence of intervals In, each encasing the 
next, so that (a) they have one and only one common point c, say, 
(b) the sign of f(x) is different at the two extremities of In. Since, 
by hypothesis, f(x) is continuous at c, we have !/(¿c2)~f(xi) l<e 
for c — d<x<c + d. Taking n so large that the length of In 
is less than d, we have \f(xf)—f(xx)'\<€ in Tn, and, since f{x) 
assumes positive as well as negative values in In, \f(x) \ < e. 
In particular, | /(c) ¡ < e and e is arbitrary. Hence /(c) = 0. 
To prove the general statement we have only to apply this 
particular result to f(x) — C, which has different signs at a and b, 
and thus there is a c such that /(c) — C = 0. Q. E. D.

The last property of continuous functions might be considered
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Fig. 2.



as a (new) definition of continuity. But in this case, functions 
like y = sin (1/x) would be continuous at the origin. In fact, as 
we have seen, in every neighbourhood of x = 0, y assumes every 
value between —1 and + 1. Therefore, in particular, given two 
different values/( — a) and f(b), a>0, b>0, y assumes in ( — a, b) 
every intermediate value between/(-a) and f(b).

Lebesgue (1928, p. 90) has given an example showing that the 
function may be discontinuous in the usual sense at every point 
of (0, 1), say, and still assumes every intermediate value between 
two given values/(a) and/(ó).

The notion of continuity readily extends to functions of 
several independent variables. We formulate the results for 
functions of two variables. Consider a function f(x, y), defined 
in a set of points P which is everywhere dense. P, as a rule, is 
a domain or region. The upper bound of all the differences 
\f(x> y) -/« y') I where (x, y) and (x', y') are any two points 
of a set S in P is said to be the oscillation of f(x, y) in S. 
Consider now a point (a, b), and squares (or circles) qn < qn_x, 
centre at (a, b), with their sides tending to 0 as w -> oo . The 
oscillation of f(x, y) at the points of P in the successive 
squares forms a never increasing sequence of positive numbers. 
The limit of this sequence is said to be the oscillation of f(x, y) 
at the point (a, b). The function f(x, y) is said to be continuous 
at (a, b) if its oscillation at (a, b) is 
at every point of the set S, we say that f(x, y) is continuous in S.

IV* If f(x, y) is continuous in a perfect and bounded set 
P, there is a point in P at which f(x, y) assumes the upper bcrand 
M of all its values in P, i. e. the upper bound is one of the values 
of the function. Similar result holds for the lower bound. The 
upper bound M may be + ao .

Proof. Since, by hypothesis, P is bounded, it is contained in 
a square q. Divide q into four equal closed squares by parallels 
to the sides (see Art. 10). In at least one of the four closed 
squares so obtained the upper bound of f(x, y) is certainly M. 
Dividing one of the squares in which the upper bound of f(x, y) 
is M, and continuing the process, we obtain a sequence of squares 
qn, each encasing the next, and thus, by 10. I, they dwindle to a 
point (a, b). Since there are points of P as near to (a, b) 
like, and since P is closed, (a, b) is a point of P.
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If f(x, y) is continuouszero.

as we



On the other hand, by the definition of oscillation, every value 
of f(x, y) at the points of P in qk is </(«■, b) + 0 (f, q^). Hence, 
also, the upper hound M of these values is </(a, b) + 0(f, q^). 
Since f(x, y) is continuous at (a, b), 0(f, qh) -» 0, which proves 
that M^f(a, b). But, by the definition of the upper bound, 
f(a, b) < M, which proves the theorem.

V. If f(x, y) is continuous in a perfect bounded set P and if 
every value of f(x, y) in P is finite, then f(x, y) is bounded in P.

Proof. By IV, the upper bound is a value of f(x, y). Hence, 
by hypothesis, it is a finite number.

VI. If f(x, y) is continuous in a perfect set P containing 
(a, b), and if f(a, b) > 0, there is a sufficiently small square q 
centre (a, b) such that f(x, y)> 0 at every point of P in q.

Proof. If there were no such square, the continuous function 
f(X) y) would vanish at a point of every square centre (a, b), i.e. 
at points tending to (a, b). Since f(x, y) is continuous at {a, b), 
it would follow that f(a,b) = 0.

As an application of VI, we are going to prove
VII. The points of a square or those of a circle form a domain.
Proof. We give the proof for the circle. We have to show

that all the points (x, y) satisfying the inequality
(x—a)2+(y—b)2<r2
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(1)

inner points, and that any two such inner points 
nected with one another, 
the same inequality is satisfied in a square, centre (x\ y'), since 
the left-hand side is a continuous function of x and y. On the 
other hand, if two points, (x, y') and (x", y") satisfy (1), there is 
a number r' •< r, such that r 2 is greater than either \alue of 
the left-hand side for (x', y') and (x\ y"), and so the circle of

are con-are
If (x\ y') satisfies (1), then, by VI,

radius r' covers both points.
We remark finally that, denoting a point by its co-ordinates 

[x, y, ...], the distance d(S, [x, y, ...]) is a continuous function 
of x, y, ..., since

d(S, [x + K y + k, ...])^d(S, [x, y, ...])
+ d (\_x + h, y + h, ...], \_x, y, • •.])

and
d(S,[x,y, ...])<c?.(£,0 + ¿,2/+ /c,...])

+ d([x + h,y + k,...'],[x, y, ...])
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15. Functions of bounded variation. Consider the function 

y = X sin -. For X = 0 this formula is meaningless, but if 

xn 0, xn sin — < \xn\, and so y (xn) -» 0. Thus, if we complete
xn

the definition of y by putting y(0) = 0,the function so defined is 
continuous for every real value of x, including x = 0. On the
other hand, the factor sin ^ vanishes at x = ~ (k = + 1, + 2,...),

i.e. y(x) vanishes infinitely many times in every interval 
( — 5, + 8) and also in (0, 5). The graph of this function shows 
that the tangent to the curve has no final posi­
tion when x approaches 0. This kind of singu­
larity seems less simple than a mere sal tus, or 
jump of the function from one value to another 
(e. g. we usually imagine the density of matter 
as being 0 in the immediate vicinity of a body 
and jumping to a finite value when we reach 
the body). In order to define a class of functions 
none of which possesses a singularity like that

possessed by x sin — at the origin, we must

characterize in a mathematical way the type of singularity to 
be excluded.

Divide the interval (a, b) into subintervals by the points 
x0 — a, xlf..., xn_1, xn = b and consider the sum

x

Fig. 3.

n—1

v{xx, x2, ...,xn) = 2 \f(xi+1)-f(xi) I-
« = 0

If for all possible subdivisions of (a, b), the corresponding positive 
numbers v have a finite upper bound V (a, b), we say that the 
function f(x) is of bounded variation in (a, b) and V (a, b) is 
called its total variation in (a, b). If this upper bound is + oc, 
the function is said to be of unbounded variation. At the points

1 1
Sk+ÎV**-1,2,-')

1, sin -x > 7r(/v+ 1) *

and at the points x = sin ^ = 0. Thus the variation of

x =

x sin - for the subdivision
x
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r 1 l _l } n
L ’ rtTf’ (n— 1) 7T+ %7r’ * *’ 2 XT 7T 77

11

/ 1 \ . 2 1 of the interval ^0, -J is greater than - But, for suffi­

ciently large values of n, that sum surpasses any given number M.
In fact, § + i>i + i = I; í + Í + v+s>f = i and 80 on’ and> 
by adding a sufficiently large number of halves, we get as large a

number as we please. The function xsin -, though continuous

at X = 0, is of unbounded variation in the neighbourhood of that 
point.

If f(x) is increasing in (a, b), i.e. if f(x) >f(y), for x>y, the 
function f(x) is of bounded variation in (a, b), because for every 
subdivision of (a, b), v(x1} x2, ... xn) — f(b)—f{a).

Similarly, if f(x) is decreasing in (a, b),
v(xv x.2 ...,xn) = f (a) —f (b).

We use the word monotone for either ‘ constantly increasing ’ 
or ‘ constantly decreasing ’.

I. The only kind of discontinuity a monotone function may 
have is a simple saltus.

Proof. Suppose that f(x) is constantly increasing in (a, b), 
and consider the sequence xn-^x, where x 
sequence of the corresponding values f(xn). As f(xn+i)>f(xn) 

d f(xn) < f(x), the sequence f(xn) is constantly increasing and 
bounded. Consequently it has a limit A, say. Taking another 
sequence ym -> x, the sequence f(ym) tends to a limit B, say. We 
state that A = B. In fact, as ym tends to x and xn tends to x, 
there is a ym>xn, and similarly there is an n' such that xn>>ym. 
It follows that f(ym) >/(^n), i.e.B^A and also/(xn>) ^f(ym), i- e. 
A^B. Which proves that, for every sequence xn tending to x 

the left of x, the sequence f(xn) has one and the same limit 
usually denoted by f(x-0). Since the same reasoning applies 
to the right-hand side of x, we see that the limit f(x + 0) also 
exists. If these two numbers are different, the function has a 
simple saltus at x. If they are equal the function is continuous 
at x. The same proof applies to constantly decreasing functions. 
Thus the statement is proved.

>xn, and theM + l

an

on



16. We proceed now to establish the main properties of functions 
of bounded variation. Obviously, if a function is of bounded 
variation in (a, b), it is of bounded variation in any subinterval 
of (a, b).

Denote by p the sum of the positive differences in
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2[/(®<+i)-/(*<)]»

and by — n the sum of the negative differences. Then
xn) - p + n.

On the other hand, p-n = 2 [/fo+i) “/(*<)] =/(&)-/(«).

v(x

Hence, v = 2p> +f(a) — f(b), or v — 2n+f(b)—f(a). It follows 
that the upper bounds P, N of p and n are finite, provided that 
of v is finite, and
V (a, b) = 2 P (a, b)+f(a)-f(b), V (a, b) = 2 N(a, b) +f(b) -f(a).
P and AT are called positive and negative total variations re­
spectively. Applying this result to the subinterval [a, x), we have
V(a, x) == 2P(a, x) + f(a) -f(x), V(a, x) = 2N(a, x)+f(x)—f(a).
Hence

f{x) = f(a) + P(a, x)-N(ay x).
But/(») + P (a, x) and N(a, x) are constantly increasing functions 
of x. Thus

I. Every function of bounded variation is the difference between 
two constantly increasing functions.

It follows from the properties of monotone functions, 15.1, that
II. The only kind of discontinuity that a function of bounded 

variation may possess is a simple saltus, i.e. the two limiting 
values f(x — 0) and f(x+ 0) exist at every point.

The geometrical representation might suggest that in that 
case the number of points of discontinuity in (a, b) must be 
finite. This is not so. Consider the function g(x) equal to 0 in

(0, ^), to in I), to ^ in ( ^ > r¿Ti)’ and let SW = !•

When x varies from 0 to 1, g(x) is constantly increasing (more 
precisely constantly non-decreasing) and jumps from one value to 
another at infinitely many points. Define g(x) in ( 1, 2) by the
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following conditions : g(x) = 3 in (1-5, 2) ; g(x) = 2\ in (1§, 1^);

and in general, g(x) = 2 + i in ^1 -i—^-y, 1 + -

constantly increasing in (1, 2). In the neighbourhood of x = 1, 
the function has infinitely many jumps on both sides and the 
two limits g{\ + 0) = 2 and <7(1 — 0)= 1 are different. At 1 
the function g(x) jumps from 1 to 2.

On the other hand,
III. The set of 'points x, at which a function of hounded varia­

tion is discontinuous, is enumerable.
Proof. Write f(x) = fx (x) —/2 (x) where f\ and /2 are con­

stantly increasing functions in (a, b) ; f(x) can be discontinuous 
at x only if either fx or /2, or both, are discontinuous at x. We 
have thus to prove that the number of jumps of a constantly 
increasing function is enumerable.

Consider the jumps j of a constantly increasing function f(x) 
at the points of discontinuity x. Obviously, j < f(b) —f(a), and 
the number of jumps equal to f(b)—f(a) is either 0 or 1. More

generally, the number of jumps ji>

j- Six) is

f(b)-f{a) is less than n.n
Denote by xx the point (if any) at which

W(b) -/(<*)) <Ji <f(b) -/(«) ;
by x2, x3 the points, if any, at which

i (f(b) -/(«)) <Ji< i (f(b)-/(«)), &c.
In this way every point of discontinuity has a place in the 
sequence of points xx, x2, x3, ..., which shows that the set of the 
points of discontinuity is enumerable. This proves the theorem.

f(x) -f(g)Now add all the saltuses ji< in (a, x) (in number

less than n) and denote this sum by Jn{x). Since for every n, 
Jn{x) <f (x) —f i°) and for a fixed x, Jn(x) constantly increases 
with n, the sequence Jn, (n = 1, 2, ,.), tends to a limit which 
we denote by J(x) (jump function).

The difference f(x)—J(x) = g(x) is continuous at every point 
of (a, b) because the jump of J(x) when x passes through a point

n
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of discontinuity of f(x) equals and thus destroys the jump of 
f(x). We notice that in an interval in which f(x) is continuous, 
J(x) is constant. It is a stair-like function.
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EXERCISES I
1. a, b, c, d are rational numbers, x is irrational. Find the condition 

that (ax + b) / (cx + d) be rational.
2. a, b, c, d are rational numbers, c and d positive and not perfect 

squares. Show that aVc + bVd is either 0 or irrational.
3. Find the bounds and extreme limiting numbers of 

(_l)n+i (l + l/n). (B= -15, B — 2, L — —l, U = 1).
4. Find the bounds and extreme limiting numbers of

( - 1 )nn/ (2n + !),( - l)w(n +1) / (2n +1),
n + ( — l)n / (2n + 1), 2n +1 + ( — l)n n.

5. Show that the sequence sin (« tt / 6) consists of the repetition 
of the seven numbers 0, +1/2, ±VS/2, ± 1 ;

(1 + 1 / n) sin (w7t/ 6) has the same seven limiting numbers but 
only 0 is attained ;

(1 + 1/2n) cos(w77/3) has four limiting numbers +1/2, +1 
and none of them is attained.

6. The sequence an+1 = + Vk + an, k>0, a> 0, is monotone and 
converges to the positive root of x2 = x + k.

7. an+1 = k / (1 +aM), k>0,a1 >0, converges to the positive root 
of x2 + x = k and b = k/bn — 1 converges to its negative root.n +1

8. Bernoulli’s inequality :
(l+x)n > 1 + nx if n > 2 and 1 + x >0.

Proof. For n = 2, (1 + æ)2 =1 + 2x + x2 >l + 2x. Suppose it is 
true for n = k. Then

(1 + x)k+1 > (1 + kx) (1 + x) = 1 + (k + l)x + kx1 > 1 + (k + \)x. 
When x>0, (1 +x)n is greater, of course, than any term or group of 
terms in its binomial expansion.

9. If a>0, then H/a 1. If o > 1, put a — l+xn. Then by 
Bernoulli’s inequality, a = (1 + xn)n >1 +nxn>nxn, i. e. xn<a/n. 
If 0<a< 1, i. e. l/a>l we have tyl /«->!. Apply 8. VI.
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10. Prove that if xn -> 0, then axn 1, ( | xk | <1 /n for 
sufficiently large &).

11. If a > 0 and xn -> x, axn —> ax. From axn—ax = ax(axn-x — 1) 
by Ex. 10.

12. If xn—>0 and oc is any positive real number, (xn)a —> 0. For
sufficiently large n, xn<e1/a.

13. If xn->0, + v/l+a:ra-> 1. From
ak — bk = (a — b) (a,;_1 + ak~2 6+ ... + abk~2 + bk~1) 

where we put a = + V\+xn, b = 1, x'n = -v/l + :rn —1, we obtain 
< = *«/[(^1 + + (^ 1 + k»)*-2 + ... +1 ], i.e. \x'n\ < \ xn\.

14. If xn 0, 2/n = log (1 + a-n) -> 0. If 6>1 is the base of the 
logarithm and e>0 is given, we put be — 1 = ft, 1—b~e = f2 and 
denote by (' the smaller of the two (necessarily > 0). Choose N so 
large that for n>N, | xn | <('. Then —(2<xn<fi, i.e.

b~€<l+xn<bf for n>N. Hence | yn | <e.
15. If xn -> 1 and p is any real number, x°n 1. By Ex. 14, 

pn = p log xn 0. Hence, by Ex. 10, x"n — hP" -> 1.
In fact16. If xn-^>x and p is any real number, x% -> x°. 

x°—xp = x°{(xn/x)p — 1] and as xn/x-> 1, Ex. 15 proves 16.
Ex. 11 and 16 are very important limit relations. We write them

in the form
lim axn = a 6m *n, (a > 0). 
lim xnp = [lim xny.

17. If :rn>0 and xn->x>Q, logxn->logx. Apply Ex. 14 to 
log xn— log x = log (xn / x).

18. xn -» + oo. The sequence has a minimum term.
19. A convergent sequence has either a minimum term or a 

maximum term or both.

(A)
(B)

20. If xn>0, xn->x>Q, then xn has a positive (> 0) lower 
bound B. There is only a finite number of xn<x / 2 (if any). 
The least of them or x / 2 is a lower bound for the sequence.

21. If xn+1>xn—(n were en->0, then all the numbers between 
the two extreme limiting numbers of xn are limiting numbers of xn.

Proof. For every e = (U—L) / m there is a term xny in {L,L +1) 
and another xn¡¿, n2>nv in {U—(, IT) so that after an n such that 
(n< e the sequence x„v xni+l, ...xno cannot reach U from L by 
<m— 1 jumps of length <e.



43REAL VARIABLESi

22. an-+ 0, an>0, sn = ax + a2+ ... +a„oo ; [sn] denotes the 
integral part of sn. Every number of (0, 1) is a limiting number of 
the sequence sn—[sre].

23. If xnx, also x'n = (^0 + ^ + ...+z,t)/(n+1)->r.
(a) X = 0. There is an m such that for n>m, | xn | < e i. e.

I <| < I æ0+...+2-m I /(n+l) + <(»-m)/(n + l).
As the first term tends to 0 and the second to e when oo , all 
the limiting numbers of x are 
arbitrary the diameter of the derived set is exactly 0, i.e. it 
contains at most one number 0, and by Bolzano’s theorem it does 
contain one.

(b) x±0. [(*0-x) + (xl-x) + ...+{xn-x)]/{n+l)- x\—x~* 0.

24. xn>0 and xn-*x>0. Then xn = Vxxx2...xn-*x. 
yn = log xn —> log x — y and apply Ex. 15.

25. xn —*■ 0 when — 1 <x< 1. For positive x we put

in ( — (, <). The number being

Put

1
x = 1 —X1 +

X

and thus, by Ex. 8, xn = 1 / (1 + y)n< 1 /(I + my) < 1 / ny 0. For
negative x we have xn = (— l)n | x \n.

26. an = rn/n \ ->0 for any real r. For n> \ r|, we have
<hn _ r____ r____r
an n +1 n + 2 2 n

and thus | a2n | < | r 11 an | / 2w< an / 2.
If m>r, we have thus

I a2m I ^ I am I / 2» I aim I <' I m I / ^
< I am I / 22, ..., I a/m I < I am \ /2&->0.

If we add that | an \ steadily decreases after m, the result is proved.

27. ÿ»-»l. Putting n = (1 +a-Jn we see that n>n(n—l)x1n/ 2, 
i. e. x;l<2 /(w— 1) ->0.

This is our first example where both base and index vary and 
their tendency is opposite, viz., the base tends to increase the 
quantity to infinity and the n-th root (index 1 / n) tends to reduce 
the radical to 1. We notice that the index is in this case more 
powerful than the base. In the preceding example the numerator 
tends to increase the quantity to infinity and the denominator tends 
successfully, to reduce it to 0.
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28. nan 0 for | a [ < 1. Put
|a| = l/(l+r); | a" | = 1/(I+ r)”< 1/(’*) r2 

and (waw)< 1-2 / (w—l)r2. Similarly naan—>0, a real. Proof is 
needed only for a >0. Putting |a|1/ct = a1<l we know that 
naxn -> 0, i. e. also (nalu)a -> 0.

29. Logn/na^>0 for o->0 whatever the base 6 > 1 of the
logarithm is. M>1, i.e. n / (6<r)n —> 0 and thus for n>m, say, 
w/ (Ziff)n< e / 60, and log w / (<?+1) / {b9)ff = ba{g+\) / (bff)9+1 where
<7 is the integral part of log w. Hence for n>bm, also <7+ 1 >m and 
thus log n / na <ba. ( / ba, i. e. log n / na <(. for n > bm.

30. For positive real a and ß, log® n / n& -» 0. Proof.
log w / w^/a 0.

31. The number e. When n increases, every term of

,„ = (l+l/*)»=l + +
n(w —l)...’(n—p + 1) 1

+...+
1

77™ + ••• + ”77V !
=i+i+i(i-i)+...

increases and also the number of terms. Thus xn is a steadily 
increasing sequence. On the other hand the (p + l)tb term is 
<l/p ! <1 /2P_1, i.e.
xn<c 1 +1 +1 /2 +1 /22 + ... + 1 /2n = 1 + 1 —(1 /2)M+1

1-1/2
= 1 + 2 —(1 /2)n<3. 

Thus irn tends to a limit lying between 2 and 3. Its limit is called 
c and its first decimals are e = 2-718281828459045 ...

32. If xn->0, (1 +xn)l xn -> e.
(a) irn>0. If 1 /xn is between the integers n and w+ 1, we have 

(1 +1 / (w + l))n < (1 + ir^)1 *« < (1 +1 / ri)n+l and both sides tend to e
as [1 +1 /(w+ l)]n = Ll + l/(n+l)]-1.[l+l/(w+l)]«+1,

(1 + 1 /n)n+l = (l + l/w)(l + l/w)w.
(b) xn < 0. From a certain suffix m on, xn > — 1, and then we put 

1 +xn= 1 / {1+yn) such that yn>0 for n>m and yn-> 0. Thus 
(1 + Xiylxn = (1 +ynYl+yn)/vn = (1 + yn)[ 1 + yn)1/yn which reduces the
case to (a).

33. If fn 0, (1 +xen)Ven e* ; xen = % -» 0 and thus
(1 + yn)x/11n = [(1 + vn)l/T,n]x ex-

In particular (1 + x / ri)n —> e*.
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34. tyn ! / w -> 1 / e. By Ex. 24»

45I

V57iiöF)--y(:n+l)n n+ 1---- ,— = —;— —> e.ni yñf

35. The only functions of a real variable x which are bounded in 
an interval (0, d) and satisfy the equation

f(x + y)=f(x)+f(y)(1)

are ax where a is any real constant.
Proof. A property like (1) establishes a kind of solidarity between 

the properties of f(x) at distant intervals. As /(2x) = 2fix) and in 
particular /(0) = 0 we have f{—x) = —fix). Now if | f{x) | <A 
in the interval (0, a), then | fix) | <2A in the interval (0, 2a), i. e., 
the function is bounded in every finite interval. Therefore we can 
suppose that (0, d) contains (0,1). Denote by [x] the whole portion 
of X.

I f{x - [æ]) I is bounded and lim [#] / x -» 1, we have
I X I ->CO

It follows from (1) that fix) = fix—[a?]) + [æ]/(l). As

\^a[f{x)/x] =/( 1).

In particular lim [ f{nx) / nx] = /(l). But f(x) / x = f{nx) / nx and 
thus, for every x, f (x) / x = lim [f(nx) / nx] = f{l), which proves
the statement.

Extend the theorem to functions of several real variables.
36. The only real functions of a real variable x bounded in (0, d), 

not constantly 0, and satisfying the equation f(x+y) = f{x)f{y) are 
the functions cx where c is a positive constant.

Proof. As f{x) is not constantly 0, we may suppose that fid) 0. 
As fi2x) = [fix)]*, fix) 5* 0. From f(d) — f{x)f{d—x) and 
fid—x)<A, it follows that fix)>fid)/A, i.e., the lower bound of 
fix) in (0, d) is positive and not 0. Consequently if we put 
log6 fix) = gix), (b any positive number), gix) is bounded in (0, d) 
and on the other hand it satisfies (1). Hence, by the result of 
Ex. 35, log fix) = ax, i. e. fix) = bax = cx.

37. Let the numbers of the interval (0, 1) be expressed as finite 
or infinite decimals x = • a1a2 ... an ... and put

fix) = (oq / 10)2 + (a2/100)2+ ....
The function fix) is monotone. Prove that it is discontinuous for 
every value of x represented by a finite decimal. (Hobson.)

38. Examine the discontinuity of the function fix) which equals 
• Ocq0tt2 ... 0an ... when x = • a1a2aJ....
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89. Prove that the sum, difference or product of two functions of 

bounded variation is also of bounded variation.
40. Let M{a, b) be the upper bound of all the values of the real 

/Or) in the interval (a,b). Taking smaller and smaller intervals 
{x—h, x + h) the limit M{x) of M(x—h, x + h) when h tends to 0 is 
called the maximum of f(x) at x (Baire). For a bounded function 
f(x) the maximal function M{x) is perfectly determinate at every 
point. Same for the minimal function m(x). Show that if g(x) is 
continuous, g{x) + M(x) and g{x) + m(x) are the maximal and 
minimal functions of f(x) + g{x).

41. Let (x) denote the positive or negative excess of x over the 
nearest integer and when x exceeds an integer by 1/2, let (x) = 0. 
Determine the points of discontinuity of the function and examine 
the nature of the singularity.

42. Let [a-] denote the integral part of x. Examine this function.



CHAPTER II
COMPLEX ALGEBRA

17. Complex Algebra. We have seen that real algebra is not 
complete with respect to the third direct operation, power, i. e. 
the two inverse operations of power, root and logarithm, have 
a meaning only for a restricted class of real numbers. For 
instance, there is no real number whose square is negative, i. e., 
the equation x2 + a2 = 0 has no solution in real algebra. Similarly 
negative numbers have no logarithm. Geometrical and physical 
applications would suggest the introduction of threefold numbers 
like vectors consisting of three real numbers. Mathematical 
problems* in particular the solution of algebraic equations like

X2 + 1 = 0,

suggest as a first step the introduction of a single new symbol i 
satisfying (1). This leads to the construction of twofold numbers 
called complex numbers, a + hi, where the two 1 components ’ a 
and b are real numbers and i is a new symbol with the property

it = —1.

Equality a + bi = c + di is defined as meaning two real 
equalities a = c and b = d. Addition and subtraction are de­
fined as the addition and subtraction of the corresponding 
ponents.

(1)

(2)

com-

a + bi±(c + di) = (a±c) + (b±d)i.

Multiplication is defined by the requirement that it should be 
distributive with respect to addition, and that i should satisfy

(3)

(2):

(a + bi) (c + di) = ac + bic + adi + bidi = ac-bd+ (be + ad)i,

(a + bi) (c + di) = ac — bd+ (ad + bc)i.

It is readily proved that the twofold number system so con­
structed satisfies all the conditions of Table I (p. 4).

(4)
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I. The algebra of complex numbers is regular.
In a + bi, a = Rl. (a + bi) is said to be the real part,

b = Im. (a + bi)

48 CH.

the imaginary part of a + bi.
If we consider only complex numbers whose imaginary parts 

are 0, (3) and (4) show that

a+0i + c + 0i = a + c+0i, (a+Oi) (c+Oi) = ac+Oi,

i. e. addition and multiplication lead to numbers of the same 
type, the operations themselves reducing to ordinary addition 
and multiplication of a and c. Thus the numbers a+Oi form a 
distinct sub-algebra identical, as far as mathematical operations 
go, with real algebra (writing + Oi after every number is only 
a modification of the symbol). Thus real algebra is contained 
in the complex algebra and the latter is an extension of the 
former.

We call the positive number | Vo,2 + 621 = ¡ a + 6i | the abso­
lute value or modulus of a + bi.

II. The equation | a + bi | = 0 is equivalent to the two equations 
a = 0 and 6 = 0, for a2 + 62 = 0 implies a = 0 and 6 = 0.

a — bi is said to be the conjugate of a + bi. We see that

\a — bi\ = \a + bi\.

(a + bi) (a — bi) = a2 + 62 = \a + bi |2.

The binomial formula extends to complex binomials with 
positive integral index.

Taking a and 6 as the abscissa and ordinate of a point in a 
plane we see that to every complex 
number corresponds a point of the plane 
and vice-versa. The plane whose points 
(x, y) are denoted by the corresponding 
complex number z = x + yi is referred 

to as the complex plane (Argand’s diagram) and x + iy is the 
complex name or affix of the corresponding point. If we 
represent z — x + iy by an arrow (vector) from the origin to the 
point x + iy, addition of complex numbers reduces to the addition 
of the two vectors by the parallelogram rule (see figure 4).

(5)

(6)

£

Fig. 4.
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Similarly for subtraction: zx — z2 is represented by the arrow 
from z2 to zx.

We notice that i3 = i2. i = — i, i* = i2 .i2 = 1 so that in 
general

iin = 1, i4n+-1 = i, iin+2 = -1, ¿4n+3 - -i

These formulae reduce any power zn to the form a + bi. For 
instance

(7)

z2 = (x + iy) (X + iy) = x2 — y2+ 2 xyi, 
z3 = (x2 — y2 + 2xyi) (x + iy) = x3 — 3xy2 +(3x2y — y3)i, &c.

If a = ax + a2i, b = bx + b2 i, where ax, a2, bx, b2 are real num­
bers, and bx and b2 are not both 0, the division of a by b is, by 
definition, the solution of the equation

bz — a.
As I b I ^ 0, i. e. b zfi 0 + 0i, if b denotes the conjugate of b 
(i.e. b = bx — b2i), z = ab/\b\2 is a solution of (8), and there is 
only one solution, for if s and z' are two solutions of (8), we 
have b(z — z') = 0, and, by the product law, since b ^ 0, z = z'. 
Hence

(9) a/b = (ax + a2i) {bx-b2i)/{b2 + b2)
= (oq bx + a2b2)/(b2 + b2) + i (a2bx - ax b2)/ (b2 + b2).

III. In complex algebra division is always possible (except by 
0) and leads to a determinate number.

IV. If z' denotes the conjugate number, we have
(zx + z2)' = z[ + z/2, (zxz2y = z'xz2, (zx/z2y = z\/z'2y

i. e. the four elementary operations and the process of passing 
to the conjugate are interchangeable.

We leave the proof, which is quite straightforward, to the 
reader.

We may represent complex numbers also on the surface of a 
sphere standing on the complex plane at the origin. The point 
of the sphere at the origin is called the south pole, its opposite 
point is the north pole. The straight line joining any point 0 of 
the plane to the north pole pierces the surface of the sphere at 
a single point z'. Thus every complex number corresponds to a 
determinate position on the sphere and vice-versa. Circles about

(8)



the origin are circles (latitudes) on the sphere. Straight lines 
passing through the origin are great circles (longitudes) on the 
sphere passing through the poles. The part of the complex plane 
outside a very large circle centre at the origin, i. e. \z\>R 
corresponds to the inside of a small circle about the north pole. 
Thus we might say that the north pole corresponds to z = co .

18. Limit in the complex field. The idea of limit for real 
numbers was based on the idea of isolation of a number from a

given set. The definition of 
limit for complex numbers 
requires the definition of iso­
lation on the complex plane. 
All the numbers z = x + iy 
satisfying the inequalities 
al<x<b1,a2<y <b2are said 
to form an open rectangle 
whose opposite vertices are 

a = al + a2i and b = bx + b2i. We shall denote the set of the inner 
points of this rectangle by the symbol [a, 6], where it is explicitly 
supposed that al<bl and a2<b2.

We say that the number c = c1 + ic2 (by number, in the 
sequel, we shall always mean complex number, which, of course, 
may perhaps be a real one) is isolated from the numbers of a 
given set $ if there is a rectangle containing c and containing no 
number of 8, except c itself if c belongs to & If a number is not 
isolated from 8, we say that this number is a limiting number 
of 8. This means that, however small h> 0 and k>0 may 
be, there are numbers of 8 other than c in the rectangle 
[c — h — hi, c + h + Ici] in other words, there are numbers xn + yni 
of 8 such that xn cq and yn~^c2.

If the absolute values of the numbers of 8 are not bounded, 
i. e. if 8 has numbers outside any rectangle however large, we 
say that infinity (go ) is a limiting number of 8. We do not 
distinguish between + co and — oo , since now there are infinitely 
many directions along which our numbers may tend to infinity. 
If S has only one limiting number, we call it the limit of 8. 
For example, lim (1/n + i/n) = 0 ; lim (n + ni) = oo , for there is 
no finite limiting number.
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b,+b2i

3,+afi

Fig. 5.

: ...
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Bolzano’s fundamental theorem on 

extends to sets of complex numbers.
!• If oil the numbers of an infinite set S are in an open or 

closed rectangle [a, 6], S has a limiting number in the closed 
rectangle [a, 6].

Proof. By definition, if z = x + iy is any number of aS’, we 
have a1<x<b1, a2<y<b2. Hence, applying Bolzano’s original 
theorem to the real parts of the numbers of ¡3, we see that there 
are real parts xn such that xn tends to a limit, x, say. The 
corresponding imaginary parts yn may not tend to a definite 
limit but, applying Bolzano’s theorem to them, we see that there 
are suffixes n' such that yn, tends to a definite limit, y, say. 
Hence xn, + yn,i -» x + iy, which shows that x+iy is a limiting 
number of S, and, as all the numbers xn, + yn,i lie in [a, 6], 
their limit lies either in [a, 6] or on one of its sides.

Since for unbounded sets we consider oo as a (conventional) 
limiting number, we have

II. Every infinite set of complex numbers has a limiting 
number. On the other hand

limiting numbers readily

Q.e.d.

III. A finite set of complex numbers has no limiting number. 
In fact, if a= a¡c + iaj', (1c = 1, 2, ..., m) are the different 
numbers of the finite set 8, denote by h the smallest of the 
numbers \ak-a-\, \ak-a'j\ that do not vanish, (k, j = 1, 
2,... m but kzfij), then, a being any number, S has no number 
in the square

[a — h — ih, a + h + ih]
except a itself if a belongs to S.

IV. If a set has a limit, z = x + iy, say, the set can be written 
in the form of a sequence. In fact, by I, outside the square 
Qn = [z— l/n — i/n, z+ l/n + i/n\ the set S has only a finite 
number of numbers (otherwise S would have a limiting number 
outside this square). Thus, enumerating first the numbers of S 
outside Ql, and adding to the list the numbers outside Q2 but in­
side Qj (if any), and continuing in this way, we enumerate all 
the numbers of S, except perhaps x + iy itself. If x+ iy belongs 
to S, we may take it as the first number of our sequence.

We call the upper bound of the differences | zi — zk\, where 
z{ and zk are any numbers of a given set S, the diameter of S. 
If the diameter is 0, S contains only one number or none.
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The properties of O-sequences readily extend to sequences of 

complex numbers.
V. If zn-> 0 and \ z'n\<\zn\, then also z'n-> 0. The sum or 

'product of a finite number of O-sequences is a 0-sequence ; cen-> 0 
where c is any complex number and en any 0-sequence.

Consequently the fundamental rules for the evaluation of 
limits, 8. VI, extend also to complex numbers.

VI. If zn -» z and z'n -> z\ then zn + z'n -> z + z\ znz¿ -> zz\ 
zjz'n -> z/z', provided in the last instance z'n=f0 and z’ 0. 
The proof of the first two propositions is the exact repetition of 
that given for 8. VI. For the last limit equation, we have to 
remark that, taking the positive e<\z' |/2, z' is outside the 
square [ — e — % e , e + í ej, i. e. there is only a finite number of 
z'n in this square, and, as none of them is 0, there is a positive 
number a such that, for every n, \z'n\>a or | \/zn\ < \ / a. 
Since {z' + tn)/z'n = 1, we have \/z'n= \/z'-en/z¿z\ and so 
1 /z'n — 1 /z + rjn. Hence we finish as in 8. VI.

There are no general rules for determining the limit of a 
Theorem VI is used to reduce unknown cases tosequence.

a finite combination of known ones. But its application is 
limited. It is therefore important in many cases to establish at 
least the existence of the limit, i. e. to prove that the sequence
in question has a unique limiting number.

VII. The necessary and sufficient condition that a sequence zn 
shall tend to a definite limit is that to every positive e there shall 
correspond a suffix n such that, for every positive p,

I zn+p Zn I "*'• e"

Proof. The condition is necessary. In fact, if zn -> z0, there 
is only a finite number of zn outside the circle \z-za \ = e/2, 
i.e. after a sufficiently large suffix Ar, for m>Ar, n>N we have 
\zm — zn\< e. The condition is sufficient. In fact, by hypothesis, 
all the terms zn+p are in the square [zn — e- ic,zn+e + ie] Thus 
all the limiting numbers of the sequence zn also lie in the same 
square (for there is only a finite number of numbers outside). 
The diameter of the derived set is < 3e. Since e is arbitrary 
and the diameter of a set is a fixed non-negative quantity, the 
diameter of the derived set is exactly 0. But the set is not 

pty, consequently it contains just one number, i.e. zn 
definite limit.

(Cauchy.)

has aem



19. Fundamental theorem of algebra.
I. Fundamental theorem of algebra :

P(x) = a0 + axx4-... + anxn = 0, has a root.
(a) If the coefficients are real and n is odd, the equation has 

a real root. In fact,
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algebraic equation,an

«o + ... + anxn _ «0 , 
Xn

..+anxn
tends to an when | x | tends to infinity. But if we change x into 
— X the sign of xn changes. Since the sign of the ratio, for a 
sufficiently large x, is invariably that of an, the sign of

a0 + ...+an{-x)n,

for sufficiently large \x\ differs from that of a0 + ...+anxn. 
Hence, a polynomial being a continuous function, it vanishes 
for an intermediate value, which proves our first statement.

(b) The equation xn = a + ib has a root. For n = 2,

(C + iy)2 = a + ib
is satisfied by

a+ Va2 + bi¿ — a+ V a1+ b2
2 2

where e is + 1 if b is positive, and — 1 if b is negative. If n is 
even, the extraction of the n-th root is equivalent to a succession 
of square and odd roots. Thus we have still to establish the 
theorem for n odd. But the coefficients of the equation in ^

i(a — ib) (£+i)n-i(a + ib) (¿-i)n — 0
are all real (since the left-hand side does not change when 
replace i by —i). Hence, by (a), it has a real root r.

a + ib .g ajgo rea^ Ior

(1)

we

In virtue of (1) the expression
(t + i)n 
a — iba + ib 

(T + i)n = (r-i)n’

Denote by rj0 its real n-th root ; then x = rrj0 + irj0 satisfies the 
equation xn = a + ib.

(c) If \ai |<A, (i = 0, 1,..., n), p is any positive number, and
B = i + ±±*.

l«nl then, for \x\^R, we have | P(x) |>p.
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In fact, for \x \ ^R,
A+p \x\n,\anxn\ = R-1

+ ...+a0|<A(|æ|7l-1+...+ ¡æ| + l)ti-1I an-\x

A\x\n
R-l

\x\n- 1= A <
M-1

and thus
. . A+p, i A \x\n p\x\n pRn >p.

AIncidentally we see that 1 + —-i is an upper bound for the 
roots. ^

(d) As I P(x) I is a continuous function of the variables £ and rj, 
it assumes its minimum value at least once, at a = fo + ^o’ say> 
in the circle \£ + irj \ We are going to prove that, if
P(a) =£ 0, there is another point a + A in \£ + ir]\ <R such that

|P(« + A)|<|P(«)|,

in contradiction of the fact that | P(ot) | is the smallest possible 
value of I P(x) |. Thus our hypothesis that | P(<x) | ^ 0 is im­
possible, i.e. P(oc) = 0 ; and a is a root of the equation P(x) = 0.

Taking p> | a0 ¡, the minimum value of P(x) is assumed at an 
inner point of the corresponding circle of radius R, for | a0 | is 
the value of | P(x) | at x = 0, and, by (c), at every point outside 
or on the boundary of R, \P{x) \ >p> \ a0 |. Putting R — | a. | = p 
and writing P(x) in ascending powers of x — a, we have, since

xlc = (x — tx + (x)k = (x—a)k+ Ck(x—oc)k~1cx + ... +afc,
P(x) = P(a) + bx (a) (x—a) + &2(a) (x—oc)2+ ... + an(x — a)n.

According to our hypothesis, P(a) =4= 0, an =/= 0. Some of the 
coefficients b may vanish. Let bm(a) be the first non-vanishing 
coefficient. Thus

P(x) = P(ot) + bm(x—a)m+... + bn_1(x — a)n-1 + an(x — (x)n. 

Putting x — a = h, we have
P(a + h) = P{ a) + bmhm (l + b-f±' h+ ... + °^hn-in)

= P(a) + 6>-"(l+W).
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lim Q(h) — 0,

I A I —>0

\m i<i

a 55
Since

(2)

for a sufficiently small | h |, say when | À j < e <p. 
Consider now the equation

° b *um

Tip) I* By equation (3)

(3) hm =

where 8 < 1 is chosen so that 8 <

has a root h and, in virtue of the last inequality, | h \ < e, so that
(2) is satisfied also. Thus a + h is 
of radius R, and

inner point of the circlean

P(a + h) = P(a) - SP(oi) - SP(a) Q(h) = P(a)(l-S)-8P(o¡)Q(h)

I P(a. + k) ¡ < I P(a) ! (1 — á) + á I P(a) 11 Q(h) |
|P(«)|(l-i) + i|P(a)[ = |P(a)|,

i. e.

<

which proves (d), and hence the fundamental theorem.
We remark that, e being given, the various conditions imposed 

upon 8 can all be fulfilled by choosing the smallest 8 satisfying 
the different conditions, which are finite in number.

II. Factorization theorem. There are n numbers zx, ...,zn such 
that a0 + axz+... + anzn = an(z-zx)... (z-zn).

Proof. For every a and for every polynomial P(z) of degree 
n there is another polynomial Q(z) of degree n— 1 such that 
P(z) — (z— o)Q(z) +P(tx). We can in fact determine the co­
efficients of Q(z) by identifying the coefficients of zk,(Jc=l,2,...,n) 
on both sides. This process is called division of P(z) by z — a 
and can be carried out directly in the usual way. Indeed, the 
division of two integers, 3493 by 651, say, is in reality the 
division of the polynomial 3æ3+4æ2+9æ + 3 by 6x2+5x+ 1 
when X — 10. The only difference is that, in the general case, 
negative remainders also are admitted. In particular, the process 
of finding the H.C.F. of two integers is valid, word for word, for 
polynomials. Thus, by a finite number of elementary operations 
we can determine the highest common factor of two polynomials.



Hence when a is a root, P{z) = (z-<x)Q(z). Repeating the pro­
cess for Q(z) and so on, we establish the theorem.

20. Partial fractions. In this article capital letters will de­
note polynomials in z.

I. If A = BQ + R, the H.C.F. of A and B is the H.C.F. of 
B and R.

Proof. Every common factor of B and R obviously divides 
A, and thus divides A and B. On the other hand, since 
R — A — BQ, every common factor of A and B divides R and 
thus divides B and R. The result follows immediately.

We determine the H.C.F. of A and B in the following way. 
First divide A by B, i. e. write A = BQ1 + R1, then divide B by 
Rlt i. e. write B = R1Q<¿ + Rc¿, and so on. This process ends 
after a finite number of steps, (as in the case of numbers), and 

obtain a constant remainder Rn. If Rn = 0, the last equation 
is Rn_g = Rn-1Qn, which shows that the H.C.F. of Rn-A and 
Rn^\s Rn_v Going back to the last equation but one, 
that Rn_x is the H.C.F. of Rn_2 and Rn_z, and so on, until finally 
we see that Rn-i is the H.C.F. of A and B. If Rn =£ 0, A and B 
have no common divisor (other than a constant) : A and B are 
then said to be 'prime to each other.

II. If A and B are prime to each other, there are two 
polynomials L and M such that AL + BM = 1.

Proof. The equation R1 = A-QXB shows that the first re­
mainder is of the form PA + QB. Eliminating from the 
second equation, R2 = B—Q2 Rl% by means of the first equation, 
we obtain R2= -Q2A + (1 + QXQ2)B. Continuing the process, 

that the last remainder also can be written in the form 
Rn = PA + QB. Dividing by the constant Rn we obtain the 
theorem.

III. If A and B are pilme to each other, every fraction P/AB 
he written in the form Q + A'/A + B'/B, where the degrees of
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we

we see

we see

can
A' and B' are smaller than those of A and B respectively.

Proof. . By II. we can write AL + BM = 1. Multiplying by 
P/AB we* have P/AB = PL/B + PM/A. If the degree of PL or 
PM is higher than that of B or A respectively, we obtain by 
division PL/B = P' + B'/B and PM/A = P" + A'/A, which proves 
the statement.
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P(z) P(z)Applying this result to
Q(z) (Z - zj™! (z-Z.Jma. ..(Z- Zk)mk

we see that
At A2P(Z) _ Sy2x , ,___

y(s) 0-^! + (3-0,)(1) 2 4- ... + {z-zx)m 1
A 21

0-22 ' (0-02)
where /Sf(z) is a polynomial and AiÄ. are constants.

Suppose now that P and Q are real polynomials, i. e. all their 
coefficients are real numbers. Some of the roots zi (or all of 
them) may be complex,but if Q(a + ib) = 0, then also Q(a — ib) = 0, 

Q(x + iy) = Q^x, y) + iQ2(x, y),
Q(x-iy) = Q} (x, y)-iQ2{x, y),

A 22 A 2 m2
— + &C.,+ + 2 + ••• + (0-32)m=

for if
then

and the equation Q(a + ib) = 0 means that Q, = 0 and Q2 = 0. 
Dividing Q(x + iy) by (x-a + ib)(x—a-ib) = (x-a)2 + b2, we 
see that if a + ib is a double root of Q(z) = 0 then a — bi is also 
a double root of Q(z) = 0, and so on.

Consequently, if a real polynomial Q(x) = 0 has a complex 
root a + ib, it contains the real factor (x — a)2 + b2 or its powers : 
Q(x) = [(x-a)2-\-b2'\mR{x), where R is also a real polynomial. 
Thus if x1,...,Xje are the real roots and ar±bri the complex 
roots, we obtain, by III,

(2)

A A<2(4 - S(x) + A, 1 Í»! 2ma+ ... + + + ...+ (x — Xí¿)mtx—x1
A A, 3 (X)A, i(«)Ai kmk - + 

2
++ ...+ + ... + (x-xk)mk {x-a,)2 +b2 [{x-av)2 + b2]2x-xk

B {x) A, 3 (X)A, i(^)1, 2Wj-l+ ... + + ... + +[(x-ax)2+ b2p (x — ar)2 + br2 [(x-ar)2 + br2]2
Pr, 2nr-l (x)

[(x-ar)2 + br2 ]"«•*+ ...+
where B
decomposition of the rational function P{z)/Q(z) or P(x)/Q(x) 
into 'partial fractions.

is a polynomial in x of degree s. This is called ther, s



The position of complex algebra in the theory of number 
systems.

21. Vector and quaternion algebra. Just as the examination 
of non-Euclidian geometries throws a new light on the Euclidian 
system itself, so the position of the algebra of complex numbers in 
more general algebras reveals important features of the complex 
algebra. We are going to discuss two results in this connexion, 
noticing, however, that the knowledge of this section is not 
needed for the understanding of the sequel.

The extension of the number system beyond complex numbers 
is suggested by the three-dimensional character of our space, in 
which a point is characterized by three real numbers in a certain 
succession. In physics time also comes in as a fourth indepen­
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dent variable.
Symbols of the type axe1 + ... + anen = 2arer, where the co­

efficients a,, .... an, (called also coordinates or components), are 
real or complex numbers, are the simplest elements for the ex­
tension of the ordinary complex, or more precisely two-dimen­
sional, algebra to several dimensions. We define equality by the 
equality of the corresponding coordinates, i. e. 2 a,.er = 2 b,.er 
if and only if ar = br (r = 1,2..., n). Addition (subtraction) is 
defined by the addition (subtraction) of the corresponding co­
ordinates, i. e. 2 arer ± 2 brer — 2 (ar + br)er.

In general, multiplication is defined formally by the equations 
= era, 2arer . 2bte„ = 2arbseres. If elf ...,en are the only

suppose that multiplication
aer
1 units ’ of the algebra, and if we 
does not lead out of the algebra, eres reduces to a number of the 
form ax ex + ... + unen, i. e. there is a multiplication table

eres = 2mrs/*

where mrsk are real or complex numbers. If the algebra is 
restricted to symbols with real coordinates, and if the multipli-

are all real, thecation table is real, i. e. the coefficients m rsk
algebra is called a real algebra.

The ‘ units ’ ev e2, ..., en are particular elements of the algebra, 
(ex has for its first coordinate 1 and for all the others 0). We

y take for ‘units’ any other n elements Ei = 2 Ujej suc^ that
j= i

ma
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the determinant |j t{j || ^ 0. The 
deduced from the former

new multiplication table is 
by expressing the product EJE- in 

terms of Er The new algebra so constructed is called the 
transform of the initial algebra. The two algebras are also said 
to be equivalent under linear transformation of units, or iso­
morphic. We shall not consider isomorphic algebras as distinct.

These generalities will 
quaternion algebras.

Vector algebra is a real algebra with three units and with the 
multiplication table : e${ — 0, e{ej = -e^ = ek, i,j,k = 1, 2, 3. 
The three units are usually denoted by ij, k ; the corresponding 
multiplication table is

one

be illustrated by the vector andnow

= 0,
= k,
= ~J>

Vector algebra contains also a second kind of multiplication 
characterized by the table : e${ = -1, e<6. = 0, or

ii = — 1,
V = 0,
ik = 0,

= 0,
= -1,
= 0, 1.

This third fundamental operation is called scalar multiplication, 
and the name multiplication is justified inasmuch as it is uni­
form with regard to equality and is distributive with regard to 
addition. We shall denote vector multiplication by the ordinary 
symbols: axb, a.b, ab, and scalar multiplication by |-a,b-\ or 
b ab-\.

Vector multiplication is not associative, i. e. (ab)c a(bc). For 
example, ejejej) = ^.0 = 0, whereas (e^Je- = eltej = ~e{. Scalar 
multiplication is not associative, for a \-bc-\ is a real multiple of 
the vector a whereas \-ab-\c is a real multiple of c.

Scalar multiplication leads out of the class of vectors to scalars 
(ordinary real numbers). Consequently, from the mathematical 
point of view, we have to 
addition of vectors to scalars.

píete vector algebra by defining 
In other words, the complete 

elements of vector algebra are neither vectors nor scalars, but 
expressions of the form ae + bi + cj + dk, where e is the principal

com

cT o 
1

£

*=
 g:
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unit, 1. A complete multiplication table resuming the two 
multiplications of the vector algebra is the following :

Ie- b h k

CH.60

i. e. the rule for multiplication is 
(a + bi + cj + die) (a' + b'i + c'j + d'k)

= aa'-bb'-cc'-dd'+{cd'-dc')i + {db'-bd')j + {bc'-cb')k.

If a = a' = 0, i.e. if we multiply two vectors, the scalar part 
of the product is the scalar product of the two vectors, and the 
vector part is their vector product.

This algebra is Hamilton’s quaternion algebra. From the 
mathematical point of view it is considerably simpler than 
vector algebra. In fact, it contains only one multiplication, 
and this is associative. We can also show that quaternions obey 
the product law, (which is not so for vectors), and that AB = AC 
implies that B = C provided A =£ 0. Thus the commutative 
property of multiplication is the only one of table I (p. 4) which 
is not possessed by quaternions.

q' — a — bi — cj — die is called the conj ugate of q = a + bi + cj + die 
and N(q) = a* + b2 + c2 + d2 = qq' = qq the norm of q. It is 
readily seen that q~x = q'/N(q). If q ± 0, the unique solution of 
qx = ql is X = q~1ql and that of yq = qy is y = M"1. Thus 
division by q is possible and unique if, and only if, N(q) ^ 0.

The superiority of quaternion algebra over vector algebra 
becomes more obvious when we consider relations between 
vectors. A mathematical operation like (ai + bj + clc) (xi + yj + zle) 
or (id + yj + zky leading from a vector to another vector is called 
a vector function. But scalar multiplication leads from a vector 
to a scalar. Thus we have also to consider vector-scalar and 
scalar-vector functions. This circumstance together with the 
clumsiness of both multiplications leads to great complexity, 
which practically rules out function theory in vector variables.

In quaternion algebra every operation leads from a quaternion 
to a quaternion, for scalars are particular quaternions. More-

.e»
. «> 

¿f
- y

 •

b»
. R-

 « «=
>•S3 

-e»
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over its associative character makes 
possible, only the order of multiplications has to be 
fully watched. Since limit, continuity, and allied notions 
easily be defined in any finite 
limit, Ac. of the coordinates, quaternion function theory is a quite 
possible generalization of our ordinary Analysis based 
plex numbers. But so far it has not been much developed. The 
main difficulty in the construction of quaternion Analysis is that 
the inversion of multiplication is twofold, and that the inverse 
operations of power (i. e. the operations corresponding to root and 
logarithm) appear to be too complicated.

22. Associative algebras with 'product law. The existence of 
quaternion algebra leads to the following problem. Is it possible 
to construct a real algebra with three units possessing all the 
properties of table I except the commutative property of multi­
plication ? Such an algebra would provide the simplest symbol­
ism for the representation of directed physical magnitudes. The 
answer, as we are going to prove, is negative. First of all, we 
will establish a general property of real associative algebras.

I. Every number of a real, associative algebra with product 
law is a root of a quadratic equation with real coefficients.

Proof. Let a be a number of a real, ^-dimensional associative 
algebra, and denote a .a by a2, a. a .a by a3, & c. Since, by 
hypothesis, the algebra contains n independent units, there is a 
real, linear relation between any n+ 1 numbers of the algebra, 
in particular between 1, a, a2, ..., a" : c0-\-c1a+...+cnan = C. 
Replacing a by the ordinary complex variable z, we apply the 
factorization theorem 19. II :

II 61

succession of operations 
care- 

can
infinite algebra by theor even

on com-

CO Co + C!0+ ... +CnZn =f{z)f2(z)

where the factors ffz) are real, linear or quadratic, expressions 
Reintroducing a in the place of z and noticing that thein z.

passage from the right-hand side of the identity (1) to the left- 
hand side involves only additions and multiplications, we have, 
in virtue of the associative and distributive character of the
algebra, c0 + cla+ ... + cnan = f (a)f2(a)... fja). Thus, according 
to the product law, one of the factors vanishes. This proves 
the theorem.



A simple consequence of this result is the following theorem, 
due to Weierstrass.

II. If a real finite hypercomplex algebra satisfies all the con­
ditions enumerated in table I, it reduces to the ordinary complex 
algebra.

Proof.
quadratic equation x2 + rx + s = 0 where r and s are real, we can 
write x2 — (a + b)x + ab = 0, with complex a and b. In a real 
hypercomplex algebra x2 — (a + b)x + ab (x— a)(x—b) because 
xb bx (the equality holds only for real b). However, if the 
commutative law holds, we conclude that

x2 + rx + s = (x — a)(x — b).
Hence, by the product law, x = a or x = b, i. e. x is an ordinary 
complex number.

III. Frobenius’s theorem. The only finite associative real 
algebras with principal unit and product law are the real, com­
plex and quaternion algebras.

Proof. If there is only one unit, i. e. every number is a 
multiple of e, the algebra is the real algebra. If there are other 
units, denote them by 1, e1,..., en. But, by I, 

e2+ 2riei + si = 0,
i.e. (ei + ri)2 = r^-S; (i\ and s{ being real). Hence after the 
transformation of units e¡ = ei + r^ e¡2 is real. If e'2 > 0, we 

write e'2 = c2 where c is positive or zero. Hence 
(e'i-c)(e'i+c) = 0, 

and e¡ would be real. We have consequently e'f < 0. Then, by 
a transformation of units, we can suppose that e'2 = — 1.

If n = 1, we obtain in that way the ordinary complex num­
bers. If n > 1, we are going to prove that e[e'í is independent 
of 1, e[ and e2', i. e. that the algebra contains at least four units.

In fact, if e[e!¿ = rü+rxe[ + r2e2, we have

e[ +

, , r() + rxr2 r0r2-r ,
= e'e*-~r+rî + —+r\ e' TA

~r2
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Since every number x of the algebra satisfies a

can

*0 + rir‘2
1 +r\

r0r2~
I /

(ei (fii + 1 +ri

ro + ^r2 , rnr2-rx_
12 l+rl

for, replacing e[e'2 by r0 +rxe{ + r2ei, the scalar part and the
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coefficients of e[ and e2 all vanish. But by hypothesis neither 
of the factors is zero, which is absurd. Thus e[e2 cannot be 
written in the suggested form, i. e. it is independent of 1, e[, e2.

Now, e[ + e2 and e[ — e2 are roots of quadratic equations, i. e. 
{e[ + e2')2 = -2 + e[e!¿ + e'2e[ = rx(e[ + e') + sx 
(6i — 2 ele2 ß2ei — r2 (ei ~ ez) + s2»

where r1, sx, r2, s2, are real. Adding, we obtain
(ri + r2)e[ + (rx - r2)ß2 + s1 + s2 + 4 = 0.

Since 1, e(, e2 are linearly independent, r1 = r2 = 0 and thus 
c1c2 + e2e1 = 2 V

If the algebra has four units and if (e[e2f ^ —1, we trans­
form the units by the formulae

1 = 1, i = e[,

(r real).(2)

_ e'2 + re' 
vT-r2 ’

lc= <e*~r,
V 1 — r2

leading to quaternions.
We remark that this transformation is real, i. e. l — r2 > 0. 

In fact,
(e'e')2 = e[(e2e[)e2 — e[(2r-e[e2)e2 = 2re'e'- L 

(e\e2 — r)2 = r2 — 1.
If r2 — 1 > 0, exe2 would be real, which proves the remark.

More generally if t is not a quaternion (and is consequently 
neither real nor complex), we deduce from it the existence of a 
non-quaternion L such that L2 = —1, and then by the reasoning 
leading to (2) we see that iL + Li = c1, jL + Lj = c2, IcL + Lk = c.á 
with cx, c2, c3 real constants. Hence

Lk = (Li)j = (<q — iL)j = cJ-i(c2-jL) = cJ-cfi + kL, 
i. e. 2 IcL = cz + c2i—cj. Multiplying by k on the left we obtain 
— 2L — c3Ic + c2j + cxi, which is absurd, since L is not a 
quaternion. Thus the theorem is established. (This simple 
proof is due to L. E. Dickson, 1923.)

22a. Remark on infinite algebras. Weierstrass’s and Frobenius’s 
theorems considerably restrict the number of simple algebras. 
We have, however, established these theorems only for algebras 
with a finite number of units. Take a single unit e and its 
powers ee = e1,... for as many new units, and consider the symbol

i. e.

a — 2
» = o

e° = 1.

V
i.
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It is similarThis symbol does not involve any limit process, 
to an infinite decimal fraction, i. e. it is fully equivalent to a rule
for the successive digits at.

Define addition and multiplication by putting
a±6 = 2 ± 2hiei = 2K±bi)ei>

ab = 2^2y = 2(ai^/i-i + a2^ft-2+ ••• +ak-ibi)ek'
i

This infinite algebra satisfies all the conditions of table I. The 
reader will easily verify this statement so that we will establish 
the product law only.

For that purpose we notice that ab = 0 means that
aA-l + a2&¿-2+ ••• +a*-A = °> 

which shows first of all that if one of the factors, b, say, is zero, 
i. e. 6¿ = 0 for every i, then ab = 0. On the other hand, if the 
product vanishes, i.e. all the expressions (1) are 0, and if one of 
the factors, a, say, is not zero, then 6 = 0. In fact, by hypothesis, 
there is a first coefficient, «.¿_v say, different from 0. Since 
ax = a2 = ... = a{_2 = 0, equation (1) shows that = 0. As
a^_1 and 6X are ordinary real or complex numbers and 0,
we have 6X = 0. The next equation

a1bi + a2bi_l+ ...+ai_lb2 + aib1 = 0

reduces to ai_162 = 0, i.e. to 62 = 0, and so on; which proves 
that 6 = 0.

Division is perfectly determined, i. e. the equation a = bx has 
a unique solution provided 6X 0. In fact, this equation is 
equivalent to the system of equations

cix = 61æ1, 
a2 = 6^íí2 + b.jX^,

ai = 61ici + 62æi_1+ ... +b{x

(1)

i »

which successively determines x1,x2,...,xi> ... without ambiguity. 
If 6X = 0 and axfi 0, the division of a by 6 is meaningless. More 
generally, if bx = 0,..., 6i_1 = 0, b{ 0, the division by 6 has a 
meaning only for numbers a for which ax = a2 = ... = at-_x = 0,



and for such numbers division is uniform. In fact the equation 
c(¿ = bxx¡ +... +bix1 reduces to ai — b^, which determines xx, 
and so forth.

If we denote the solution of the equation a = bx by a/b, the 
formal laws of addition, subtraction, multiplication, and division 
extend to fractions formed by these numbers with infinitely 
many units. This example shows that Weierstrass’s theorem does 
not extend to infinite algebras.

More generally, take n units ex, e2,..., en, and consider the forms 

2 Pi (¿1,... ,en), where P0 is a real or complex number, Pjt(el,... en)
i =0
is a homogeneous polynomial of degree k in el,...,en, with real 
or complex coefficients :

Pk = 2%, ...,ineiie22--en\ h + i2+".+in = k. 
à. = i

Define addition by the addition of the corresponding co­
efficients, so that
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i S' • * • enn + enn

= 2 ..,i„ + 6V> inK .erS
and multiplication by the formal rule

....../„V'.-V-
.... e»<neiS' ■ ■ ■ V",

where ix + ... +in - r, jx+ = s.

This is extended to non-homogeneous forms by the distributive 
law. The product of two homogeneous forms of degree r and s 
respectively is of degree r+ s. In general, we do not suppose 
that éjét = ejßj, since the commutative law does not hold.

If we define the zero-element of our algebra as a form with 
purely 0 coefficients, we readily see that this algebra satisfies all 
the conditions of table I, except the commutative law. We see 
in that way that there are remarkably simple and very general 
algebras with infinitely many units.

The Tensor algebra of relativity theory is such a real algebra, 
with two sets of fundamental units, 6(l),..., 6(n) and eW,..., e<n), 
and with two kinds of multiplication.

••

¡i’
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EXERCISES II
1. Prove algebraically that if1 z — x + iy, then

(M + \y\)/y/2< \z\ < \x\ + \y\.
2. Prove algebraically that

!^l + ^2+ ••• i < I z\ I + I ¿2 I + ••• + ! zn I*
3. Determine the points of the complex plane for which

(a) 0 < R1 (iz) < 2 Tr
(b) R1 (z2) = a{\0),
(c) lm (z2) = a (10).

4. Same for
(a) \z2 — z \ < 1.
(b) f£2 — 4 I = a>0.
(c) 11 / z I <d>0.

6. Same for
(a) \{z-l)/(z+l) \ <1.
(b) \z/{z+l)\ = a.
(c) \(z-z1)/(z-z2)\ = 1.

6. Same for \z—a\ + \z—1)\ = lct \z—a ¡ + | z — b\ <Jc, Jc> 0 
(ellipse).

7. Same for \z2 + az + b\<rl. For what values of r do the 
required points form two distinct regions ? If zl and z2 are the two 
roots, the points in question are the inner points of

\z-z11. \ z-z2 \ = r2
and for r < | z} — z21 / 2 we obtain two regions.

8. Same for | (z—a) / (1 — áz) \ ~ 1, where | a \ < 1 and à is the con­
jugate of a. (Three separate examples.) The condition is equivalent 
to \z — a\2f 11— az\2, i.e. to (1— |a|2) (\z\2 —1)^0, and thus for < 
we obtain the inner points of the unit circle ; for = the points of 
the circumference and for > the outer points.

9. If ! zl I = j z2 I = I z3 I = 1 and z1 + z2 + z3 = 0, the affixes 
zlf z2, z3, form an equilateral triangle in the unit circle.

10. (-i)n/w-> 0, (1 + i\/3)n / 3n 0.
11. If zn 0, then | * J -* 0 and conversely.
12. Prove that all the complex numbers x + iy with rational 

coordinates x and y can be written out in a single sequence. Con­
struct such a sequence. Determine the set of their limiting numbers.
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13. Determine all the limiting numbers of the set of numbers 
satisfying the inequality \z\ <1.

14. Show that if z is a limiting number of zn, the sequence zn 
contains a subsequence tending to z.

15. If znz, then = (zl ±z2+... + z^/n-^z.
Example I. 21.

Proof as in

16. Ifzn-+z,p>0 and px+ ... +pw-s.oo
(Pl*l +P^2+... +Pn*n) / (JPi +!>,+ ... +Pn) ">

then

(Similar proof.)
17. 0<a0<ax< ... < an. Prove that all the roots of 

P{x) = a¿xn + a^xn~x + ... + an = 0 
are outside the circle of radius 1 (Kakeya, 1912).
Proof.

(l-x)P(x) = an- [K - «„_,) X + (an_, - a„_2) x1 +
... + («!-a0) xn + auxn+1 J.

Hence | ( 1 - x) P (x) \ > an - [(an - an.x) \ x \
+ (an-i — an-2)\x\2+ — + («i-a0)MM + o01 ^|M+1]>

i. e. for j íc I < 1 (but íc ^ 1),
|(l-æ)P(ic)| >a„-[(an-an_1)+... + (a1-a0) + a„] = 0, 

and also for x = 1, P(l) = an+ ... +a0>0. Q.e.d.
18. Show that 

<Vn + a1*n“1 + ...+an =
¿r + ai/a0 a2/ «4 a3/a2... «n-i/«n_2 an/an_^

~ai/a0
«0

0 ... 0
0 —«2 / űj 0

0 0 0 — ~an-l/a„_2

19. Extend the binomial theorem to complex binomials—and 
calculate the real and imaginary parts of (x + iy)n.

20. Show that every rational function P{z) of a complex variable z 
can be written in the form R(z) = R^x, y) + iR2(x, y), where R1 and 
R2 are rational functions of their arguments. (Show it first for 
polynomials.)

21. Show that if the coefficients of R(z) are real and 
R{z) — R\{x, y) + iR2(x, y), then R(x—iy) = R1(x, y) — iR2(x, y). 

(Show it first for polynomials.)

e o
* 

»»
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22. Prove by the result of the preceding example that if a + ib is 

a root of an algebraic equation with real coefficients, then a — ib is 
another root of the same equation.

23. P(x) is a real polynomial ; p is the number of changes of sign 
in the successive terms of P(x), q the number of changes of sign 
in those of P(—x). Prove that the equation P(x) — 0 has at least 
n—p — q complex roots.

24. P{x) is a real polynomial ; prove that if P{a) and P(b) have the 
sign, the number of roots of P(x) = 0 in (a, b) is even or zero ;same

if P(a) and P(b) have opposite signs the number of roots in (a, b) 
is odd. Use the factorization theorem to put P{x) in the form 
P(x) = Q{x) (x—x-ù ... {x—xr\ where xv ..., xr are the real roots.

25. P{x) is a real polynomial of an odd degree. Prove that 
P(x) = 0 has a real root a, such that the signs of a and an are 
opposite. Prove also that if the degree is even and an/a0 is 
negative, the equation has a positive and a negative real root.

26. A real number which satisfies an algebraic equation with 
integral coefficients is called an algebraic number.

X and y are algebraic numbers. Prove that x + y, x—y, xy, x/y 
are also algebraic numbers. Write y = z—x in the equation satisfied 
by y and eliminate x from this equation and the equation satis­
fied by X. Similarly for the other cases.

27. Find the equations with integral coefficients, satisfied by
a/ 3 + a/ 4, 1 + a/2 + a/3.

28. Decompose the following expressions into partial fractions : 
x*-2x2 + 2 xn+l 

x2n +1 ’ xn-l ’
11x2+l

x{x2-l y (ï*-l)(a;2 + l)’ z4 + 4’
29. Show that if q is the conjugate of a quaternion q, then q is 

the conjugate of q'. Show that the conjugate of qqx is qx'q\
30. Prove that the norm of a product is the product of the norms.
31. A quaternion integer is a quaternion of the form

a/ 2 + {b + {a/ 2))i + (c + {a/ 2))j + {d + (a / 2))k 
where a, b, c, d are ordinary integers. Show that for quaternion 
integers there is a greatest common divisor process.

32. Show that quaternion integers admit of unique factorization 
into primes, apart from the 24 factors +1, + i, +j, + k and

±1 ±i±j±kt
2

which divide unity.
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J-i-J <î)'*(ï)'+
Cardans formula.

This*furnishes 9 values instead of 3, for we replaced pq by p3q3. We 
select the roots by means of (3). If one of the roots is furnished by 
aq =p + q, the other two roots are: x2 = tp + t2q and x¿ = Cp + eq 
where

— 1 + V' — 3e = 2
34. Biquadratic equations. Ferrari writes the biquadratic equation 

x* + Axz + Bx2 + Cx + B = 0 in the form
,5) (*=+ 4 , + I )» = (á-B + )/y + (f-c>+ £ -D

and determines y so that the right-hand side may be a perfect square. 
The equation for y,

y*-By2 + {AC-iD)y + D{±B-A2)-C2 = 0, 
is called the resolvent. Denoting the right-hand side of (5) by S2, 
S is a linear form in x and we get for x two quadratic equations

(6)

A x + ±5=0,**+ 2
where y is a root of (6).

Thus the solution of a biquadratic equation is reduced to that of 
a cubic equation, followed by the solution of two quadratic equations.
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33. Cubic equations. By the transformation z = x—A/ 3, the 
general cubic equation zz + Az2 + Bz + C = 0 reduces to 

x3 + ax + b = 0.
To solve this equation we put x =p + q. Hence (1) is replaced by 

p3 + q3 + b + {3pq + a) (p + q) = 0, 
which is satisfied if we determine p and q by the conditions 

p3 + çf = —b, pq = —a/3.

(1)

(2)

(8)

It follows that p3q¿ = — (a / 3)3 and thus p3 and q3 are roots of 
v2 + bv-(a/ 3)3 = 0.

Hence
=-1 ± Vd)2+(I)3

i. e.
J-!+V(4)2+(f)3

(4) x =

to
r«



CHAPTER III
INFINITE SERIES

23. Convergence, divergence, tests. An infinite sequence of 
numbers an being given, consider the sequence of their ‘ partial 
sums’: Sj = ct0 + oq, s2 = a0 + a1 + a2, ...,sn = a0 + a1+ ...+an,.... 
If sn tends to a finite limit s (not oo ), we say that the infinite 
series of sums, as indicated by the form

2 an — ao + ai + a2 + • • • + an + • • • ad inf., 
n = o

converges to s. If | sn | -> oo or if sn has more than one limiting 
number (proper or not), we say that the infinite series of sums
(1) diverges, i. e. does not lead to any definite number. For 
instance, if a0 = 1, an = an (n> 0), we obtain

sn = 1 + a + a2+... + a” = (1—an+1)/ (1 — a),
so that when | a j < 1, an+1/(l —a) -» 0 and sn-> 1/ (1 —a), i. e. 
the proposed infinite series of sums is convergent, and when 

I -> ao so that sn cannot have a proper finite limit ; 
the proposed series of sums is divergent (convergent and 
divergent infinite geometrical progressions).

The expression ‘ infinite series of sums ’ is shortened into 
infinite series, and therefore we do not use the word series in 
its colloquial sense of sequence. As the idea of infinite series is 
absolutely fundamental for our presentation of analytic functions, 
we are going to establish all the properties of infinite series 
used in the sequel.

We first of all notice that an infinite succession of additions 
like (1) cannot be carried out, and consequently cannot be 
thought of as completely carried out. Taking lim sn (if it 
exists) as the sum of (l), we assign a ‘ sum ’ to (1) by a more or 
less arbitrary definition which, at first sight, seems very 
much like the original infinite succession of sums. The great 
advantage, however, of our definition of the sum as a limit of 
a sequence is that the determination of limit does not involve an 
infinite succession of operations.

(1)

\a\> \,\an+i
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We have proved in a thoroughly finite way that 0 is the only 

number which is not isolated from the numbers of the form 1/n, 
i.e. that lim l/n = 0. We determine in a similar direct way 
the limits of certain other concrete sequences and reduce un­
known cases to known ones by simple and finite rules.

It is true, on the other hand, that, in general, we have no 
rules for establishing even the existence of a limit. That is to say, 
in the majority of cases, a sequence being given, we cannot 
determine its limit, or we may not be able even to decide 
whether the sequence has a limit or not. But when this is 
possible, we attain our aim by an ordinary finite logical inference 
from the character of the given numbers.

These inferences will appear in the form of ‘ tests \
I. Comparison test for series of positive terms. If, for n > m, 

we have 0 < an< bn, the convergence of ^an follows from that of 
2bn and the divergence of 2 bn follows from that of 2 an.

bn+x + ... + bn+p < e

an+1 + •••+an+p < e>

which, by 18. VII, proves the first part.

CH. Ill

Proof. If­
it follows that

lim (a + •••+am+n) — 00 .If 771 + 1

then, since
^771 + 1 -f . .. + bm + n > am.+ ... + a 771 + 71 ’

bj 4"... "f b^ ^ oo .
II. Test for alternating series. Jf an> 0 is constantly de­

creasing to 0, the series a0 — a1 + a2 — ... =2(—l)nan is con­
vergent and its sum s satisfies the inequalities 0<s<a0.

Proof. When n -» oo ,

it follows that

S2n-1 — (a0~ai) + (a2 —a3) + ••• + (a2

is constantly increasing,
a27»-l)71-2

»271 — a0 (a\ a2) ••• (a2 7l-l a2 7l)

is constantly decreasing, and 0 < s2ra_1 < s2n < a0. Therefore s2n_j 
and s2n each tend to a limit, which is the same for both, since 
82 7i-827i-i = a2 7i~* °- Thus 87i^8’ where 0<s<a0.

III. The sign of the sum of a convergent alternating series 
with constantly decreasing terms is that of the first term. The
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remainder Rn — s—a0 + ax —... — ( — 1)” an has the sign 'preceding 
an+1 and | Rn | < a

Proof. 2 (— l)n+1 an = — 2( — l)n an is convergent and its sum 
lies between — a0 and 0. Moreover the sum of

an+l ~ an+2 + an+d ~ •••

72 CH.

n+1"

lies between 0 and an+l •
IV. Comparison test for general series. 2 an is convergent if 

2 I an I is convergent, hut the converse does not necessarily hold.
Proof. Since, by hypothesis, 2 | an | is convergent, we have, 

for sufficiently large n,
I an+\ I + • • • +1 an+p I < e>

i. e.
K+1 + ...+an+D|<e.

Thus, by rule 18. VII, the statement is proved.
The same rule shows that for any fixed p, the condition,

Ijm (sn+p-sn) = 0

follows from convergence. In particular
lim K+1-sJ = lim an+l = lim an = 0,

i. e.
V. an-> 0 is a necessary condition of convergence.
As an application of the above tests consider the series 

1-1/2+ 1/3-1/4+ ... + (-l)n+1/7i,+ ... .
By II, it converges to a sum between 0 and 1. On the other 
hand, the series

(2)

1 + 1/2 + 1/3 + 1/4 + ... + 1 /n +... 
is divergent, since we can write it in the form

1 + 1/2+ (1/3+1/4)+ (1/5+ 1/6+1/7+ 1/8) + ...
+ [l / (2n+ 1) + 1 / (2n+ 2) + ... + 1/ 2”+1] + ..., 

where every bracket is greater than 1/2. In fact 
1 /3 +1/4 >1/4+ 1/4= 1/2, ... , 1/(2”+1) + ... + 1/2n+1

>1 / 2n+1 + 1 / 2n+1 + ... + 1 / 2n+1 =1/2. 
Thus the partial sums of (3) tend to oo . This example shows 
that the condition an-> 0 is not sufficient for convergence.

The w-th term of (3) is the absolute value of the correspond­
ing term in (2). Hence it is possible, as stated in IV, that 2 an

(3)
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may converge when 21 an | diverges. Such a series is said to be 
conditionally convergent. If 2 | an | also converges, the series 
is said to be absolutely convergent.

For another example we take the harmonic series
21 /na = 1 + 1/2°+1/3°+...,

convergent for ot> 1, divergent for cx< 1. We have just proved 
that it diverges for a = 1. Hence, by test I, it diverges also 
for a < 1 (positive or negative). We will prove that (4) con­
verges for a > 1.

For any fixed n, take k such that 2k>n. Then
•»<8,*.!= l + (l/2«+l/3«) + (l/4°+l/5a+l/6°+l/7°)+...

+ [1 /(2&-i)a + l/(2&-!+ 1)°+ ... + l/(2fc-l)°].

Replacing every term of a bracket by its first and largest term 
we obtain
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(4)

sn< l + 2/2a + 4/4a+...+2i-1/(2fc-1)a
= (1 —rfc)/(l — »’)< 1/(1 —r)

where r = 1 /2a"1. Thus sn is a bounded sequence and, since it 
is constantly increasing, has a limit.

The same method works as soon as the terms are constantly 
decreasing. This leads us to the following special test.

VI. Condensation test. Suppose that the positive numbers an 
steadily decreasing. 2 an converges {diverges) if 2 2*a2* 

converges {diverges).
We notice that the number 2 can be replaced by any greater 

integer.
Proof. For any fixed n take k such that 2^>n. Then

sn < ai + (a2 + az) + • • • + (a2* + ... + a21#1-i)
^oq + 2a2 + 4cq + ... + 2ka2tc = tk

But if 22fca2*is convergent, tk has a limit and thus also the 
increasing sequence sn<tk has a limit. For divergence take 
k such that n > 2Jc. Then

sn>a1 + a2+ (a3 + a4)+ ... + (a26'1+i+ ••• + a2‘)
>oq/2 + ct2 + 2a4 + ... + 2}l 1 ä2* = tk /2.

Thus if tk-> oo then sn>tk/2 tends to infinity.
The extension to integers greater than 2 is obvious.

are
{Cauchy, 1821.)
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As an application of the last test, we are going to extend the 

scale of harmonic series to Abel's scale of convergent and diver­
gent scries. These series are important in the application of the

comparison principle. 2 1 /n l°g n is divergent, for

CH.

2 2lc/2k log 2* = 21 /lc log 2 = (2 l/k)/log 2 is divergent. 
Similarly 21 /(n logoi, log log n) is divergent, for 

2 2^ /(2,c log 2/c log log 2Ä)
1

21//C log (lc. log 2) > 21//c log k>log 2
since log 2 < 1. In general, putting

log log a = log2 x, log log2 X = log3 X, &c.,
we see in this way that 2 1 /(n log n . log2 n ... logp n) is 
divergent.

On the other hand, by the condensation test, we see that 
2 1 / (n log° n) is convergent if a > 1. In fact (replacing 2 by 
10) it is sufficient to prove that

2 ( 1 o/£+1 — 10*) / (10* log° 10k) = 9 21/ (log 107i)° = 921 / ka 
is convergent. But as a harmonic series the last series is con­
vergent. Similarly we prove that

21 / (n log n log2 n ... log/* n)
is convergent.

VII. If the positive an are steadily decreasing to zero and 
2an is convergent, then naTl —> 0. (Olivier, 1827.)

This is included in the following theorem.
VIII. If the positive an are steadily decreasing to zero, then 

2 an is convergent if, and only if, crn — su — nau converges and, 
in the case of convergence, lim <rn — lim sn . (Ostrowski, 1925 a.)

Proof. (Knopp, 1928.) We have
(!) <rn = ao + K-an) + K-an) + ... + (av-an) + ... + (an-an), 

so that both sn and crn are increasing, and therefore sw->s, an -> cr, 
where s and a may be + oo . Since <rn < sn we have <r < s Taking 
only the first v terms in (1), and letting n-> oc , we see that 
lim <rn^sv, i. e. <7>s„, <7>s. Hence cr = s. If both are finite,

Q.e.d.8n~(Tn — nan °*
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24. Tests. In the case of positive series, the general test 23. I 
readily leads to special but useful forms.

I. an >0. If 2 an is convergent and 0 < N, (all may be N), 
then 2cnanis convergent. If 2an is divergent and cn>M> 0, 
then 2cnan is divergent. In particular if an/bn ->¿^0, the two 
series 2an and 2¿>n converge or diverge together.

II. Cauchy's n-th root test. Put lim ¡ ij an ¡ = k. If lc<\, 2an

converges absolutely ; if Jc> 1, 2an diverges. The test for lc = 1, 
is indecisive. (Cauchy, 1821.)

Proof. Taking a number lcx between lc and 1 we have in the
first case, for sufficiently large n, \ZJan\<lcx, i. e. \an \ < kxn. 
Thus the comparison of the series 2 | an | with the geometrical 
progression 2/q” establishes the first part. To establish the 
second we take a number Jc2 between 1 and lc and we notice that, 
k being a limiting number of the sequence \*Van\, the sequence 
has infinitely many numbers greater than k2 > 1, i. e. the sequence 
I an I has infinitely many numbers greater than lc2n > 1. Thus, by 
23. V, convergence is impossible.

As a first example of this important special test we readily 
see that the infinite decimal a • axa2...an... can be written in the 
form of an infinite series

a + cq/10+ a2/102+ ...+an/10n+ ... .

In fact aw<9, and thus an/ 10n< 101/n/l0 -> 1 /10 < 1. The
series is therefore convergent.

As another example consider the power series

2anzn = a0 + axz + a2z2+ ... +anzn+ ... .

Fix the value of z and apply test II. Putting

(1)

lim I Van I = 1/R(2)

and remarking that lim | Vanzn \ = \z\lim | Van | = | s |/jR,

we see that (1) converges absolutely for every real or complex z 
for which Iz\<R, and diverges for every real or complex z for 
which \z\>R:



III. The power series 2 an zn converges absolutely in the circle 
of radius R determined by (2) and diverges outside this circle.

(Cauchy, 1821.)
This result is the basis of the theory of analytic functions 

founded on power series.
The last special test used in this book is the following :
IV. Ratio test. If, for sufficiently large n, |an+1 /an \ <k< 1, 

2a,;1 converges absolutely ; if, for sufficiently large n, | a 
>h> 1, 2an diverges.

Proof. In the first case there is an m such that
|«m+l I ^ am ! »I am+21 ^^l«nt+i I I «ml > ••• » I am+p I ^ I «m !>•••»

which shows that 2 ¡ am+p ! < | am | 2 kP converges. And the 
/> = o

addition of the first m terms does not destroy the absolute con­
vergence. On the other hand, if

I «m+1 I ^ I «m I > • • * > I «in+p I ^ ^ i «m I > • ••

the terms of 2 an do not tend to 0, and the series 2 an diverges.
The case 1 / n where an+1/ an = n / (n + 1) < 1 and the series 

diverges shows that the series may diverge when the ratio 
I an+i/an I tend8 to 1. The condition that this ratio should be 
less than a number k less than 1 is thus essential.

As an example consider the series 2zra/n ! In this case 
/ an I = \z\/(n+1) so that when s is fixed the ratio, for 

sufficiently large n, will be less than any given small positive 
number. Thus the series in question is convergent for every real 
or complex value of z. We put

2 zn/n \ = E(z)
and call the sum-function E(z) of the series the exponential 
function. This is the first example of the extension of the defini­
tion of a real function (the ordinary exponential function) by 
means of a convergent infinite series to complex values of the 
independent variable.

Sometimes we use the ratio test in the following form :
IV'. If2an is absolutely convergent and | bn+l/bn\<\a 

then 26n is absolutely convergent.
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/«nln+1
(D’Alembert, 1768.)

I«n + l

(3)

/«ni»n + 1
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Proof. Write the condition in the form

I 6n+l AtH 1 I < I K/an I < • • • < I K Ao I
so that I bn I < I an | b0/aQ . The result follows.

It is easy to show that the ratio test is less general than the 
M-th root test, i. e. putting

l = lim|an+1/a„|, L = hm|an+1/a

77hi

n I >

we have
¿<lim I y«n J, ¿>lim|^a?J.(4)

Proof. If l > 0, then, for every positive e (<l), there is a fixed 
m such that amf= 0 and

l — e< I an+1/an I<L + e for %^m,
i. e.

< «„/«,« I <(í + e)
i (i-<)'-*“« <\"v^\<\v^n\(L+,)

Since m is fixed and am ^ 0,

0-0n-m n-m

i-m in

lim I Vam I = 1

and so all the limiting numbers of I Van \ are between l — e and 
L + e. Since e is arbitrary (4) is proved. When 1 = 0, the first 
result is obvious, since | | > 0 for all values of n. When
L = oo , the second result is also obvious. When l = oo , and 
thus also L = oo , we have

®n+]/an I > ^/€ forI
i. e.

I «-Ja» I > 1 I v'«. I > I |/e*-"/»,

i. e. lim I V an I = oo , and in this sense the result also holds in 
this case.

The ratio test may also be written in the form :
If lim I an+1/an I < 1, there is absolute convergence ; 

if lim I an+1/ an \ > 1, there is divergence. In the first case, by (4)

lim I Van I < 1 and in the second case, lim | Van \ > 1. We see also 
that the -n-th root test applies in every case when the ratio test 
applies, but not conversely.

IV".
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A useful generalization of the ratio test for 'positive terms is 

the following.
V. If, for sufficiently large n, n (1 — an+l/an) >a > 1, 2an is 

convergent. If, for sufficiently large n, n (1 —an+1 /an)< 1, 
2an is divergent.

Proof. In the first case, for sufficiently large n, a 
<1 —oc/n, i. e. na 
Hence {n— 1)an — nan+1 ^ ßan>0, i.e. from a sufficiently large 
suffix onwards nan+A is steadily decreasing. Thus, as it remains 
>0, nan+1-> y>0. It follows that 2 [(n— \)an~nan+^\ is 
convergent and thus, since [(ft — 1) an — ft<xn+1]/ ß, the con­
vergence of "2an is established.

In the second case an+}/an > 1 — 1 /n, i. e. (ft — 1) an — nan+1^ 0 
and thus nan+x is steadily increasing. Therefore, for sufficiently 
large n, nan+, > y and, since an+l > y /n, the divergence follows.

In exactly the same way, we obtain a slightly more general 
form :

VI. If, for sufficiently large n, an+1/an = 1 - \/n — bn/n.\ogn, 
2an converges when ¿>n>a> 1 and diverges when bn^a<l. 
Similarly,

VII. If; for sufficiently large n, an+l/an - 1 -(x/n-6n/nK 
where 0n is a bounded sequence and X > 1, 2an converges when 
oí > 1 and diverges when a < 1.

Proof. If 1, V applies. If a = 1, we have
an+i/an = 1 -1 /n~ (dn log n¡nx~l)/n. log n, 

where the expression in the bracket is a zero sequence, and 
thus VI applies.

The application of all the tests enumerated is considerably 
widened by the following results.

VIII. The sum-series 2 (un + bn) of two convergent series 
2aM = A and 2&w = B is convergent and its sum is A + B.

Proof.
ao + ^o + «i + &, + ... + ara + 6n = + + ... +an + Z>0 + ¿h ... + &n

and, by hypothesis,
a0 + ax + ...+an->A and b0 + bx+ ...+bn-+B.

IX. The sum-series 2 (an + bn) of tico absolutely convergent 
series is absolutely convergent (to A + B, by VIII).
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(Raabe, 1832.)
/®n

< (ft — 1) an — ßan where ß = a— 1 >0.
n+1

n+1

(Gauss, 1812.)



K+U<KI + !U>
I ®o + fy) + • • • + an + K ! < I a0 I + I al I + • • • + Í an !

+ \b0\ + \bl\ + ... + \bn\.

X. Maclaurin’s Test for 'positive real series. If the real 
function f(x) is positive for x^a and steadily decreases to 0
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Proof.

i. e.

then 2 /(a + &) is convergent if lim f f(x)dx 
k-0 t—^cc J a

finite limit denoted by f(x)dx and is divergent if
J a

J* f(x)dx does not exist.

whenx->+ x,

tends to a

Proof. When x is in (a+p— 1, a + p), (p being a positive 
integer), it »follows from f{a+p)<f(x)<f(a+p— 1), by inte-

a+p

J a+p-1
Putting p — 1, 2, , n and adding we obtain

ra+n
f (a + 1) +... +/(« + n) < J f(x) dx < f(a) +f(a + 1 ) +f(a +2) +

... +f(a + n— 1).

grating, that f (a + p) < f (x)dx<f(a + p-1).

ra+n
f(x)dx tends

J a
f (a) +f(a +1) + ... +f(a + n) <f(a) + L,

2/(«+*)

to L, say, when n ->• co, thenHence if

i.e.
k=0

is convergent.

On the other hand, when
ra+n

f (x) dx -> 
J a

go with n, the left-

hand inequality shows that the partial sums of 2/(o, + k) also 
tend to oo.

For example, if f(x) = \/xP, p>0, the conditions are satisfied

dx/xP — ril~P/( 1 —p) — 1/(1 —p) is convergentwith a — 1, and

when p> 1 and divergent if p < 1.
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More generally, remarking that
1 /x log X log2 X... log,..! X (logr x)V 

is the differential coefficient of (logr:c)1_P/(l —p), and that the 
latter function tends to a finite limit when p> 1, and to oo when 
p< 1, we obtain a quick proof for Abel’s scale of convergent and 
divergent series.

25. Derangement of series. When we add together a finite 
number of numbers, their sum is independent of the order. 
Since, formally, an infinite series appears as the sum of infinitely 
many numbers, one hardly expects to find in their case a contra­
diction of this fact. It is therefore of importance to show by 
concrete examples that the sum of an infinite series may depend 
on the order of its terms.

We have seen that 2*/^ fends to + co. Hence also

2 1/2& = \ 2 l/k tends to + oo . On the other hand, 2(— 1 )k/lc

is convergent. Now take any number, A, say. Suppose A > 0. 
From the beginning of the series 21/2 Jc we take just as many 
terms, in their order of occurrence, as is necessary to exceed A, i.e.

1/2+ I/4 + ... + I/ 2 91»!> A
while

1/2+ 1/4 + ... + 1/(2^-2) < A.
The terms 1 /2, 1/4,..., 1 /2nl will form the first nx terms of 
the new arrangement. This first group is followed by the first 
negative term — l,and we have 1/2 + 1/4+ ... + 1/2nx— 1 < A. 
Now take positive terms 1 /(2 nx + 2),..., as many as are necessary 
to make the total sum just exceed A, and introduce after them the 
second negative term — 1/3, and so on. In this way we exhaust 
all the terms of 2( — 1 )n/n and no other terms are introduced. 
The new series

(1) 1/2 + 1/4+... + 1/271J—1 + l/(2n1 + 2) + ... + l/2wa 
— 1/3 + ... is a rearrangement of 2( — 1)”/n.

But (1) is convergent to the arbitrarily given sum A. In fact 
its partial sums sn oscillate about A, the difference | A — sn | being 
less than one of the positive or one of the negative terms. 
Consequently this difference tends to 0 with 1 /n.



INFINITE SERIES 81III

If the given number A is negative, we start with the negative 
terms and insert the positive terms one by one. We notice that

2i/(2/c+i)>2v(2/í+2)>

1. e. the series of negative terms tends to — cc .
In particular, we can arrange the terms in such a way that 

the partial sums of the new series tend to + go (or to —cc ), i. e. 
a suitable arrangement may make a convergent series divergent. 
For this purpose we first take enough positive terms just to 
exceed 1, and insert after that the first negative term. Then we 
take just enough positive terms to make the total sum exceed
2, and then insert the second negative term, and so on. The 
same reasoning in the general case leads to the following 
theorem.

I. Rearranged in a suitable way a conditionally convergent 
real series diverges, or converges to any given real number.

(Riemann, 1854.)
Proof. Put sn = pn — nn where pn is the sum of positive terms 

in sn and —nn is the sum of negative terms. By hypothesis

sn->s, and <r„ = pn + nn = 2 l«&l~^co- Hence <rn + sn= 2pn

and arn- sn= 2nn tend to + go , i. e. pn -> co , nn -» cc . The series 
of positive (negative) terms is divergent.

Denote the positive terms by an and the negative terms by 
ßn so that if a„>0, an = an, ßn = 0, and if an<0, an = 0, 
ßn = an. By hypothesis an -> 0, ßn -» 0. Take any positive or 
negative number A (we suppose it > 0) and determine the first 
suffix ix such that a1 + cx2+... +ocii>A. This is possible, for

^ or,. -> oo with n. Now determine the least lcx such that

a1 + a2+... + aii + ^i + ^2+... + ßjCi<A,
and proceed in this way to determine the smallest i2 and k2 

such that ocx+ ... + aii + ßx+ ... + ß^ +a¿1+1+ ... + 0£¿2>A, and

ax+ ... +<*i1 + ßi + ••• +ßic1 + (Xi1+1
+ '••+<*{i + ßit1+i + •••+ßkt<At
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and so forth. Every term an of the original series has its place 
in the new arrangement of terms. On the other hand, denoting 
by s'n the partial sum of the new series, we see that s'n — A, if 
positive, is smaller than the last positive term in s'n, and, if 
negative, A—s'n is smaller than the last negative term in s¿. 
But, the series being convergent, an -> 0. Hence | — A |-> 0,
which shows that the sum of the rearranged series is the arbi­
trarily given number A.

Figuratively speaking the result of infinitely many additions 
depends in that case upon their order. We notice that since

«, + «2+... + 0-n
ßi + ß* + ... + ßn

and sn = ax +... +an tends to a finite limit, whereas ßx + ß2 

+ ... + ßn tends to — co , we have
lim +... 4» Qin _
*=» + ... + ßn

In the derangement used so far the order of the positive 
(negative) terms relative to one another has not been altered. 
If we split up the given series into two partial series and 
rearrange the terms so that the relative order of the terms in 
the two partial series is not altered, we say that we displace one 
part of the series with respect to the other part. To make clear 
that the divergence of the two parts is essential for the validity of 
our results we are going to prove the following theorem.

II. The displacement of two convergent complementary parts 
of a convergent series has no effect on the convergence or on the 
sum of the series.

Proof. Imagine the series in the new arrangement and form 
two complete series by completing the two parts by zeros. By 
hypothesis we obtain two convergent series with the sums A and 
B, say. Adding them we obtain, by 24. VIII, another con­
vergent series with the same sum A + B. But the sum of the 
original complete series is also A + B. In fact its partial sum 
sn, for sufficiently large n, contains the partial sums and s'n 
of the two partial series, and as the original complete series is 
by hypothesis convergent, sn — (s,^ + s^) -» 0 (by 18. VII).

In the case of conditionally convergent complex series

82 CH.

a, +a2 + •• + a„
ß\ + ßi + -•• + ßn + 1

— 1.

we



may rearrange the real or the imaginary part, in order that one 
of them shall tend to an arbitrary real number (by I). But 
in this way we also rearrange the other part, and this part in 
the new arrangement may diverge and thus may make the 
series divergent.

To clear the position we introduce the idea of density-direction 
of complex terms. The radius vector from the origin of the 
complex plane making an angle oc with the positive real axis is 
called a direction of density for the given terms an, if, for any 
arbitrarily small e, the angle (a — e, a + e) contains 
of an.
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infinityan

III« If the complex series is conditionally convergent, 
there is a straight line in the complex plane such that the 
of the suitably rearranged series is the affix of any given ¡joint

(Levy, 1905, Steinitz, 1913-15.)

one

sum

of this straight line.

Proof. We are going to prove first that there is at least 
direction of density for the coefficients. In fact, taking only the 
terms in one of the four quadrants (sides included) the real 
parts of the terms as well as the imaginary parts have a con­
stant sign, i. e. if their sum converges, it converges absolutely. 
Hence, there is at least one quadrant such that the series of 
terms lying in that quadrant diverges. Halving this quadrant 
we see, by 24. VIII, that the set of terms lying in one of the 
half angles diverges. Continuing in this way we establish the 
existence of a direction of density with the property that the 
terms an taken from any angle < tt/4 containing this direction 
form a divergent series. If we multiply all the terms of the series 
by a suitable complex number the corresponding direction of the 

series is the positive real axis. Thus we might suppose 
that for our original series 2ara = 2(oin + ißH) the positive real 
axis is a direction of density.

Consider now the angles (-7r/2m+1, tt/2"í+1), m= 1, 2,... , and 
take terms from the first angle (to = 1 ) such that the sum of their 
real parts (all positive) exceeds 1/2 but is less than 1. This is 
possible since an-> 0, and so ocn< 1/2 for sufficiently large n. 
Then take from the second angle new terms with the same 
property and so on. Thus the real part of the selected partial 
series tends to + oo .

new

On the other hand, the imaginary part
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converges. In fact if we denote the partial series by an^ + an^ + ..., 
and suppose anji belongs to the m-th angle, we have, since the 

chord is less than the arc,
2 ! ßnk\ < K* I 2ír/2m+1 < V2 a„6 2jr/2m+1, 

and hence, since the sum of real parts in each angle is less 
than 1,

2\ßnlt\<2S2n/2™+\
Now consider the selected series together with the comple­

mentary series. The imaginary part of the latter converges, 
since this is true for the selected series and the complete series 
2an. Now displace the two partial series with respect to 
another, so that the real part of the complete series converges 
to an arbitrary real number (by I). Then the convergence and 

of the imaginary part is not disturbed (by II), which proves 
the statement.

For example, if 2 an is a conditionally convergent real series, 
the complex series 6 + 2&n, where b is any given complex number 
and bn = can with the arbitrary complex factor c, converges by 
a suitable rearrangement of its terms to any complex number 
lying on the straight line b + rc,

For the converse of III, viz. that all the possible sums of a 
conditionally convergent complex series obtained by derange­
ment lie on a straight line or else cover the whole complex plane, 

Steinitz, 1913-15. For a further result on conditionally 
convergent series see Knopp, 1925 a and Jarnik, 1926.

IV. No derangement of terms affects the convergence and the
sum of an absolutely convergent series.

sum of the deranged series.
Since this series contains all the terms of the original series we 
can take m>n so large that contains, beside other terms, 
the first n terms a1,...,an of the original series. Thus

one

sum

— co <r< +QO .

see

Proof. Denote by sra' the partial

I sm-sn I < \an+i1 ! + ••• + \an+ip !
which, by 18. VII, tends to 0 if 2un is absolutely convergent. 

26. Multiplication of series.
I. If 2an = A and 2bn = B are absolutely convergent, the 

series 2 cn formed of all the terms arb8 written in any order is 
absolutely convergent and its sum is AB.



Let p be the greatest suffix of ar or of bg in 
sn = co+ ••• + cn- Then
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Proof.

I C0 ! + ! C1 I + ••• + I Cn I < 2 I ar I 2 I bs I
and, by hypothesis, the right-hand side is bounded. Thus 2cn is 
absolutely convergent. Consequently we can add its terms in 
any order without changing its sum. Adding first all the terms 
cn resulting from the product < <=(a0+...+ an) (Ä0+...+ bn), 
then the additional terms resulting from s¿+1 s"+I &c., every 
product ar bs will be added and sn formed in this way clearly 
tends to AB, which proves the statement.

The usual arrangement of the product series is

2(«<A + «i bn_l+...+anb0),
n=0

and is called the Cauchy product.
Since hzn/n ! is absolutely convergent for every real 

plex z, the multiplication Sz^/n ! Sz^/n ! is legitimate and the 
Cauchy product is 2 (zl + z2)n/n Î, i. e. E{zx) E(z2) = E(zx +z2).

The series 2(— l)n_1/ Va is convergent because it is alter­
nating with terms steadily decreasing to 0. In the Cauchy 
product :

or com-

a/n
-i

Vu,
l= 2(-i)" [ 1 1 ]-

V1 Vn—1 V2 Vn — 2
n— 1

Vn—1 Vn — 1
series is divergent. This shows that the condition of absolute 
convergence is essential.

In reality the absolute convergence of one of the two series is 
sufficient.

II. If 2an converges absolutely to A and 2bn converges to B, 
their Cauchy product converges to AB.

Proof. Putting aQ + ax+ ...+an = sn, b0 + bl + ...+bn = <rn, 
cn = a0bn + a1bn_1 + ... +anb0 we have by definition sn -> A,

Vn -1 Vl

the sum in the brackets is > = 1, i. e. the product

(Mertens, 1875.)
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an -> B, and thus sn <rn -> AB. We have to prove that the differ­
ence c0 + cx + ... + cn - s}l arn tends to 0. It is sufficient to prove 
that Ah = c0 + cx + ... +ck-smo-m^0, where m is the integral 
part of k/2, for smam^AB. The proof will be given for n 
even, that for n odd being similar.

A2n = a0 (^71 + 1 + ••• + fyz7l) + ai (^71 + 1+ ^2»-l) + ■•• + a7l-l ^71+1
+ CLn+ J (60+ ... + bn-\) + an+2 (60 + ... + ^71-2) + • • • + «271 *0-

Put 2 \an I = M. Since 2&n is convergent, we have, by 18. VII, 
for sufficiently large n and for every p, \ hn+1 + ... +bn+p \ <e 
and there is a number N such that | an | < N. Hence

I ^271 I < 6 ( ! a0 I + • • • + I a7l-l ! ) + -ZV( I a77fl | + ••• + | a2n I )•

Since 2 | an | is, by hypothesis, convergent, we have, for suffi­
ciently large n, | I + ... + | «2ti i < e> 1 e- I ^2711 < 6 (^+ ^ )•

As e is arbitrary and ilf and N do not depend on n, the only 
limiting number of the sequence | Aïn | is 0.

When both series 2an and 2 bn are only conditionally con­
vergent, we have seen by an example that the product series 
may diverge. Cesàro discovered that the arithmetic means of 
the partial sums, Sn = c0 + cx+ ...+cn, of the product series 
necessarily converge to AB. This discovery, as we shall see 
later on, led to the generalization of the idea of convergency.

III. If 2an and 2 bn converge to A and B respectively, the 
arithmetic means of the partial sums of their Cauchy product 
tend to AB.

Proof. It is readily seen that

SQ + Sx + ... + Sn = s0 °n + sl °n-1 + • • • + sti °"o- 
It follows from the convergence that there is a number M such 
that I sn I < M, I an I <M. Similarly, as sa<rß-^AB, there is
a suffixp such that, for a^p and ß^p, | sa o-ß-AB | <e, with an 
arbitrarily fixed e.

Now take an n> 2p. We have

80 <rn + g], Q"w-i + • • • + sn o~o _ so °~7i + ■.. + Sp-x <rn-p+i 
n+l

Sp "b • • • + ^n~p «p-1 ~b < » » + «*q •
n+l n+l

The first and third terms are less in absolute value than

CH.86

(Cesàro, 1890.)

71+1

+
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pM2/(n+ 1). Putting sa(7S = AB + rja^ ß we have

87ui

so <rn + gi °~n-i + • • + q~o - ABn+ 1

2p(M2 + | A ß j) b«,»-* I + ... + ! »7n-p,p< +n+ 1 n + 1

2p(M2+ \AB I) (a + 1 — 2p)e< 71+1 71+1

If p is fixed, the limiting numbers of the last expression are all 
in the interval (0, e). Thus the same interval contains all the 
limiting numbers of the former expression. Since e is arbitrary, 
0 is the only limiting number, which proves Cesàro’s theorem.

27. Uniform convergence. An important application of 
sequences of functions is the ‘ representation ’ of a function 
the limit function of simpler functions. By such methods quite 
complicated functions may be calculated, at least approxi­
mately. Since only polynomials and rational functions can be 
evaluated directly, even the elementary functions like sin x, 
log x. &c., must be represented as limit functions of polynomials, 
or rational functions. Such a representation is equally important 
for the theoretical investigation of the function in question.

The main difficulty of such a representation is that, in general, 
the properties of l(x), the limit function of fn(x), are not in close 
connexion with those of fn(x). We overcome this difficulty by 
restricting ourselves largely to representation by uniformly 
convergent sequences.

In order to explain the idea, consider 
the nil-sequence of functions fn(x) = xn 
in (—1, 1). At every inner point x, 
lim/n(æ) = 0. Hence the name : nil-

sequence. If we now fix f as a limit of 
precision, in order that |/n(æ,) | < e, we 
have to take n>Nlt say. At x2, to 
obtain the same precision, we have, in 
general, to take n>jN2, say, &c. Con­
sider points xltx2>... tending to 1. For 
a fixed n we have limæn = 1. (See fig. 6.) Consequently the

as

ey<vy

Fig. 6.
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values of JV corresponding to the points x1, x2,... cannot have 
a finite upper bound. We cannot assign an N good for a given 
e at every point of (—1, 1). We say that the convergence of 
xn to 0 in the interval ( — 1, 1) is not uniform.

On the other hand, restricting x to the interval ( — k, k) 
(0<k< 1) the1 greatest value of ¡ xn | will be kn, so that if we 
choose N so that kN < e, we have for n>AF, at evei'y point of the 
interval ( — k, k), |æn|<e, and we say that in this interval xn 
converges uniformly to zero. Similarly for complex values z. 
If \z\ <p< 1, \zn\<pn at every point of the circle of radius p. 
Thus, choosing N such that pN < e, we have, for n>N, \ zn | < e at 
every point of the circle of radius p. We say that zn converges 
uniformly to 0 in this circle. The convergence is not uniform, 
however, in the circle of radius 1.

In general en (z) is said to converge uniformly to 0 in (a, b) or 
in a region R of the complex plane if, for every given e, there 
is an N such that, for n>N, | en(z) | < e at every point of (a, b) 
or R. A sequence of functions fn (z) is said to converge 
uniformly to l(z) in (a, b), or in R, if the difference l{z)—fn{z) 
converges uniformly to zero in (a, b) or in R.

The definition extends to sequences of functions depending on 
several real or complex variables. Suppose that the sequence 
fn(x, y, z,...) has a limit at every point (x, y, z,...) of a region 
(R}, R2,...) of the respective variables, and denote that limit by 
l(x, y, z,...). If for every positive e there is a fixed suffix i\T 
such that, for every point of (Rlt R2,...)

I l(x, y,z,...) -fn(x, y, *,...)|<e, n>N,
the sequence is said to converge uniformly to l(x, y, z,...) in the 
region (Rlf R2i...).

The limit function of the simple continuous functions xn is 
discontinuous at x = 1 because l(x) — 0 if ¡ x | < 1 while ¿(1) = 1. 
Thus the property of continuity may be lost in the limit process. 
It is therefore important to notice that continuity is passed on 
to the limit function if the convergence is uniform.

I. If all the functions fn(z) are continuous in R, and if the 
sequence fn(z) converges uniformly to l(z) in R, l(z) is continuous 
at evei'y point of R.

Proof. Put l(z)—fn(z) = en(z). In virtue of the uniform
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convergence, for n sufficiently large, | en(z) | < e/3 at every point 
of R. But l(z + h) — l(z) = fn(z + h)-fn(z) + ejz + h)-en(z), 
i. e. \ l{z + h)-Z(z) I< I /„(z + h)-fn(z) | + 2e/3. Since /„ is 
tinuous at z, ¡/n(s; + A) —/n (z) | < e/3 provided A is sufficiently 
small. Hence, for | h | sufficiently small, \l (z + h)—l(z)\< e, 
where e is arbitrarily small. This proves the continuity otl(z).

The converse is not generally true though it holds for mono­
tone sequences of real functions.

II. If at every 'point of the closed interval (a, b) the real 
functions fn(x) are all continuous, fn+l (x) >fn (x) and fn(x) 
does not converge uniformly to l(x) in (a, b), then l(x) is dis­
continuous at a point of (a, b).

Proof. Put en(x) — I(%)—f„,(%)• Since the convergence is not 
uniform and 0<em+1(æ)<em(æ), there is an e so small that, 
whatever n we choose, the condition | eB | < e is not satisfied at 
every point of (a, b). Now divide (a, b) into two equal parts. 
The same is true of one or both of the parts. In fact if, for 
n>N', I en(x) I < e in (a, c) and, for n>N", | e„(x) \ < e in (c, b), 
then, since 0< en+1(æ) < en(æ), we have, for n>N>N/ and 

I en{x) |<e in (a, b).
Halving that part for which | en (x) | < e cannot be satisfied for 

every x by any value of n, however large, and continuing the 
process, we determine a succession of intervals each encasing the 
next. Since their lengths tend to 0, there is one and only one 
point £ common to all these intervals and, by hypothesis,

On the other
hand, in the neighbourhood of £, and as near to it as we like, 
there are points x such that, for a fixed suffix nf, | en, (x) | > e. 
Thus the oscillation of en, (x) in the neighbourhood of f is 
greater than e — y. Since 77 can be taken arbitrarily small 
independently of e, the oscillation of en(x) at £ is greater than e 
(or equal to it). But, fn(x) being continuous at f, the oscillation 
of l(x) at £ equals that of e„(æ). Hence, at the oscillation of 
l(x) is not 0, and l{x) is discontinuous at £.

We can apply I to infinite series by remarking that in their 
case fn {z) = sn(z) and ejz) = Rn(z) :

III. The sum of a uniformly convergent series of functions 
continuous in R is a function continuous in R.

89Hi

con-

4 i- e. for n’>N, \ en> (|) \ < y < e.



As an application of III consider the power series/^) = 2anzn 
with the radius of convergence R. Take R1 as near to R as 
please, but fixed, and R2 such that Rx < R2 < R. By 24. Ill, there 
is only a finite number (if any) of | an | greater than 1 /R2n. 
i. e. after N, say, | an \ < 1 /R2n. Hence, for n> N and | z | < Rv 
we have
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we

I Rn(z) I < Rf+1 /R2n+1 + Rf+2/R2n+2 +...
= (i?1/E2)^V(l-AM)-

Since Rx/R2< 1, we have, for a sufficiently large n, \ Rn(z) \ < e 
for every z in [ 21 < Rt :

IV. A power series with radius of convergence R converges 
uniformly in every circle of radius Rl < R.

Noticing that anzn is a continuous function of 0, we obtain, by 
I, the result :

V. The sum function of a power series is a continuous function 
at every inner point of its circle of convergence.

It follows, if we put z = x + iy and separate the real and 
imaginary parts f (z) = P (x, y) + iQ (x, y), that P and Q 
tinuous functions of (x, y) in the circle x2 + y2 < R2, and thus 
also \f(z) I = I VP2{x, y) + Q2{x, y) | is a continuous function 
of (x, y) in the same circle.

An important consequence of this fact is the following 
theorem.

are con-

isolated from oneVI. The zeros of a regular function are 
another, i. e. if f{b) = 0, there is a circle c,\z-b\ = r, such that b 
is the only zero of f (z) in c.

A real or complex function is said to be regular (holomorphic) 
at z — b if it can be expanded in a power series about b.

Proof. Expand/(z) in a power series in the neighbourhood 
of b, f(z) = b0 + b1 (z-b)+.... Since f(b) = 0,b0= 0. It may

But all ofhappen that some of the other coefficients are zero, 
them cannot vanish unless f(z) vanishes for every z. Let bk be 
the first non-vanishing coefficient, 1, Then

f{z) = (z — b)k [bk + bk+l (z — b) +
The factor (z — b)k vanishes only at z = b. On the other hand, 
putting

g(z) = bk + bk+1(z-b) + bk+2(z-b)2+ ...,



the value of the continuous function \g (z) | at z = b is | bh [ >0, 
so that, by 14. VI, there is a circle c, centre at b, at the points 
of which \g{z) I >0. Thus g(z) does not vanish in c, and hence 
neither does f{z) except at z = b.

The same result applies to any value assumed by a regular 
function. In fact,
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f(z)-f(c) = 2 an(z~c)n

vanishes at c and does not vanish elsewhere in a sufficiently 
small circle round c, i. e. f(z) does not assume again the value 
f(c) in the neighbourhood of c.

28. Infinite products. Put Pn = (1 +a0) (1 +6q) ... (1 +aj. 
If lim Pn= l exists and is different from zero, we say that the
infinite product

(l+a0)(l+og(1)
M —0

is convergent. If the limit in question does not exist, we call 
the infinite product divergent. The infinite products for which 
1 = 0 have rather singular properties. We call them nil- 
products. Consequently in a convergent (divergent) infinite 
product every factor is different from zero. Since lim Pn = l 
and lim Pn_1 = l, we have

lim = lim (l + a„) = 1,
»=00 ¿n—i n

(2)

i. e. lim an = 0.

Thus the factors of a convergent product tend to 1. 
More generally

lim = lim (l+a„+1)... (1 +an+k) = 1.

Similarly, if we write l = PnRn,

lim Rn = 1.

(3)

(4)



If the product (1 + |a01 ) (1 +1 at I )...(1 + |a„ | )... is convergent 
and a„ 5^ — 1 for any n we say that the product (1) is absolutely 
convergent.

I. An absolutely convergent product is not a nil-product.
Proof.

I (1 +an+1)...(l +an+k)~ 1 I < 0 + I Cln+i I )•••(! + I an+h I ) “ ** 
But, by (4), lim(l + |oB+1|)...(l + |a„+i|)...= 1; therefore if
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n>N, (1 + 1 an+11 )...(1 + I an+]t | )— 1 < e for every n and k. Con-
)...(l+an+fc)...|>l-e. Since thesequently, if n>N, | (1 +a 

preceding factors do not contain zero, we have
n+l

l(l+a0)(l+a1)...(l+an)...|>0,

which was to be proved.
Usually the convergence or divergence of an infinite product is 

tested by transforming it into a series. For instance, if we put 
= l + a0, vn = Pn-Pn-X = (1 +a0)...(l +«„_!)afl, the partial^0

sums of the series 2 vn
n= 0

In the case where the factors are functions of one or several 
variables, we say that the product is uniformly convergent in 
an interval or in a region if the sequence Pn(x,y,z,...) tends 
uniformly to its limit function l(x, y, z,...) for the points of the 
interval or region in question.

The series 2 vn and the infinite product are uniformly con­
vergent at the same time. It follows that

II. If all the factors are continuous functions in a region R, 
the infinite product, uniformly convergent in R, is also con­
tinuous in R.

The usual test of convergence for infinite products is given by 
the following theorem.

III. The infinite product

just Pn and its sum is P.are

n (i+i«„i)(5)
n = 0

and the infinite series
2kI

(6)
n = 0

convergent at the same time.are
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Proof. Putting

Qn — (1 + !aol)(1 + lal!)-*-(1 + !anl)>
we see that

Qn > 1 + I a0 I + I ai I + • • • + I an I» 

and, since l+x<ex for x>0, we have

Qn<exV (K! + ... + |aB|).

The two inequalities (7) and (8) show that if the partial sums 
of (6) are bounded, in which case this series of positive terms is 
convergent, then also the partial products of (5) are bounded, 
and so (5) is convergent and vice versa.

For general infinite products with complex an, we have the 
following test.

IV. If (5) is convergent, then also

(7)

(8)

n (!+«„)(9)

is cornier gent. Absolute convergence implies ordinary con­
vergence also for infinite products.

Proof. Put

Vn ^n-1 0 + aQ).. .(1 + Un_1) an
Vn=Qn-Qn-l = (1 + | «0 D — O + I an-l I) K I-

Since, by hypothesis and by III, Qn tends to a limit, the series 
2 Vn is convergent. It follows, since | vn \ < Vw that 2vn also is 
(absolutely) convergent. But the partial sums of the latter 
series are the partial products of (9), which proves the theorem. 
This result is not obvious because of the rather arbitrary 
definition of absolute convergence for infinite products.

29. Bracketing and decomposition of terms. If in the divergent 
series 1 —1 + 1 —1 + ... we unite consecutive pairs of terms 
(1 — 1) + (1 — 1) + ... we obtain a series where all the terms 
vanish, i. e. a convergent series with the sum zero. If we write 
1 — (1 — 1) — (1 — 1) —... we obtain a convergent series with 
a sum 1. Similarly, starting with a convergent series 2an and 
putting an= (an + \) — 1, we destroy the convergence if we 
consider an+ 1 and — 1 as separate terms, because, writing them 
out in any order, the terms do not tend to zero. The partial
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sums s0+ 1, s0, Sj+ 1, Sj,sn + 1, 8n, ... have the two limiting 
numbers s and s + 1.

Facts of this kind are of the utmost importance in the theory
we shall frequently decompose inof analytic functions, since 

this way the power series defining the function. Therefore we 
indicate here the principal properties of such operations.

I. Bracketing does not destroy convergence or affect sum. 
Some divergent series may be made convergent by bracketing.

If is a convergent series and if its partial sums, 
8n, tend to s, bracketing amounts to considering only a partial 
sequence of sn.

If we start with thetermsa0+ 1, — l,ax + 1, — 1 ,...an+ 1,— 1,..., 
convenient bracketing leads to 2an, i. e. to a convergent series. 

In many cases we shall have to replace every term an of

Proof.

a series '2an by an infinite series 2 an, k = an-

expression of the type

(1) a00+a01+...+a0ft + ... ad inf. + alv> +an +aV2 + ... +alk 
+... ad inf. + ... +«n0 + a«i + ••• + ank + ad inf- + ••• acl inf.

According to our convention in art. 6 the term a10 is the 
(co+ l)th term, an is the (co+ 2)th, &c., an0 is the (no>+ l)th, &c. 
The order displayed by all the terms is of the type co2. We shall 
call such a series a transfinite series of o>2 type, or a doubly 
infinite series.

Performing the same operation on some or all of the terms of 
the new series, we obtain transfinite series of higher types.

We define the sum of such a transfinite series in the usual 
way by means of its partial .sums. The sum of the first ordinary 
infinite series will be denoted by su. After that comes

We obtain an
A=0

S(y+1 — Sq, + £*10’ •••> — ®ai "b k’

* = 0

When there is a last term to sucli a sequence the last term is 
called the fined limit of the sequence. This case will not occur 
in the theory of analytic functions. When there is no last term 
we say that A is a final limiting number of the sequence if



after any term there are still terms of the sequence in any 
neighbourhood of A. Denote by Rn the section of the sequence 
following the term sn (n being an ordinary or a transfinite 
suffix). If Rn is unbounded for every n, we say that the 
sequence is finally unbounded and that oo is an (improper) final 
limiting number of the sequence. If a transfinite sequence has 
only one proper or improper final limiting number s, we say that 
s is the final limit of sn. In symbols, sn -»•» s.

All these definitions are exact copies of the corresponding 
definitions for ordinary infinite sequences and extend to every 
type of transfinite sequence (well-ordered set) of numbers (see 
P. Dienes, 1923).

If we consider the numbers sn as forming a set, only some 
of their limiting numbers, perhaps only one, will be final 
limiting numbers of the same numbers written out in the form 
of a sequence. Writing them out in different orders, we shall 
obtain, in general, different final limiting numbers. The ideas 
of set and sequence are here clearly separated.

A transfinite series is said to converge if its partial sums tend 
to a proper co ) final limit. We shall deal only with abso­
lutely convergent transfinite series for which 21 an | is a 
convergent transfinite series.

Bolzano’s theorem, 18. I, extends to transfinite sequences in 
the following form.

II. If all the numbers of a transfinite sequence S are in the 
i nterval (a, b), or in the region R. S has a final limiting number 
in (a, b), or in R.

Proof for real sequences (the extension to complex sequences 
is obvious). If after a suffix K all the numbers an of S are out­
side the interval (c, d), S has, by definition, no final limiting 
number in the open (c, d). Hence, halving (a, b), there will be 
numbers of S after any suffix in at least one of the two halves. 
Halving this part again, and continuing the process in the usual 
way, we establish the existence of a number c in the closed (a, b) 
such that the interval (c — e, c + e) contains numbers of S after 
any suffix for arbitrarily small e.

Cauchy’s fundamental test, 18. VII, extends similarly to 
transfinite sequences :
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III. The necessary and sufficient condition that a transfinite 
sequence S shall have a final limit is that to every positive e shall 
correspond an ordinary or a transfinite suffix n such that, for 
every positive p (finite or transfinite), | an+p — an | < e.
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Proof. The condition is necessary. In fact, if an ->-> a, there 
is a suffix n such that after n there are no numbers of S outside 
j z — a I = e, for otherwise, by II, S would have a final limiting 
number outside this circle. Hence \ag — ar\ < 2 e when both r 
and s come after n.

The condition is sufficient. In fact, by hypothesis, all the 
are in the circle \z — an\ = e and thus the finalnumbers an+p

limiting numbers of S are also in the same circle : the diameter 
d of the set F of final limiting numbers is <: 2e. Since the 
number e is arbitrarily small and d is a determinate non­
negative number, d = 0, i.e. F is either empty or it contains 
only one number. The first case is excluded by II.

It follows that the two important tests, 23. I and 23. IV, are
Thus, if 2 I a I converges, thenvalid for transfinite series

also 2an converges.
We notice that, by 6. 1, an absolutely convergent transfinite 

series has only an enumerable infinity of non-vanishing terms.
original problem we shall now proveGoing back to our

IV. If both the original and the decomposed transfinite semes 
convergent, they have the same sum.

Proof. If in general we denote by the partial sums of the 
decomposed series, the final limiting numbers of the sequence 
Sn contain those of sn. Thus, if both have only one, it is the 
same number.

But decomposition may destroy both conditional and absolute 
convergence.

V. If the ordinary or transfinite series 2ctn is absolutely con­
vergent, then derangement, bracketing, and decomposition into 
absolutely convergent series do not affect its convergence or its 
sum.

are

Proof. By I, bracketing does not affect convergence or sum. 
Similarly, by IV, since, by hypothesis, the decomposed series is 
also convergent, decomposition has no effect on convergence or
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sum. To establish the result for derangement, suppose first that 
all the terms an are positive real numbers. Since, by hypothesis, 
2an converges to s, say, we put s = sn + Rn> where s„ is the w-th 
partial sum, and, after a certain suffix M, Rn<e. Denoting 
the deranged series and its partial sums by a dash, we have 
obviously <; s, i. e. s„ converges to a final limit s'^s. On the 
other hand, after a certain suffix R'n<€ also, and thus the terms 
of sn figuring also in give a sum and the other terms 
(in Rá) give a sum < 6, i. e. sn < + e. Hence, s 4. s' + e with an
arbitrary e, i. e. s<s', which proves that s' = s.

By 6. I, we can write the non-zero moduli of an absolutely 
convergent complex series in an ordinary series 2 ¡ a" ¡ whose 
remainder < e for i >j, where i and j are ordinary integers.
Now the convergence and sum of a transfinite series are not 
affected by transferring a finite number of terms to the beginning 
of the series. Therefore, after a finite or transfinite jV", 
sn = a'i+ -•-+Ojj+sn,s,n = a a" + s'v where|sw | < e, | ë'n | < e,
so that ¡ sn — Sn ¡ < 2 e ; and, e being arbitrary, our statement is 
proved.

The result just established is one of the fundamental instru­
ments in the theory of analytic functions.

30. As an application we are going to decompose, rearrange 
and bracket a power series/(2) = San2n convergent in a circle 
of radius R, centre at the origin. Put z=(z—a) + a, i. e. 
zn — (z — a)n + C^ (z — a)n~1a+ ... +an. Thus we obtain the de­
composed power series

(1) a0 + a1(z — a) + a1a + a2(z~a)2 + a2 2(z — a) a + a2a2

+ ...+an(z—a)n + Cn1an(z-a)n-1a+ ... +anan+ ....
If I a■ ¡ > R, there are infinitely many terms | an an | > 1, i. e. the 
series is divergent. But a suitable rearrangement and bracket­
ing may still change it into a convergent series. Suppose for 
the moment that j a \ < R, i. e. a is an inner point of the circle 
of convergence. Since

|[(2-a) + a]"| <[|a-a| + |a|]»
= \z—a|”+C',i|2 — a|n_1|a|+... + |a|n, 

the decomposed series is absolutely convergent if z satisfies the 
condition \z—a\ + \a\<R, i.e. \z—a\<R — \a\.

In the geometrical interpretation this means that z is an inner
334$
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This circlepoint of the circle of radius R — \a |, centre at a.
touches the original circle 
of convergence and lies en­
tirely within it. Thus if 
z is in this circle we can,

«5* by 29. V, rearrange and 
bracket this series ^t our 
will without affecting con­
vergence or sum. Group­
ing together terms contain­
ing the same power of 
(z — a) and bracketing the 
group, we obtain first, from 
the terms not containing 
z — a, a0 + a1a + a2a2+...

+ anan+. .. = /(«);

R

0

Fig. 7.

then the group containing z—a leads to

al+2a2a + ...+nanan~1 + ... = f' (a), &c., 

the coefficient of (z — a)k being

(2) /(*> («)/*! = I «<—».-(—*+*) anan k,k\

where the left-hand side is, for the moment, only a convenient 
short symbol for the right-hand side.
Hence

f(z) = 2/(”) (a) (z — a)n/n !
in the circle of radius R — \a\, centre at a.

If the values of a function in the neighbourhood of a point a 
can be represented by a convergent power series in (z — a), 
radius >0, we say that the function is regular at a. The 
function f(z) is obviously regular at the origin z = 0. The 
result condensed in (3) is then formulated in the following 
theorem :

I. The sum function of a 'power series is regular at every inner 
point of the circle of convergence.

But the rearrangement and bracketing may, in certain cases, 
turn the divergent series (1) where \z\>R into a convergent

(3)



one. For example, the sum function of 2(—1 )nzn, convergent 
in I 2 I C 1, is obviously 1/(1 +2). Moreover the sum function of 
'2,{-\)nnzn-x = -2(-l)n2n2(-l)n2n = -1/(1+0)8, that is, 
for X real, 2( — \)nnxn~l = [1/(1 + x)]', and so on. In general

INFINITE SERIES 99in

2(— 1 )nn(n— 1)... (n — Jc+ \)xn~k

= {-\)hk\/{\ +x)k+1 = [l/(l + æ)](*>.
Hence, by (3),

1/(1 +5) = 2(-l)” (z-a)n/(l+a)n+1,
provided a is an inner point of \z \ = 1. The general lower 
bound for the radius of convergence is 1 — | a |. But as a matter 
of fact the radius of convergence of (4) is ¡ 1 + a |, i. e. if a is 1/2, 
say, the series (4) converges in a circle of radius 1 + 1/2, centre 
at 1/2. The new circle of convergence contains the original 
one and

(4)

X (-*)" 
^(1+a)

1 2(rH>’= 11 1-1(z-a)n =
z 1+21 + a 1 + a 1-“

1 + a
i. e. the new series duly represents the function 1/(1 +2) also 
at points outside the first circle.

This leads us to the idea of analytic continuation of the 
function defined by a power series in a circle. If we start with 
the power series, the function ( = sum function) is defined first 
only in the circle of convergence of this power series. De­
composing the terms of this power series in the way indicated, 
with a inside the circle of convergence, and regrouping them 
according to the powers of 2 — a, we may succeed in defining the 
function outside the original circle. By 27. V, the second 
power series is continuous, i. e. the second function extends the 
original one in a continuous manner. This is the process of 
analytic continuation.

We may also fail in our effort. For example, taking 
a = —1/2, the radius of convergence of the new series is only 
1/2. In general, if a is between — 1 and 0, the new series con­
verges only in a circle contained in the first one. In the 
direction of — 1 the continuation does not succeed. In this case 
we say that — 1 is a singular point of the function. In reality, 
in the neighbourhood of — 1 the function assumes as large values
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as we please — it .becomes infinite. It is the singular behaviour
of the function which stops the analytic continuation. We shall 

later on that this is generally the case.
The second power series may be continued in its turn. The 

complete function determined by all the continuations of a given 
power series is called an analytic function. The part of it 
represented by any of the power series used in the process of 
continuation is called an element of the analytic function.

100
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EXERCISES III

1. Establish the existence of the limit
lim (1 +1 /2+ ... + 1 /n — logn) = c (Euler’s constant).

tdt/n[n + t) = 1 /» —log^tl • 
i n

Put f i
“n = J 0

Cl
dt / n2, i. e. 2wJ¿ converges. On the otherwe have 0 < un < 1 / n2 =

o
hand, 1 + 1/2+ ... +1 /n — logn = 2^ +log[(»+!)/»] and

i w+1 Alog------- > 0n
show that the difference 1 + 1/2 + 1/3+... + 1/» —log» steadily 
decreases.

2. 2 1 / (an + b)a, a>0, 5>0 is convergent for a> 1 and divergent 
for a< 1. In fact, »° / (an + 6)a = 1 / [a + 6 / »]a -» 1 / aa, i. e. 
1 / (an + b)a cv> 1 / (a»)a (apply 24. I).

3. (a) 21/ (log n)P is divergent, for, by Ex. I. 29, for sufficiently 
large », (log n)p < ».

(b) 21/ (log w)n is convergent, for ÿl / (log ri)n = 1 / log »->0.
4. (a) 2 1 / (a + bn + en2) is convergent, for | a + bn + en2 \ / n2 | c |. 

(b) 2» ! /»n is convergent, for »!/»”< 2 / n2 if » >2.
5. (a) 21/ (log »)1°8 M = 2 1 / »1°8 log w is convergent, for

wloglogn>w2 if

where a is the (arbitrary but positive) base of log.
(b) 21/ + Va + bn + n2 is divergent, for Va + bn + n2 / » -*• 1.
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6. (a) 2*»/» ! is absolutely convergent for every fixed value of z,

for I «n+i / «„ I = |*|/(»+l)-»0.
(b) 2nazn is convergent if |#¡ < 1 and divergent if \g \ >1 

whatever the fixed value of a. In fact
I an+l / an\ = (n+l)aZ / na^z.

7. r being the radius of convergence of 2 adzn, determine that of
2 naanzn and 2 aHzn / n ! (r, + oo .)

8. Put a0 + «! + ...+oB = sn. If snbn+1-> 0 and 2sn(bn—5n+1) is 
convergent, then also 2ar/>n is convergent. For

n+p

afiv = sÂ^v ^Wl) srJ)n+l d* s«+p^rt+p+l‘
n+p

9. Show that 2anbn is convergent in the following three cases:
(a) bn_l>bn, bn->0 and sn is bounded.
(b) bn_x >bn>0i and 2an is convergent.
(c) bn-> 0, 2 I bn — bn+1 \ converges and sn is bounded.

10. Examine the convergence and divergence of 2zn / n on \z | = 1. 
At z = 1 it is known to diverge ; at every other point the series 
converges for, if \ z | = 1 but z ^ 1, then

11+ *+...+*" I = \l-zn+1\/\l-z\ <2/11-4 
i.e. the partial sums of 2zn are bounded and (a) of Ex. 9 applies.

It follows that 2 S^n nX~
n converges for every real x and 2

converges for every real x except x = 2Jítt.
11. Find the points on | z | = 1 at which 2 zpn / n, p an integer, 

converges (diverges). By the preceding example it diverges only 
when zP = 1, i. e. at the^-th roots of unity.

12. The radii of convergence of 2anzn and 2bnzn are r and R 
respectively. The radius of convergence of

2 (a0bn + axbn_x +...+ anb0)zn
is at least as great as the lesser of r and R, but it may be much
larger, as shown by '2zn and (1 — z) E(z) = 1 — 2 (n ~ 1 )zn/n !, whose

n = 2
product series converges for every value of z.

13. Appell’s comparison theorem.
If pn>0, 2pn diverges, the radius of convergence of 2pnzn is 1, 

then it follows from an/pn->s that the radius of convergence of 
2 anzn is also 1 and lim 2 anrn / 2pnrn = s. (Appell, 1879, usually
attributed to Cesàro.)
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Proof. Putting an = pns+pn(n, we have
2 anrn / 2pnrn = s + 2 enpnrn / 2pnrn, 

i. e. it is sufficient to prove the theorem for s = 0. Then for n>m,
m oo

say, |«w I < f and thus j 2anrn | < | 2 V” I + 6 2-PnfM*
0 n = 0

term on the right-hand side divided by 2prern tends to 0 when r-> 1, 
for the numerator tends to a finite limit and the denominator 
tends to + oo. Hence all the limiting numbers of the left-hand 
side are in | z | < <, i. e. e being arbitrarily small, the only limiting 
number is 0. Q. e. d.

This result is of wide application.

The first

14. Abel's theorem. If 2 an converges to s, then lim 2an^ = s.
n = 0 »->1

In fact, applying Appell’s theorem to 2anrn /(I — r) = 2snrn and 
1/(1 — r) = 2rn, where, by hypothesis, sn = «0 + ^+ ... +an divided 
by 1 converges to s, we obtain Abel’s theorem.

If <rn= [s0 + s1+...+s„]/w->s, then15. Frobenius's theorem. 
also lim 2a„rn = s. Apply Appell’s theorem to

r —> 1
2<tnrn = 2anrn/(l—r)2 and 2nrn = 1 /(l — r)2.

16. Extend Appell’s theorem to the case r= co. If ^„>0 and 
2pnzn converges for every value of z, then it follows from an /pn->s 
that ^anzn is convergent for every value of z and

lim 2anrn / 2pnrn = s.

The same proof as in Ex. 13. The condition that 2pn should be 
divergent is replaced here by the fact that, necessarily, 2pwrn -> oo 
with r.

17. If pn > 0 and 2p7l;srn diverges for z=l but converges for 
I z \ < 1, then it follows from [a0 + ax + ... + an) / (p0 +P; + ... + pn)-*-s 
that lim 2anrn / 2pnrn = s. Apply Ex. 13 to 2anrn/(l-r) = 2snrn

r—> 1
and 2pnrn/ (1 — r) = 2s’nrn where sn = a0+ ... +a„, sr\ = J>0 + ... +pn.

18. 0<r!<r2< ... ,.,->oo. We say that <r is their index of

convergence if 2 I /rn° converges for a><r and diverges for a<<r.
M=1



INFINITE SERIES 103in
Since the series diverges for a = 0, <r ^ 0. If 21 / rna diverges for 
every a, we say that the index of convergence is co. Prove that

lim log n / log rn = a.

If s is this upper limit we have log n < (s + f) log rn for sufficiently 
large », i.e. 1 / rns+* < 1 / n, l/rns+if<l/ws+2t/s+f, i.e. 21/r„s+2* 
is convergent and thus, e being arbitrarily small, <r<;s. On the 
other hand, by hypothesis, 21/ rna+e is convergent and thus 
n/rnff+e->0 (by 23. VII). Hence, for sufficiently large n, 
n<rna+e, i.e. log n < (o- + f) log rn and thus log n/ log rn< (r + (, 
which shows that <t^s.

19. If xn are real non-vanishing numbers and \xi—xk \ >cZ>0, 
the index of convergence of | xn | is < 1.

20. If 0< rx < r2 < ..., the moduli of the terms of 1 + 2zn / rxrt...rn 
steadily increase up to the m-th term for which rm< \s\ <rm+l and 
steadily decrease after the ‘ maximum term ’. The index of the 
maximum term, or the greatest of the indices having the same 
maximum modulus, is called the central index.

If 2anzn converges for every z, the central index does not remain 
constantly the same when | z \ -> oo . In fact for n>m,

\anzn\ > \amzm\ if \e\ > n~mV\am / an\.

21. an is real, sn = a0 + a1+ ...+an. Show that
lim sn < lim (2 anrn) ^ lim sn.

r-> 1

22. an> 0, lim 2atirn = s. Show that sn -> s, i. e. in this case the 
converse of Abel’s theorem is true.

23. pn > 0, 2pn convergent. Show that
(j>i + 2p2+-+ PPn) /n-*0.

24. pn > 0 is steadily increasing to infinity. If 2 an is convergent,
then

(Po«o +Plax + ••• +Pnav) /Pn °, 
and conversely if (1) is true for every positive pn steadily increasing 
to infinity, 2an is convergent. (Kronecker.)

25. an-> 0, (real), L and U are the least and greatest limiting 
numbers of the sequence of partial sums sn = a0 + a1 +...+an. 
Then every value between L and U is a limiting number of the 
sequence (sn).

(1)
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26. If every partial series of 2are is convergent, the series is 
absolutely convergent.

27. The Cauchy product of the two divergent series
1 — 3/2 —(3/2)2— ... and l + (2 + l/22)-(22+l/23)3/2

+ (23+l/24)(3/2)2+ ... is 1 + 3/ 4 +(3/4)2 + (3 / 4)3 + ...,
i. e. is absolutely convergent. How do you explain this result ?

28. The hypergeometric series

«(« + !) /3Q3 + 1)
1.2 y{y +1) *2+....1 + z +

Since an+1 / an = z(0L + ri)(ß + ri) / {1+ri) (y + ri)-*z, the series is 
absolutely convergent if | e \ < 1 and divergent if | z | >1. If z — 1, 
by Gauss’s test, 24. VII, the series converges if a + ß < y and diverges 
if a + ß > y.

29. Pringsheim's theorem. Putting An = ax + a2 + ••• +an where 

an^0 and 2an diverges, ^an / AnApn_ 1 is convergent if p> 0.
n = 2

Proof. Choose an integer p > 1 / p. It is sufficient to prove the 
theorem for r = 1/p. As 2(1 / An_x — 1 / A„) is obviously con­
vergent, it is sufficient to prove that

(A„-An_,)/(AALiX ^ (1 /¿I-i-1 / A*),

/ An< — (1— An_1 / An).
1—xp = (l-x) (1+ Æ + ... +^-1), i.e. putting x = (An_1 

establish the result.
30. Dim's theorem. Notation and conditions as in the preceding 

example. 2an/Apn converges if p> 1 and diverges if 1. If 
p = 1, we have

an+\ / An+1 + + an+k / A

But l—xP<p(l — x), since 
/ An)l/P we

i. e. 1 — AM-l

^ (®w+14" ••• ^n+/c) / An+kn+k
— 1 An / An+k.

Since, by hypothesis, An-> oo, to every n belongs a k such that 
the An / An+k< 1 /2. This proves the divergence for /><;!. The 
convergence for p > 1 is proved by Pringsheim’s theorem.

31. Deduce Abel’s scale by Dini’s theorem.

^ 
i œ

ö 
i-i—

i
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32. If an/An-+0, then «1 /Ax + o* / A2+ •••+«» / An logK

(Cesàro). Putting an/ An =xn, we have, from Ex. I. 32,
an 7 1

logT“
7 !°g [! 7 (!-*»)] 1» i- e.

Hence also, putting A0 = 1,
____al 7-^1 +a2 7-^2+ ••• +an /
log Ax + logAa/A!+ ...+logAn/An_!

U,= —____ [— +
logAn LÄl

^2_ + 3»
An^2

33. Prove that 21 / n log n <v log log w, and that more generally 
21 / w logw log2 w ...logpn <x> logpflw.



CHAPTER IV
ELEMENTARY FUNCTIONS

31. Exponential and trigonometrical functions. We have 
seen in Art. 24 that the series

2zn/nl = E(z)
is convergent at every point z of the complex plane and 
(Art. 26) that

(1)

E{zx) E(z2) = E{zx + z2).

It follows that, E( 1) being denoted by e and m being a positive 
integer, E(m) = eE(m— 1) = e2 E(m—2) — ... = em. Moreover 
if m/n is any positive fraction,

[E(m / n) ]ra = E(m/n+ ... +m/n) = E(m) = em,
i. e., as E(m/n) is positive, E[m/n) — | em/ra |. Since E(z) is 
continuous, by 27. IV, the same equation holds for real irrational 
values : E(x) = \ex\. Finally for negative real values

E(—x) E(x) = E(0) = 1, i. e. E(—x) = | e~x |.
In general, an ex pression like eml n has more than one value, but 
only one which is real and positive. If, in the case of base e, we 
make the special convention to denote by ex the positive value 
of the expression, we can write, for real x, E(x) = ex. Accord- 
ingly, E{x) is called the exponential function. For complex 
values we define the exponential function by putting ez = E(z), 
and for any positive base a and complex index b,

ah = E(b loge a).
The property (2) shows that ahi a^2 = ahi+h2, af a2b = (axa2)b.

We decompose the exponential function into two parts by 
putting

(2)

(3)

(4) G(z)= ^(-l)nz2n/(2n)\, S(z) = ^(-l)nz2n+l/(2n+l)l.

I Since ( — l)n = i2n we have, for every value of s, real or complex, 
exz — G(z) +iS(z).(5)

In
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The'properties of C(z) and S(z). C(z) is obviously an even 

function, and S(z) is an odd function, i. e.

107IV

C(—z) = G(z), U(-z) = —S(z).(6)

Moreover (7(0) = 1, S(0) = 0. We readily verify also, by multi­
plying the infinite series in question, that

G(z) C(z') + S(z) S(z') = C(z±z'),
S(z) C(z')±C(z)S(z') = S(z±z').

Putting in (7), with the lower signs, z' — 0, we have
G2(z) + S2(z) = 1.

Restricting ourselves to real values x of the variable, G{x) and 
S(x) are real functions with the following properties.

I. G(x) vanishes between V2 and V3.
x2n/{2 n)l>x°-n+2/(2n + 2)\ 

x2<(2n+ 1) (2ti+ 2),
the terms of the alternating series G(x) are constantly de­
creasing from the very first term on, provided x< V2. By 
23. IV, the sign of the sum of such a series is that of its 
first term, here 1. Thus, G(x) > 0 between 0 and V2. Similarly 
S(x) > 0 in (0, V6). On the other hand the moduli of the same 
series are constantly decreasing from the second term (n = 1 ) 
on, provided x <V 12. But | 1 —x2/ 2 | >æ4/ 24 and 1 — x2/2 <0 
if V3 <x< 2-5. Thus, taking for first term 1 — æ2/2!, the series 
( 1 — a;2/2!) + úc4/4! —æ6/6! + ... is alternating and constantly de­
creasing for the specified range of values of x. Since the first 
term is negative, G(x)< 0. Since G(x) is continuous, it vanishes 
between V2 and V3. The zeros of a regular function being 
isolated, G(x) has only a finite number of zeros in a finite 
interval. Denote its smallest positive zero by tt/2. Its smallest 
negative zero is —tt/2 because (7(— tt/2) = (7(tt/2) = 0.

II. C(x) and S (x) are periodic functions with the period 2tt. 
Proof. From (8), S2(tt/2) + G2(tt/2) = 1, i.e. S(tt/2) = +1

and, as S(x) > 0 in (0, Vf>), we have S(tt/2) = 1. Hence by (7),

(~)

(8)

Proof. Since 
provided

CWC(-î)-S(»)S(-î) = C(«-ï) = 0, i.e. S(T) = 0.
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Similarly from

CH.

CtoS(-¡)+ cr(- D»(.) = «(*-s)= <),

it follows that
G{ tt) = -S(tt/2)/S(tt/2) = -1.

Finally the equations

(7 (a; + 7t) = G (x) G(tt)—S (x) S( tt) = — C'(æ)

and S(x + tt) = — S (x) lead to G(x + 2 tt) = — G (x + ir) = G (x) 
and S (x + 2 tt) = S(x), which proves the statement.

This result leads to a fundamental property of the exponential 
function.

III. E(z) is a periodic function with the period 2 tti. In fact 
E(z + 2tt1cí) = E{z)E(2irki) and E(2-nki) = C(2-nk) + iS(2irk) = 1.

We are now going to examine the behaviour of the two 
functions C(x) and S(x) as x increases from 0 to 2tt.

If x and x + h, h> 0, are both in ^0, S(x)> 0

G(x + h) = C(x)C(h)-S(x)S(h) <C(x)G(h) <G(x),
i. e. G(x) is constantly decreasing in (0, tt/2). The relation 
G(tt — x) = -G(x) shows that G(x) keeps on decreasing from tt/2 to 
tt also. Consequent!}7 in (0, tt) C(x) assumes every value between 
1 and - 1, but only once. Finally G {x + tt) = - C(x) shows that 
C(x) is constantly increasing from tt to 27r, i. e. in (tt, 2 it) G(x) 
assumes again every value between — 1 and 1, but only once. 
Briefly G(x) increases and decreases in the same way 
Similarly S(x) increases and decreases in the same way as sin x.

32. Let us take a real number c between — 1 and 1. From the 
last remark there are two and only two values of x in the interval 
(0, 27t) such that G(x) = c, and if xx is one of them, the other is 
2tt — x1. For these two values S(a^) = Vl—G¿(xx) = + V1 — cl 
and S(2tt-x1) = ± Vi -c¿. As -S,(2tt-íc1) = -Sfa), there is 
one and only one value, xx, say, of x for which G(xx) = c and 
S(xx) = I Vl —c2 ¡ ; then for 2tt — xx we have C(2tt — xx) = c, 
S(2tt-xx) = - I Vl -c2|.

and thus

as cos x.
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If a — oq + ia2 is a point on the unit circle we have, by hypo­

thesis, af + af = 1, i. e. a2 = ± V\ —af. From the preceding 
remark we have

I. If af+af = 1, there is one and ordy one real value x, 
0 < æ < 27T, for which G(x) = a1 and S(x) = a2, i. e. for which

a1 + ia2 = C(x) + iS (x) = eix.
To every point on this circumference corresponds a single 

value of x satisfying (1), and conversely, for every value of x, 
G2(x) + S2(x) = 1, i. e. there is a corresponding point on the unit 
circle. Equation (1) establishes a one-one correspondence 
between the interval 0 2tt and all the points on the cir­
cumference of the unit circle.

Multiplying (1) by a positive number r, we see that
II. Every number A +iB on the circle of radius r, i. e. whose 

absolute value is r, can be written in the form
A+iB = reix.

Since every complex number, except 0 + i 0, has an absolute 
value r > 0, every complex number other than 0 can be written 
in the above form (2). The real number x, 0^.x<2ir, is called 
the argument of A+iB.

Consider the n points 1, 62 e4’r,/n,, e(n_1)2"»'/*» on the
unit circle. Since

109IV

(1)

(2)

ßk2ni/n g(fe + l) 2ir«/n _ g k2ni/n  g2>ri/n'j

the absolute value of the difference between two consecutive 
numbers is the same for all values of k, viz. : | 1 —e2n*/n |.

Interpreted geometrically, the n points in question form 
a regular polygon of n sides with vertices on the unit circle. 
The total length of this polygon is

I, o ./„I 27ri , 2 ttÍx2 1 / 7ti\n\l-W\ = n — + {—) - + -.+(—)" I
—.+ ...vl

n ■ (2iri)2 1 ,
= 2t----- -- --+ ...n 2 ! ^ 2 7T,

as l/n->0. Therefore the length of the unit circle is 2 7r, i. e. 
our symbol tt introduced as the double of the first positive real 
zero of G(x) is the number usually denoted by 7r, viz. the length 
of the semicircle of radius 1.

-IN
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Hence the argument of A+iB may be interpreted geometri­
cally as the angle in radians between the positive real axis and 
the segment (0 + i0, A + iB). We shall use the symbols cosz 
and sin 0 for G(z) and S(z) respectively on the understanding 
that cos 0 and sins are defined by the two infinite series, (31. 4), 
for C(z) and S(z) respectively.

III. cos s and sin 0 have no complex roots.
Proof, cos (x + iy) = cos x[ey + e~v)/2 —i sin x (eV — e~v)/2. 

Hence
I cos (x+ iy) |2 = cos2 x (e7J + e~yf /4 + sin2ic (eV — e~v)2/é

= (eV — e~y)2 / 4 + cos2 x,

Q. e. d.and this expression can vanish only when y = 0.
IV. The equation ez = 0 has no root.
Proof. ex+ly = ex (cos y + i sin y). But ex does not vanish for 

any real value of x, since for x positive all the terms of the 
series hxn/n\ are positive and E( — x) = 1 /E(x). Moreover 
cos y and sin y never vanish for the same value of y.

From (31.5) and e~iz = cos 0 — i sin 0 we obtain, for all 
values of 0, cos0 = (elz + e~tz) /2, sin0 = (eiz — e~lz)/2i. The 
other trigonometrical functions are defined for the complex 
variable by the usual relations

tan 0 = sin 0/ cos 0, cot 0 = cos 0/sin 0, &c.
We notice also that for purely imaginary values ix, 

sin-itc = (e~x — ex)/2i, cos ix = (e~z + ex) / 2.
Thus cos ix and i sin ix are real functions, called hyperbolic 
functions ; in symbols cos ix = cosh x, i sin ix = sinh x.

The class of elementary functions may be represented as 
follows :

The seven algebraic operations lead directly to polynomials, 
rational functions, algebraic functions like root and logarithmic 
functions. The inverse of the logarithm is the exponential 
function. And here the series stops for real variables. The 
definition of the exponential function for complex values leads 
to the incorporation of trigonometrical functions with their 
inverses. Any finite combination of these functions is said to 
be an elementary function.



ELEMENTARY FUNCTIONS 111IV

Formulae for trigonometrical functions :
(3) cos mz + i sin mz = emiz = (eiz)m = (cos z + i sin z)m

(De Moivre, 1706-7.)
Hence

cos mz = cosmz — C™ cos771-2z sin2z +...
(5) sin mz = Of cos771-1 z sin z — Cf cos m-3 z sin3 z+ .... 

Eliminating sin z or cos 0 by sin2 0 + cos2 0 = 1 we see that 
cos mz = P (cos 0) 
sin mz = Q(sin 0), for odd m,

= COS0 Q(sin0), for even m, 
where P (0) and Q (0) are polynomials.

The function sin mz vanishes for z = In/m, where l is any 
positive or negative integer or zero. By (31. 4),

sin 0 = 0(1-1+ ...),

(4)

(6)

i. e. 0 = 0 is a simple zero of sin 0, and thus, since
sin (z+2kir) = sin0 and sin [0 + (2& + 1)tt] = — sin0, 

all the zeros of sin 0 are simple. The same remark applies to 
sin mz.

Suppose, for simplicity, that m is odd. The polynomial Q{u) 
vanishes for u — sinZyr/m, i. e. for the m distinct values

u = 0, ± sin n/m,..., + sin 1 ^

Therefore, expressing Q (u) in the form
m

V ulJK V V um-l
we obtain, uniting the factors belonging to + sin Jcn/m,

sin2 0^1 
sin2-! !

sin20 1sin mz — A sin 0 1 — m — 1 7Tsin2 2 m.m j L
Since, for small values of 0, sin mz <x> mz, the right-hand side 
tv Az, and we see that A = m. Replacing 0 by -nz/m we obtain

sin” —^ . 9 7T 0sin- —mmTTZsin riz = m sin — 1 - 1 - m— 1 7Tm sin2 -1 sin2 2 mm
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As m

product of the first k+ 1 factors tends to
7TS (1 -32/l) (1 — Z2/4)... (1 -z2/k2).

We are going to prove that, for sufficiently large the product 
of factors after the (k +1 )-th differs from 1 by as little as we 
please. Take a p between k and (m — l)/2. We have

TT2 Z2. 9 TTZ sim— = (1+6).m2m

Moreover, by Taylor’s theorem for real variables,

ost", 0<9<1.
m m Vto/ 3 !

As p/m is between 0 and 1/2, we have 0< cos^^" <1, i. e.

it m

m
sin^ = irp)Ap/m, where 1 — ?r2/24< Ap< 1.

• o 7T0sin45 —
02(l+e) , B

p2 A — 1 '
m.Hence 1-

p2sin2^
m

where, if z is in a finite region, j Bp | is between fixed limits. 
Thus, by 28. Ill, the infinite product

B]i+1 B■[[- k + 21 —
(k+ U (¿+2)

is absolutely convergent and its value approaches 1 as k oo . 
Therefore

sin TTZ = zz(l —z2/12)... (1 ~z2/k2) K (k), 
where lim K(k) = 1, i. e.

sin ttz = TTZ ]/[ (1 —z2/n2).(7)
i

For example, for z = 1 /2, (7) gives

tt/2 = ]~j47fc2/(4n,2—• 1) (Wallis’s formula )(8)
i

to
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Moreover

n(.-4^)
2irzsin 2 770 _ 

2 sin 770 ~(9) COS 770 =

2770

The factors for which n = 2m are cancelled by the denomi­
nator and thus we obtain

= jj\i_________4g2 . .1.0AL (2 71+ 1)2J(10) COS 770

33. The Gamma function. Put

77 (n, z) —

0T¿a negative integer.
Since

(1) 1 . 2 .... (n — 1 ) nz 
0(0+ 1)... (z + n— 1)’

n (n+\)z 
71 + 0 nz

II(n+ 1, z)/n (n,z) =

02 -X'v'-y= (l-- +
V 71

= 1 +

•)
n2

z(z-l)
27l2

where lim An = 0(0— l)/2, the infinite product

11(3,0) JT(7i+l,0)
71(2,0)"' 71(71,0)

converges absolutely, i. e. the limit lim 77 (77,0) exists if 0 is not

a negative integer. In any finite region R of 0 not containing 
negative integers the convergence is uniform. Thus we put

r(z+ 1) = lim 71(71,0). (Euler’s formula.)

= 1+ —?n¿

n(2,0)

(2)

We are going to deduce from (2) some remarkable properties 
of r(z).

r(^-i)?]2
77 (n, 0) 77 (n, — 0) =

02(12 —02) ... [(71— l)2 —02]
177

H-s+ï

-1
^
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i. e. by (32. 7),
7rT(z)r{-z)=-(3)

2 sin nz
and

r{z)r(\-z)= -zT{z)T(-z) = ^—(4)

For 0=1/2

[r(i/2)p = K, r<i/2) = Vk.(5)

We readily verify that the ratio

mmz n(n, z) TIin, z + ... n(n,z + m—1 )m
Il (mn, mz)

\{n — 1 )!]2'n,(m_1)/2 _ j 
(mn — 1 ) ! — cn

mnm

is independent of 0. For n = co we obtain

m— 1r(2)r(2+I)...4+ )m !m
m - = lim = (7.(6) T(mz)

In order to determine G we put 0 = 1/m, i. e.

<)-r(m —m m
Multiplying the left-hand side by itself (the order of factors 
being inverted), we find

2 7rm2---- 7T77 = C2.
. 77 . 2 77sin —sin — . (m—1)77 sin---------- -—

m m m
But

X tn-1 . 2 A: Tr tx y

) =
2k ni

2 m
2(m+*)7Ti2m—1 ,

02m-i = n (2-6 )2m
0*=0
+ l)...(2»-22cos2lm-1)lr + l)-= (02— 1) ^02 — 20 cos

2m 2m
Putting 0 = 1 + h and equating the coefficients of h, we obtain

(m—1)77^2= 2(2SÍn2^Í-(2SÍn2m 2 m

I N>
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Putting z — — 1 + h we obtain similarly

115IV

= 2 (2 eos 2~)2 •.. (2 c°s (m — 1 ) 7T)•2 m 2m
Multiplying the last two equations and taking the square root 
we have

m = 2TO-1sin7r/m ... sin77-(m— l)/m, i.-e.
G = (27r)(m-1l/2 V m.

F(z) may also be defined as an integral. Consider the integral
(7)

(8) /(f) = xa 1 e x dx, a = ot + i ß, oc> 0, x real.

For a sufficiently large x we have ex>xa+1, i. e. x0-1 e~x < 1 /x2. 
Hence

ry ri'
xa~1e~xdx < xu-i e~xdx<.€

J l l
for l'>l>l0. Also J xa 1 e~x dx tends to a limit when e -> 0

provided 1 — a < 1, i. e. a > 0. It follows that 1(a) is perfectly 
determinate when a > 0.

In particular if a > 1, by partial integration,

a~x e~x] + (a — \) I*
t> Jo

1(a) = — \x xa~2 e~x dx,

i. e.
Moreover

1(a) = (a—\). I(a— 1).

/(I) = f
J 0

e Xdx = 1, i. e. for an integer a, 1(a) = (a — 1) !,

which shows that I (n) is a generalization of the factorial symbol 
n ! for non-integral (also irrational and complex) values of n.

We are going to prove that 1(a) — T (a) when Rl(ct) > 0.

Since I (a) = xa 1 e Xdx, putting x — y2, we have

1(a) = 2 y2a~l e~y¿ dy. Again, putting x = log 1 /z, where z
J 0

is a real positive variable, we obtain
'i

(log 1 /z)“"1 dz,
J 0

1(a) =

1 (a) = Ji™ J1- ^ (log 1 Ar1 dz
i. e.

° 8
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Putting 1 — s1/A* = h, i. e. \i = log z/\og(l—h) and

CH.116

h logl/s,/z(l — s1/M) = Alogs/log(l-A) = - log(l-A)

where —A/log (1 — h) — h/(h + h?/2+ ...)-> 1 when Zi -» 0, i. e. 
when ¡i —> oo , we have

7(a) = lim F
/a =oo J «e-Vv-

From
r»<-V At6~ WrJ 0

/Xa-1 cZz < /za-1 e-VF _> 0,y^o-i (i — s1/^)“-1 cZs <

(1 — z1^)«-17 (a) = lim /¿a 1we see that
J o/X- 00

Putting z = y1*, we have

7(a) = lim ¡Xa o2/m_1 (1 — y)a 1 <%.

By partial integration
fi

(i —i/)“-1 dy

=[_v-.(i-ÿ)«]'+iLj rv-s(i-ÿ)«%
U. u «'Jo

= ^-7 ry)"a J o

Continuing the reduction we obtain

7(a) = lim =r(a)

34. Cyclometric functions. Root and logarithm. The inverse 
functions of cos z, sin z, tan z and cot z are called arccos z, arcsin z, 
arctan z and arccot z. Consider them for the time being only 
for real values of the independent variable. By definition 
arccos x is the function y(x) defined by x = cos y. Thus x cannot 
assume values outside (—1, 1), i. e. y{x) is defined only in the 
interval (—1, 1). Moreover if x and y satisfy x = cos y then x 
and y + 2kir as well as x and —y + 2kn also satisfy it. Thus to 
one and the same value of the independent variable belong

Q. e. d.



The principal branch of arctan x is the

^ to ^ when

x increases from — go to + go . The other 
branches are given by the formula

y = kn + arctan x.

branch which increases from —

-7T
We notice finally that

arctan x + arccot x =

arcseca; = arccos 1 / x 
arccosec x = arcsin 1 / x.

But in this book we shall hardly ever make use of sec and 
cosec and their inverses.
ferred to as cyclometric functions or inverse circular functions. 
We shall define these functions for a complex variable in 
Art. 37.

Fig. 8.

The arc-functions are sometimes re-

infinitely many different values of the function arccos x. It is 
Œ multiform function with infinitely many branches. We 
remark, however, that if we know one value belonging to 
know every value belonging to the same x. When x varies 
from 0 to 1, the branch of arccos x which is —n/2 at x — 
constantly increases from - n/2 to n/2. This one-valued branch 
is the ‘ principal branch ’ of our function and we make the 
vention that, if we do not state it otherwise, the symbol 
will denote the principal branch. The other branches form two 
groups 2kn + arccos x and 2kn — arccos x.

cos y = sin — y'), we see that

(1) ^ — arccos x — arcsin x.

The * principal branch ’ of arcsin x is thus
n . n- to -2 2

when x increases from —1 to +1. The 
symbol arcsin x will denote this branch, the 
other branches are 2kn + arcsin x and

2kn + n — arcsin x.
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x we

- I

con-
arccos x

From x =

71

the branch which increases from —

m
i y
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Root and logarithm. We define y — log x by the equation 

ei/ = x. In order to show that the equation has a solution for 
every x (except x — 0) put x =■ a + ib and determine 0 such that 
tan (f> = b/a. It follows that

sin 0 =

CH.118

tan 0
Va2 + b-

Then y = log Vu? + b2 + i(f> satisfies the equation, because 

eiogV«2ir6i+»> = */ a2 + b2 (cos p + i sin 0) = a + ib.

Vl+ tan2 0 V a2 + b'

Thus the logarithm of x = a + ib is log Va2 + b2 + i arctan b/a 
where arctan b/a denotes the principal value of arctan b/a, i. e. 
— tt/2 ^ arctan b/a < tt/ 2. Geometrically this means that the 
real part of the logarithm is the ordinary logarithm of the 
distance (modulus) of a + ib from the origin and the imaginary 
part y is its argument i. e. the angle between (0, a + bi) and the 
positive real axis.

As the exponential function is periodic, this solution is not 
the only one.
example log 1 = 0, 2ni, —2ni, Ini, —4ni,... Thus every 
number has infinitely many logarithms, but these numbers differ 
only in their imaginary part and always by integral multiples 
of 2 ni, so that if we know one value of log (a + ib) we know all 
its values.

The fundamental property of log z, namely 
log Zj + log Zjj = log (z; z2)

In fact, eiogV«2+62+'arctanfc/o+2^H _ a + í¿. For

follows immediately from (31. 2).
So far we have defined root and, in general, power only for

a (a real or complex) or, inpositive integral indices am = a.a...
Art. 31, for complex indices: aP = E(b log a) but only for a> 0. 
As we have now defined log also for negative and complex 
numbers, we can extend the last definition to any base and
index by putting

aP = E(b log a).
More exactly we shall call the ‘ principal logarithm of a, and 
denote by log a, that log whose imaginary part is positive and 
less than 2n. Similarly the ‘ principal value ’ of aP means the

(1)
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value given by E(b log a) when log a is the principal log of a. 
Since

119IV

Elog a) E(b2 log a) = E[(\ + b2) log a], 
= api+&2.we have

Similarly from
E(b log ax) E(b log a2) = E[b(\og al + log a2)] = E[b log [a^a^f], 

we have
ab a2b = (a^a^.

Finally
(ah)c = abc.

In fact, by the definition of log,
log E(z) = 0 and c log E(b log a) = be log a,

and so
(aPy = \E(b log a)]c = E[c log E(b log a)] = abc.

Thus our definition of power for any complex base and complex 
index is entirely justified. All the formal properties of the 
power have been preserved in the generalization.

35. The linear function, u = (az + b)/(cz + d) establishes a 
one-one correspondence between the points of the 0- and u-planes, 
provided ad ^ be, i. e. to every 0 corresponds one and only one u, 
to 0 = —d/c corresponding the improper point u = 00 , and con­
versely, as z =( —du+ b)/(cu + a), to every u corresponds 
and only one 0, and to u = —a/c corresponds the improper 
point 0 = oo. In the spherical representation improper points 
become ordinary points.

We are going to examine the correspondence established by 
a linear function for which ad be.

1. u — z + a is a translation of the complex plane as a whole 
(without rotation) such that the origin is displaced to 0 =

2. u = eiaz. The two origins correspond to each other and 
the whole complex plane is turned about the origin, u = 
corresponding to 0 = re^.

3. u=pz,p> 0. u=preia, corresponds to 0 = reia, i.e. the 
arguments of corresponding points are the same and the 
absolute value of u is p times that of 0. This correspondence 
may be described as a stretching of the whole complex plane 
along the radii issuing from the origin.

one

— a.
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We can obviously decompose the correspondence or mapping 

established by u = az + b into the preceding three particular 
cases.

4. u = 1 /z. From fig. 9, where the angle OQz is a right 
angle and the triangles OQz and OQz' are similar, we have

CH.120

\z\/R = R/\z'\, i.e. 

\z\\z'\ = R\(1)

Taking a circle of radius R = 1, we see that 1 /1 z \ = \z'\ and 
we know that arg \ !z — —arg z. Thus | u ¡ is determined by

Q
/«

R> 'z7
\

0

Fig. 9.

a ‘ reflexion ' in the unit circle. The point z' is said to be the 
inverse of 2 with respect to the circle \z\ — R and vice versa.

The general mapping u-(az + b)/(cz + d) may be decomposed 
into five consecutive mappings of the types just discussed, viz. 
into zx = 2 + d/c, 22 = c22 

u = 24 + a/c.
A general property of the mapping by linear functions is the 

following :
I. In the mapping u — (az + b)/ (cz + d) circles and straight 

lines correspond to circles and straight lines, but a circle may 
correspond to a straight line. As we may consider a straight 
line as an infinite circle we call this property the circular affinity 
displayed by the mapping.

Proof. The equation of a circle is

(x — a)2 + (y — ß)2 — r2 = x*+y2—2(xx — 2ßy + (x2 + ß2—r2 = 0.

24 = (be — ad) 23,2a — l/z2,1»
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Conversely, an equation of the form

121IV

O.X2 + ay2 + 2 ßx + 2yy + 8 — 0 
represents a straight line if a = 0. If a 0, it may be written in

8a —ß2 — y2

(2)

the form = 0.a*
Hence it is a circle if 8a — ß2 — y2<0.

Putting x + iy = z, (2) assumes the form
azz + Bz + Bz + 8 — 0, where B = ß + iy. 

It is a straight line if a = 0 and a circle if a ^ 0 and
(x8—BB<0.

(3)

(4)

If a8—BB = 0, (3) is satisfied by a single point ; if a8— BB< 0, 
(3) is an imaginary circle.

Similarly in the u-plane :
(XUÜ + Bu + Bu + 5=0(5)

represents a circle or a straight line (or a point or nothing). 
Replacing u by az + b and ü by az + b we obtain

I a I2azz + (aab + Ba)z + (adb + Bd)z + a | b |2 + Bb + Bb + 8 = 0, 
which is of the type (3), i. e. the coefficients of zz and of the 
absolute term are real, and the coefficients of z and z respectively 
are conjugate complex numbers. The condition replacing (4) 
reduces exactly to (4) multiplied by | a |. Thus for u = az + b 
circles correspond to circles and straight lines correspond to 
straight lines.

For u = 1 /z, (5) changes into a f Bz + Bz + 8zz = 0 which is 
a circle if 8 =£ 0, i. e. when the corresponding circle on the 
u-plane does not pass through the origin, and is a straight line 
if 8 = 0.

As the general linear mapping is composed of five consecutive 
elementary mappings all of them displaying circular affinity, 
the theorem is proved.

Another general property of linear mapping refers to inverse 
points. We say that zx and z2 are inverse with respect to the 
circle (z — c) (z — c) = R2 of radius R, centre at c, if they satisfy 
the equation

(Zl-C) (z2-c) = R2,
i. e. if z1—c and z2 — c have the same argument and their moduli
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satisfy the condition \zx-c \ \z2-c \ = R2. If the circle reduces 
to a straight line, inversion is defined as meaning reflexion in 
the straight line (see Fig. 10).

II. In the special linear mapping u = az + h, the property of 
two points being inverse is conserved. In the general linear 
mapping the same holds for points zv z2 inverse with respect 
to a circle centre at z = 0 if the centre of the corresponding 

circle is u = 0.
Proof. In the mapping u = az + b, the point y — ac + b 

corresponds to the centre c and, from u — y = a{z — c), it follows
that, for inverse points zx, z2,

(Ui-y)(ü2-ÿ)
= ad (zx — c) {z2 — c) = adR2. 

Therefore, by

(u — y) {ü — y) = adR2,

ux and u2 are inverse with re­
spect to the corresponding circle 
of the u-plane.

If, in the general linear mapping, the circle C : zz = R2 corre­
sponds to the circle uü = p2, we have, for every z on C,

{az + b) {dz + b) = p2 {cz + d) {cz + d),

Q.

Fig. 10.

i. e.
adR2 + bb = p2 {ccR2 + dd) 

ab = p2cd.(6)

It results from (6) that

{az1 + b) {az2 + b) — p2{cz} + d) {cz2 + d)

provided zxz2 — R2, i. e. the points uv u2, corresponding to zx,z2 
satisfy the condition uxü2 = p2.

We are going to apply this result to an
Q. e. d.

important/ particular

case.
III. The necessary and sufficient condition that in a linear 

mapping the circumference of the unit circle centre at the origin 
should correspond to itself is that the linear function have the form

u = {az — b)/(bz — d),

where a and b are arbitrary complex numbers.

(7)
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a z—aProof. We write the linear function in the form u =

The points 0 and oc
in the 0-plane, centre at the origin. Thus, by II, the 
sponding points a and ß are inverse in the it-plane with respect 
to the same circle. Hence | aß \ = 1. As inverse points with 
respect to any circle centre at the origin have the same argument, 
arg a = arg ß = 0. Therefore ß = e^/| a | = 1 /à and

z—a.

c z — ß'
are inverse with respect to the unit circle

corre-

_______ a a z — a
z — l/a — c äz— 1(8) u =

On the other hand, when \z¡ = 1 and thus also \z\ = 
have I z—a | = \ z-ä \ -\z-ä\/\z\ = \l-ä/zl = \l-äz\. 
Therefore in order that the circumference of the unit circle be 
mapped on itself it is necessary and sufficient that \aa\/\c\ = 
Since \ a/ä\ = 1, it follows that (8) may be written in the form (7).

We have still to notice that the whole unit circle, and not its 
circumference alone, is mapped on the whole unit circle if 
aä — bb>0. In fact, u being a continuous function of 0, the 
whole circle 00 < 1 corresponds either to uü< 1 or to ui1>1. 
Thus the pole (oc ) of the mapping must lie outside the circle, i. e. 
we must have

1, we

1.

\*\/\h = \a\/\b\ >1, |a|2>|6|2, or ad-bb>0.
z ® coi responds to u — b/ä. As a and b can be taken

arbitrarily we can choose them in such a way that an arbitrary 
point u0 corresponds to 0 = 0. Since we have two arbitrary 
constants we can still take an arbitrary zx on the circumference 
10 ! = 1 and require that z^ correspond to u^ = e*a on the circum­
ference \u\= 1. In fact, putting b/â — A (given), we have 
(az1 — Aä)/(Aaz1 — ä) = (of modulus 1). Multiplying the 
linear function corresponding to a and b = ä A by ei(-a~P\ 
obtain the linear function in which zy corresponds to uv

we

MULTIFORM FUNCTIONS
36. The idea of multiform functions. The equation y2 

is satisfied by two real continuous functions y1 = | >J~x \ and 
2/2 = — I V# ¡, defined for 0. 
connected in two ways, (a) They satisfy the same equation.

= X

These two functions are

ö 
i «
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(b) they continue each other, i.e. yx(0) = y2(0). Now take any 
two functions yx=f {x) and y2 = g (x) such that f(a) = g (a). Both 
satisfy the equation y2 — (f + g)y+fg = °> and they piece together 
at a. Are they two ‘ branches ’ of the same function ?

To show the complexity of the question we notice that

yx if x is rational 
y2 if x is irrational,yAx) =

x forand infinitely many other one-valued functions satisfy y2 = 
x-^0. The reason for this is that an equation determines only 
local couples (x, y), and every collection of these couples consti­
tutes a function satisfying the same equation. The solutions yx 
and y2 are distinguished from the infinity of solutions by being 
the only continuous solutions pieced together. But the first 
remark shows that, in the domain of real variables, even this 
condition does not rule out the joining of two arbitrary functions 
together as a two-valued continuous solution of an equation. 
For real variables the distinction between uniform and multi­
form functions cannot be settled in a satisfactory way and as 
a matter of fact, in the investigations on real functions, multi­
form functions are mostly disregarded.

We are going to show that the extension of the definition of 
functions to the complex variable furnishes an elegant method 
of solving the problem of multiformity.

We have seen that every complex number 
the form a + bi = reia where r = | V a2+ b21 and a = arctan bfa 
(called the argument of a + bi). Now put 2 = reia and u = Re1?. 
The equation u2 = z assumes the form R~ e*2? — re10. F01 given
r and <x<2ir, two obvious solutions are ux=\Vr\e^ and

are the only con-

can be written in

u2 = I Vr I eí(5+ff) = — I Vr ¡6*1, and they 
tinuous solutions for a fixed a, for | Vr ¡ and — | Vt | are the 
only continuous solutions of the real equation xL = r, ? > 0.

In particular, for a positive real 2, i. e. when a = 0, ux = | Vr \ 
Both ux and u2 are one-valued functions ofand u2 = —\Vr\.

2 defined for every value of 2.
Now follow the change in ux when a varies from 0 to 2tt, i. e. 

when the variable 2 describes a circle of radius r about the



origin. As the exponential function eia is a continuous function 
of a, the variation of ux is continuous. Its final value is

I Vr ¡ el 2 = — J Vr J = u2. The function is apparently dis­
continuous along the positive real axis because the values just 
above and just below this real axis differ in sign and are,not 0 
(save at the origin). Moreover ux pieces together with u2 along 
the positive real axis, so that when 0 describes the circle round 
the origin for a second time, the values of ux continue those of 
u2 and finally, at the end of the second round, u2 = ux along the 
positive real axis.

The equation u2 = z has no continuous, one-valued solution 
defined for the whole complex plane.

But, as a matter of fact, when a passes through the critical 
value 277, ux changes continuously into u2, so that the discon­
tinuity of ux is highly artificial and due only to our desire to 
assign only one value of u to every complex number z. If we 
remove this restriction by uniting ux and u2 into one functional 
body we obtain a continuous function which is necessarily two­
valued.

The equation u2 = z has a unique continuous solution defined 
for the whole complex plane and this solution is a two-valued 
function.

Now take the equation
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(2) u* - [f (3)+9 (2)] u +f (2) g (2) = 0,

f (z) and g(z) being two continuous one-valued complex functions. 
Put, for 0 < a < 2 7T, ux ^f(z) and u2 = g(z). When z describes a 
circle round the origin, ux, for a = 2tt, assumes its old valueux, 
and u2 will also remain unaltered, i. e. ux and u2 do not piece 
together along the real axis, though they may assume here and 
there the same values. The test of continuity all over the com­
plex plane splits up the solutions of equation (2) into two 
separate functions which are continuous and one-valued.

37. Riemann surfaces. To construct an accurate geometrical 
picture of the functional relation u = V2, take two complex 
planes I and II and imagine the values of ux (z) attached 
(written) to the corresponding value of 2 on I and the values of 
u2(z) on II. Along the positive real axis both ux(z) and u2(z)
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discontinuous and, along the lower edge of I, i. e. the side of 

the positive real axis corresponding to the argument 2tt, ul — u2

a=2n

CH.126
are

II CL = 0

v;
ua=2 a a = oH

Fm. 11.

Therefore we cutwhile, along the lower edge of II, u2 = uv 
the two complex planes along the positive real axis, from 0 

to + oo , and make the convention that 
the lower edge of I should be continued 
by the upper edge of II (following the 
continuity of attached values) and the 
lower edge of II should be continued by 
the upper edge of I. If a more concrete 
picture is wanted, we might imagine the 
edges as bridged over by fine threads 
leading cross-ways from a = 0 on 

27r on II and from*a = 2?r on

I

to
toa =

0 on II.
Thus, if we want to go round 0, i. e. if 
want to describe a closed circuit about 

0, we describe a circle z = reia, a varying 
from 0 to 2 n on I, say, then we descend 
slantwise to the point of II just under our 
initial point on 
under our first circle and ascend slantwise 

to a = 0 on I. If in the geo- 
trical picture we make use of bridges, 

mathematical convention amounts to

a —:

we

\ I and describe a circle

JZ again
me
our
the prohibition of the passage from one 
cross-bridge to the other while on a bridge.

On the two-sheeted complex plane so constructed the function 
u = Vz is uniform (since it was constructed for this very 
purpose). This two-sheeted plane is called the Riemann surface 
of the function u = Vz. Notice that we obtain a similar result 
if, instead of the positive real axis, we cut the two planes and 
cross-bridge them along any argument, i. e. along complex

Fig. 12.

H
H



numbers of the type reia where a is fixed. The positive real 
axis is distinguished in no way from any other direction.

On the other hand, as we are going to explain, the point 
z — 0 is distinguished, for u = V z, from all the other points.
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0

Fig. 13.

We first notice that when z describes a circle about the 'point a of 
radius r < \ a | = p, its argument is not increased by 2n, in fact, 
it re-as8umes its initial value.

Proof. Putting a = peia°, z = reia, peia* + reia = 1Rei0, we 
have ß (a) = arctan [ (p sin a0 + r sin a)/(p cos a0 + r cos a) ].
For simplicity’s sake we put a0 = 0 ; /3(a) is thus a real function 
of the real variable a and

/3'(a) = (»’2 + rp cos <x)/(p + r cos a)2.
Since the numerator of /S'(a) vanishes when cosa — —r/p, 

i. e. when a = a'<7r, say, and 2tt —a', and the denominator 
never vanishes, we see that /S'(a) < 0, for a'<a< 2tt —a' and 
/3'(a)>0 elsewhere in (0, 2tt). Thus /3(a) is an increasing 
function along the first arc and its maximum value (at a') is 
arctan [r/ + Vp2 —ra], i. e. the tangent of the maximum argu­
ment is r/+Vp¿ — r¿\ its minimum value (at 2?r - a') is 
arctan [r/— Vp~ — r2], i. e. the tangent of the minimum angle is 
r/ — Vp¿ — r2. Thus if r<p, as we suppose, the tangent never 
becomes infinite and thus the argument is, for every value of 
a, between — tt/2 and tt/2. It increases from — a' to a' < tt and 
then decreases again to — a'.
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Consequently the values of ux and u2 are exchanged only when 
z turns about the origin. Therefore z = 0 is said to be a branch­

point of u = Vz, and ux (z) and u2 (z) are called its two 
branches.

We notice finally that turning about z = go means, by defini­
tion, describing a very large circle about the origin. Therefore 
z = oc is also a (conventional) branch-point. In the spherical 
representation 0 = co is the north pole. To the two-sheeted 
Riemann surface corresponds a surface composed of two spherical 
shells cut along a semicircle through the poles and cross-bridged 
along this cut.

We can repeat our construction for u = Vs— 1 by putting 
0—I =0'. To a simple (double) circle about 0' = 0 corresponds 
a simple (double) circle about 0=1 and to the cut on the 0'- 
plane from 0 to go (along the real axis) corresponds a cut on the 
0-plane from 1 to go (along the real axis).

To construct a geometrical picture of the functional relation
V0, we have to take n planes and attach to the points reiau =

(a fixed) the values of the n continuous functions of r :
.a+(n—1)2 n

eX nUi = \ Vr\eia,u JJ = I 7r\ei +» ,un = \7r\

By turning once about the origin, i. e. increasing a by 2 tt, 
becomes ui+1 and un becomes ux. Thus the cross-section of the

II

y nJi
\
y inJE

JFJF

YF

Fig. 14.

connecting bridges between the planes (along the positive real 
axis, say,) is as shown by fig. 14.

u = log0. Putting z = re1 a we have, u = \ogr + i(a + 2kn). 
First with k =■ 0, this equation defines, for a fixed a, a con­
tinuous function of r> 0. Thus for a = 0, we obtain the 
ordinary log r. As the expression is a linear function of a, we
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define in this way a continuous function ux of r, except at the 
origin where u = cc , and along the positive real axis where, for 
a = 2tt, we obtain logr+ i 2tt instead of the initial function 
logr. Now, starting with the determination logr + i2n (along 
the positive real axis), we define on a new complex plane a second 
function u2 = logr + i (a + 2n) which becomes, for a = 2?r, i. e. 
after a complete turn about the origin, log r + i 4 n. Continuing

129IV

33

2
/

■00

/
-3

Fig. 15.

in this way, for negative integral values of k also, we see that 
infinitely many branches of log s are pieced together along the 
positive real axis, say, in a screw-like way. The values at 
points directly under one another on the successive planes differ 
only by 2 ni. The origin is the only finite branch-point and we 
notice that any succession of points sx, s2,...,zk, with increasing 
arguments ax, a2,... ,ak = ax + 27r leads from logs to the next 
branch logs + 2ni. As log 1 /s' = —logs', s = co is also 
a branch-point. For the function a log (s — 6) + c, z = b is the 
only finite branch-point and the jump from one branch to
another is a 2ni. ______

We are going to discuss the functional relation u = Vz(z— 1). 
As log h = £ log s + £ log (s — 1), we see that, if s turns about 
the origin, \ logs becomes %\ogz + ni and, if s turns about 1, 
i log(0—I) becomes ^log(s—1) + tt¿. Thus, if s turns about 0 
and 1 at the same time, log w changes into \ogu + 2ni, i. e. the 
argument of u is increased by 2 n and thus there is no change in

to
 rv



its value. Consequently, for the construction of the corre­
sponding Riemann’s surface, we take two complex planes and 
cut them along the real axis from 0 to 1. Starting with one of 
the values of our two-valued function u(z) and not crossing the 
cut we cover the first plane with the values of a uniform function 
ux(z), and the second plane with the values of u2 = ux e"*.

The cross-bridge now simply stretches along the cut from 0 
to 1. Infinity is not a branch-point. In the spherical repre-
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0

Fig. 16.

sentation the two shells are distinct at the north pole. They 
communicate only along (0, 1).

The same method applies to u = V(z — ax) (z — a2)... (z — ak). 
We take two planes (or spherical shells), mark the points 
a1,...,ak and join them by polygonal lines, (simple segments if 
possible), not cutting one another. If k is odd, one of them has 
to be joined to oo (as in the case k = 1). Along a circuit en­
closing an even number, 2m, of points a{, the increase in the 
argument of (z — ax)... (z—ak) is 2mir which, if we take the 
square root, becomes nrnr. Hence the two values of u are 
exchanged only along circuits enclosing an odd number of 
branch-points.
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Turning about on one of the two planes we turn about one, 
i. e. an odd number of branch-points. Hence, if along one edge 
of (ait ai+1) we have ux, along the other edge we have

?k

-/
*2

*3
âl

*4
Fig. 17.

u2 = etv ux ; similarly on the second plane. Hence the cross­
bridges along the cuts have to be constructed in the usual way.

The connexion between log z and arctanz is given by the 
equation

z = tan u =
1 eiu — e-iu 
ieiu + e~iu’

e2iu— 1 
eiiu+l

_ 1 + iz _i — z 
1 — iz i + z’

g2 iuiz =

h1°g %%Vz = hi tlog (^-^)-log (i + z)+2 Jen i].u = arctan z =

Since we divide by 2 i, the various branches of u differ by a 
multiple of 7r. The points z = ±i are singular points. By a 
small circuit about z = i (in the direct sense) the value of log (i — z) 
increases by 2 ni, while that of log (i + z) is not changed, so that 
the initial value of u is increased by n. By a small circuit about 
z — —i,u is decreased by n. Thus u is unaltered by a circuit 
about both i and — i, and along the cut between i and — i the 
branches are successively connected as in the case of log z.

The connexion between logz and arcsin z is given by the 
equations z — sin u = (eiu — e~iu)/2i, i. e. eiw = iz± Vl —z2 and
u = arcsin z = \ log (iz± V1 — z2). If iu0 is one of the logarithms 

of iz+ V1 — z2’ the others are iu0+2kni. On the other hand,
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iz — VI — z2 = —\/(iz+ V1 — z2), so that one of its logarithms 
is Ítt — íu0, i. e.

u0 + 2kn
7T — U0 + 2Jc7T.

The second range of values coincides with the first only if u0 is 
an odd multiple of 77-/2, and in this case

u —

1- log (iz+ VI— z2) = (2 lc' + 1) í 7T, 
_______ 2F+1 .

iz+ Vl — z2 = e 2 = (-!)*% 
0 = (-l)fc' = ±1.i. e.

Connexion of branches. A branch is sufficiently characterized 
by its value assumed at 0 (or at any other point) : viz. kn. 
Denote this branch by uk (z). By a turn about z = 1, the argu­
ment of 1 —z2 = (1 —z) (1 +z) is increased by 2tt, i. e. the two 
values of V1 — z2 are exchanged. The value assumed by this new

1branch at the origin is uk(0) + log (— 1) — (k+ 1) 77- — uk+l (0).

Thus the branches are exchanged along (1, + 00 ) and (—1, —cc ) 
in the logarithmic way.

From 
we have

cos u = sin (tt/ 2 + u), 
arccos z = —77-/2 + arcsin z.

38. Cycles. The function u(z) defined by the equation 
u6 = z3 (z— 1)(1)

is obviously a 6-valued function with the finite branch-points 
z—0 and z=l. Putting z — reia, z- 1 = Rei </>, let us consider the

|e^2+e), uk+l = eku1} wherei/fifunctions ux (r, a) = |r1/2(r— 1)
i2kj

are the six roots of unity, viz. ck = e 6>el> e2’ e3i e4’ e5
= 0,1,...,5.
When a varies from 0 to 2tt and r< 1, the final value of 0 is 

the same as its initial value. Hence,
ux (r, 2 7r) = — (r, 0) = €4u1(r, 0) = u4 (r. 0) and uA(r, 2tt)-ux (r, 0).
The two branches and u4 form a cycle about the origin. 
Similarly, u2 (r, 2n) = u5 (r, 0), u5 (?’, 2tt) = u2 ()', 0),

u3 (r, 2 7r) = u6 (r, 0), u6(r, 2tr) = u3 (r, 0).
When z turns about 1 and R < 1, the final and initial values

and,
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of a. are the same, whereas 0 is increased by 2 tt. Therefore the 
argument of u is increased by 2tt/6, i. e. the initial value of u

*T = 6 Thusis multiplied by e

27t) = ex Uj (R, 0) = u2 (.ß, 0)
and u2 (R, 2tt) = u2 (R, 0) = it1 ( ß, 0) ex2 = e2 ux = u3 (i?, 0), 

and so on ; u3 pieces with u4 ; u4 with u5 ; u5 with u6 and uG

/W
2» Z
3

za"^0v
j j xv

4
Z\—^ zv---

at z=i / cyc¿é’

Fig. 18.

ő
6at z=o 

3 cycles
at z= oo 
2 cycles

Thus the cross-section of the Riemann surface is aswith uv 
shown in fig. 18.

Putting 0 = 1/z', we have u6 = (1 — z')/z'*. 
Consider now a circle of radius r' < 1 centre at z' = 0. When

At 0 = co .

z' = r' ei0L' describes this circle, \/l—z' resumes its initial value, 
so that the exchange of branches is determined by

6
J'i A/4 = - i>zi

where the factor 1 /1 VV4 | is a fixed number. When oc varies 
from 0 to 2tv, one of the six determinations of u(l /z') coincides
with Uj(r, a), say. For a = 2v, el~e~ = e4, i. e. u4 pieces with u5. 
Similarly, u5 pieces with u5+4 = u3 and u3 with u3+4 — ux. In 
the same way u2, w4, u6 form a second cycle at z = co .

Consider the function u(z) determined by the equation 
u3 — 3 M, + 20 = 0. By Cardan’s formula, Ex. II. 33,

u= V V zl— 1 + V —0— Va2 — 1 = p + q, 

where the determination of the cube root is subjected to the

-0 +
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condition pq = 1. As Vz¿ — 1 = V (z— 1) (z + 1), we see that 
if we turn about 2 = 1 (or 2= -1) the initial determination of 
V02 — 1 becomes — Vzl— 1, i. e. — z+Vz¿ — 1 becomes 
— z— Vz¿ — 1.

Hence the turn about 1 (or — 1) changes any of the three 
determinations of p into one of the three determinations of q,
and vice-versa. Putting 77 = el the three roots of our equa­
tion are ux = px + qx,u2= rjpx + r]2qx,u3 = v2Pi + y qx where px 
and qx have been so chosen that p1q1= 1. Therefore, if the 
turn about z — 1 changes px into qx, qx is changed into px, for 
we obtain one of the roots ux, u2, u3. In this case ux is not 
altered by turning about z— 1. If px changes into rjqx,qx 
changes into rfpx and, after a second turn, into rj3px = px and 
rfqx = qx respectively, i. e. the branches ux and u3 are exchanged, 
but u2 is not altered, for r](r¡qx) + y2(y2I^i) = + 7729i = uz Î
similarly if px changes into q2qx.

This example shows that a point may be a branch-point for 
some branches of the function and may not be a branch-point for 
other branches.

The corresponding Riemann surface is shown by fig. 19. When
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u,

X
U2

X
U3z = /z= -/

Fig. 19.

z is near 1 and we want to pass continuously from ux (z) to u3(z), 
it is necessary for z to go down to the second plane and then go 
round z — — 1 and come back on the third plane to the original 
position of 0.

Our last example is the function u = 0“, where a is an 
irrational number. By definition u = eal06* so that, starting with 
a definite branch of log 0 = log r + i (tx + 2 kn) and turning about 
z= 0, we have 0 = r + i [a + 2 (k + 1) 7r], i. e. the next branch of 
u is eaiog2+ía27T — uet*2n- _ After m turns we obtain the factor 
eimcx2n and) as a is not a fraction p/q, mcx 2 n never reduces to



a multiple of 2 n : we obtain infinitely many branches both in 
the positive and negative directions. The branches and the 
corresponding sheets are connected about the origin in a screw­
like way, as in the case of logarithms. The difference between 
the two cases is that just as the real part of logs is the same for 
all branches, so in the case of u = sa the modulus is the same 
for all branches, i. e. | za | is a uniform function.
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EXERCISES IV
1. For every z, | ez— 11 — 1 <| z\ e]sl and for 0< | z ( < 1,

\z\/ 4< I ez — \ I <l\z\/ L

2. X real and 0.
(a) For positive x, ex>l + x.
(b) For x< 1, ex< 1 / (1 — x).

(c) For x> — 1, l+x>e1+x (replace, in (b), x by x / (1 + #)).
(d) For 0<æ< 1, e~x< 1 —x/2.

xy
(e) For íc>0 and y> 0, e x+y < (1 + x / y)y < ex [by (c) and (a) 

replacing xby x / y and raising to the y-th power].

3. For every z, lim (1 + z / n)n = es. Proof. If z = rexa is fixed

we choose an m such that ^rn / n\ < e, and we notice that in

(l+z/mr=l+s+(1-1)2,

x m' x m' x m ' m !+
the coefficient of zk tends to the coefficient of zk in 2sn/w! and 
thus the limiting numbers of

^ n\ V n)o
are all less than e.

In particular, the number e defined in Ex. I. 31, as the limit of 
(1 + 1 / ri)n is the same as the sum of 21 / n !
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4. Show that if #n->#, (1 + zn/ n)n-*es. Take an r such that 
\zn I <r and thus also \z\ < r. Then, by Ex. 3, for a sufficiently large 
n, J (1 + z / ri)n — es J < e for every \z \ <r. In particular

\{\+zn/n)n-eZn\ <(.
As eB is continuous, e3n —> e and thus the limiting numbers of

{l+zn/n)n-e?
are all in the circle of radius (.

5. Determine the directions in which e3 tends to a limit when 
#-» oo in the direction in question. From e3 = ercoaa eirsma, when 
cos a>0, I ez j oo ; when cos a < 0, ez —> 0 ; for a = 7r/2or37r/2, 
e3 and | e3 j have no limits.

6. Lim I z + e31 = oo (in every direction).

7. Establish the following properties of hyperbolic functions de­
fined for the complex variable in Art. 32 :

(a) cosh2#—sinh2# = 1 ;
(b) sinh (z1 + z2) = sinh z1 cosh z2 + cosh z1 sinh z2 ;
(c) cosh (#j + #2) = cosh zl cosh z2 + sinh zx sinh z2.

8. Find the lines along which sinh z, (cosh z), is real.

9. Show that i* is real. Determine its values.

10. Every point of the circumference of the unit circle \z \ = 1 is 
a limiting point of nia where a is any fixed real number. We put 
nia = eial°sn, logn = xn + €n with xn = — c+1 +1 /2+ ... +1 /n 
(by Ex. III. 1) and apply Ex. I. 22.

11. Every point of the circle |#| = l/ \/l+a2 is a limiting point 
of zn = (lm + 2iCt+ ... +nia)/n where a is any real number. We

write zn = nia 2 {v/ri)ia /n where the second factor converges to
V=1

xiadx = 1/(1+¿a) and the limiting numbers of the first factor,
Cl

by the preceding example, cover \z\— 1.
12. Solve the equations :

(a) sin z = 10 ; (c) cos# =2i.(b) sin# = 1 — i ;

13. Division by a power series. As | ax +a2#+ ... + anzn~x + ... | is
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bounded in any circle inside the circle of convergence of 2anzn, 
there is a circle of radius R such that

I g— \al + a2z + ... +an¿rn-1 + ... | 
I ao

Thus
= 2(-2<*»*"Tii

«0 + »!* + ••• 1-- 2-anje,n"1 
«o 1

and the G. P. on the right-hand side is cgt. in \z \ <R. Since the

m = 0 n = 1

m is absolutely cgt. we can rearrangedouble series

the terms as we like without changing the value of the sum. Hence 

putting (2 —an^nl)m = 2C**&> vve can determine cu c2, c3f...
n = 1

step by step : c1 = — ax, c2 = a\ a2 + ai2> &c*
Calculate c3, cit c5.
14. Bernoulli’s numbers. Expand z/(e? — V) in power series. 

Putting (for historical reasons)

(1+ ft+ 51+ '•') C-5“+ n ,+ If -) =1

1

_ 1_B0

~ l’ 2 ! 0 ! + 1 ! 1! ~ 0,we find

1 B1 -g», 1
m!0! (« —1) ¡1 !

n-1 = 0,+ ...+ 1 !(»-!)!
i. e. multiplying by n !

(*50 + C*B1+... + CS-1*n-i =0,
or in symbolic form : (B+ l)[Nl—Bln] = 0.

The numbers 5n are called Bernoulli's numbers.
15. Calculate the first fifteen numbers Bn.
16. Inversion of a power series. If u-= a0 + al(z—z0)+ ... is cgt. 

in \z\<R, z—Zq can be expressed as a power series in u — a0.

for simplicity’s sake a0 = 0, s0 = 0, ax = 1 and write z- 2 cnun.

Put

1

Then the identity 2 cnun = 2 cn (2 akzk^ determines the

I o
’

1-1 
I e°
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coefficients cn. 
their recurrence formula.

Calculate the first five coefficients and determine

17. Expansion of tan z and cot z into power series. In Ex. 14 
we have seen that */(e» —1) + */ 2 = 1 + B^z1 / 2 l + B^/3 !+ ....
The left-hand side is |(el + e-|)/(gl_e-|). Since this is

function, B
an even

= 0, for n>0. Hence
1 + + TV + ...

2n+l

2! 4! B,= l+^(2z)*+If(2z)*+....z z* zb
Z+8! + 6l+ -

Changing z2 into —z2 the left-hand side is z cos z / sin z = z cot z. 
Hence

(1) scot* = 1- + ^(2Z)<+...+(-!)” ~^2W+ ...
As tan # = cot z—2 cot 2z, we get

22n(22n-l)Btan 2 = 2 (—l)n+1
i

Calculate the first five coefficients of (1) and (2). 
18. Prove that, for x>0,

2w „2n-l(2) z
(2 n) !

dt
(1) (e-f — e-tx) — log y..m =

t0We have
p > e-te

.«T
I cZif-/(#) = lim

8-+0, p-x»
The second integral is equal to

t

ppX ß-U
— du,

J i* w
so that

* e-d¿- JTt4/(æ) — lim
Ô--.0, p~»00 S ¿

Now, if #>0,
-t

ipx elim — dt = 0,t
and

pSæ g-
I — — log X—

—t 'Sx i _
J S

for
1 —e_<lim

í-^0
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19. Prove that, for æ > 0,
P00 = x\ogx—x.

In formula (1) Ex. 18, integrate under the sign of integration 
with respect to x and also integrate the right-hand side. Verify 
that the two functions of x so obtained have the same value at x = 0.

20. Prove that

u +t

1 ] dxnxw{n) = e~o u-«-* X

decreases to zero with 1 /n.
It is easily verified that the integrand is positive for #>0 and so 

decreases with 1 /n. From the expansion of ßS_~^ in Ex. 14 we

see that
---1 = x 2 J 2 !

is a power series convergent in | x \ < p, so that the integrand 
cf)(x)e~nx^(f)(x) is bounded in (0, /), p'<p, and thus there is a ô such 
that

Ü2^+...

j <p(x)e nxdx<(.

Moreover
lim 4>(x)e nxdx = 0.

n = oo J g
Finally, </>(*) being bounded in (c, oo ), the rapidity of the decrease 
of e~nx to zero makes this part of the integral also a zero sequence.

21. Find the value of w{%).
Changing x into 2x we have

„ dx e'x —.w{^~[Xl-e-‘¿x 2x1
x

From the two forms of w (1), viz.
___i-1-!

x "Jo Ll-e-2æ 2X 2J
dx1

e~2x —w(l) x ’

obtain by subtractionwe
1-e~X’\e-xdx

2 J æ '
T f 1 2-e-«
Jo ll-e-2x 2x 

Subtracting this from w(i) we have

w{h)
— e~2x e~3xl

x J dx.

ro
í i-

1
bS

I I—
1

H
 11

-1

ri 
I H
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The integrand may be written
,e~*x—e~xf c~x-e-*x
' X ) X

Integrating the second part we obtain log 2, by Ex. 18. The value of
e~'Jx — e~x

X
at X — oo is obviously 0. Its value at x = 0 is — 1. Thus 

w{^)= —i log 2.
22. Stirling's formula. From (38. 8) we obtain

xm~le~x\og xdx.r (*») = f
Jo

f00 dz= (e~z—e~xz) — (see Ex. 18) and inverting 
Jo e

Substituting log x

the order of integration, we obtain
_r dz r 

Jo * JoF' (m) Xm-le~x^z_e-xz)dXt

Since xm~l e~xe~sdx = e~zr(m)

and by the substitution x(l+z) = y,
y»-ie-y

.o (i+«rfJo
dy = (l+¿) m F(m),xm-le-xe-xz¿ix —

r (m) / F(m) = P dz[ e 
Jo

-(l+e)~m]/e.we have -s

Integrating with respect to m from m = 1 to m = n and inverting 
the order of integration we obtain

\{n — l)e~z 
Jo L

(1+g)~2 "1 
Jo L * log(l+¿?)J’

(l+^)-1-(l+^)-nlog I» =
log(l+¿)

Putting n = 2 we have

i.e., multiplying the last equation by n — 1 and subtracting from 
the preceding formula,

{l + zYx-{l+z)-nj dzlog F(n) = (n-l)(l+z)~2- log(l-M)z
Putting Iog(l + #) = x, i.e. z = ex — l, we have finally

e~x-e~nx~\dX
J x

log F(n) =£° [jw
— l)e_x—

l-e~x

IS
1
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We might also write
log I» = [in k + -2)^]

1 ~ y e~nx = F{n) + w(n).

e~x-l)e~x- +1 — e

+ Jo LI c
[In the expansion of 1/(1 — e~x) in powers of x the first terms are 

l/x + 1/2].
F(n) can be evaluated precisely in the following way :

F(n)-F(^)=fo (n-l)e-x + (±+±)(e-nx-e x'2)j

n-n + ^, (by Ex. 19),= n —

and
-F(^) = logf(|)-w(|) = |1°g7r- (1-Iog 2), (by Ex. 21.) 

F(n) = (n— í^logw —w + | log 2 77,

logF(w +1) =(w+ logn — n+ ^log27r + w(w)

where w (n) decreases to zero with l/n, by Ex. 20. This asymptotic 
expression for F{n + 1) is known as Stirling’s formula.

23. Eulers integral of the first hind.
r[p) F(q) = f 2x2P~1e~x2 dx

Jo

Thus

and

2y‘i<i-'e-yldij

= f 4#2^ 17/28 1e x2 y2 dxdy. 
Jo Jo

Putting x = pcos(f>,y = psin</>,
r5 r°° 4 cos2^ 1 cf) sin2 5 1 (f>p2P+2Q p2dpd(f)Tip) F(q) =

= f 2 cos2^ 1 <#>sin2î lcj)d<p Í 2 p2P+2(i 1e p* dp. 
Jo Jo

Putting cos2 (f> = x, — 2 sin cf) cos (pdcf> = dx, we have
r* r1= 2 cos2p~1 (f) sin2^""1 (f)d(f) =J 0 Jo xP x(l— x)v 1 dx,B{P,2)

and thus
r(p) T(q) = B(p,q) T{p + q). 

B[p,q) is called Euler's integral of the first kind.
(1)

-§1 «

K
>1
 I-1



CHAPTER V
COMPLEX DIFFERENTIATION

39. Differential coefficient of a complex function. Let f(z) 
be a uniform function of z = x + iy, and consider the ratio

f (z + A z) —/ (z)(1)
Az

where Az — Ax + iAy. If (1) tends to a definite limit when Ax 
and Ay both tend to zero in any manner, f(z) is said to be 
differentiable and the limit is its differential coefficient.

To show that there are uniform functions which are not 
differentiable, suppose f(z) = x — iy (when z = x + iy is given 
x-iy is perfectly determinate). Form the ratio (1), and 
suppose Ax and Ay tend to zero in such a way that Ay = a Ax 
(a being any real constant). Then we have

Ax — iAy 1—ioc 1—q2 . 2oc 
Ax + iAy ~ 1 + ia ~ 1+a2 ~l 1 +a2’

now

lim
A *-*•()

so that for this function (1) has infinitely many limiting values, 
which depend on the way in which Ay decreases compared 
with Ax, i.e. f(z) is nowhere differentiable.

On the other hand zn is differentiable at every point. In fact, 
by the binomial theorem, n a positive integer,

(z + Az)n — zn = nzn~1Az + C¡lzn~2Az2 + ... + A zn.
Hence

(z + Az)n—zn _ dzn 
~ dz

independently of the way in which Az-> 0.
Complex functions which 

been studied.
The rules for differentiation of real functions readily extend 

to differentiable complex functions.
I. Rules for differentiation :

lim 
Az-> 0 = nzn~l,Az

not differentiable have not yetare

[u(z) ± v(z)J = u'(z) ± v'(z) (uv)' = u'v + uv',
(u/v)' = (u'v — uv')/u2, (v[u(z)]Y = vu'u'.



If z = g(u) is the inverse function of u =f(z), then
dz _ 1 /du 
du / dz

The proofs are identical reproductions of the corresponding proofs 
for real variables. Similarly for partial differentiation.

When z = x + iy, i.e. x and y are fixed, the real and imaginary 
parts of every uniform function u =f(z) are determinate. Hence 
we can write u — P(x,y) + iQ(x,y). We are going to express 
u' in terms of P and Q. We have
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.AQ
— ~— Az

AP
Az

where Az = Ax + iAy, AP = P(x + Ax, y + Ay) — P(x, y), and 
AQ = Q(x + Ax, y + Ay)-Q(x, y). Hence

Au _ AP .Ax + AQ.Ay .AQ.Ax — AP.Ay 
Az, ~~ Ax* + Ay2 +1 Ax¿ + Ay2

Since we suppose that Au/Az tends to a definite limit when 
Az approaches 0, independently of the way in which Az, i.e. 
Ax and Ay, decrease to zero, we can fix the value of Ay and 
let Ax tend to 0. Putting Ay = 0 we get

__ AP + .7>Q 
dz ùx da;
du

(2)

Similarly, putting Ax — 0 and letting Ay tend to 0, we get

du dQ . dP
(3) dz <)y

It follows that for every differentiable function 
u = P(x, y) + iQ{x, y)

we have
7)PdP _ dQ

dec — dy
These equations are called Cauchy's conditions.
The integral of a complex function f (x) = u(x) + iv(x) of a 

real variable x, (e. g. when only the real or only the imaginary 
part of z varies) is defined by putting

and(4) decd y

f f(x)dx= f u{x)dx + i f v(x)dx. 
Ja Ja ja(5)

S 
!
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All the ordinary rules for integration hold good for such pairs of 
integrals. For a complex variable, the integral will be deßned 
in Chapter VII.

The first important consequence of Cauchy’s conditions is that 
if du/dz — 0 at every point of a region R, we have, by (2) 
and (3)

dQ dP
5 =0> 55 =0' ïÿ = °’ 5ÿ = 0'

in R, i. e. P and Q are constants :
II. The differential coefficient of a constant function is 0 and 

conversely if du/dz =0 in R, u = const, in R.
Applying this result to the difference u — voi two functions, 

we obtain

*Q

III. If C^- = ^- in R, u = v + const, in R. 
dz dz

We see also that the real and imaginary parts of differentiable 
complex functions are closely connected with one another.

We are going to establish some simple consequences of (4).
If P = const, for every point in the region considered, then

also Q = const., since, from (4),
dO

= 0 and -— = 0. On the

other hand, if P2 + Q2 = const., we have

pii+QTy = 0’dPP^-

i. e. by (4),
„dP , dP „2>P DdP n
P55_0Tÿ-°’ Qïi+P~*y-°-

Solving this homogeneous system of simultaneous linear equa­

tions for and we find that the determinant is P2 + Q2 = A.à y
If this determinant is 0, we have P — 0 and Q = 0, i. e. f(z) = 0 
at every point of R. If the determinant differs from 0, the only

^ =0, i. e. P = const.dPsolution of the system is — = 0,

Hence also Q = const., i. e. f(z) = const. Thus
IV. If the real or imaginary part of a differentiable complex 

function f(z) is constant at every point of a region, then

s I
«©

<V
I <v

» P
ü



/ (0) = const, in the region. If \f(z)\ = const., then also 
f(z) — const, in the same region.

40. Taylor series. Cauchy's inequalities. If z is a fixed inner 
point of the circle of convergence (of radius R) of 2anzn = f(z), 
then, for a sufficiently small h, z + h is also inside the circle. 
Thus, for I h j < k< R— | z |, 1an(z + h)n — 2anzn, even if the 
terms an(z + h)n are decomposed, is an absolutely and uniformly 
convergent series in h. Therefore, in this circle, we can re­
arrange it in ascending powers of h :

/¿2
2an(z + h)n-I,anzn = h'2nauzn 1— 2n(n — l)anzn 2+ .. 

and thus
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/(z + /0 ¿iff) _ nzn~1+ ^n(n — l)anzn~i +

Since the right-hand side is a continuous function of h, (being a 
power series), its limit as h-> 0 is the value of the sum function 
at 0. Thus we obtain the result

f(z) = 2nanzn~\
i. e. the differentiation term by term leads to the differential 
coefficient of the sum function. We notice that, since y'n -» 1, 
lim I Vnan I = lim I i. e. the radius of convergence of the

differentiated series is the same as that of the original series.
I. Differentiating a convergent power series term by term we 

obtain another power series which converges in the same circle 
and, represents the differential coefficient of the sum function of 
the first series.

As the differentiated power series is also a power series, the 
function of a convergent power series is indefinitelysum

differentiable and all the successive differentiated series have the 
same radius of convergence.

We also notice that in the decomposition and regrouping 
leading to a new power series at a,

f(z) = 2 an[(z -a) + a]n = 2bn(z-a)n,
the coefficient bn is just the w-th differential coefficient of f(z) 
at a divided by n !, i. e.

/(*) = 2-^0 (*-«)*,(1)
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where /W(a) is now not only a notation for the sum of a series, 
but has in addition the usual meaning.

Differentiating 2anzn and putting s = 0, we see that ax =/(0) 
and so on, giving
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(2) an =fw(0)/nl

Thus the coefficients and also the power series itself appear 
to be determined by a function. If we start with a given 
function like 1/(1 +z) and form the coefficients an = /(”)(»)/n\, 
the series so constructed is called the Taylor series of f(z) at a.

fW(a)Such a series as 2 (z — a)n may be divergent at every point

except at z = a, in which case the series reduces to its first 
term. But if it is convergent at a point different from a, it is 
convergent in a circle about a (for it is a power series). In this 
case its sum function is the function f(z) used in the construction 
of its coefficients. In fact, if we expand it about any inner point b 
of its circle of convergence the first term will be f(b). Expan­
sion about b means putting z — a = (z~b) + (b — a) and re­
arranging in powers of z — b.

On the other hand, if we start with coefficients an, chosen 
independently of any function, and put 2anzn = s(z), this sum 
function s(z) may be taken for a given function, and we 
construct the Taylor series corresponding to this function. But 
a0 = s(0), and we have seen that in general an = s^>(0)/n\, so 
that every power series converging in more than one point is the 
Taylor series of its sum function. We shall say that a power or 
Taylor series is convergent only if its radius of convergence is 
greater than zero. Thus

II. A convergent pcnuer series is the Taylor series of its 
function.

There is no point therefore in distinguishing between power 
and Taylor series, and we shall keep to the historical name of 
Taylor series.

If F'{z) = f(z), we say that F(z) is a primitive of f{z). By 
39. Ill, two primitives of f(z) differ only by a constant, i. e. if 
F(z) is a primitive of f[zy, all its primitives are of the form 
F (z) + const.

n !

can

sum
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Since [2anzn+1/(n + 1)]/ = 2anzn, the primitives of an analytic 

function can he obtained by integrating the semes term by te
III. A primitive of '2anzn is ’Zanzn+1/(n+\).
A fundamental property of Taylor coefficients is expressed by

the following result :
IV. If in the circle C of radius R, and centre at a,
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rm.

f(z) = 2an(z-a)n
and ! f(z) I < M in 12:- a j < R, then

(3) I ! < M/Rn, (Cauchy’s inequalities) 
and equality takes place only for the f unction

f(z) = eiaM(z—a)n/Rn, (a real).
Proof. Denoting by z the conjugate of z we have, for any 

point s in G,
|/(z)|2 = 2a„(2-4«2ä„(z-a)" =,g(r,<p) 

where z — a = re*'*, and
(4)

f* 2 jr
(5) jo |/(2) |»<*0

C2ir
= Jo (ao + a\rei(P + ... +anrnein*+ ...)

K + â1re-^+ ... + änrne~in*+ ...)d<¡>.

Since, for every positive or negative m, = the only

surviving terms are those for which, after multiplication, the 
coefficient of ¿0 is 0. Thus

C2 it1
(6) ^ \f{z)?d<j) = |a0|2+ \ ax |2r2+ ... + \an |2r2ra+ ....2îrJo

Since, by hypothesis, \f(z) |2< M2, the left-hand side is <M2. 
Hence Ja0J2+ I a, ¡2r2+ ... + |aj2r2” + ... < M\ As the right- 
hand side is independent of r, we have also

Kl2+ !«il-R2+ ••• + \an\*R2n+ ... <a/2.(7)
Therefore the same inequality holds separately for every term. 
But, if \an \ = M/Rn, all the terms but j an \2R2n must vanish. 
This remark proves the complete statement.

A simple application of Cauchy’s inequality is the important 
result known as Liouville’s theorem. We say that f(z) = 2anzn
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is an integral function if the series converges for every finite 
value of 0. Suppose now that an integral function is bounded, 
i.e. |/(0) I M throughout the complex plane. Then, by IV, 
I an I ^ M/Rn for every R. The left-hand side is independent of
R. Thus taking a larger and larger R, we see that
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ctj — 0, cf’2 — 0, , an 0, ... ,
/» = «o-1. e.

The function f (z) reduces to a constant.
If f(z)/zm is bounded (by M, say), similarly | am+p | < M/ RP, 

i. e. f (0) is a polynomial of degree less than or equal to
V. Liouville’s theorem. If an integral function is bounded, 

it reduces to a cornstant. If f (0) /zm is bounded, / (0) is a 
polynomial of degree less than or equal to m.

Borel showed that Cauchy’s inequalities can be made more 
precise in the following way. Putting 0 = rtf ^, an = un + ian, 
f(z) = P(r, 0) + iQ (r, 0), we have

m.

(Cauchy, 1844.)

P(r, 0) = a' + 2 « cos n0 - a" sin n<p) rn,
1

where the series converges uniformly for r R — t. 
multiplying by cos ncf> or by sin n<f> and integrating, we find

P(r, 0) cos n<pd(f), ■nrna'fl-=- —

(8)

Hence,

"‘InI'2tt P(r, 0) sin W0CÍ0,Trrnan = J 0J 0
= J2 P(r, (f))e~in<t>d(p.

r¡P(r,0)K0.

= Jo P(r, <t>)d(f>.

Tr(IanIrn + 2a')< J^[|P(r, 0) | + P(r, 0)]^0-

7rrnani. e.

7rr”|a»| <Hence
Also

277-ao(9)

Therefore

As the bra,cket under the sign of integration vanishes if P is 
negative or zero and =2 P when P is greater than zero, we 
have, for r<R, n> 0, denoting by A(r) the algebraic maximum
of P(r, 0) for 0 < 0 < 2 7T,

|an|rn+2oó<4A(r)
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if A (r) is positive. If A (r) < 0, then P (r, 0) < 0 for every 0, 
a'0 < 0 and thus

I an I P*+ 0.
Therefore, in every case,

4 C(r) + 2\a'\
(10) I«»I <

where G{r) - A(r) if A (r) > 0 and C(r) = 0 if A (r) < 0. It 
follows that, for per,

rn

\f(pei6)\< 2 ! I Pn
n=0

< kol + [4C,(r) + 2l«olJ”-

(H)

Similarly for Q(r, <f>).
The last inequality plays 

theory of analytic functions.

41. The principle of the maximum. We shall now discuss a 
property of analytic functions which is of fundamental impor­
tance for the whole theory. We begin with a kind of mean- 
value theorem used in the theory of harmonic functions.

I* If f(r><t>) 28 a real, continuous function and if, for every 
r<p it satisfies the equation

important part in the modernan

Jo f{rfi)d(\> — 2tt/(0),(1)

f (r, 0) has no extremum (maximum or minimum) at the origin, 
unless it reduces to a constant.

Proof. We first notice that if /(ro,0) has a constant value 
/(r0) along the circumference of radius r0,

r2n
f(r0’$) d(t> = 27r/(ro)>

and thus, by (1), f(r0) = /(0).
Now suppose that / (0) is a local (or general) maximum, i. e.

that
/(r>) <f(0), if r<p.(2)
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If f(r, 0) is not a constant, there is a point (ro,0o) su°h that 

f(r0,(f>o) </(0). It follows from our first remark that /(r0, 0) 
is not a constant; therefore, since /(r, 0) is continuous, there is 
an arc, (0,cv), say, on the circumference of radius r0 along which 

/(ro,0) < A </(0), if O<0<a,

CH.150

and thus
/(?’o, 0) d(f> < a/ (0).

Moreover from (2),
í /(ro,0)# < (2tt-oí)/(0),

J a
so that

■*2 7T
/(r0, 0) cZ0<2tt/(O)

J o
which contradicts (1). A similar argument establishes the result 
for minima.

II. If f(z) is regular and uniform in a domain D, its real
no extrema in D unless f (z) is aand imaginary parts have

constant.
Proof. Near any point a of D we have, by hypothesis,
(3) f{z) = ^an{z-a)n

where the series on the right-hand side converges in a certain 
Putting 0- a = re1*, an = < + ia", we obtaincircle I z — a | < p. 

f{z) = P (r, 0) + iQ (r, 0) where the two series
P (r, 0) = 2 (a,' cos n$—a”n sin w0) r\
Q (r, 0) = 2 («,' sin n<j> + a\[ cos H0) rn

absolutely and uniformly convergent with respect to both 
r and 0 in every circle of radius r<p. Therefore, integrating 
with respect to 0 from 0 to 2tt, we see that

are

f 2ir ^
P (r, 0) d 0 = 2 7T«o = 2 7tP (0),

J 0

J Q(r,(f))d<f) = 2na" = 2 7tQ (0),

so that 1 applies and proves II.
III. (.Principle of the maximum). If a uniform function 

f(z) is regular in a domain D, or if all the determinations of 
a multiform function f(z) are regular at any point of D and



1/ (z) ! is uniform in D, \f(z)\ has no maximum in D unless 
f(z) is a constant. If f (z) is not a constant, the only 'possible 
minimum value for \ f(z) \ in D is zero.

Proof. Suppose first that f(z) is uniform in D. Take any 
point a in D and suppose f(z) is given by (3) in a circle about a. 
Denote the right-hand side of (40. 6) by h (r). Then it follows 
from (3) and (40. 4) that, as r 
unless f(z) is a constant, and tends to g (0) = |a0 ¡2.

Excluding the case f(z) = const., let us suppose that \f(z) | 
and thus also | f(z) |2 has a maximum at a, i.e. for r = 0. If 
g (r, <#>) = const., then also f(z) is a constant (by 39. IV), which 
is not the case. Therefore there is a point (r0, <f>0) such that 
g (r0, (f>0) < A<g(0), and thus there is an arc, (0, a), say, on the 
circumference of radius r0 along which g (r0)(f>) < A <g (0). It 
follows that
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(Cauchy.)

0, h (r) steadily decreases,

f g (r0,(h)d(j)<ocg(0). 
J o

On the other hand, g (0) being a maximum,
Í* 2 7T

g (r0, (f>) d<ji < (2Tr-a) (0).
J a

The two inequalities show that
1 f2”-

2—J0 g(ro>(t>)d<f> = h(r0)<g(0),

which contradicts the fact that h (r) >g (0).
If f (z) is not uniform in D, (3) only represents one determina­

tion of f (z). However, if \f(z) ¡ is uniform, as in the case of 
u = za, i. e. if \f (z) I is the same for all the branches, the result 
still holds.

To prove the second statement of the theorem let us suppose 
that f(z) does not vanish in D. Then l/f(z) satisfies the con­
ditions of the theorem and thus has no maximum in D. There­
fore j f(z) I has no minimum in D. Moreover if, at a point of D, 
f(z0) f=- 0, then f(z)f^0 in a sufficiently small circle c about z0 
and thus \f(z)\ has no minimum in c, i. e. has no local 
minimum at z0. This proves the second statement.

If we imagine \f(x + iy) \ as a height at (x, y) normal to the 
(x, y) plane, we obtain a surface sometimes called the analytic 
landscape of f(z). There is no peak in this landscape.
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As a first application of the principle of the maximum consider 
a Taylor series f(z) = 2(tnzn, convergent in \z\<R, and put

M (r) = max \f(z)\,r<R

CH.152

1*1 = r

A (r) = max P (r, 0), B (r) = max Q (r, 0),
0C<#><2tt 0^<2tt

where A (r) and B (r) are algebraic maxima, i.e. they may be 
negative. M (r) is called the maximum modulus of / (z) along

M = r-
IV. M(r), A (r), and B(r) are steadily increasing (and not only 

non-decreasing) functions of r unless f(z) is a constant.
Proof. Along \z\—r, \ f(z) \ is a continuous function of 0. 

Therefore, there is a point z0 of this circumference at which \f (z) | 
assumes its maximum, i.e. \f (z0) ¡ = M(r). Now, if there were 
a circle \z \ = r>r in which I f (z) | < M(r), \f(z)\ would have 
a maximum at the inner point z0, and thus, by III, f (z) would
be a constant.

Similar reasoning holds for A (r) and B (r).
V. If the real or the imaginary part of f (z) = 2anzn is 

constant along the circle \ z\ — r<R,f(z) reduces to a constant. 
If f(z) 0 in Iz\<r and |f(z) | is constant along \z \ = r<R, 
f(z) reduces to a constant.

Proof. If P (r, 0) is independent of 0, its maximum and its 
minimum on | z | = r coincide. But, by II, the value of P at any 
inner point is between the maximum and minimum assumed 
the boundary. Therefore P (r, 0) is a constant throughout 
I z I < r, and thus, by the first part of 39. IV, / (z) is also a constant. 
The second statement follows in a similar way from III and from 
the second statement of 39. IV.

We notice that in the result so obtained the circle may be 
replaced by very general boundaries. In reality, besides the 
general conditions of II or III and 39. IV, it is sufficient for the 
validity of the argument that P (r, 0) or Q (r, 0) or |/ (z) | as 
the case may be, should tend to a definite value as z approaches 
a boundary point in any manner from inside, and that this value 
should be the same for all the boundary points.

We have formulated the principle of the maximum in a negative 
form ‘ no maximum modulus inside R ’ because the positive 
form : ‘ \f(z) | assumes its maximum at a boundary point is less

on



general. In fact, /(z) may not exist at some (or all) points 
of the boundary, in which case the maximum modulus may not 
be assumed.

If ,/ (z) is regular not only inside R but also at its boundary 
points, and if \f(z)\ <; M at the boundary points, we conclude, 
by the principle of the maximum, that \f(z)\ < M throughout R. 
We shall make frequent use of this argument.

In many cases, however, we do not possess such complete in­
formation about / (z) at the boundary points and, in some

may know definitely that / (z) is not regular at certain 
boundary points. If z0 is such a boundary point, f(z) is defined 
only in that part of the neighbourhood of z0 which lies inside R, 
called the ‘ inner neighbourhood ’ of z0 with respect to R. 
Phragmen and Lindelöf have established a positive form of the 
principle of the maximum which has been much used in recent 
researches on analytic functions.

VI. The Phragmen-Lindelöf principle of the maximum. 
Suppose (a) f (z) is regular and \f(z) | is uniform in the finite 
domain D, (b) for an arbitrarily given e>0, and in a certain 
inner neighbourhood of every boundary paint ( (<depending on e),
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cases,
we

(A) \f(z) ! < M+€.
Then \f(z)\^M at every inner point, and equality at any inner 
point implies that f (z) = const, throughout D.

(Phragmen and Lindelöf, 1908.)
Proof. Denote by G the upper bound of \f(z) | inside D. The 

case G = + CC is not excluded as a possibility. By the definition 
of the upper bound, there are inner points zk such that \f(zk) \^>G.

(1) Suppose that a limiting point z of zk is an inner point of 
D, and consider a part of the sequence zk, also denoted by zk, 
tending to s. Then, \f(z)\ being continuous inside D,

lim|/(^)! = !/(5)| = (?,

i.e. 1/(z) I assumes its maximum at the inner point z, and thus, 
by III, 1/(z) I = const, throughout D.

(2) Suppose that all the limiting points of the sequence zk 
boundary points, and again consider a part of the sequence zk, 
also denoted by zk, tending to the boundary point z. Now, by
(A), there is a square q centre z such that \f{z) \ <M+ e in’ the

are
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part of q and D. Since, for a sufficiently large k, the 

all in q, G^M+e, i.e. e being
common
points tending to z are 
arbitrary, G^M, which proves the first statement of the theorem. 
The second follows by III.

42. Some consequences of the 'principle of the maximum. We 
going to deduce from the result of the preceding article 

theorems of wide application.
I. Schwarz’s lemma. If %anzn = f(z) is convergent and

someare

\f(z) |< M in \z\<R, then \f(z)\^M\z\/R in \z\ <R and 
equality takes place only for functions of the type Meiaz/R 
(a reed).

Proof. Since ax + a2z + ... =f{z)/z = g(z) is convergent in 
\z\<R and the maximum modulus of g(z) on \z\=r is M(r)/r, 
we have, for r<R

\f(*)\/\z\<M(r)/r.
Since, as r-*R, M(r)/r, the maximum modulus of a regular 
function, is a non-decreasing function of r, we have also

\f(*)\/\*\<M/R
in \z\<R, which proves the first part of the statement.

But the equality \f(z)\/\z\ = M/R for a z inside \z\ = R 
means that the maximum is assumed inside, and thus the left-hand 
side cannot effectively increase when \ z | -» R, i. e. \f (z)/z | and, 
by 39. IV, f(z) /z also, is a constant ; which establishes the second
part.

II. Hadamard's three circles theorem. Suppose 0< r1<r2<rs 
and that f(z) is uniform and regular in the ring region 
rx < I 0 I < r3 ; let Mx, Mt, denote the maximum of | f{z)\ on 
the circles \ z\ — rx, r2, r3 respectively. Then

(Hadamard, 1896.)(2) ilf2log (Vs/ri) < Mx log <rV»-2) (r2/ri).
If / (z) is constant in the ring region, (2) is satisfied 

with the equality sign. Excluding the case in which / (z) is 
identically zero, we suppose that Mx, M2, Ms> 0. For any real 
number a, the function sa is in general multiform, but \zuf(z) \ 
is uniform and continuous. On | z | = rx we have \z f (z)\ 

\z\ = r3, we have \zaf(z)\^r:iaM.,, i.e. on the

Proof.

< rxaMx ; on
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boundary of our ring domain \zaf(z) | is less than the greater 
of rxaMx and r.iaMz. In symbols,

! sa/ (z) I < max (r1aMl, r3aM3).
Now, any branch of zaf(z) is uniform and regular in the domain 
enclosed by akablba of Fig. 20, so that | zaf (z) | assumes its
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(3)

jJb

c!
aXe

K

L

Fig. 20.

maximum on its boundary. But in the domain enclosed by 
cicdbfea in Fig. 21 any of the branches is uniform and regular, 
so that I zaf (z) j cannot assume its maximum at a point on ab. 
Thus (3) holds good for every point of the ring region. In 
particular r2aM2^ max (rxaMx, r3aM3), or M2^ the greater of 

and (r3/r2)a M3. If a = log (d/y/dij-f-log (rx/r3) 
these two numbers are equal and thus
M2 < Mx (rx /r2) los - log (n/r3) _ j/i (MJMJ ,oe (n/n) + Jog (r3/n)

— Mx lo8 (r3/t'2) + log (r,/n) log (r„/n) -r- log (r-g/n)^

which when raised to the power log (r3/rx), leads to Hadamard’s 
theorem.

Remark. Equation (2) may be written in the form
log Mx log rx 1
log M2 log r2 1 <0.
log Mz log r3 1

The geometrical meaning of this condition is as follows:—We 
say that the real function g(t) of the real variable t is convex in 
the interval (a, b) if all the values of g(t) assumed between two 
arbitrary points tx and t3 of (a, b) lie below or on the chord 
between [£ls g(tx)] and [i3, gr(i3)]. In mathematical terms, if

Fig. 21.



t < t2 < t.¿, ve must have g(t2) < gr(g + ^—j
C3

tx 1
(g í2 i <o.
(g <3 i

Thus Hadamard’s three circles theorem can be stated in the form 
log if (r) is a convex function of log r.

Hardy proved a similar theorem for
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[g(t*)-9(^)1 i e-

III. If f(z) is regular and not a Constantin \z\<R, I(r) 
steadily increases with r and log I (r) is a convex function of

(Hardy, 1915 b.) 
Proof. Let 0 <rl<r2<r3<R, and define e(d) and F(z) by 

putting

log r.

e(0)/(>vie) = l/(V»)|, F(z) =

Since F(z) is regular in and on | z \ = r3, we may suppose that it 
its maximum modulus at r3el ®3. Then

I(r2) = F(r2) < I F(r3é^) \ < 1 (r3),

assumes

which proves that I (r) is steadily increasing.
Now determine the real number ot by the condition that 

The function zaF(z) is regular in therxaI(ri) = r3°/(r3). 
ring r, < z < r3 and its modulus is uniform. Hence, by 41. IIF,

1 zaF(z) j < rflirj = r.fl (r3),r2aI(r2) = r2aF(r2) < max
n < I * I < r»

and thus we can finish the proof as in II.
As an application of our 

establish two very important theorems on sequences of regular 
functions.

previous results we are going to

IV. Vitalïs theorem. Suppose ffiz) is regular and uniform and 
|/^(z)| ^ M in the finite domain D (v = 1, 2, 3, ...) and lim f fiz)

ists for infinitely many points z = za in D having a limiting point in
D. Then ffiz) converges uniformly in every region R within D to a 
function regular in R. (Vitali, 1903.)

ex-

tQ
 tQ
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Proof. We suppose first that D is a circle of radius R centre at 

the origin. We can also assume that 0 is a limiting number of the 
sequence za, which thus contains a sequence tending regularly to 0. 
We denote the sequence again by za so that za -> 0. Therefore the 
functions fv(z) satisfy the following conditions : (a) the functions 
fv(z) are uniform and regular in \z \ < R, (b) \ fv{¿) | < M in 
\z\<R, (c) the limit limfv{z) exists for every point of the 
sequence za where \za\<R and lim za = 0.

The proof consists of the following steps. Putting 

/i (z) = «o, i + ai, + a2, i^2 + ••• +H, !»*+...

157V

fA*) = %,v + ai,vz + a2,vz*+ ... +ahvzlc+...(4)

we first prove that every column in the table of coefficients has 
a limit, i. e. that the coefficients of the same power h of z in the 
successive Taylor series tend to a definite limit ak, say. The 
second step consists in proving that the Taylor series formed by 
the columnal limits ak, i. e. Sa^z^ is convergent in | z \ < R, and so 
represents a function f(z) regular in | s | < R. The final step is 
to show that the functions fv (z) tend uniformly to this function 
f\z) in e, for an arbitrary positive e.

By (4) and (b),
\fy(z)-fv(0) I < \fv{z) I + |/,(0) I< 271/,

so that, by Schwarz’s lemma,

in \z\< R. Hence

^ iy"ra(®) fn(za) I *b \/n(za) fn + m(Za) I "h I fn+m(za) fn+m(®) I 
<*M\za\/R+ I fn(za)-fn+m(za) !•

From za-> 0 and from the convergence of fv(za) for v = cc , we 
see that the limit

lim/„(°) = lim a0i v
exists. We put

lim a0) „ = a0.
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Now consider the functions

/„, i(s) = [fv (*) - ao, vVz = ai,v + «2,^ + ....
We are going to prove that the sequence of functions fVyX(z) 
satisfies the conditions (a), (b), (c) with conveniently chosen M 
and R. It will follow that ah v tends to a limit as v -> co .

Since the radius of convergence of the Taylor series on the 
right-hand side of (5) is R, condition (a) is satisfied. Moreover, 
by Cauchy’s inequalities (40. 3),

(5)

I ak, v I < M/Rk,(6)

i. e. in \z\ < R —e, we have

l/„, M I = \<h ,v + a*,vz+ -I
<Æ[l + (E-e)/E + ...]/R = M/e,

which proves that (b) is satisfied in \z \ — e if we replace M
by M/e. Finally, the limit lim fVtl(z) exists for every za 0,

since it exists for fv(z).
By repeating this reasoning we complete the first step, i. e. we 

establish the existence of the limits
lim aki „ = cik

for every value of h = 1, 2,....
For the second part we have only to remark that, by (6)

I «7, ! < M/Rk,

and thus the sum of the series ^akzk is regular in \z\< R. 
For the third part of the proof, we have, for | z | <12 — e,

\f{z) ~fv(z) ! ^ I («0 «0, v) "L ••• "h (am atn, v)Zm !

+12 an~K ! +1 2 ak, v*k I »
k = m +1k = ro + l

and so

I f (3) -fv (z) ! < 2 I «X —«X, y\ I I + [2 M/Rm + 1] (R - e) E/e.m+l
X = 0

To prove the uniform convergence of fv(z) to / (z) in | 0 | ^ R — e 
we first choose m, 8 being arbitrarily given, such that

2 M(E — e)m+1 /eRm <8/2



and then v>v(8, m) so large that all the m +1 numbers
! ao ao, V I > I °q
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, I nm —nm, V ! are less than', V I > •

5 1—(jR —e)
2 i_(E_e) m + l

Thus I f (z) —/„ (z) I < 8, which proves the theorem for a circle.
To prove the general statement, consider any region R in D. 

Since, by hypothesis, all the functions /„ (z) are regular at 
every point of R, the result just established shows that there is 
a circle about every point of R in which all the functions fv(z) 
are regular. Hence, by Borel’s lemma, we can cover R with 
a finite number of these circles : C

One of these circles, C1, say, contains a limiting point z of za. 
Consider a sub-sequence z'a of za tending to z and apply our pre­
ceding result to Cl. We find that the functions fv(z) tend uni­
formly to a limit function f(z) in ever}?- region inside Gx. Now 
take a second circle C2 overlapping Ol and denote their common 
part by K. For any sequence za in K leading to £ in AT we have

...c1’ • V

lim/„K) =/(*«)>

and thus our result applies to (7.,, i. e. the functions fv(z) tend, 
in C2, uniformly to a limit function as v -> oo . Since in K the 
limit function obtained for Cl and the limit function obtained 
for C2 are identical (they are the limit functions of the same 
sequence of functions), the latter is the analytic continuation of 
the former. In this way, step by step, we extend the theorem 
to all the p circles, i. e. to R. This completes the proof.

The great interest of the result just established lies in the fact 
that the conditions involve very little knowledge of the sequence, 
while the conclusion gives most useful and tangible informa­
tion about it.

Now suppose only that fv{z) is regular and that \ fv(z) \ < M 
in D. Take any sequence za of inner points tending to the 
inner point z. Since \fv (zj ! < M there are suffixes \i such that 
fß (^í) tends to a regular limit (selecting first the moduli tending 
to a limit and then selecting converging arguments). Similarly 
there is a sub-sequence of f (z2) tending to a limit and so on. 
The diagonal method determines in the usual way a sequence
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tending to a limit at all the points za in question, and then we 
can apply Vitali’s theorem.

The converse of this general result is also true. Suppose that 
the functions fv{z), regular in D, are such that any sub-sequence 
contains a sub-sequence converging uniformly in D. We may show 
that the sequence is bounded in every region of D. If this were 
not so, we could find functions fVa(z) such that |fna(z) | > Wa at
some point of R, for a = 1,2,3,..., where °° . The sequence 
fna (z) contains by hypothesis a sub-sequence / (2) tending to a 
function f(z) regular in R. Hence, for a sufficiently large q,

160 CH.

1/(2)-fnq (z) I < e, i. e. I fnq (z) I < ! f(z) ¡ + e

in R. As/(2) is regular in R, \f(z) \ < Mm R, which contradicts 
the hypothesis that | fUq (2) | > Na at some point of R. Thus we 
have

V. If a family of functions, regular in 1), is collectively 
bounded, it contains a sequence tending uniformly to a regular 
function in every region of D. And conversely, if every sub-class 
of a family of uniform functions regular in D contains a sequence 
tending uniformly to a limit function in every region of D, the family 
is collectively bounded in every region of D. (Montéi, 1907.)

43. Taylor series of elementary functions. Since ez — '2zn/n !, 
we readily verify that (ez)' = ez. Putting 2 = eu we have by

dzrule 39. I, -^ = 1 / = Ve“ = V0» i-e- (log z)' = I/2. Hence

[log (1 + 2)]' = 1/(1 + 2) = 2 ( — l)n2ra.(1)

Thus, by 40. Ill,

log (1+2) = 2 (~ l)nsn+1/(>i + 1) + const.

Putting 2 = 0 on both sides, the left-hand side becomes 
log 1=0, and the right-hand side becomes 0 + const. Hence 
the constant is 0. Therefore

(2) log (1+2) = 2-272 + 273- ... +(-l)n'12n/ji+..., 
as for real variables. The radius of convergence is 1.



COMPLEX DIFFERENTIATION 
Similarly (tan z)' = 1 /cos2 z. Hence, putting z = tan u, u is 

the inverse function of the tangent, called arctan z, and

161V

dz
== 1/dvj~ co&2u — V(1 + tan2it) = 1 /(I + z2),

i. e.
(arctan z)' — 1 /(I + z2) — 2 ( — 1 )nz2n.

Hence arctana = 2( — l)nz2n'¥l/(2n+ 1) + const., and for the 
principal branch arctan 0 = 0, i. e.

(4) arctans = z — zz/3 + z5/5 — ..., radius of convergence 1. 
The differential coefficient of arcsin z is 1/ Vl —z2. Thus, to 
expand it in a Taylor series, we have first to expand (1 — 02)~1/2, 
i. e. we have to establish the binomial theorem for negative and 
fractional indices. We are going to establish it for a general 
real index m :

(3)

(1 +z)m= 1+ y ra(m-l)...(m-n+l)zn
^ 1.2 ... n(5)

n = 1

The radius of convergence of the series on the right-hand side 
is 1. For, putting

mn = m(m— 1 )...(m—n+ 1 )/n !,
we have mn+1zn+1/mnzn = (m — n)z/(n+1), and so, by the 
ratio test, 24. IV, the series is absolutely convergent for \z\<l 
and divergent for | z | > 1. Now put f(z) = S mnzn. We readily 
verify that (n+ l)nin+1 — (m — ri)mn — 0. On the other hand, 
since zf (z) = 2nmnzn, we have

(1 +z)f (z) — mf(z) = 2 [(n—m)mn + (n+ 1) mn+1] zn = 0.

It follows that

f(z) TO-1\'=f(z)(i+zy*
) (

_f(z)(l+z)-mf(z)_
(1 +z)m+1 ' ’

—f(z)m( 1 +z)( m in(i +zy(l+Z)

therefore/ (z)/( 1 + z)m is a constant. Since/ (0) = 1, this constant 
is 1, i. e. / (z), the sum function of the series on the right-hand 
side of (5), is really (1 + z)m.

« s
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Putting m = —1/2 and replacing z by—^we find that
1 . 3s4 1.3.5 5°1

= 1 +s2 + - + ..
Vi - zf

and hence 2

(6) arcsin z = 0 +2—g+

for the principal branch.
For the expansion of tanz and cots see Ex. IV. 17.

2.4 2.4.6

1.3.5 . s7s3 1.3 . s5 + ..+2.4.5 2.4.6.7

44. Conformal representation. Suppose zx(t), z2(t) are two 
curves, in the s-plane, passing through the point a: zx(tx) = a 
and z2(t2) =a. The argument of b — a is the angle between the 
straight segment from a to b and the positive real axis. Thus 
the argument of zx(tx + At)—zx{tx) is the angle a of the secant 
passing through zx(tx) and zx(tx + At). As At has the argu­
ment 0, multiplication or division by At does not alter the 
argument. Hence

zx(tx + Aty-zftfa = argument of 

and, in the limit as A t —0, the argument of the tangent to the
At

curve zx(t) at tx is ar• Similarly the argument of the 

tangent to z2(t) at t2 is argC-rf) ■
\dt / ¡y

= z2(t2) is thus arg^—1) -arg(^2) . Suppose 
'h h

The angle between the two

curves at

that u = f(z) is an analytic function, and f' (a) =£ 0. The corre­
sponding curves in the u-plane are ux=f[zx(t)], u2 =f[z2(t)]-

Therefore their angle of intersection is

[f h«,)] ai'g [/MV] (|f)J
= arg/(«) + arg(S/-arg/»-arg(^= «,

= arg
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since arg ab = arg a + arg b. We prove in this way that angles 
are preserved.

On the other hand, if z = a + rei(x, u = b + Rei(f>, then

163V

\u — b \/\z—a \ — R/r.

Hence, when z ->a (so that both r and R-> 0) the ratio of the 

corresponding lengths becomes du
• For very small dis­

tantes in the neighbourhood of a we have, independently of a,
dz

S=¡(s)jr Provided (Ê),*0’

i. e. the ratio of the corresponding lengths (called the linear 
magnification at z = a) does not depend upon the orientation 
of the length r. Therefore a very small triangle in the neigh­
bourhood of a becomes a very small similar triangle in the 
neighbourhood of b. The form of infinitesimal figures is not 
altered. Hence the name conformal representation.

At points at which ^ = 0, the result in general does not hold ;

for example, if u = z2, arg u = 2 arg z, i. e. the angle between 
(0, u) and the positive real axis is double the angle between 
(0, z) and the positive real axis. Corresponding angles are not

= 0.equal because \dz'z=o
When z — re10 describes the circle \z \ = r, the rate of change, 

which we may call the velocity, of f(z) with respect to 6 is
df( z) _ elf (z) dz _ 
dd dz dd

The rate of change of the argument of / (z) [the angular velocity 
of f(z)] is determined as follows : arg f(z) = Im [log/(z)\

d[arg f(z) 1 = Im \d logf(z)

f(z)iz.

[ dede
A simple closed curve G is said to be starlike with respect to one 
of its inner points a, if all the radii from a meet G in one point 
only (all the points of G are visible from a). If u =f (z) maps 
the inner domain D of the u-plane, enclosed by G, upon \z\<r,
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G is starlike (visible) from u = 0 if and only if R1 [yyy ]
164 CH.

> 0

for \z I = r, because then and only then is arg/(s) constantly 
increasing.

The picture of | z \ — r in the mapping, u =f(z), is convex if 
and only if the picture of \z\ = r by u = zf (z) is starlike with 
respect to u = 0. In fact, the angle between du and the positive 
real axis is the transform by u=f(z) of arg [izf{z)\ Con­
vexity means that this argument varies always in the same 
direction, i. e. that u = izf(z) or u = zf'(z) maps \z\ = r on a 
curve C' starlike with respect to u = 0.

We are going to establish the chief properties of conformal 
mapping.

u = p (z — a) / (pi. 2 — az)I. (1)
If I a I it maps \z\<p on 

, it maps \ z\ >p on
maps \z \ = p on |u|= 1.
I u I < 1 and \z\> p on \ u | > 1. If | a 
j u I < 1 and 10 I <p on | u | > 1.

Proof. Putting 0 = p6‘^, we have
6^ —

p~ — apel(P “e¡1>1 -
P

ei<f> + A
1 AÂe^

11 +Äei1> ¡ = 11 +Ae~i<f> |.

and, independently of A and 0, = l,

since
Conversely,

au H—__ p2u + pa
p + d a

P(2) = P , d1 H— u
P

i. e. when \u \ = 1, then \z \ — p, which proves the first proposi­
tion if we remark that, both (1) and (2) being linear expressions, 
the mapping is necessarily biuniform. Since the right-hand side 
of (1) is a continuous function, \z\<p is mapped either on the 
inside or on the outside of | u | = 1. But, if | a \ = j d \ < p, 
u is bounded in \z\< p, i. e. ¡z | < p cannot be mapped on 
I u I >1. Similarly for the other cases.

-Q
 I S

<£ A
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p2 — äz+(z — a)ä 

P (p2 — äz)2

165V

du p2 — aa 
- p(p*-dz)Since dz ■i ’

Ä =
V dz)z = a

Pwe have
p2-i«r

and if we divide by the latter quantity the linear magnification 
at z— a becomes unity. The function

121 z~aa\ \ -2——J p2 — az(3) = [p2-

so obtained is said to be the mapping function of\z \ < p norvied 
with respect to z = a.

Since (1) maps | z \ < p on the unit circle, (3) maps it on the
p2_ la|2

circle of radius —------- We say that the inner conform-radius

p2of \z\<p luith respect to z = a is r(a) = - - I a I2
P

We notice that r (0) = p, lim r(a) = 0. Since u = z maps \ z\ > p
I« |->P

on I u I > p, 0 = qo corresponding to u = cc , and the mapping 
is normed with respect to 0 = 00 , we say that the outer conform- 
radius r — p.

When \a\ >p, (3) maps 10 | >p on the circle |u ¡ < 1°^—P- •
P

Since the mapping is normed with respect to z — a when we 
replace the square bracket by \ a |2 — p2, we see that the inner

CL I ^—-----. This tends to cc with | a |.conform-radius of 101 > p is

II.
(4) w = (z — i)/(z + i)

maps Im (0) >0 upon \w\< 1.
Proof. Put 0 = x + iy. Since the formula is bilinear, it 

establishes a biuni form mapping of the two planes on each 
other. We have only to show that when y> 0, | tejel, and 
conversely. But writing \z — i\-^\z+i\ we are led to 

x2 + (y-l)2^x2 + (y+lf, 
i. e. to 4 y > 0. Conversely, 0 = i( 1. + w)/{\—w),

Im (0) = (1 — u2 — v2)/[(\ — u)2 +v2], 
i. e. Im (0) > 0 when \iv\^ 1, while Im (0) = 0 and | w | = 1 
correspond to each other.

i. e.
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Since
div/dz — \z + i — {z — ij\/ (z + i)2 = 2 i/(z + i)2 

(div/dz) t = ,• = 1/2 i,and

the inner conform-radius of Im (z) > 0 with respect to z = i is 2. 
Similarly

tv = (z — a — i)/(z — a+i)(5)

w I < 1. In fact if z = x + iymaps Im (z) > Im (a) upon 
and a = oc + iß, j z-a-i\ < \z-a + i\ is fully equivalent to 
0 < 4 (y — ß) while | w | = 1 corresponds to y = ß. We can also 
formulate it in the following way :

w = (z — b)/(z — b + 2i)
maps the half plane Im (z) > Im (b) - 1 on the circle | w | < 1.

III. If u = f (z) maps \z \ < 1 biuniformly on a domain D 
and g(u) is biuniform in D, then g[f(z)] is biuniform in 
\z I < 1.

Proof. Let zx and z2 be two points in | s | < 1 and f (z^) = ux, 
f(zt) = u2. If g [/(%)] = g[f(z2)l i. e. g(ux) = g(u2), then by 
hypothesis ux = u2, i.e. zx — z2.

+ 00

IV. If «;=/(*) = 2 anzU zs regular in r ^ \z\ < R, the
n = —so

of the domain D corresponding to the inside of this 
ring (multiply covered parts being counted multiply) is 
7T 2 n ! an !2 (R2n — r2n).

Proof. Putting w = f(x + iy) = u + iv, the area

f2* h(utv)
.»•Jo *(x,y)

area

' f c>(u,v)
JJ pdpdd.dxdy =dudv =A =

But

V <)iy / V /
dit, dvd(U,V) _ ÙU ÍV 

<>(x,y) ~ Zx^y ly Zx
à (u + iv) 2 = ¡/»l2.

(Hence |/' (s) |2 is called the coefficient of superficial magnifi 
tion). Therefore

ca-



A= Jo \f (peie)\2 pdpdô = 2tt J ( 2 I an IV”"1) dP

+00

= 7T 2 n\an\2(R2n-r2n).

= 0, we obtain for ic = 2 «res”, A = n 2 ^ I ttn |2-ß2”
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If r
o0

+ CO
V. If w — f {z) — 2 a»sn ,¿s regular on \z\ = r and does not

assume the same value twice on this circle, the area enclosed by 
the curve L corresponding to the circle \z\ — r is

-f 00
7T 2 n I an 12r2,t-

Proof. From Fig. 22, where P is the affix of w = f(z) and 
Q is that of

w + div = f(z) + df(z) dz dedz dO
= f(z)+izf'(z)dO,

we have
area OPQ = \ PQ. OR

-\\izf (z) I I f(z) I sino <20. 
Decomposing the area enclosed 

by L into positive and negative 
triangles and integrating, we 
obtain

p

0 *

Lr2ir
A = -Ijo \izf(z) I |/»|sin cûdô.

Fig. 22.

Now put V = izf(z) =v1 + iv2, w = iv1 + iwz and denote the 
arguments of v and w by a and ß respectively. Then we have, 
from

sin ß = f , cos ß = ■—b &c.,^ \w\ IWI
v2 wl V± W2

sin to = sin (oc — ß) = MM'v\\w\
But T V T VW VnW.—V, WoIm- = Im i i o = 2 i • -2 .\w\¿ \w\¿w
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Therefore,
Im-w

sin co =

Hence,
jw\ = R1 w'(z)f(z)] 

I \zf'(z) I

Im
\f(z) I sine« = I f{z) i

izf'(z)
./»

and therefore

2rkeik6 2 dsrse ued0,
p2ir

A = i R1
0 _oo

which proves the statement.
VI. If the concentric circles G and c {contained in G) are 

'mapped on the domains D and d {contained in D) respectively 
and if we denote the areas by \ G |, | c |, \D\, \d \ respectively, 

have \D\/\d \ > | (71/| c |, equality holding only for linear 
polynomial mapping.

Proof. Let us suppose that the common centre of G and c is 
0=0 and that this corresponds to u = 0. Denote the radii 
by R and r and the mapping function by u = f{z) = axz+ .... 
Then, by the definition of the inner area of a domain,

we

|D I = Tr ^n\an\2R2n, \d | = 7r^n\an\2r2n, 

I G\ = 7tR2, \c\ = 7rr2,
ii

and thus

r2R2 2 n I an 12 {R2n~* — r
n = 2

2?i-2)

L5J _i£1 = > o,
\d\ !cl 2 n\an\2r2n~2

i
and = 0 only if a2 = 0,..., an = 0,...

VII. If the circle G is mapped biuniformly on the domain 
D and a2 is the superficial magnification at the centre of C, then 
D I/I G\ >a2 {equality only for linear polynomials).

§ I
 <s
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Proof. With the notation of VI, we have

\D\ = TT^n\an\2R2n>Tr\ax \2R2 = ttu2R2.
i

EXERCISE V
1. Determine the domain of convergence of 21/ n3. From

R1 3 , the series is convergent if R1#>1. When RI¿< 1,J ns I = n 
i. e. Rl(l— z) = d>0,

ll/^-l/^+l)1-3! < ¡(l + l/w)1"3-!\/nd
and, by Ex. IV. 1,

|(1 + 1 /ri)x~s— 11 = I eh-^ioga+vn) —11 ^ \\—z\K/n,
where the constant K is <211 3‘. Hence,

2\K-K+i\>K = 1/nl~z,
is convergent, and thus, by Ex. III. 9 (c), if 21/ n3 were con­

vergent, 2, ^5 * ~z = 21 / n would also be convergent. Therefore

21 / n3 diverges if Rl¿< 1.
2. Same for

(a) 2*”/(!-*”);
(b) '2zn / an(l — zn).

3. Same for 2 sin nz / n.
By Ex. III. 10, the series converges if Im z is 0. On the other hand 

it diverges if Im z— y =/= 0. In fact sin nz = {einx~ny—e~inx+ny) / 2i, 
i.e. I sin nz \ > (c”^1 —c_nl^i)/2 and thus sin nz/ n does not tend to 
0 as n —> oo .

4. Same for 2 cos nz / n2.
5. Same for 2 anzn / (1 — zn). If 2 an converges, series converges 

for I z I ^ 1, for I zn / (1 — zn) | -» 1 or 0. If 2 an diverges : (a) series di­
verges for \z\>l. In fact if 2anzn/{l—zn) converges for |*|>1, 
then also 2an/(l—zn) converges and thus also their difference 
2an; (b) series converges for |z|< 1 if, and only if, 2anzn converges, 
i.e. its domain of convergence is that of 2anzn.

6. Examine the series of Exx. 1-5 from the point of view of uni­
form convergence.
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7. f(z) and g(z) are regular in \z\<l + d. Prove that

170 CH.

iW+j {1/2+ 2 [i/(i+i")-i/(i +«r"-')]|

represents f(z) for ¡£¡<1 and g(z) for 1 < | £ ] < 1 + d. The partial 
sums of the series in the brackets are 1 /(I +zn) and thus the series 
converges to 1 in \z | <r 1 and to 0 in | z \ > 1.

8. Expand into Taylor series the function f(z) = log (a + Va2 + z2), 
where a> 0 and Va2 + z2, for small values of \z \, denotes the branch 
tending to a when 2—>0. Choosing a determinate value of log 2 a 
and the corresponding branch of f(z), we have

f'(z) = z{V a2 + z2—a) / z2V a2 + z2
________ ® _s

= l/z-l/zVl + {z/a)2 = - Heln'1/a2n,

f(z) = log2a+ 2 C \ (z/a)2n/2n.and thus
1

1 / 1 \29. Expand into Taylor series f(z) — - (Tog -—-J •

1
k . (n — '

= ¿ (1+
» = 2

10. Same for cos2 z and sin2 z.

11. Same for 1 / cos z. Putting

1 /cosz = 2 (— l)nE2nz2n / (2n)\

2(+ .../= 11o+ )zn.. ++ ••• + {n— 1). 1l.(n-l)
n = 2

0
are called Euler’s integers, we obtain from 

(l—z2/2\ + z*/4: ...)(E0—E2z2 / 2 \+...)= 1, E0 = 1
the recurrence formulae

where the numbers E2 n

E0 + C¡nE2 + OTE, + ... + CllE2n = 0.
12. Same for z / sin z. By 1 / sin 2 = cot z + tan (z / 2).
13. an —>0 and 2|aw — an_l\ is convergent. Prove that the 

radius of convergence of 2anzn is at least 1 and that if it is 1 the

i-t l<N

i-i 
: s

to
 l—i

to
l T

o

to
 I I-

1
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Taylor series converges at every point of | z | = 1 except maybe at 
z — 1. Apply Ex. III. 9 (c).

14. At which points on their circle of convergence are the series

2 (— \)nz2n+x / (2n + 1),(a)
o

2 £n/log log n,(b)
3

convergent ? Apply Ex. 13.
15. Determine the fixed points of the transformation 

u = (az + b) / (cz + d).
From z = (az+b) / (cz + d), i.e. from cz2 + (d—a)z — b = 0, we have 

a — d±V(a — d)'- + 4 bez = 2c
If c = 0, the only finite fixed point is b /(d—a). The other is oo . 
If (a — d)'2 + 4bc = 0, the two fixed points coincide.

16. Show that if the transformation u = (az + b) / (cz + d) has two 
finite fixed points z1 and z2, the relation between u and z can be 
written in the form (u—Zi) /(u—z2) = A(z—zl)/(z—z2).

17. Calculate the value of A in Ex. 16. Putting u' = (u—z-¡) / (u—¿2) 
and z' = (z—zx) / (z—z2), the fixed points of the transformation 
leading from z' to u' are 0 and oo, so that u = Az'.

a + d+ ■\/ (a — d)2 + 4:bc 
a + d— V (a—d)2 + 4bc

The linear transformations with two fixed points are called
(a) Hyperbolic if A is real,
(b) Elliptic if A = eia,-
(c) Loxodromie in the other cases.

18. Show that if the transformation u = (az + b) / (cz + d) has only 
one fixed point z1 (finite or not), called 'parabolic transformation, the 
relation between u and z can be written in the form

1 /(u-zx) = 1 / (z — z^ + A.
We notice that putting u—z1 = u' and z — zx— z\ the relation is 

expressed in terms of a simple translation.
19. Determine the transforms of the lines

A =

(a) U-l/3|= 1/9;
(b) \z-a\ = \a\;
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(c) Rl# = d (real, ^ 0), three examples ;
(d) the concentric circle, centre a, by the transformation 

u = 1 / z called reflexion in the unit circle.
20. Map the sector \z\ <; 1, 0 < arg £ < tt / 3 on the unit circle. 

zx — zz maps it on a half circle, z2 = (1 + jSTj) / (1 — zx) on a first 
quadrant, z3 = (z2)2 on a half plane and u = (z3 — i) / (z3 + ?"), i. e.

_(l + z3)2-i(l-z3)2 
u-(l+z*f+i(l-z»)*

maps it on the unit circle.
21. /(0) = 0,f(z) is biuniform in \z | < 1. Then both branches of 

g{z) = V/(¿r2) = zVf(z'¿) ! zz are biuniform in \z | < 1. Similarly for

Proof. As f(z) vanishes only for z = 0, f[z2) / z'1 is regular and 
^ 0 in \z\<l; g(z) is obviously an odd function: g(—z) = —g(z). 
Now if g(zx) = g{zj\, then f{z\) =f{z\), i.e. z\—z\ and the case 
zx — zï^1^ is ruled out since

9 {ai) = 9(Zz) =£ 0
is impossible for an odd function, for it leads to

g&z) = ~9{e i) = di* i)-

22. f(z) is regular and \f{z) | <M in | z | < 1 and vanishes at
Then

WK* ï=tsï=ti~T=t. in |s| < 1.

Since along the circle \z\ = l, \z—zn\/\l—znz\ = 1, in a sufficiently 
small neighbourhood of z = el® the function

<#■(*)=/(*)

satisfies the inequality | </> (^) j < M+(. Apply 41. VI.
23. If f(z) is meromorphic in |^|<1 and \J(z) \ is constant along 

I z j = 1, f{z) is a rational function. Proof. If ax, a2, ..., an are the 
zeros and 61,62,..., hm the poles of f(z) in |ár|<l, the function

is regular in jz| ^ 1 and its modulus is constant on \z\ = l. Hence 
it is a constant, by 41. V.
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24. If /i(¿0,/2Cs), ...,fn{z) are regular and uniform in the domain

D, the function Q(z) = \fx{z) \ + | f¿z) | + ... + \fn{z) | assumes its maxi­
mum at a boundary point of D. Take an inner point z0 of D and 
put \fv{z0) \ = (vfv{zo)» V = 1, 2, The function

F{z) = (yfiiz) + + ••• + (nfn(z)

is regular and uniform in D and thus assumes its maximum modulus 
at a boundary point zx. Hence QizJ > | F(zx) | ^ |.F(£0) I =

25. If u=f(z) is regular in \ z\< R and maps the circle 
I z \ — r < R biuniformly on the rectifiable curve C (see Art. 51) in 
the «-plane, the length l of C is given by

COMPLEX DIFFERENTIATIONV

l— f \f\r&e) I rcl&. 
Jo

Writing u = P{x,y) + iQ{xty) we have

2dd.

Now
dP_dP dx dP dy _dP dx _dQ dy 
dO dx dd dy dd dx dd àx dd’
dQ _ dQ dx dQ dy _dQ dx dP dy 
dd dx dd dy dd dx dd da: dd

Therefore

, &c.



CHAPTER VI
GEOMETRICAL LANGUAGE

45. The idea of curve. As complex numbers cover a two- 
dimensional plane, it is natural in complex function theory, as 
in the theory of real functions of two variables, to use the 
language of two-dimensional analytical geometry. Our imagina­
tion is helped by this to retain more easily the data of a problem 
or to represent the various stages of the reasoning. But in 
way can geometrical intuition replace mathematical proof. In 
fact geometrical intuition means visualization, the precision of 
which breaks down as soon as the ‘ infinite ’ (infinitely great or 
infinitely small) comes in.

We could not pretend, for example, to foresee an essential 
difference between the infinity of the rational and that of the 
irrational numbers, for there is no finite break in either range. 
As we have seen, however, rational numbers are enumerable, 
irrationals are not. Again, our geometrical intuition is completely 
upset by the fact that a square contains just 6 as many ’ points as 
one of its sides. Why 1 Because we seem to reason like this : 
either infinities are all alike (any distinction between infinities 
seems artificial, i. e. foreign to our geometrical intuition) or, if 
there are various infinities, their dimensions ought to separate 
them. We may, of course, take this remark as a hint that 
way of splitting infinities into classes does not seem to be 
‘ practical ’, but it shows, at the same time, that geometrical 
intuition alone cannot cope with an abstract notion like one-one 
correspondence, which is as fundamental in mathematics as in 
geometry.

On the other hand, geometrical language is very convenient. 
Thus, in order to have its advantages without its drawbacks, 
we have to establish the precise mathematical meaning of every 
geometrical term used, so that, in reasoning, our imagination will 
proceed by images (which is a great help) and our reason by the 
corresponding abstract ideas. This process is very much the 
same as the use, in elementary geometry, of necessarily imperfect 
figures to prove precise abstract theorems.

no

our
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To show the very real difficulties in establishing such a 
dictionary of the mathematical and geometrical languages, we 
shall try to construct the mathematical meaning of curve (a 
point being defined as usual as a pair of real numbers in a cer­
tain order). We restrict ourselves to unbroken, i. e. ‘ continuous ’ 

Thus we may propose a one-dimensional continuous 
succession of points as the mathematical definition of a curve, 
i. e., in formulae, x =f(t), y = g(t), where f(t) and g(t) are con­
tinuous functions of a real variable t, referred to as the parameter 
of the mathematical representation.

Peano showed that there are curves of this description passing 
through every point of a square—a rather embarrassing fact. 
We are going to give Hilbert’s ingenious construction of such a 
Peano-curve.

Divide an arbitrary square into four equal squares by parallels 
to the axes (as we have seen, a square and its division in such a

curves.

10 II6 7

32 128 95

13144 3

4I
15 162/

161 5 912 3 4

Fia. 24.Fio. 23.

way are purely mathematical notions), and number the four 
squares in such a way that squares with consecutive suffixes 
have a common side belonging to the square with the higher 
suffix. Also divide an arbitrary interval, (0, 1) say, into four 
equal sub-intervals, closed on the left and open on the right, and 
number the sub-intervals from left to right, say. We shall say 
that the square and interval with the same number correspond 
to each other.

Repeat the operation for every square and interval as shown 
in fig. 24 ; and so on indefinitely. The points on the side between 
squares 2 and 15, say, belong to 2. Those on the side between
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2 and 3 belong to 3. The square p is open along its side in 
common with p + L A vertex belongs to the square with the 
least index meeting at the vertex in question.

Now consider any point t of the interval (0, 1). It can be 
considered as the only common point of an infinite sequence of 
our sub-intervals each encased in the preceding ones. The 
corresponding squares are also each encased in the preceding 
ones and have only one point (x, y) in common (since the lengths 
of the sides tend to 0). We say that the point (x, y) corresponds 
to t. This means mathematically that x and y are uniform 
functions of t : x = f{t), y = 0(t)> defined for every value of t 
between 0 and 1.

Conversely, every point (x, y) is the only common point of a 
sequence of our squares each encased in the preceding ones, and 
the corresponding intervals have also a common point (they may 
have several). Hence to every point of the square corresponds 
a value of t, i. e. the ‘curve’ x = /(£), y = g(t) passes through 
every point of the square.

We have yet to prove that f(t) and g{t) are continuous functions. 
But t and t + h are contained in one of our intervals or, if t + h is 
an extremity, in two consecutive intervals, whose lengths tend 
to zero with h. The corresponding squares or pairs of consecu­
tive squares (having by construction a common side) contain 
all the following ones, as 0, and thus dwindle to a definite 
point. More precisely, if the interval, or pair of intervals, still 
containing t and t + h corresponds to the w-th step in halving, the 
length of the double interval, and also the longer side of the 
corresponding rectangle, is 1/2”-1, which establishes continuity.

Our first attempt to construct a mathematical definition of 
curve is not satisfactory. To our geometrical intuition a set of 
points filling a whole square is not a curve. The chief difficulty 
in this problem is that we cannot ‘ discover ’ the relation between 
geometrical curves and mathematical functions, because the 
former are not well defined. All that our geometrical intuition 
can do is to put down certain more or less vague requirements, 
ruling out ‘ fancy ’ mathematical constructions. It follows that 
the mathematician has to propose several exact definitions and 
the geometer has to choose one. For mathematical purposes, 
however, we may retain, under specific names, the whole series
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of definitions of curves and make use of them according to our 
problem.

As a matter of fact the preceding general definition, one­
dimensional continuous succession of points, is seldom used. 
Jordan discovered that the restriction of having no double and 
multiple points, i. e. f(t) 4 ig(t) f(t') +ig(t') for

to<t ¿ ^ C
provides the curve with a good many of its intuitive properties. 
Hence in the definition of Jordan curves, f(t) and g(t) are con­
tinuous functions in the interval (t0, tx) and the two equations 
f(t) = f(t') and g(t) = g(t') are not simultaneously satisfied for 
any pair of values t and tf taken from (£0, £x). The set of points 
(x, y) defined by the equations x = /(£), y = g(t) is called an 
open Jordan curve.

If the equation /(£) 4 ig(t) =f(t') + ig{t') (t =£ Ï) is satisfied for 
the pair of values t0 and tx but for no pair of values between t() and 
tx (no multiple point), the curve is called a closed Jordan curve.

One of the most fundamental results in the theory of analytic 
functions, as in the modern foundations of geometry, is Jordan’s 
famous theorem.

I. Jordan's theorem. A closed Jordan curve divides the plane 
into two domains having the Jordan curve for their common boun­
dary. More than half a dozen different proofs of this theorem are 
available, though at first sight it seems to be a truism. [Jordan, 
1893-96,1, p. 90 ; Ames, 1905 ; Hartogs, 1925 ; Kerékjártó, 1919 
and 1923 ; E. Schmidt, 1923 ; Schönfliesz, 1924. The text follows 
Kerékjártó’s proof.]

To understand clearly the import of the statement we have to 
express it in mathematical terms or mathematized geometrical 
terms, and to be able to follow the proof we must get well 
acquainted with the mathematical meaning of the geometrical 
language used in the reasoning. (Without geometrical terms, 
which provide shortened symbols for complicated mathematical 
constructions, the proof would be too cumbersome.) Thus, as a 
preliminary to the proof, we shall deal at first with definitions 
and particular cases.

46. Definitions of geometrical terms. We begin with a summary 
and extension of the terminology given at the end of Art. 11.
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Point = pair of real numbers in a certain order. Complex plane 
= all the pairs x + iy, where x and y are real. Straight line = all 
the pairs x + iy, where the real x and y satisfy an equation of 
the type Ax + By + (7=0, with real coefficients. We notice that 
two straight lines Ax+ By + (7=0 and A'x + B'y + C' = 0 meet 
either (i) at a single point, when AB' — A'B ^ 0, or (ii) nowhere, 
when AB' — A'B = 0, but either CA' — C'A or CB' — C'B is 
different from 0, or (iii) everywhere, i. e. they coincide, when 
the three determinants all vanish ; in the second case we say that 
the two straight lines are parallel. If xx + iyx and x2 + iy2 are 
two points of a straight line we can write its equation in the 
form
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1
1 = 0,
1

or in the parametric form x = t(x2 — xx) + xx, y = t (y2 — Vi) + V\ 

(the elimination of t leads to a linear equation in x and y). 
When t assumes the values between 0 and 1 only, the set of the 
corresponding points is called the segment from xx+iyx to 
x2 + iy2.

Distance. The distance dX2 between two points xx + iyx and 
x2 + iy<i is the positive value of V (x2 — xx)¿ + (y2 — yx)'1. It is readily 
seen that dX2<dX3 + d32, provided x3 + iy3 is not a point of the 
segment between xx + iyx and x2 + iy2, and dX2 = dX3 + di2 if x3 + iy3 

is a point of this segment. We also say that the distance dx2 is 
the length of the segment between xx + iyx and x2 + iy2. If, in 
the parametric equations of a segment, t varies only from 0 to 
1/n, from \/n to 2/n, &c., the length of each part is d/n, where 
d is the total length of the original segment. In this way we 
can divide a segment into partial segments of arbitrarily small 
length.

Taking the parametric form of the equations to a straight line, 
the distance between a + bi and the point of the line correspond­
ing to the value t of the parameter is given by the formula

d2 ■= [a-xx-t (x2-xx)f + [b-yx-t(y2-yx)f,
which is a quadratic expression in t, tending to + ce as \ t ¡ oo . 
Therefore the expression assumes its minimum for a determinate 
finite value of t. This minimum distance is called the distance

^ ^8 
ef «
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of a + ib from the straight line. We notice that this distance 
vanishes only when a + ib is on the line.

In the latter case we may put a = x1} b = yx, and thus 
d2 — t2d212, i. e. the distances of the points of a line from the 
point of it corresponding to t = 0 are proportional to t.

It is readily proved that the distance between two parallel 
straight lines is the distance of any point of one of the lines 
from the other line.

A finite number of segments, (1,2), (2, 3), (3, 4),, (n — 1, n), 
where the last point of a segment (except maybe that of the last 
segment) is the first point of the next, is said to form a polygon. 
A polygon with no multiple points is called a simple polygon. 
If the first and last points of a polygon are the same the polygon 
is closed ; otherwise it is open. The points x + iy, satisfying the 
equation (x — a)2 + {y — b)2 = r2, (a, b, r are real), are said to 
form the circumference of a circle of radius r, centre at a + bi.

For a given set of points, 8, the point x + iy is either an inner 
point (if there is an open square containing x + iy and contained 
in 8), or an outer point, (if there is an open square containing 
x + iy and not containing any point of 8), or a boundary point, 
(if every neighbourhood of x + iy contains points of 8 as well as 
points not belonging to 8).

I. The set B of all the boundary points of a set 8 is closed.
Proof. If every square q, centre at P, contains boundary 

points of 8, then every square q' within q, centre at a boundary 
point, contains, by definition, points of 8 as well as points not 
belonging to 8, and thus q possesses the same property, i. e. P is 
a boundary point, which proves I.

A set is said to be open if it has only inner points. We 
notice that a set may be neither closed nor open, e. g. an open 
interval together with one of its extremities. ‘ Closed ’ really 
means completely closed {all the boundary points are included in 
the set) and ‘ open ’ means completely open {no boundary point 
is included in the set). An open set together with its boundary 
points is called a region, so that a region is necessarily closed.

Two points of a set 8 are said to be connected (cf. Art. 11) 
if 8 contains a finite chain of overlapping circles joining the 
two points, and 8 is said to be connex if every pair of points 
of 8 is connected in this way. This definition implies that
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S has inner points, since it contains complete circles. Ac­
cording to this definition the points of a circumference do not 
form a connex plane set.

II. If two 'points of an open set S lie on a Jordan curve G (e. g. 
simple polygon) entirely in S, the two points are connected.

Proof. If f(t) + ig(t), ¿i is the arc G of a Jordan curve
between a + bi = f (t0)+ ig (t0) and al + ib1 =f {tf) + ig(tx), the 
points of G form a closed set, for f(t) and g (t) are continuous 
functions of t. Since, by hypothesis, every point of G is an 
inner point of S (for S is open), there is a circle about every 
point of 8, entirely in S and, by Borel’s lemma, 11. Ill, a finite 
number of these circles covers G, i. e. there is a finite chain of 
circles connecting the two points in question.

This result furnishes a very useful test for connex sets, but it 
applies only to open sets. In fact, every pair of points of the 
set S consisting of the points of two non-intersecting circles, and 
a segment joining the two circles can be joined by a polygon ; 
but S is not connex, for there is no chain of circles lying entirely 
in S and connecting points of the two circles.

A connex open set is called a domain (Gebiet,—connex open 
domain in Hobson 1921-6, I, p. 143). The idea of a domain is 

of the most fundamental notions in modern function theory. 
If we add to a domain all its boundary points, we obviously 
obtain a connex region.

If the two domains Dx and D2 have a common point, the 
united set D1+ D2 is a domain. If R is a connex region in the 
domain D, the points of D outside R form a domain D—R, where 
It may be empty.

The set of all the finite points of the complex plane (i.e. the 
point at infinity excluded) is a domain. In fact, it consists of 
inner points alone, and the segment between any pair of these 
points lies in the set. The same set, together with the point at 
infinity, also forms a (conventional) domain.

Similarly, the points x + iy for which

{x — a)2 + (y — b)2 < r2

form a domain. In fact, if (1) is satisfied for (x, y), it is satisfied 
also in a certain neighbourhood of (x, y), for (x — a)2 + {y—b)2 
is a continuous function of (x, y). To prove that it is connex,
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we have only to notice that, if x' + iy' is another point of the 
domain, the two segments (x + iy, a + ib) and (a + ib, x' + iy') lie 
wholly in the set.

A similar proof holds for the open rectangle [a + ib, c + id\.
We are going to establish some elementary results concerning 

domains.
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III. A straight line divides the plane into two domains, the 
straight line constituting their common boundary.

Proof. The expression Ax + By + C is positive, negative, or 
The points x + iy for which Ax + By + C> 0 form azero.

domain. In fact, if

Aa + Bb + C>0, Aa' + Bb' + C>0 

we have, for the whole segment x = t(a' — a) + a, y = t(b' — b) +b,

Ax + By + C> 0,

for this expression is linear in t, so that, if it vanishes for 
t = t0, its sign is constant for t<t0 and for t > t0. Similarly the 
points for which Ax + By + C< 0 form a domain.

Finally, as Ax + By -f C is a continuous function of (x, y), every 
point x + iy satisfying the equation Ax + By + C = 0 is a boun­
dary point of the two domains.

IV. The circumference of a circle divides the plane into two 
domains, the circumference constituting their common boundary.

Proof. We have already seen that the points for which
(x — a)2 + (y — b)2<r2

form a domain. Therefore we have only to prove the same for 
the set S of points x + iy satisfying the inequality

(x — a)2 + {y — b)2 > r2.
If c + id and c+id' are any two points of 8, we consider the 
circle centre a + ib passing through the nearer (to a + ib) of 
these two points c+id, say. The points of this circumference 
form a closed set and thus there is a point tx + iß of this cir­
cumference having the least distance from c' + id'. By the general 
properties of distance the segment (oc + iß,c' + id') is entirely out­
side the circle passing through c + id. Hence the arc (c + id, a + iß) 
of this circumference plus the segment (a + iß, c' + id') lie entirely 
in S, which completes the proof.

(2)



V. The boundary points of any rectangle \a + ib, c + id] 
divide the plane into two domains whose common boundary is 
constituted by the four sides of the rectangle.

Proof. We have already seen that the points of the rectangle 
[a + ib,c + id], i. e. the points for which a<x<c, b<y <d form 
a domain. Thus we have only to prove that the set S of the 
points x + iy not satisfying

a < X < c,
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b^y^d(3)

is a domain.
To prove that every point of S is an inner point we have only 

to remark that, if (3) is not satisfied for a particular point x + iy, 
it is not satisfied in a sufficiently small square centre x + iy. 
To prove that S is connex we consider two arbitrarily given 
points A = a' + ib' and B = a" + ib" of S and the rectangle pt

[<a — e + i(b — e), c + e + i{d + t)], 

where e > 0 and less than the least of the four numbers

\a' — a\, I a"—a |, \ b'-b\, \b"-b\.

If theWe readily verify that both A and B are outside pt. 
segment (a +ib', a"+ ib'{) does not meet pe, A and B 
nected in S by this segment. If this segment meets pt at zx and 
z2 (z1 may coincide with z2), the two points are connected in & 
by the segments (A, zf) [or (A, z2)] and (z2, B) [or (zl} B)] linked 
up along p(. This completes the proof.

As an example of putting geometrical results into mathemati­
cal form, we are going to prove that every straight line L, pass­
ing through any inside point m + in of a rectangle [a + ib, c + id], 
meets the boundary p of this rectangle in just two points. If 
the equation of L is x = m, L meets p at m + ib and at m + id. 
A similar result holds when the equation is y = n. If L is not 
‘ parallel ’ to one of the sides, i. e. if its equation is

oc(x — m) + ß (y — n) = 0,

where both a and ß are different from 0, L meets the straight 
line x = a at (a, g), say. Therefore, if b^g^.d, L meets p at 
a + ig. If g>d, y assumes the value d for a value x' of x 
between a and m because, along L, y is a continuous function of

are con-
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X] thus L meets p at x' + id. For the second intersection, let 
us vary x between m and c, and denote by y' the value of the 
decreasing function y, (4.11 in the interval), assumed at x = c. 
If y'^b, L meets p at c + iy'. If y' < b, there is a value x" for 
which y is just b, and thus L meets p at x" + ib. In the case g<b, 
y is an increasing function of x ; otherwise we reason as before.

47. Triangle and polygonal domains. We are now going to 
discuss the triangle. For this purpose we have to define mathe­
matically the inside and outside points of the triangle whose 
vertices are xx + iyx, x2 + iy2, x3 + iy3, where

, , 1
(1) A = ¥= 0.1

, , 1
By definition, the points of the segment (xx + iyx, x3 + iy3) are

x = tx(x3 — x1) + xl, y = tx{y3-yx) +yx,

Those of {x2 + iy2, x3 + iy3) are
x = t2(x3-x2) + x2, y = t2(y3-y2) + y2, 1.

Hence the segment between any point of the first segment and 
any point of the second is

= ¿3!A(®3 -*2) + a2 - ¿i («3 -xi)~xi} + (x3 - xi) + .

= <3 [X (2/3 - y 2) + y 2-h (2/3 - 2/1) - 2/iî + *1 (2/3-2/i) + 2/i>(2) ^ 
y

i. e.

£C — (1 l\ t3 + tx í3) Xx + (t3 t2 ¿3) ^2 d" (^1 ^1^3 ¿2 l%)xz

/ß\ " T1 Xi T2X2 + 7"3*^3
y O ^1 ^3 d* ^1 ^3)2/1 d* (^3 ^^3)2/2 d" (¿1 ~~ ¿1 ^3 + ^2 ^3) 2/3

= Tl2/ld-7-22/2 + T3t/3.

These equations seem to contain three parameters ij, i2> £3, or 
U > t2, t3, but

(4) Ti + r2 + r3 = 1,
which reduces their number to two. We notice also that for 
inside points 0<¿1<1, 0 < í2 < 1, 0 < í3 < 1, i. e.

Ti = = i3(l-g>0, t3 = tx(l-t3) + t2t3>0,

so that the three coefficients are all positive ( > 0).
On the other hand, if r3 = 0, the equations x = txxx + t2x2,

if 8 
ef
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y=rlyl + r2y2, and r1 + r2= 1 lead to x = t1 (xl — x2) + x2. 
y = T1(y1—y2)+y2, i. e. they represent the side (1,2). Similarly 
for the other two sides. If two of the r’s vanish, we obtain a 
vertex, while, by (4), all three cannot vanish.

Consider now, irrespective of the geometrical considerations 
involved in the preceding remarks, the set A of points for which 
Tj > 0, t2> 0, r3> 0 and the set B of points for which one at 
least of the r’s is negative (less than 0). We are going to prove 
that both A and B are domains. For this purpose we shall 
show (a) that every point of A and B is an inner point ;
(b) that every pair of points a and a of A is connected by a 
polygon lying wholly in A and similarly for B.

From (3) and (4), since the determinant (1) does not vanish, 
the r’s may be expressed as linear functions of x and y. In 
particular, these functions are continuous, 
point P, the three functions r are 
a square q, centre at P, at all points of which they are positive 
(by 14. VI), i. e. every point of q is in A ; A is thus an open set. 
The same is true if any one of the functions r is negative at a 
point, so that B also is an open set.

To show that A is connex, we take two points of A. At these 
points each of the functions r will be positive and, since they 

linear functions of x and y, they will also be positive at every 
point of the segment joining the points (see the proof of III). 
All these points belong to A and thus, by II, A is

We have only to show that B is connex. At all points of B 
one of the functions r is negative. If P and Q are two points 
of B, either there is a ri (i — 1, 2, or 3) which is negative at both 
points, or there is a ri negative at P and a r?- negative at Q. 
In the first case, at all points of the segment PQ, is negative. 
In the second case, putting = — a at P and tj = — b at Q, 
the equations t¿ = —a and = — b represent two straight 
lines, all points of which will be in B, and which will intersect 
in a definite point B. Thus, P and Q can be connected by the 
segments PR and RQ in B. Therefore B is connex and both A 
and B are domains.

Thus we have proved the following result :
I. A triangle divides the 'plane into two domains having the 

three sides of the triangle for their common boundary.
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One of these domains can be connected with co . We call it 
the outer domain. The other, the inner domain, is separated 
from the first, in the sense that no polygonal path connects 
a point of the outer domain B with a point of the inner domain 
A without passing through their common boundary.

We notice finally that one extremity of a segment which cuts 
only one side of the triangle is necessarily an inside point or 
a boundary point.

II. A simple closed polygon p divides the plane into two 
domains whose common boundary is the polygon p.

Proof. Since we have proved the theorem for a triangle, we 
shall use the principle of mathematical induction to prove it for 
a polygon of n sides. A segment joining two vertices of the 
polygon and not meeting it in any other point is called a 
diagonal. We are going to show that there is a diagonal 
dividing the given simple closed polygon into two simple closed 
polygons with the diagonal for their common side and having 
each a smaller number of sides than the given polygon.

Let AB and AC be any adjacent sides and join BC. Suppose 
first that there are no vertices of our polygon inside the triangle 
ABC. Then, by the last remark preceding II, there can be no 
point of the sides inside ABC. If there is no other vertex 

BC, BC is a diagonal. If there are vertices on BC, let H 
be the one nearest to B. Then BH is a diagonal, unless it is a 
side of the polygon, in which case either HC or the segment 
joining H to the nearest vertex along BC is a diagonal.

Now suppose that there are vertices within ABC and let G 
be a vertex at the greatest 
distance from BC. Through 
G draw EF parallel to BC.
There is no vertex in the tri­
angle AEF, for its distance 
from BC would be greater than 
that of G (see the remarks on 
distance in Art. 46) and there­
fore there are no points of the A 
polygon within AEF. There­
fore AG is a diagonal. We have thus shown how to find a 
diagonal in every case.
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Suppose we have a polygon p with n sides and a diagonal 
AG. The polygon may be described in two ways from A to G. 
Suppose that the number of sides along these two paths, ux and 
u2, are r and s. Then r + s = n, r > 1, s> 1, so that ux and the 
side AG form a polygon px with less than n sides, and u2 and 
A G form another such polygon p2.

Suppose now these polygons have definite interiors and 
exteriors. Then either one is interior to the other or each is 
exterior to the other. In the first case, p2 contained in px, say, 
the domains of points exterior to both and of points interior to 
both, together with the common side AG (extremities excluded) 
form a domain called the exterior of the polygon p. The points 
interior to px and exterior to the connex region formed by p2 
and its boundary is a domain called the interior of p. In the 
second case, the interiors of px and p2, together with AG (the 
points A, G excluded), form the interior of p, and the points 
exterior to both px and p2 form the exterior of p. The theorem 
now follows by induction from the case of a triangle.
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48. Jordans theorem. In a one-one correspondence, corre-
As a rule,sponding points, arcs, &c., are called ‘ homologues 

they are denoted by the same letter, accented for the elements 
of one side of the correspondence, and unaccented for those of 
the other side. We say that a one-one correspondence is topo­
logical if Pn -» P implies Pf -> P', and vice versa. For example, 
the correspondence between the points of the circumference of a 
circle (x — a)2 + (y — b)2 = r2 and the points of the interval (0, 2n), 
by means of the formulae x — a = r cos Ô and y — b = r sin 6, is 
topological, as it is a one-one correspondence, with the exception 
of the point x = a + r, y = b corresponding to 6 = 0 and 6 = 2ir, 
and the functions sin d and cos 6 are continuous. Similarly
t = 2n {t—t0)/(tx —10) is a topological correspondence between 
the two intervals (t0> tx) and (0, 2 ir). Therefore, there is a topo­
logical correspondence between a closed Jordan curve and the 
points of the circumference of a circle.

Conversely, if there is a topological correspondence between 
= f(t), y = g(t), ¿o < ¿ < ¿i and the circumference of aa curve x

circle, f(t) and g (t) are continuous. In fact, if one of them, f (t) 
say, were discontinuous at t = to,f(tn) would not tend to f(t0)
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for every t,n _> t0, whereas on the circumference of the circle 
X(^n) yftn) ~^2/(^o)> since sin 6 and cos 6 are continuous ;
and thus the correspondence would not be topological, 
this arises the usual definition of a dosed Jordan curve 
topological picture of the circumference of a circle and, from its 
definition, an open Jordan curve is the topological picture of 
interval.
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By the topological mapping of a Jordan curve, j, on the cir­
cumference of a circle order its points. The point A of j 
precedes B if the angle 0>0 corresponding to A is less than 
the angle 6 <2 it of B. This ordering helps a good deal in the 
following proof of 45. I.

Let j denote a circle, ji its topological picture (Jordan curve). As 
j is bounded, there is a square q containing it. Join a point R of

we
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the boundary of q to a point of j by a segment, and let U be 
the first point of j on the segment. RÜ will be denoted by l. If 
U'is the homologue of U on/, choose four points on / such that 
{P^Q^'U'Qf) form a cyclic order. The arcs Px'Pf, P'Qf QfQf, 
QfP; (end points included) will be denoted by c/, df, cf, df ; the 
homologues on j, as usual, by unaccented letters. If two sets 
have no common point, we say that they are distinct.
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Since dx' and d2' are distinct from each other, dx and d2 are also 

distinct and, being closed sets, they have a positive ( > 0) distance. 
Similarly for cx and c2. Let 8 denote the smaller of these two 
distances and subdivide q into squares (parallel to the axes) with 
sides <5/4. We suppose that Px and P2 are inner points of two 
squares nq and ir2 respectively.

7jq and tt2 are necessarily distinct, since 77, contains points of 
d0, 772 those of dx and the distance of dx and d2 is >8. For the 
same reason 77, is distinct from dx + c2 + l and tt2 is distinct from 
d2 + c2 +1 The points of c„ dx and d2 outside or on the boundary 
of 77, and 772 will be denoted by cx, dx, d2. As P2 is the only 

point of c, and dx, it follows that c, and dx and similarly 
cx and d2 are distinct. The sets c, and dx + d2, being closed and 
distinct, their distance d is positive.

Subdivide q, but not 17, and t72, into squares
<d/4 and denote by g the set of closed squares con- 

their boundary, the points of cx ; the

common

whose sides
are
taining, inside or on 
region g is distinct from dx + d2 + c2+ l. The region of squares 
Ix + ttx + tt2 has a polygonal boundary 77 such that cx is inside 
77, e2 is outside 77, for c2 + l is distinct from the polygonal line 
77 and its point R is outside 77.

We are going to divide 77 into four sections. There is at 
least one point of 77, on 77, for the (connex) part of d2 which 
contains Q2 is outside 77 and has a limiting point on 771. 

Similarly there is a point of t72
Take a point G of 77 on 77, (Fig. 27). Going from G along 77 

in one direction to the first point A of t72 and coming back along 
the same path to the first point B of t7v we obtain the simple 
polygonal path ux(BA) uniting 771 and t72. Similarly we con­
struct u2(DE). Since cx is completely inside 77, ux and u2, parts 
of Tr, do not meet cx, and, since g is distinct from dx + d2 + c2> 
they do not meet j at all. The part of 77 between B and D, 

taining G, is denoted by vx and the remaining part, between 
A and E, by v2. We notice that vx is distinct from dx, for vx 
is part of 77,, which is distinct from dx. Similarly v2 is distinct 
from d2. Thus 77 consists of four sections ux, u2, vx, v2 such 
that ux and u2 do not meet j, vx is distinct from dx, and v2 

is distinct from d2 ; cx is wholly inside 77, c2 is wholly outside 77.
We are going to prove that every simple polygonal path

on 77.

con



joining a point Mx of ux to a point M2 of u2 meets j. Suppose in 
fact, that this is not so and denote by w that part of the simple 
polygonal path joining Mx to M2 without meeting j, between 
the last intersection Mf with ux and the first intersection Mf 
with u2, and by wx, w2, the two parts of tt between Mf and Mf 
containing vx and v2 respectively. Then, since írj does not
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meet c2, the simple closed polygons w + wx and w + w2 do not 
meet c2.

Suppose (a) that-iv is inside tt ; then, since the whole of cx is in 
one piece, either w + wx or iv + w2 contains cx, while c2 is outside 
both. Therefore either w+wx or w + w2 separates cx from c2. 
Next, suppose (b) that w is outside tt ; then cx is inside one of 
w + wx and w + w2 and outside the other, while c2 is either out­
side both or inside both. Therefore either w + wx or w + w2 
separates cx from c2. Thus in every case either w + wx or w + %u2 
separates cx from c2. Suppose that it is w + wx. Since 
cx + dx + c2 is distinct from w and wx, we can pass from any 
point of cx to any point of c2 along c1+d1 + c2 without meeting
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and thus they cannot be separated by iv + wx, and thew + wx

contradiction proves the statement. Hence
I. A closed Jordan curve determines in the 'plane at least two

distinct domains.
We notice that, in our construction of tt, cl may be any arc 

of j in any arbitrary neighbourhood of any fixed point of j, and 
y be contained in any neighbourhood of the point. Hence 

II. In the neighbourhood of every point of a Jordan curve j 
there are points of at least two distinct domains.

tt ma

49. Jordan's theorem (concluded). We are now going to 
that j determines at most two distinct domains. Theprove

boundary points of q are separated by j either from ux or from 
■u2. Take any two points Mx and M2, each separated from q 

going to show that Mx and M2 can be joined 
by a simple polygonal path not meeting j.

We join two points of the contour g by a segment and denote 
the first and last intersections with j by Ux and U2 respectively. 
There is such a segment for which Ux ^ U 2. 
segment meets j at most once, any pair of points in q may be con­
nected by a polygon not meetings, in contradiction with 48.1. We 
draw two segments, hx and h2, through Mx and M2 parallel to l 
and denote their first intersections with j in both directions by

by j. We are

In fact, if every

Sx, Tx and S2, T2.
In this construction we can suppose that the arcs Ux U2 and 

U2 Ux of j contain (each) one of the members ot the pairs Sx, I x 
and S2, T2. In fact, if all the four points lie on the arc Ux U2, 
say, we take a point of the arc U2 Ux and in its neighbourhood 
take a point M3 separated from the contour q and join it to two 

U2 Ux by segments. Then our reasoning, 
applied to Mx and Mz as well as to M2 and M3> will prove that 
Mx and M3, M2 and M3 are contained in the same domain, and 
thus also Mx and M2 will be contained in the same domain. 
Thus we can determine four arcs cx, dx,c2, d2 of j (as above) 

h that cx contains Ux, Sx, Tx (say) and c2 contains U2, S2, T2. 
We now construct tt, separating cx from c2, and notice that 
be decomposed (as above) into two parts wx and w2 such that wx 
is distinct from dx and w2 from d2.

We can also suppose that tt has only one point in common

points of the arc

sue
tt can



with each of lx, hx, h2 ; viz. Lx, Hx, H2. In fact, retaining the 
three squares which contain Sx, S2, Ul respectively, the points 
of c1 outside these three squares are at a finite distance S 
from the points of lx, hx, h2 outside the three squares. The 
subdivision by squares with sides <5/4 leads to a modified tt
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satisfying the required condition. Now put it = ux + vx + u2 + v2, 
where vx is distinct from dx, v2 from d2, and ux and u2 do not 
meet j.

Then Hx, H2 and Lx are on ux + u2. But, by hypothesis, 
are separated from the contour q, and 

Thus Hx and H2 lie both on ux or both on u2 ; on ux 
The path (Mxhx HxuxB2h2M2) is thus a path

Mx, M2, and hence Hx, H2 
Lx is not.
say.
necting Mx and M2 without meeting/. Since this is true of any 
two such points, there is only one domain separated from every 
point of the contour q. On the other hand, the points which are 
not separated from the contour q are not separated from each other. 
Hence the points outside j form a single domain and j is, by II, 
the common boundary of the inner and outer domains.

50. Connectivity of domains. The most delicate part in pro-

con-

Q.e.d.
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blems involving the idea of domain is the consideration of the 
boundary of the domain. As our examples will show us, the 
adequate description of the boundary requires a more general 
notion than that of a Jordan curve. So far we have only proved 
that the boundary of a domain is a closed set (46. I). For 
further characterization of this set we introduce the notion of a 
continuum.

If between two points a + ib and a'+ ib' of a set S we can 
insert a finite number of points from S such that the distance 
between two consecutive points Pt- and Pi+1, (P0 = a + bi, 
Pn = a' + ib') is less than 6, we say that a + ib and a' + ib' are 
connected in S by an e-chain (of points). If any two points of 
a closed set are connected by an e-chain, however small e be, we 
say that S is a continuum. We notice that the idea of a con­
tinuum does not depend on the dimensions. All the points of 
a closed segment form a (linear) continuum, all the points of 
a closed circle form a (plane) continuum, &c.

We have said that two sets of points are distinct if they have 
no common point. The united set K1 + K2 of two continua is 
a continuum if and only if K. and K2 are not distinct.

Proof. By 11.1, if the closed sets Kx and K2 have no common 
point, their distance d is positive. Thus, taking e<d, we see that 
not every two points of Kl + K2 are connected by an arbitrary 
e-chain. Conversely, if K1 and K2 have a common point P, 
every point p1 of Kx can be connected to any point p2 of K2 
by an e-chain through P for any arbitrary e.

Two closed squares qx and q2 having only one common point 
P, e. g. a vertex, form a continuum, because the e-chain works 
through P, but the inner points form two distinct domains in 
spite of the fact that every inner point of qx is connected with 
every inner point of q2 by an e-chain for every e (since there 
are points of qx and of q2 as near to P as we 
of this fact is that the connexion constituting a domain implies 
a chain of circles lying entirely in the set, whereas the connexion 
constituting a continuum implies only a chain of points.

We give two examples to show the complexity of the problem 
of the boundary. Fig. 29 shows the division of a circle into 
two complementary domains such that every point of the cir­
cumference is a boundary point for both domains. It is a spiral
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like). The reason
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domain narrowing indefinitely as it approaches the circum­
ference.

193Vi

Fig. 29.

In the second example the circular bands approach indefinitely 
(a) the shaft leading to the inner circle \z\ — rQi (b) the larger

/0.\V \\c$>-

\\q
0

/ j
i ' /VV

Fig. 30.

inner circle | z \ = vx, except the small arc PQ. Thus every point 
of \z \ = rl, the arc PQ omitted, is a boundary point of the
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shaded domain. We may even combine the two examples by 
producing the shaft towards | z j = R and letting the circum­
ference ! z I = R be approached by a spiral band as in the first 
example, but starting from the shaft. We obtain thus a domain 
including among its boundary points parts, or the whole of 
three concentric circumferences, together with 
curve.
the following result.

I. If the complementary set K of a finite domain D is 
tinuum, the boundary B of D is also a continuum.

The proof is based on the following lemma.
Lemma 1. If S isa bounded closed set but not a continuum, 

there is a closed polygon tt distinct from S and such that there 
are points of S inside and outside tt.

Proof of the lemma. By hypothesis, S can be decomposed 
into two or more distinct closed sets, Sx and S2, with a distance 
d> 0. Divide the plane into squares of side < d/4, and con­
sider the closed squares containing points of Sv They form 

polygonal regions Rj, with the following obvious 
properties : (a) No point of S is on the boundary of these regions, 
(b) every point of Sx is an inner point of some Rt (if a point 
of S1 is on the side A of a square, R{ contains also, by con­
struction, the next square having the side A, and similarly for the 
vertices), (c) every R{ contains a point of Sv (d) every point of 
S2 lies outside the regions R{. If there is only one polygon, 
this polygon satisfies the conditions of the lemma, by (c) and (d). 
If there are several polygons and two of them are outside one 
another, either of these two polygons satisfies the conditions. 
Finally if the polygons are such that each contains the next, 
then (1) S2 may lie outside all of them, in which case any of the 
polygons satisfies the conditions of the lemma ; (2) S2 lies inside 
the second, (for Rx is formed by the area between the first and 
second polygons) in which case the second polygon satisfies the 
requirements.

Proof of Theorem I. By 46. I, the boundary points of 
a domain D form a closed set B. Moreover B is finite, since, 
by hypothesis, D is contained in a sufficiently large square 
and thus B is also contained in the same closed square. Now 
if B is not a continuum, there is, by Lemma 1, a polygon tt

194

complicated
In view of this example we shall be able to appreciate

a con-

one or more



GEOMETRICAL LANGUAGE 
not meeting B and such that there are points of B inside as 
well as outside tt. Therefore, as there are points of D as near 
to any point of B as we like, there are points of D inside 
and outside tt. Any path joining such an inside point to an 
outside point meets tt, i. e. at least one point of D lies on tt, and, 
as tt does not meet the boundary B of D, tt is entirely in D. 
Therefore tt is distinct from the complementary region K of D ;

195VI
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but there are points of K inside as well as outside tt, which 
is absurd, since K is by hypothesis a continuum.

The condition that the complementary set Z is a continuum 
is indispensable, as shown by the example of a domain inside 
a circle G and outside two circles, Gx and C2, contained in C. 
Here the boundary consists of three distinct continua, i. e. B is 
not a continuum. The reason for this is that the complementary 
set K consists of three distinct parts, i. e. K is not a continuum.

Going back to our combined example (p. 194) where the 
boundary does not seem to be a continuum, we remark that for 
every given e < 0 there is an e-chain, vertices on B, connecting 
any point of | z | = R to a point of | z | = rv since there is only 
a finite number of bands whose width is > e, i. e. an infinity of 
these bands can be crossed in one step by jumping from a point 
on I z\—rx to a boundary point on a band at a distance S< e.
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Afterwards we must go round and jump again where necessary 
to 10 I = R. Thus the complete boundary is a continuum as 
required by Theorem I and forms a good example of possible 
occurrences in a continuum.

In function theory the most important type of domain is 
a domain D inside the Jordan curve J and outside one or more 
Jordan curves^ contained in J. The most important general
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feature of such a domain is its connectivity, explained as follows : 
In fig. 32 joining a point of / to a point of jlt and similarly 
for j2, and excluding the points of the joining curves from D 
(by two ‘ cross-cuts ’) we obtain a domain D'. On the other hand, 
if we exclude from D' the points of a curve in D' joining two 
points of the boundary we obtain two distinct domains. We 
say that D is triply connected. In general, we say that a 
domain is simply connected if its boundary is a continuum, 
doubly connected if its boundary is formed by two distinct 
continua and so on.

II. If the infinite sequence of simply connected domains Dx, 
D2, ...is such that Di+1 contains Di, the set of all points belong­
ing to one at least of tícese domains forms a simply connected 
limit domain D. Every simply connected domain D is a limit 
domain of simply connected polygonal domains.

Proof. If a point P belongs to Diy then also a complete 
neighbourhood of P belongs to and thus to Dj+1,..., which 
proves that all the points belonging to any of the domains Di



form a domain D. Suppose now that the limit domain D is not 
simply connected. This means that its boundary B consists of two 
or more distinct continua, and thus, by Lemma 1, there is a poly­
gon 77 in D separating one of the continua B', say, from the rest. 
For sufficiently large i, tt is entirely in Di, otherwise one point 
at least of it would be missing in all the Bi and thus also in D. 
But there are points not belonging to inside as well as 
well as outside tt, for otherwise the whole inside or the whole 
outside of tt would belong to Di and thus ultimately to D, which 
contradicts the given construction for tt. It follows that there 
are boundary points of Di inside as well as outside tt, which con­
tradicts the hypothesis that is simply connected.

To prove the last statement of the theorem, we consider the 
points of the given D whose distances from the boundary are 
> 1 /n and whose distance from the origin is < n. By Lemma 1, 
we can construct a polygon Trn separating this portion from the 
boundary. For a sufficiently large n, -nn is the boundary of a 
simply connected domain which tends to D when n 
above proof applies to bounded or unbounded domains. Notice 
also that, every Jordan curve can be indefinitely appi'oached by 
polygons.

Similar considerations lead to the general statement :
III. Every domain is the limit domain of polygonal domains.
The important thing for us is, however, the reduction of

a multiply connected domain to a simply connected one by 
means of cross-cuts, i. e. by means of simple polygonal lines in 
the domain joining two distinct portions of the boundary. Thus, 
by definition, every point of a cross-cut is an inner point except 
its two extremities.

IV. A simple cut joining two points of the same portion of 
the boundary and distinct from the other portions decomposes 
the domain into two domains.

Simple means ‘ no multiple points ’.
For brevity’s sake we give the proof for simply connected 

domains. A simple polygonal line tt inside D will not split D 
into more than two domains, as all the points along either side 
of it belong to one and the same domain. Thus we have to 
prove that D does not remain one domain.
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Suppose that D remains one domain. We are going to show 

that this hypothesis is in contradiction with a property of 
continua.

Consider a circle in D, with a portion of tt for its diameter, 
containing no other points of tt and also a segment QR through 
the centre P, not reaching the circumference. As we know, 
such lines do not split the semicircles into two domains. It 
follows that if, as we suppose, D is not split by 7r, then D is not 
split by 7r together with QR.

Therefore we can join the points Q and R in D by a polygon 
tt' not meeting tt, B or the segment QR, for these three

GEOMETRICAL LANGUAGE CH.

D

-R
B

Fig. 83.

continua form the new boundary. But tt' and QR togeth 
form a simple closed polygon tt", such that there are points of 
inside as well as outside tt", viz. points of the diameter of our 
original circle near P. Thus tt breaks into two polygons, 7^ and 
7r2, one inside, the other outside tt", i. e. tt" separates the con­
tinua 7t1 + B and 7r2 4- B, which is absurd, since B cannot be 
both inside and outside tt". This proves the theorem.

V. A cross-cut reduces the connectivity of the domain by one. 
It is understood, of course, that the connectivity is finite.

Proof. Let the cross-cut QR join two portions of the 
boundary BY and i?2, and let the segment Q'R' be removed. 
The part QQ' of the cross-cut and Bl form a continuum C. The 
part RR' and the remaining portions of the complete boundary 
B form a closed set S (several continua). By Lemma 1, there is 
a closed polygon tt separating C from S, and QR joins an inner

 ̂5
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point of 7r with an outer point, i. e. meets n or may even have

If Q" and R" are the first and 
last points of intersection (perhaps coincident), and Q'" a point 
of it before Q", R"' a point of 7r after R", the two points Q'" and 
R"' split 7T into two open polygons tt1 and 7r2 uniting two points 

different sides of the cross-cut, of which one, tt1 say, does not 
meet the cross-cut. Therefore, after the points of the cross-cut
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have been removed from D, the points on its two sides can 
still be joined by a polygon entirely in D, i. e. D is not cut 
into distinct domains. On the other hand, the cross-cut re­
duces by one the number of distinct continua in B, since the 
cross-cut + Bx + B2 form a single contour, and the rest is un­
affected. Q.e.d.

51. Rectifiable curves and line integrals. The idea of a Jordan 
curve is too general for many practical purposes. We readily 
verify this when we try to define the length of a curve between 
two of its points.

Geometrically we define length as the limit length of polygons 
approaching the curve. We are going to put this into mathe­
matical language. The curve C : x(t), y (t) and its two points a : 
x(t0),y(t0) and b : x(t),y(t) being given, we divide the arc of 
G between a and b by the points corresponding to f0(= a), t1 >
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t%, , t
Putting I x(ti) -afo.j) I = ¿iX, I yità-yiU.j I = AiV, the length 
l of the polygon corresponding to our division of the arc is

CH.

tn( = b) and add the distances of these points.n-1>

¿ = 2 J(^ixY+(Ay)2-
«=1

Such a polygon of chords of a given arc is said to be inscribed 
in the arc. We define the length of an arc as the upper bound 
of the lengths of all inscribed polygons [Peano, 1890 b]. If 
this upper bound is finite, we say that the arc is rectifiable. 
If the upper bound is infinite, we say that the arc is not rectifi­
able or that its length is infinite.

I. The necessary and sufficient condition that the arc of 
a curve x(t), y(t) between t — a and t — b be rectifiable is that 
x(t) andy(t) be of bounded variation in (a, b). (Jordan, 1893-6, 
I, p. 100.)

Proof. From Vx* + y2 < x + y for positive x and y, we see that 

2 < 2 I à,x I + 21 Jiÿ I,(1)

and obviously
2vW)í+(¿¡3/)2>2M¡3|, 
2V(Ji<+(Ji2/)5>2Mi2,|.

Therefore if the arc in question has a finite length, i.e. if the 
left-hand sides of (2) are bounded, the right-hand sides are also 
bounded, and thus x(t) and y(t) are of bounded variation. 
Conversely, if x(t) and y(t) are of bounded variation, the right- 
hand side of (1) is bounded and so is the left-hand side, whose 
upper bound is, by definition, the length of the curve.

Theorem I shows that the existence of a finite length, accord­
ing to Peano’s definition, only requires that x(t) and y(t) should 
be of bounded variation. Continuity even is not necessary. 
Still, in the sequel, we shall restrict the use of the word curve 
to indicate a chain of a finite number of open Jordan curves. 
We shall now prove that for Jordan curves the upper bound is 
replaced by a simple limit, provided we only admit successions 
of inscribed polygons whose maximum sides tend to 0.

II. If L is the length of an open Jordan curve x(t), y{t) be- 
iween t — a and t = 6, the lengths ln of any succession of inscribed

(2)



polygons irn tend to L, provided their maximum, sides tend to 0.
Proof. By hypothesis, the arc j in question has the length L. 

Therefore, there is an inscribed polygon tt, corresponding to the 
division J, (t0 = a,t 
A>Z —e/2. Consider now any succession of inscribed polygons 
7Tn of length ln) corresponding to the divisions dn, say, such that 
the length 8n of the maximum side tends to 0.

It follows from the last condition that, after a sufficiently 
large suffix N~, the lengths of all the sides of 7rn are less than y, 
where y is an arbitrary positive number. Now consider the 
subdivision d'n obtained by adding to dn the points of A. Let 
?Tn be the polygon corresponding to d„ and let 8„ be the length 
of its longest side. Then, since tt7' contains at most p vertices 
which do not belong to 7rn, we have lfn — ln<2p8^. We notice 
that if we subdivide a given division, the polygonal length is 
increased or perhaps remains the 
<%—>() as n—>oo, it follows that l'n~ln<*/2 if n is large 
enough. And hence, since we have, for sufficiently
large n, L — ln<e, i-e. ln —»L.

To complete the proof we observe that 
(a) It follows from the continuity of x(t) and y(t) that
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= b), say, such that its length• • y tp+1v •

If now it be true thatsame.

V{[x{t")-x(t')Y + [y{t")-y{t')}*} <y

provided \t" —1'\ < say.
(b) Since the curve is an open Jordan curve, when the points 

P' and P", corresponding to t'n and t" respectively, tend to the 
same point P, corresponding to i, then > t, tn > t. But the 
length

V{[x{0-x{K)Y + [y(0-y(Q]2}

of the chord P,'P" does not tend to 0 unless x(t") -x(tn) —> 0 
and y(tn)—ydn)-^°- Thus, with the lengths of chords P«P" 
those of the corresponding intervals t” — t'n tend to 0.

Now, for every n, any fixed point P of j, corresponding to 
the value t, is an inner point of an arc At Ai+l or of a double 
arc A{Ai+i corresponding to the interval 1) or 2),
say, of the division dn. Hence there is a least N such that, for
n>N, \tni+1-tni\ < C or \tni+i-tni\ < C> aa the case may be* 
The suffix N varies with t, but, by Borel’s lemma, 11. Ill, there



are a finite number of the same intervals possessing the 
property. Therefore, we can find an JST suitable for all the 
points of (a, b), i.e. such that, if n>N, all the intervals of dn 
are shorter than £. Since we obtain d„ from dn by inserting 
new points of division, the intervals of df are < and thus, by 
(a), the corresponding chords are less than the arbitrary rj. In 
particular, 8'L< r¡. This proves that 5'—» 0.

We shall use II to prove the following result, indispensable 
for the definition of length of general

III. If, by an intermediate point, ive split an open Jordan 
curve into two parts jl and j2, we have L = Ll + L2, where L, 
L1, ¿2 are the lengths of j, jx, j2 respectively.

Proof. Let t — c correspond to the common part of j1 and^'2, 
and let l^ and l" be the polygonal lengths corresponding to any 
division of (a, c) and (c, b) respectively, and such that the longest 
chord tends to 0. The two divisions together make up a division 
of (a, b) with the same property, and for which the polygonal 
length is l¿ + Vf tending to L 
Vf —> X2, the statement is proved.

We might also say that length is additive.
This leads us to the definition of the length of a curve or 

succession of open Jordan curves, e.g. that of a closed Jordan 
curve, as the sum of lengths of the component curves. A 
rectifiable curve will also be referred to as a path.

52. Stieltjes’ integral.
Consider (a) the real function f (x) of the real variable x 

defined and bounded in the interval (a, b), (b) the real and 
increasing function g(x), and form for a given subdivision 
x = a, xv ..., xn_x, xn — b of the interval (a, b) the sums
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same

curves.

Since >Lvas n = oo .

1 = 0
(1)

s= 2™¿[í7(Ki)-£7K--i)]>
i=0

where Mi and mi are the upper and lower bounds respectively 
of / (x) in the -¿-th interval. We call S and 
lower sums corresponding to the subdivision. We suppose first

the upper and
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that /(íc) > 0 in (a, b). As the differences in the brackets are, 
by hypothesis, positive, we have

If we insert a new point of division x', e. g. in the i-th in­
terval, the term Mf[g(xi) — g(xi_J)] is replaced by

Mi Í9 (O ~g(xi-1) ] + Mi" [9(*i) - 9 (%') ]
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where M/ is the upper bound of f(x) in (æj_1, x') and M" in 
(x', Xi). Since M/ < Mi and M/' ^ Mit it follows that 

Mi [9ix')-g(xi-i)] + [g(Xi)-g(x')]^Mi[g{xi)-g{xi_x)'\.
Consequently, if S' corresponds to the new subdivision (with the 
point x' inserted),

S'^S.
s'>s.Similarly

Let us now compare two arbitrary divisions (a, xx,... , xn_x, b) 
and (a, xx , x2'%£'-}> b) and denote the corresponding sums 
by S, s and S', s'. Uniting the two divisions, we get a third 
one (an,xx",x2",, x'^n_x, b) with the sums S" and s".

According to our previous remark

S"^S S"^S' 
s" ^ s s" > s',

since the third division is the continuation of the first as well as 
of the second division. Hence S^S"^s"^s' and similarly 
S' > s, i. e. any upper sum, belonging to any division, is greater 
than or equal to any lower sum, belonging to any other (or to 
the same) division.

The lower bound of upper sums S formed for every possible 
division of (a, b) is called the upper integral of f(x) in (a, b) with 
respect to g(x). The upper bound of lower sums s formed for 
every possible division of (a, b) is called the lower integral of 
f{x) in (a, b) with respect to g(x). In symbols,

fÍ f{x)dg(x), 
J a

lim S = f(x)dg(x).lim s = s =

If, for the function/(¿c), these two numbers are the same, we say 
that f(x) is integrable with respect to g(x), and we call their 
common value the (Stieltjes) integral off(x) with respect to g(x) ;

rb
symbols f(x)dg(x).

J a
in
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We notice that, if g(x) is differentiable in (a, b), we have

204 OH.

rbrb
f(x)dg= fg'dx,

J o,

where the right-hand side is an ordinary integral.
If f(x) also assumes negative values in (a, b) but \f(x) | < M 

in {a, b), we put
f={f+M)-M and S(f) = S(f+M)-M[f(b)-f(a)].

Since/+ Mis > 0, the preceding reasoning applies and the lower 
bound of S(f) is that of S(f+ M) diminished by M[f(b)— /(a)]. 
Similarly for the lower sum. Thus, the upper and lower inte­
grals exist for every bounded function.

By Art. 15, if g(x) is of bounded variation in (a, b),
g(x) = g1(x)-g2(x),

where both gx(x) and g2(x) are increasing functions. Thus in 
this case we define the Stieltjes integral of f(x) with respect to 
g(x) by putting

\f{x)dg(x)= I f(x)dg1(x)~ f(x)dg2(x),
Ja Ja Ja

whenever the two integrals on the right-hand side exist. It is 
readily seen that in establishing the general properties of Stieltjes 
integrals we can restrict ourselves to the former case.

In the calculation of upper and lower integrals we can restrict 
ourselves to series of divisions dn, for which the greatest sub­
interval tends to 0. In fact, the upper sums 8X, S2, ...,Sn,... 
corresponding to a series of subdivisions dn, for which the great­
est sub-interval does not tend to 0, are not greater than the sums 

corresponding to subdivisions d„, obtained by adding to dn 
new points of subdivision in such a way that the greatest sub­
interval tends to 0. Similarly for sn.

The simplification thus obtained is considerable for, as we 
are going to prove, any infinite sequence Sn, corresponding to 
a series of divisions dn for which the length of the maximum 
interval tends to 0, tends in the ordinary sense to S ($ is not 
merely the lower bound of the upper sums). The proof is an 
exact repetition of the reasoning used in the case of rectifiable 
curves.
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By hypothesis, there is a division A (a, r1,..., rp, b) with the 
corresponding £ such that S—S_<e/2. On the other hand, if 
dx, , • • ., dn,... is a sequence of divisions for which the greatest 
sub-interval tends to 0, there is an N such that for n>N, the 
lengths of all the sub-intervals of dn,d 
where rj is an arbitrary positive number. Now consider the 
subdivision d„ obtained by adding to dn the points of A and let 
Sn correspond to d'n. Suppose ¡ f(x) | M, g(x) continuous in (a,b) 
and let ôn be the length of the greatest increment | g(xf) — g(xi _i)| 
in dn. Then, since dû contains at most p points which do not be­
long to dn, Sn — SÛ $ 2pM8n < e/2 if n be large enough. But 
S ^ Sû ^ S. Therefore, for sufficiently large n, | Sn — S | < e, 
which prove the following statement :

I. If the upper (lower) sums Sn(sn) of a Stieltjes integral'with re­
spect to a function g(x) which is continuous and of bounded variation 
correspond to divisions for which the maximum interval tends to 0, 
Sn(sn) tends regularly to the lower (upper) bound S, (s), of the upper

(Darboux for g(x) = x.)

.. are less than rj,n+1» *

(lower) sums.
functions.

II. If f(x) is integrable in (a, b) with respect to gl (x) and 
g2 (x), then it is also integrable with respect to gx + g2 and we have

f f(x)d(9i + 92) = f f(x)dg1+ f f(x)dgr
J a Ja Ja

Proof. Suppose gx and g2 are increasing. If f (x) is inte­
grable with respect to g (increasing),

Sn~sn=2 (Mi - ™i) [g (Xi) - 9 0
for a succession of divisions with the greatest interval tending 
to 0. Hence in (1) we can replace Mi and mi by any numbers 
between these two without altering the limit, i. e. the integral. 
Thus

r*o
f(x)d(gl + g2) = lira 2fdi) \9i(ûi>+9»iiù-9i{ûi-ù-9t(ii-i)]

n~œ i—0

{2/(íí)[»i(¿¡)-ffi(í¡-.)]+ 2/(íJb.(£<)-?.(íí-.)]}

rl) pb

= f(x)d9i+ f(x)dg2.Ja Ja

= lim
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In general, if gl and g2 are of bounded variation g1 + g2 has 
the same property and all three functions can be expressed as 
the difference of two increasing functions. Thus the proof 
is completed by using the first part of the argument. Q. e. d. 

Exactly similar reasoning proves the following theorem.
III. If fx and f2 are integrable in (a, b) with respect to g, then 

alsofx+f2 is integrable with respect to g and we have
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rb rb eb
(fl+Í2)d9 = fid9+ f‘id9-

IV. If f(x) is continuous and g(x) is of bounded variation in 
(a, b),f(x) is integrable in (a, b) with respect to g(x).

Proof. We shall first suppose that g(x) is increasing. We 
have to show that | Sn — sn ¡ -> 0 provided Sl, S2,... ; sv 8a,... 

correspond to a succession of divisions of (a, b) with the maximum 
interval tending to 0. But

Sn-sn = 2(Mi-mi) [giXij-gix^)].
Since, by hypothesis, f (x) is continuous at every point x of the 
closed interval (a, b), there is an interval containing x such 
that the oscillation of f(x) in that interval i$. < e/2 (e fixed 
arbitrarily). Thus to every point in (a, b) corresponds an 
interval covering this point. Applying Borel’s lemma we 
see that there is a finite number of the same set of intervals, 
ix,...,ip, say, covering (a, b). Now, if n be taken sufficiently 
large, all the intervals of the division dn are less than the least 
of ij,... ,ip, i. e. the intervals of dn are continued subdivisions of 
ix,, ip, except perhaps p of them containing the points 
of division of ix,... ,ip. For a subdivision of dn containing 
a point of division of ix>..., ip, Mi — mi<e, while, for the 
remainder, Mi — mi<ç/2. Hence

'Sfn-s«<e2[ö,(a;i)-Sr(*i-i)] = e\g (b)-g(a)l 
which proves the statement for increasing g(x).

If g(x) is of bounded variation, g(x) = g1(x)—g2(x), where 
both g} and g2 are increasing functions. Thus, by the above 
reasoning, f(x) is integrable with respect to gx and g2 separately 
and so, by II, it is integrable with respect to their difference.

We are going to make use of the last result in the definition 
of line integrals.
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If C: x(t), y(t) is a path from a : x(t0), y(t0) to b : x(t), y(t), and 

f(x, y) is a continuous function of the two variables along G, 
i. e. if f[x(t), y(t)] = F(t) is continuous, we put
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f f{x,y)dx = f F(t)dx(t),
Je J t0

(4)

where the right-hand side is a Stieltjes integral. By IV and 
51.1 our hypotheses secure the existence of the Stieltjes integral 
in question. Generally we have two functions f(x, y) and g(x, y) 
given and we put

(5) j f(xty)dx + g(x,y)dy

= f f[n(t),y(t)]dx(t) + f g[x(t),y(t)]dy(t). 
Jt0 Jt0

For example,
rtnt

dx (t) = dxl (t) — dx2 (t)
J to J to j ^0

where both x1(t) and x2(t) are increasing, and thus we have

(6) f dx(t) = xx (t) - x1 (t0) - [x2(t) - x2 (t0) ] = x(t)-x(tQ).
J to

^ x{t)dx(t) = è[*2(0-^(0]•
Also

(7)
Proof.

i x(t)dx(t) 
J to

= 1®2!ï(îm) [*(Íí)~®(Í<-i)]
1 = 1

= lim Sæ (íj) [x (¿j) - æ (f í-i) ]
= lim£{2æ (t¡) [x (ti) - x (t{_j) ] + 2æ (t^) [x (t{) - æ (<<_,) ]} 
= lim 2 ^ [a:2 (£¿) — íc2 

and, for increasing x(t),
-*2m

By II and III, the same result holds for any x(t) of bounded 
variation.



CHAPTER Vil
COMPLEX INTEGRATION

53. Cauchy's fundamental theorem. Putting x(t) + iy(t) = z(t), 
a curve on the complex plane is represented by z(t). Similarly, 
we put dx(t) + idy (t) = dz (t). Hence, if f(z) = P (x, y) + iQ (x, y), 
we define the integral of the uniform complex function f(z) 
along a rectifiable Jordan curve C, when z describes C in the 
counter-clockwise direction, by putting

J /(z)dz— (P + iQ)d(x + iy)

= L P ^ dX ^ ^ ^ ^ dy V)+ * J G (x> y)dx (0 + P (æ> 2/) <ty(i).

(1)

Integration in the clockwise direction is indicated if necessary

by . Since the integrand is the 
j-c

signs of dx and dy are opposite,

same in each case and the

L- -Í,
Thus equations (52. 6) and (52. 7) applied separately to the real 
and imaginary parts give

dz = z(t)-z(t0) 
Jt0

(2)

J'
J<o

(3) zdz = í[z2(¿)-z2(í0)].

In particular if z(t0) and z(tx) coincide, we have for closed 
eûmes

dz — 0, f 
c Jc

(4) zdz = 0.

The fundamental theorem of complex integration is a generaliza­
tion of (4). For brevity, a rectifiable closed Jordan curve will 
be called a simple contour.
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I. Cauchy's fundamental theorem of complex integration. If 

f(z) is uniform and differentiable at every point of a region R, 
limited by a simple contour C, then
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J'J{z)dz = 0.(5) (Cauchy 1825, 1831 b, 1846 )

Proof. (Goursat, 1900.) Consider any point 0 of R and 
a point z’ of R on a small square q centre at 0. Since, by hypo­
thesis, f(z) is differentiable at 0, if the side of this small 
square tends to 0, the expression [/(V) —f (z) ]/(z'~z) tends to 
f(z), i. e. there is a small square such that, for every z' of R on 
its side (or even in the square),

fjz')-f(z)
(6) -/'(*) <V,z'—z

where y is fixed beforehand. We can write this inequality in 
the form

[fW-f (*)]/(*'-*) =/»+«,
where | e | < 77. 

Hence
/(*') = /(*) + z.'f'(z)-zf(z) +(7)

To satisfy (6) at various points 0, squares of different sizes 
must be taken. Imagine, however, that by parallels to the 
axes we subdivide a square containing C into equal squares. 
Some of the small squares may satisfy (6) for a conveniently 
chosen 0 in the square in question. If we continue the subdivision 
into equal squares, more and more squares will satisfy (6) for 
a convenient z always in the square in question ; if a square 
reaches beyond C, we only retain the part contained in C and 
call the square irregular.

After a finite number of steps all the regular or irregular 
squares so obtained satisfy (6). In fact, if it were not so, there 
would be regular or irregular squares, each encasing the next, 
and dwindling to a point 0 with the property that, however far 
we go with the subdivision into squares, there are points 0' in the 
square containing 0 for which (6) is not satisfied. But we have 
seen that there is a square, centre at 0, such that (6) is satisfied. 
This contradiction establishes the remark. We denote the
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regular (complete) squares so obtained by qx>, qr, and the 
irregular (incomplete) squares by q[,..., q's.

On the other hand, the integral along 
C can be replaced by the sum of integrals 
along qx,...,qr, and q[, ....q's, tne enclosed 
area lying always on our left. In fact all

._N the integrals along straight segments
1__J\ cancel one another, because we integrate

along every straight segment twice and 
in opposite directions so that, f(z) being 
the same [f(z) is supposed to be uniform 

in C] and dz being replaced by — dz the second time, they destroy 
one another. Only the integrals along the arcs of G remain. 

But, by (7) and (4),

CX

O

Fig. 36.

i f(z')dz'=f(z) f dz'+f'(z) f
J Qi J J ?»

dz'z'dz —zf'{z)

e(z' — z)dz'.e (z' — z) dz' =+
J QiJ qi

Similarly
f(z')dz'= r e(z-z)dz'. 

J ?,• J 9-

I Í f(z')d*' <
\ J qi

Hence
r¡ V 2 4 Z.J- = 4 rj V 2 ,

area. Simi-where is the length of the side of and at- is its 
larly, denoting by L{ the length of G in q\ (L{ may be much 
longer than the four sides of the complete square taken to­
gether) and by l\ and a\ the side and area of q\, we have

f(z')dz' < r)l'iV2 (411 + Lf) = 477 v/2a¿ + r]l'iV2Li.
J 9,'

Adding all the integrals along regular and irregular squares, we 
obtain

f(z')dz' < 77[4 V2 (2a¿ + 2a£) + X Z],
J c

where X is the side of the square containing G and L is the
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total length of C. As 2a¿ + 2a¿ is less than the area A of the 
first square containing C, we obtain
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\cf¥W I < Bn,
where B is independent of the subdivision. As 77 is arbitrarily 
small, the left-hand side is 0. Q.e.d.

When the function f(z) is not defined (or not known)'beyond 
G, the condition that f(z) is differentiable at the points of G has 
no clear meaning. The theorem however remains true, i. e.
J f{z)dz = 0, where f(z) is uniform and differentiable in the

domain D enclosed by G and is continuous in the complete 
region R = D + G.

We establish this result only for contours G starlike with 
respect to an inner point c, i. e. when every radius vector from c 
meets G at a single point. In such a case, when z describes C, 
c + 6(z — c), 0< <9< 1, describes a contour G' entirely inside C and

\ f(z)dz- r /(z)dz = f {f(z)-0f[z-{z-c){\-6)]}dz.
J C J C' JC

The integrand equals
/(«)-f[z-(z-c)(l-6)] + (l- 0)f[z -(z-c) (1-6)]

whose modulus can be made < e by choosing 6 sufficiently near I.
As I* f(z) dz —

Jc/

\j(z)dz
0, it follows that

<eL,

where L is the length of G. Since 
the left-hand side is a determinate 
positive number or zero and the 
right-hand side is as small as we 
please, the result is established.

The fundamental theorem read­
ily extends to domains limited by 
several contours like G For ex­
ample, consider the domain inside 
Gl and outside Gt. Joining Gx and C2 by a rectifiable curve

Ce

Fig. 87.
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(straight segment if possible), we have by the fundamental 
theorem

212

r r b f
/ (z) dz + -

J Ci V « V Ci

fa
= 0.+

J b

As
rb fa

= 0,+
J z>

we obtain
Í f{z)dz- f /(^)cZ 

J Cx J Ci

z — 0.

More generally
II. If D is a finite domain limited by a finite number of simple 

contours, C^,... Gp, and f (z) is uniform and aifferentiable in 
the region D + C\+ ... +Gp, the integral of f(z) along the whole 
contour of D is 0 (the area D lying always on the left when 
we proceed along the contour).

ft fa
, the above resultSince, taken along the same curve, = —

J a
leads to

III. If f(z) is uniform and differentiable in a simply con­
nected domain D, the value of the integral

Jb

f if
f(z)dzI(z) =

is independent of the path c followed from a to z in D, i. e. 
/ (z) is a uniform function of the upper limit of integration.

Proof. Since, by hypothesis, c has only a finite number of 
loops, all limited by simple contours, the same is true of c con­
tinued by another path c' from z to a. The result follows by 
applying I to the simple contours making up c + c'.

The above result is sometimes stated in the following form :
IV. If we deform the path C leading from a to z in such 

a ivay that, in the area swept over, f (z) is uniform and differ­
entiable at every point, the value of j f (z) dz is not altered, i.e. 

is the same for all the paths considered.
By deformation of G we 

fiable curve between a and z.

simply mean choosing another recti-



54. Cauchy's fundamental formula. 
function f(z)/(z—x), where ais 
a fixed inner point of the do­
main D enclosed by C. Since, 
at z — X, the function is not 
differentiable, (it is not even 
continuous), we have to exclude >
X from D by a small circle c 
entirely in D. We shall denote f 
by C the complete contour of D, | , f
consisting of a finite number y V * 
of simple contours. Joining c \ 
to a point of C (see Fig. 38) and X. 
integrating along

C+ (a, b)-c + (b,a), 
we see as before that, since the 
integrand is uniform in D, the integrals from a to b and from 
b to a cancel one another. By 53. II we have thus
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Apply 53. II to the

cx

c

c

Fig. 38.

f(z)(1) dz = 0,
C—c z — x

i. e.
f f(z)clz _ f f(z)fo
Jc z-x ~Jc z-x '(2)

To evaluate the right-hand side we put z — x = reia. Thus 
dz = irei a da. = i(z — x)dot. Hence,

f(z)dz f2r
= i I f {x + reta)doL. 

J o
(3) c Z — x

This is true for every sufficiently small value of r and the left- 
hand side is independent of r. But f (z) is by hypothesis 
continuous at z = x, i. e. for | z — x | = r sufficiently small, < 8, 
say, we have f(x + reia) = f(x) + e(r,oc), where |e(r, a) 
(fixed arbitrarily), when r<8. Hence

< €

f i. 2>r
f(x + reia)doc = f(x)

J 0

f2 7r j
e (r, a) da. ' < e 

J o I

r2tr C2rr
c(r,a)da, 

J o
doc +

and, for r < 8,
['2 0-

da = 2 7T €,
J 0
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which proves that the right-hand side of (3) tends to 27r if (x) 
0. Since this is also the value of the left-hand side,

214

as r->
/ (z) dz= f

J v ’ 2ni Jc z — x
This is Cauchy's fundamental formula. The value of the 

uniform function/» at an inner point is expressed in terms of 
its values along the boundary of a domain in which and on the 
boundary of which f (z) is differentiable. Moreover, by III

replace C by other rectifiable closed contours in D, enclosing 
x and only points of D, without altering the value of the integral. 
This freedom in the choice of contours gives a great flexibility to 
complex integrals.

By our remark on the generalization of the fundamental 
theorem, formula (4) remains valid when f(z) is uniform and 
differentiable in D (but not necessarily on C) and continuous in

(4)

, we
can

D + C.
Another interesting feature of (4) is that, if x is outside C, the 

integrand is uniform and differentiable in C, i. e. by the funda­
mental theorem the integral vanishes. Thus the integral 
the right-hand side represents f (x) inside C and the function 0 

outside C.
If C is a circle | z | = R and f (z) is uniform and differentiable 

in I z I < R and continuous in j z j < R, we put 2 = Re1*, x = re1*, 
that (4) assumes the form

on

so
Re1 *d(f> 

Re** —re**

Take the point z' = R2e**/r outside | z | = R. Since/{z)/(z z ) 
is regular in | z \ = R,

Rei*d(f)

Re^-^ei*

F2n1 f (Re'*)

ref* d(f> 
re^* — Re**

Subtracting the last equation from the first and noticing that
R2 — r2_________

Rei(* — rti]P ~ re1* — Re1* ~ R* — 2Rr cos ((f> — y¡r) + r2’
re1*Re**
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we obtain Poisson’s formula :

r2 Tr1 R2 — r2(5) /(*) = /(&*>) R2 + r2 —2 Rr cos ( (p — \Js) 
Applying (4) also to the point x + Ax we see that

2tt Jo

f(x + Ax)-f(x) 1
2 7TÍJc(Z -x) (z — x — Ax)

= -L [ f(z)(lz
‘¿■niJc (z—xf

. +__ i Axf (z)dz '
2 2 7TÍ Jc(z — x)2 (z — x — Ax)

Hence, if M is the upper bound of \f (z) | along G, L the length 
of C and S is less than the lower bound of \z—x | along G, the 
second integral, for sufficiently small Ax, is <ML | Ax | /S3, so 
that it tends to 0 with ¡Ax |. Thus

1

f't~\ _ -L r f(z)dz
1 [ } - 2niJc{z-xy(6) 2 >

i. e. the differentiation under the sign of integration with 
respect to the parameter x leads to the differential coefficient of 
the integral as a function of the parameter.

But, what is much more remarkable, the same reasoning 
applies to the new integral and proves that

/ (z)dz

exists and so on. Thus
fW(x\ _ r í - 2nri Jc(z-x)n+l‘(7)

Hence the theorem
I* If f (z) is uniform and differentiable in a domain D 

without any restriction on its boundary, it is indefinitely 
differentiable in the same 
coefficients are given by (7), where G is any simple contour in D 
enclosing x and only points of D.

Proof. Apply the above reasoning to the contour C.
This is one of the most curious facts in function theory. It 

shows that differentiability in two dimensions is a very strong 
condition, since it requires the existence of a unique limit for 
[f (z + Az) —/(z)]/Az as Az approaches 0 in any manner.

domain. The successive differential
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The reasoning leading to (6) applies word for word in the 

case of the function
f\z)dz _ 

c z-x
where G is any rectifiable curve, closed or not, and / (z) is uni­
form and continuous along 0. It is sufficient that f (z) be defined

I F{x),(8)

only along C. Thus we see that
II. If f (z) is uniform and continuous but not necessarily 

differentiable along the open or closed rectifiable curve C, the 
integral (8) determines an obviously uniform function F(x) 
differentiable for every value of x except perhaps the points of G. 
Moreover,

f(z)dzFW (x) = n ! f 
J i(9) + iC(z-X)n

The same reasoning leads to the rule of differentiation under 
the sign of integration :

III. If the uniform function f (z, x) is differentiable in x and 
continuous in z as x varies in D and z valúes along a rectifiable 
curve L, the f unction

f(z,x)dz = g(x)
JL

is differentiable in D and

9'(x)=)Lűd*-

If C is a circle in D of radius R centre x, we have
/<*■•>-àJ/4SF

Iff

*(*+<««>-53 £

g(x + Ax)-g(x) _ J

Proof.

i. e.
f(z, z')dz'

z' — X
Similarly,

f(z,z')dz'
z — x — A x

i. e.
f (z, z) dz'' dz r

L J c (z'-xff2ttí „Ax
fiz, z')dzf dz [J L

Ax+ J c (z' —x),¿ (z' — x — Axf2-rri
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If M is the maximum modulus of f(z, z) when 2 and zf describe L 
and c respectively, l the length of L, p = \Ax\, the modulus of 
the second integral is less than

217VII

M pMl
= R(Ezrp)-0mthP-

Jf(z,z’)dz'_ T
J« V-X? - J LixdZ-

p 2 7T Rl2v R2 (R — p)
Thus

L1
= M

Q. e. d.
We are now going to apply our general results to series of 

uniform and differentiable functions.
IV. Suppose the functions fn (z, 2') are all continuous and the 

series

2 /.(*•
n = 1

is uniformly convergent when z is on the rectifiable curve C and 
z is in the region R' of z\ Then

2 f fn(z> z')dz = f F(z,z’)dz, 
«=iJc Jo

i. e. term-by-term integration is legitimate, and the integrated 
series converges uniformly.

Proof. Putting F(z, z) = sn(z, z') + Rn(z, z'), where sn(z,z') 
is the sum of the first n terms, we have, by hypothesis, for 
every suffix n after a certain JV, | Rn(z, z') | < e along C, with 
in R', i. e., if L is the length of C,

Rn(z, z')dz < c L.
J c

Hence
£ F(z> z )dz- £/x(z, z )dz — ... —£ fn(z, z')dz\ <eL,

which proves the proposition.
As uniform functions, differentiable in a domain D limited 

by a simple contour C, are in general determined by their 
boundary values, we shall see that uniform convergence in any 
region R of D follows from the uniform convergence along C.

V. Suppose D is a domain enclosed by the simple contour C,
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the functions fn(z) are all uniform and differentiable in D 
and continuous in D + C, and the series

218

2 fn(z) = F(Z)

is uniformly convergent on 0. Then

2 /»(*)
n — 1

converges uniformly in any region R of D, its sum function 
F(z) is uniform and differentiable in D and

n = 1

i. e. term-by-term differentiation is legitimate.
Proof. Since, by 27. Ill, F(x) is continuous on C, the integral

F(z)dz1
G(x) = 27ri J c z — x

is, by II, a uniform function of x, differentiable at every point 
of D, and its k-th derivative is given by

aik)w = ëiL-*>F(z)dz
k +1*

But if x varies in R and z on C and 5>0 is the shortest 
distance between R and C, we have | z — x | >5 and, from the 
hypotheses, the series

i m = W and ¿ 
±.Z-X z-x

m
k+ 1 k + l(z-x)

uniformly convergent on C. Therefore, by IV and by the 
fundamental formula,
are

g(*) = 2 ¿1/^=2/» = ^).
n=1 n=l

where the series 2/n(æ) converges uniformly in R to a 
» = 1

function, G(x) = F(x), differentiable in D. Similarly
fn (z)dz _ y
(Z-Xr'-¿/n (0*

Q. e. d.

= <**>(*) = 2 2^¿ JcFW (x)
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A simple consequence of this result is the following theorem, 
lid for quite general domains with any kind of boundary.
VI. Suppose the functions fn(z) are uniform and differ- 

ahle in a domain I) and 2fn(z) = F(z) is uniformly 
vergent in every region of D. Then F(z) is regular in D and 

**<*)(*) = 2/$(*).

va

con-

(Weierstrass.)
Proof, z being a point of D we apply V to a circle about 0. 
55. Differential coefficient of the indefinite integral. Consider 

a general domain D and a rectifiable curve c leading, in D, from 
a to 0, and suppose that f (0) is uniform and differentiable in D. 
The value of the integral

F(z) = J f(z)dz,(1)

depends, in general, on the path c leading from a to 0 in D, so 
that F(z) is in general a multiform function. Since differentia­
tion has been defined only for uniform functions, we have to 
specify a uniform branch of F(z).

A function (p(z), uniform and differentiable (therefore also 
continuous) in a domain A is said to be a branch of the multi­
form function F(z) if, at every point 0 of A, <f>(z) is equal to 
of the values of F(z) attached to that point 0. As a rule, 
a branch is only defined in a simply connected domain A.

In our case we specify the branch of F(z) as follows. We fix 
any point z0 of c and consider a circle K, \ z — z0\^p, within D. 
Since the integrand /(0) is uniform and differentiable in K, the 
value of its integral, by 53, III, does not depend on the way 
produce c in k from z0 to any point z0 + h in K. We choose for the 
path the straight segment from z0 to z0 + h. Thus

F(z0 + h)-F(z0) =

one

we

f2°+,‘ f'o.... , rvA/ (0) dz — f (z)dz =
J « Ja J *0

/ (z)dz.

Since by hypothesis f (0) is continuous m the neighbourhood of 
0O, we can take | h | so small, < 77, say, that \f(z0 + 6h) -/(z0) \ < e 
for every positive 0<1. Thus the functional values entering 
the integral are of the form / (0O) + e (0) where, between z0 and 
z0 + h (on the segment), | c(z) j < €. Hence

*0+Ar ■/<#=/«*+ i

J*o J
€ (0) dz,

zo
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1 fzo+,‘F(z„ + h)-F(zn) e (z) dz < e.i. e. h

As f is arbitrary, we see that i^(z) is a differentiable function at z0 
and its differential coefficient is/(z0) :

I. Iff(z) is uniform and differentiable in a domain D, every 
branch of the function (1), specified in a domain A of D by a 
rectifiable curve c in D, is at every point of A a differentiable 
function of the upper limit of integration and F' (z) = f (z).

By 39. Ill, if G(z) is a primitive of f(z), G(z) = F(z) + const. 
It follows, as usual, that

rz
f{z)dz — G(z) — G (a),(2)

(c)J "

provided we follow the change of G, if it is multiform, along c, 
i. e. if we mean by G (z) the value of G at z obtained along c.

For example, we know that (log z)' = 1/z. But log z is not 
differentiable at the origin. Thus we have to consider a domain

excluding the origin, e. g. a ring 
domain about the origin.

By (2) (see figure for c), we
have

(3) dz/z — log z - log a, 
(c) J a

oLZ- so that we might believe that

dz/z = log a — log a — 0.

We are going to show that this 
is incorrect. To evaluate this
integral directly, we take a 
circle about the origin, of radius

Fig. 39.

I a I, and put z— \a\eia, i. e. dz — \ a\ieiadoc,
p2 7T

dz/z= i 
: J o

d<x — 27ri,

i. e. not zero (though it is a closed path). If we turn twice 
about the origin we obtain the same integral twice, and so on, 
and in the opposite direction —2 ni.



COMPLEX INTEGRATION 221VII

More generally

/' (z) dz/f (z) = log/ (z) - log/ (a),(4)
(c) J a

provided logf(z) means the value of log/(2) obtained along c 
(from a).

As an example we have for any real or complex m ^ — 1

zmdz = (zm+l-am+')/(m+ 1).

If m is an integer, 1 zmdz = 0. But if m is not an integer, the

meaning of zm+1 is given by e(«i+i)iogz? which is a multiform 
function. Thus the result depends on how many times we turn 
about the origin, which is again a branch point of the function.

With this proviso, the formula (2) can be used very much as 
in the real calculus.

Theorem I leads to the inversion of Cauchy’s fundamental 
theorem.

II. If f(z) is continuous in a domain D and J f(z)dz = 0

/or any simple contour in D, then f(z) is differentiable in D.
(Morera, 1902.)

Proof. By hypothesis

f (z) dzF(z) =

is, in D, independent of the path, i. e. F(z) is a uniform function. 
Hence, by an argument identical with that used in I, we see that 
F'(z) exists and equals f (z). It follows, by 54. I, that f(z), 
being the differential coefficient of a uniform function, is itself 
differentiable.

III. Partial integration.

fgdz+\ fg'dz=[fg]c, 
J C J c

(5)

where [-f’Jo means the difference between the value of F at the 
end of C, arrived at along G, and its value at the initial point 
of C, whether C is closed or not.

Proof. A primitive oîf'g+fg' is fg, Hence the result by I.



IV. Darboux s mean value theorem. If g(z) is continuous 
along the straight segment betiveen a and b, | a \ < \ b |, and f (r) 
is real and positive for \ a | < r < | b |, we have, if \z | = r,
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f(r)g(z)dz = \g(ê) f (r) \ dz\, I. X | < 1.(6)

where on the left-hand side we integrate along the straight seg­
ment betiveen a and b and £ is a number of this segment.

Proof. Denoting the left-hand side by I, we have obviously

\I\< Í f(r)\g(z)\\dz\.
(7)

value theorem of the integralApplying the ordinary mean 
calculus to the real integral on the right-hand side of (7) we
obtain

f(r)\g(z)\\dz \ = \g(£)I f(r) \ dz\>

which establishes the theorem.
If/(r) = 1, we obtain in particular

J g(z)dz = X (b — a)g(£).
(8)

When g(z) is the derivative of F(z), the left-hand side is
F(b) — F (a), i. e.

F(b)-F(a) = \ \b-a\F'(£), |X|<1,(9)
which exactly corresponds to the mean value theorem of the 
real differential calculus.

56. Taylor and Laurent series. We have seen that if / (z) is 
uniform and differentiable in a two-dimensional domain, f (z) is 
indefinitely differentiable in the same domain. We are going to 
prove that the Taylor expansion of f (z) about any inner point a 
is a convergent series, and represents / (z) in a circle about a. In 
such a case we shall say that f (z) is regular (or holomorphic) 
at a.

I. Iff(z) is uniform and differentiable in a domain D and 
a is any povnt of D, then, in a sufficiently small circle about a,

f(z) = 2/W(a) (z—a)n/n !(1)

(Cauchy 1831 a. )i.e. f(z) is regular at every point of D.
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Proof. We take a circle c of radius R, centre a, throughout 
which, circumference included,/(z) is uniform and differentiable. 
By the fundamental formula

r f(z)dzfix) = -1. -------
• v ; 2m Jc z — x(2)

Putting
(x — a)n11

= 2 n + Vz — a — (x — a)
the last series, multiplied by f (z), is uniformly convergent when 
0 is on c and \x — a\<R'<R. Hence, by 54. IV, 

f(x) = 2an (x-a)n,

(z-a)z — x

where _  r f(z)dz
2iri j c (z — a)n+1

1 , n = 0.1,...(3) an

and, by 54. I, an =fw (a)/n !
Thus, for complex functions, ‘ uniform and differentiable ’ in 

any small neighbourhood of a point and ‘regular ’ at that point 
are equivalent expressions.

It follows from (3) that
\an \ <M/Rn,

where M is the maximum modulus of f(z) in ¡ z — a I < R.
Consider now the ring domain D between the concentric 

circles cx and c2 (of radius p and r<p respectively), centre a, and 
suppose that f (z) is uniform and differentiable in and on the 
boundary of D. 
fundamental formula,

(4)

If x is any point of D, we have, by the

f(z)dz 1 P f(z)dzf(x) = 2M
2ni Jct z — xct z-x

We apply the preceding reasoning to the first integral and 
obtain

1 r f(z)dz __
2 ni , Cj z — x

convergent when x is in c1. To evaluate the second integral 
write

2an(x-a)n,

we

(z — a)n
— = 2x — z n+1*(x — a)

uniformly convergent when z is on c2 and | x — a | >r' >r, i. e. x 
is outside c2.
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Thus, by 54. ÍV, we obtain Laurent’s expansion (1843) in the 
ring domain

224 CET.

/» = 2 An (*-«)"+ 2 Bn(x-aVn>(5)

where
/ (z) dz1 1(6) An = ^ B"= 2iiJ /(*)(*-«)"-'<&•2ttÍ J c (z —ci) 71 + 1 »

If /(0) is uniform and regular in c1, except at its centre a, the 
expansion (5) is valid for every ring domain in c1 excluding the 
point a, i. e. is valid in c, except at a itself.

In this case, (a) if the second series, called the principal part 
of Laurent’s expansion at a, consists of a finite number of terms 
(the greatest negative index of x — a being k), we say that the 
point a is a pole of f(z) of order 1c, (b) if the principal part 
contains infinitely many non-vanishing coefficients, a is said to 
be an essential point of f (z).

We notice also that
(7) \An\< M/pn and | Bn \ < M'rn.

It follows that the regular part of Laurent’s expansion con­
verges at least in cv Similarly the principal part converges for 
every x outside c2. If f (x) is regular in cx except at a, we can 
take for c¡¿ any small circle about a, i. e. in this case the principal 
part converges for every value of x ^ a.

The inequalities (4) are logically more general than the 
apparently identical inequalities (40. 3). In fact (4) simply 
follows from the fact that f (z) is uniform and differentiable in 
I z — a\ < R whereas we established (40. 3) by assuming that the 
function is given by one and the same Taylor series throughout 
the whole circle in question. In reality, however, this logical 
difference in their generality does not exist, as is shown by the 
following important consequence of (4).

II. If the radius of convergence r of 2an(z — a)n = f(z) is 
finite, there is a direction in which f (z) cannot he continued 
beyond the circle of radius r. In other words f (z) has a singular 
point (Art. 61) on the circumference of its circle of convergence.

Proof. Suppose that the theorem is not true for a function 
f (z). This means that every point of the circumference | z | = r 
is an inner point of a circle with centre at some inner point
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Thus by Borel’s lemma there are a finiteof the circle \z \ < r. 
number of these overlapping circles covering the whole circum­
ference and it follows that there is a circle c' of radius r’ > r
in which the function is regular, i. e. in (3) we can replace c by c' 
without altering the value of the integral. Then, by (4), we 
should have for every n

\an \ < M/r'n.
But the radius of convergence r of 2an(z —a)n is defined as the 
reciprocal of the greatest limiting number of [Va[, i. e. for 
every r'>r there are infinitely many suffixes n such that 
I an [ > 1 /r'n. This shows that (8) is impossible. We can 
formulate our result by saying that the convergence of a Taylor 
series 2an(z — a)n is stopped only by the nearest singular point 
to z = a. Thus it follows from the regularity in the circle 
10 — d \ — r that the function is given by one and same Taylor 
series in the whole circle.

This result leads to an interesting remark due to Poincaré 
and Volterra (independently). To exhaust all possible ways of 
continuation of a Taylor series we have to consider its expan­
sions about every inner point of its circle of convergence. Denote 
by D1 the united domain of all the open circles thus obtained. 
Thus if 0 is an inner point of D1, there is a circle about the 
point a, say, of the original circle of convergence, containing 0. 
Now, there are points as near to a as we please with rational 
coordinates (rational points). As the distance between the 
singular points and a is a continuous function of a (see Art. 11), 
the radius of convergence varies continuously when a varies. 
Therefore there is a point b near a such that the circle of con­
vergence about b contains 0. We see thus that for the complete 
analytic continuation of a given Taylor series, it is sufficient to 
consider expansions about rational points. Since the same 
remark applies to the continuation beyond Dv if this is possible, 
and since, by definition, the complete analytic continuation con­
sists of all the continuations obtained by a finite but arbitrary 
number of similar steps, we see that

III. At any fixed point of the complex plane an analytic 
function assumes only an enumerable set of values.

(Poincaré, 1888. Volterra, 1888.)

(8)
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57. Test for singular 'points on the circle of convergence. Non- 

continued Tayloi' series. When c — a + reia is a point inside the 
circle of convergence of 1an (z — a)n, of radius R, the continuation 
along the radius ac is possible if and only if the radius of con­
vergence of the expansion about c is greater than R — r, i. e. if 
for every e there is an AT such that for n > JT,

\an + C[l+1an+1reia+ ...

COMPLEX INTEGRATION CH.

(1)

+ ^Pan+pr'e<Po+ ... I <

Similarly 2an(z — a)n cannot be continued along ac if for every 
e there are infinitely many suffixes n such that 

\an + C”+la reia + ...00 n +1
+ CyP an+pre+ ...\>(L-lf.

We shall apply ftiis test to the case in which all the coefficients 
after a certain suffix are positive, and for simplicity’s sake we 
put a = 0.

I. If, after a certain suffix, an is real and > 0, then z = R is 
a singular point of 2anzn, R being the radius of convergence 
of the latter series.

Proof. If f[z) can be continued along the real axis, then 
z — R is an inner point of an expansion about z — r<R, 
that there is no singular point in the vicinity of the point z = R. 
Thus all the Taylor expansions about points on the real axis 
between 0 and R contain z = R as an inner point. In particular, 
the expansion about z — R/2 contains z — R and 0 = 0 as 
inner points. Thus there is a point R 4- 77 on the real axis 
beyond z = R for which

„ + Gn +la

(Vivanti, 1893.)

so

2[«
0 L

(3) + ...71 + 1

+ . ..1 (Ü/2 + t))n

is convergent. Since all but a finite number of the terms 
positive, the double series is absolutely convergent and thus 
can rearrange it at will. Fixing the value of n+p = m, and 
collecting the terms containing an+p = am, we obtain for the 
coefficient of am

are
we

2 G™ (R/2 + r])m-P (R/2)P= (R/2 + TJ + R/2)m.
p=0
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Hence 2,am(R + r))m would be convergent, which is absurd, for 
the original series diverges outside [ z | = R.

The result also extends to certain series with complex 
coefficients.

II. If, after a certain suffix, the argument of an is between 
— oc and oí<tt/2, z = R is a singular point of 2anzn.

(Dienes, 1909 c.)
Proof. If an = otn+ ißn, we have | an \ <an seca. Hence 

the absolute convergence of '2anxn (x>0) follows from its 
convergence and thus the rearrangement is valid. The proof 
follows as before.

Consider now the series f(z) = 2anzhn (Weierstrass), where 
a> 0 and b is an integer > 1. Since lim an/J)n — 1, the radius of 
convergence is 1, and by I, z = 1 is a singular point. Putting

/» = 2
the difference f—fm is a polynomial, i. e. regular at every 
finite point, in particular at z = 1. It follows that 1 is singular 
also for fm(z). On the other hand fm{ze2nih^m) = fm(z) for any 
integer h, i. e. fm (z) is reproduced along the radii with the argu­
ments 0, 2n/bm, 4 Tr/ bm,..., (bm— 1) 2n/bm. Therefore all the 
points of \z\ = 1 with these arguments are singular points for 
/m(z). But f-fm being regular, any singular point of fm(z) 
is also singular for f (z), i.e. all the points of \z\ = 1 with 
arguments h 2 n/b™, where h and m are any integers, are singular 
points of f (z). They lie everywhere dense on the circumference, 
stopping the continuation of/(z) along every radius, for a regular 
point on the circle would be separated, by a finite arc, from all 
the singular points on the circle. Thus, there are Taylor series 
which cannot be continued beyond the, original circle of con­
vergence. The circle of convergence is a singular line of the 
function.

The simplification of the tests (1) and (2) leads to the deter­
mination of quite a large class of Taylor series for which the 
circle of convergence is a singular line.

For simplicity, we assume that the radius of convergence 
R = 1. As the series on the left-hand side of (1) is convergent,
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the remainder from a certain term on, varying with r and n, is 
small. We shall make use of this fact, in order to redude the 
infinity of terms to a finite number, in the following way.

If lim j nVBn I < lim ] W An |, then

228 CH.

lim I VAn + Bn \ = lim ¡ VAn\-
n = oo n = oo

(*)

For, by 56. II, since the radius of convergence of 2Anzn is less 
than that of 2Bnzn, the radius of convergence of 2(An + Bn)zn 
is equal to that of 2 A nzn.

If n and k are positive integers,
(n + k)n+k 

(n + k+ 1 )nnkli
(n + lc)n+k

< <(5) nnkk
For, writing

k n+k

(n + lc)n+k = 2
t=0

Is n + k — i+1 kJL =------- -------  • - > or < 1

« = 0

we have i ai-l
according as i < or > Jc. Hence Cjlc+knnkk is the greatest of the 
(n + k+ 1) terms and (5) follows immediately.

Since the radius of convergence is 1, to every given positive tj 
there corresponds an n0 such that, for n>n0,

Kl < (i+-?)“.
If therefore, for n>n0 and m > 0, we write

ika— 2 Cfi+krk eRn+m an+k’

we have
\Bn\< 2 C%+krk(l+T])n+k.(6)

4=0
Now, by (5),

1 +?r*i< (1 + s)i+"(t)”(1+,)1+
and, in (6), the ratio of the (/c+ l)-th term to the k-th is

(1 + |)r(1 + 77).

(7)

(8)

* IS
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Let A be any fixed positive number. Choose (i) p = p(n) so 

that p/n -> A as n -> oo , (ii) q^p, (iii) 0 <Z< 1, (iv) r > 0, but 
so small that
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(1 + 1/A)»*(1+,)«+*QA l(9) < 1 — r
and

(10) (1 +X) (1 + 77) r < l.
Then, for n>J\r^n0, we have, by (6), (7), (8), (9), and (10),

I VR I <| 2 G^rk(l + V)
k-q +1

< \jc™+PrP (1 + T])n+P 2 lk~p ! < 

<• = ?+! 1

n+kn+q+1

l -„I 1
1 - 1 -z

Therefore
l 1lim ¡ VR < 1 —r * 

and applying (4), we see

11 + q+l — r
Finally, putting I? = Rn-Rn + q +1
that our original test takes the form :

». 5

1lim I VJZ„,g -, regularity at ein,

— , singularity at eia, 

where lim q/u > X > 0, i.e.we can neglect Rn+q+i and replace

<
1 -(H)

lim I VRn, q I =

Rn by Rn, q‘
In order to eliminate r from the right-hand side we must 

a suitable quantity. We first observe that thedivide Rn by
greatest of the coefficients Cß+k r,c in Rn is that for which Jc is 
the greatest integer <; nr/(l — r). Let s = s(n) be chosen so 
that

s r lim — =-----a, n 1 —r(12)

Then, by (5) and (12)
1lim I yC'”+sr* I =(13)

1 — r
\ and divide through by 

I VC"+Wsa |. Since the latter expression tends to 1/(1 — r),
We now replace | V Rn> q \ by | VRn, s+q
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the right-hand side of (11) becomes 1 and Rn¡ S+Q is replaced by 
Hm(reia), where m = n + s and

230

Hm(reia) = —
m + 1 reia an, s+q + ...— am + m+l8+1(Jni o

(m+ 1) (m + 2) ... (m + <y)r<1 &iqa 
(s+l)(s+2)...(s + g)

s
r_1<riaa«m + g+ m

s(s— 1)... 1_____ '--------------------rm(w — 1)... (m —8 + 1)

m-l

-8e-isaa+ ....+ rra-8 •

This function will be referred to as Hadamard’s test function.
Finally we can replace the wth root by the mth root. For 

this purpose we remark that if íim An = A and rjn 
Hm A I» = A1?.

[Proof. By hypothesis, An<A + e for every n>N and there 
infinitely many values n{ of n for which An > A — e. Hence 

Aln< (A + for n > N and Avnn > (A-tfn for n = n{. 
Since (J+€)’»-> (A+ «)’, (A-e)rin-^(A-eff and, for suffi­
ciently small e, (A + e^-A7?, (A-e^-A7? are as small as we 
please, the proposition is established.]

In our case

thenV,

are

r n n
=------- H C„ , 1. B. — = ----- = 77 ,1 -r n m n + s ”

where 17 -» 1 — r and the upper limit A in question is 1 or < 1. 
Thus, if we replace the -nth root by the mth root, the upper 
limit is not altered if it is 1 and it remains less than 1 if it is 
less than 1. We are thus led to the following test :

III. e™ is a regular point if and only if, for a sufficiently 
small r and all sufficiently large m,

\Hm(reia)\ <(!-€)’»,
i. e. if and only if

lim ! v/'iim(î'eîa) I < 1.
(Fabry, 1898.)

In the above test r is restricted by (9) and (10), s by (12). 
and q by lim q/n > X > 0, and the last condition is satisfied if

lim q/m > X. By taking X and r sufficiently small we may make
m=S0
the limits of q/m and s/m as small as we please. We shall make

CO 
I Ö
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use of this freedom of choice in proving a beautiful theorem due 
to Hadamard.

Consider a series f(z) = with such gaps (i. e. sequences
of zero coefficients) that

\v+i — \v>6\v, 6>0 (Hadamard gaps).
Taking a surviving coefficient am (i. e. X„ = m) we choose s and 

•q with the additional restrictions
e \v and q < 0XV.1+0

In this way all the coefficients in Gm(reia), but am (= aKJ 
itself, are zero, so that

I nVHm{reia) I = \Vam |.
On the other hand, if the radius of convergence of 2aXy0x*z is 1,
there are suffixes oo such that | Vam. \ -> 1. There­
fore, for every a

lim I VH m (re1 u) | = 1

and thus every point eta is a singular point of/(z).
IV. If lim j Va* I = 1 and Xv+1 —X„ > 6XV, 6 > 0, the circle 

\z\ = 1 is a singular line for f(z) = 2aXvzx''.
(Hadamard, 189 2.)

In Chapter XI we shall discuss further properties of gaps in 
the coefficients.

58. Essential points. We notice an important difference 
between poles and essential points. If a is a pole of f{z), a
is a zero of 1 /f(z), i. e. lim 1 /f(z) = 0. Hence lim | f(z) j = co

z—>a z—>ao
and thus the only value approached by / (z) as z->a is infinity.

I. In the neighbourhood of an essential point f (z) approaches 
every value, i. e. if a is an essential point, there is a sequence 
zn -» a such that / (zn) -> A arbitrarily given.

Proof. Suppose that there is a value A not approached by 
f (z) in the neighbourhood of a. This means that there is a circle 
about A of sufficiently small radius S such that for | z — a | < e 
(sufficiently small), / (z) does not assume values contained in the 
circle about A. Hence g (z) = l/[f(z) — A] is regular and 
I g(z) j<.l/ő at every point of \z—a \ < e, except possibly at a.

(Weierstrass.)
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By Laurent’s expansion g(z) = 2 An (z — a)n + 2Bn (z — a)~n and, 
as <z, the first part tends to A0. Since 2Bn xn is an integral 
function, it reduces to a constant, by Liouville’s theorem, 40. V, 
and thus a cannot be an essential singularity of

f(z) = A + l/g(z).
This contradiction shows that l/[f(z) — Ä\ is not bounded in 
I z — a I < e, and there are points xn-*cc , i.e. zn-*a, for which 
1/1 f(zn) — A I -> co , i.e. /(zn) -> A. f(z) is completely indeter­
minate in the neighbourhood of an essential point.

The reasoning is valid also in the case whenf(z) has infinitely 
many poles in the neighbourhood of a. In fact the poles of/ (z) 
are zeros of 1 /\f (z)—A\ i. e. the latter is regular at the poles 
of f(z), so that the same argument applies.

II. If a is a regular point of g (z) and a pole (essential point) 
of f(z), a is a pole (essential point) of f(z) + g (z). If a is a pole 
of g (z) and an essential point of f (z), a is an essential point of
f(z) + g(z).

Proof. Writing
g(z) = 2cn(z-a)n,f(z) = lan(z-a)n + 2bn (z-a)~n,

we see that
f (z) +g(z) = 2K + cn) (z -a)n + 2bn (z-a)~n, 

i. e. the principal part is the same as in f (z).
If a is a pole of g(z) and an essential point of f(z), only 

a finite number of terms in the principal part are altered by the 
addition. Therefore the principal part of f(z) + g(z) has infi­
nitely many non-vanishing coefficients.

Similarly, if a is a pole of order Jc of f(z) and of order m of g (z), 
a is a pole of order Ic + m for f(z) g(z). On the other hand, if a 
is a zero of order m for g(z), f(z)g(z) = (z-a)k~m fx(z), where 
/, (z) is regular at a, i. e. if i<m, a is a pole of fg of order 
m—k and if k^m,a is a regular point of fg, and a zero of order 
k —m if lorn.

Multiplication may destroy even essential singularities. For 
11 (—11”example, take el/z = 2 — — and e~l/z = 2 -■ Jn . Their product

is the function 1.
We notice finally that
III. If a uniform analytic function is regular and bounded 

in the neighbourhood of a point a, it is regular at a.
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Proof. Laurent’s expansion shows that either/(z) is regular 

also at a or else a is a pole or an essential point. But if / {z) is 
bounded, \f(z) | < A in a neighbourhood of a, and so this point 
cannot be a pole nor an essential point, since f (z) does not 
approach in this neighbourhood any value of A such that 
I A I > N. Hence f(z) is regular also at a.

5 9. Residue theorem. Poles are isolated from one another because 
they are zeros of 1 /f (z) and, by 27. VI, zeros are isolated from one 
another. If k is the degree of the pole at z = a, (z — a)kf(z) 
is regular at a, (it is differentiable in a neighbourhood of a), and 
different from 0. Hence F(z) = 1 / (z — a)k f (z) is also regular 
at a and different from 0, i. e. (z — a)k F(z) — 1 /f(z) is regular 
at z = a and has a zero at a of order k. We also notice that if 
f(z) is regular at z = a, \ /f {z) is either regular at a (when 
/(a) 9t 0) or has a pole at a whose order is that of the zero of/(z) 
at a.

If f(z) is uniform and has only a finite number of poles in a 
region R, f (z) is said to be meromorphic in R.

Consider now a circle ca, centre a, containing only one pole

z = a oif(z). We are going to calculate / (z)dz.
J ca

Since the primitive of (z — a)m, m ^ — 1, is (z — a)mn/(m+ 1) all 
the terms of Laurent’s expansion vanish in the integration except 
Rx/(z — a). Hence, putting z — a = reta, we find in the usual 
way

1
Si j

Therefore the coefficient Bl is called the residue of / (z) at a.
I. Cauchy's residue theorem. If f (z) is uniform and 

morphic inside a simple contour C and continuous on C, we have

(1)

mero-

Jcf(z)dz = 2-rri 2i2s,

where Rg are the residues of the poles inside C. (Cauchy 1831 b.)
Proof. If av...,ak are the poles of f (z) in C, we exclude 

them by small circles cg and apply the fundamental theorem to 
the contour C—c1—... — ck and we obtain

f (z)dz+ ... + f (z)dz = 2iri 2,RS. Q. e. d. 
Jc/£

(2)

f f(z)dz =
J C J
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In practical applications this is one of the most important 
formulae of modern analysis.

If/(z) has a zero or a pole at z = a, its Taylor expansion 
about a is of the form/(z) = (z — a)k2bn (z—a)n, 60^=0, where k 
is a positive or negative integer, giving the order of the zero 
if k > 0 and —k that of the pole if k< 0. Since

f'(z) = k(z — a)k~'1 2bn (z — a)n + (z — a)k 2nbn(z — a)n~l,
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and
2 nbn (z - a)n/2bn (z - a)n = 2cn (z - a)n (K /= 0),

we have
f (z)/f (z) = k/(z-a) + 2cn(z- a)n.

Hence, integrating along a circle ca about a containing no 
other zero or pole of f(z), we obtain by the residue theorem

(3) f(z)dz/f(z) = 27Tik.
ca

Thus, if the contour C encloses the zeros and poles altari 
bg, and if f (z) is otherwise regular inside C and 

tinuous (and ^ 0) on C, we have
con-

jcf(2)dz/f(z) = 2*i(Z-P)(4)

where Z is the number of zeros and P the number of poles in 
G, each counted according to its multiplicity.

If <j(z) is uniform and regular inside C and continuous on C, 
the residue of g(z) f(z)/f(z) at a is ley (a). Thus (4) is readily 
generalized for this case, giving

(5) J (0 (z)f (z) dz/f (z) = 2 7T i 2 9 K) “2 9 (b*) »
p=i

with the convention that g (ap) is repeated as many times as the 
degree of ap indicates. Formula (5) is very much used in the 
evaluation of integrals.

Comparing (4) with (55. 4) and noticing that

<7=1

loSf(z) = log I f(z) I + i*rgf(z),

we see that Z—P is equal to the change in the argument of f (z) 
when z describes G (because log \f(z)\ reassumes its value).
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This result is frequently referred to as the principle of the 
argument.

60. Some theoretical consequences of the residue theorem. 
Apply the principle of the argument to two uniform functions 
P(z) and Q(z), regular in C (no poles), and suppose that, when « 
describes C, | P(z) | > \Q(z)\. Under this condition, as z varies 
along C, the corresponding value of 1 + Q(z)/P(z) describes a 
curve inside the circle of radius 1 and centre 1, for at the end 
the argument of 1 + Q/P assumes its initial value. Therefore the 
change in the argument of P + Q = P(1 +Q/P) is due entirely 
to the change in the argument of P. Hence we have the 
following result :

I. If along C, \P(z)\ > \Q(z)\, the tico uniform functions 
P(z) and P(z) + Q(z) have the same number of zeros in C pro­
vided they are both regular in G.

Apply this result to the polynomials P(z) = anzn and 
Q(z) = an_xzn~l + ... +ct0. We have obviously, for \z\ = R,

an-2

(Rouché.)

m < iiian-l a0+ T55+- +-P(V an R an Rn'

and the right-hand side tends to 0 when R increases indefinitely. 
Thus, for a sufficiently large I?, | Q(z)/P(z) | < 1 along \z \ = R. 
Hence I applies, and we obtain the result that in a sufficiently 
large circle the polynomial anzn + an_lzn~1 + ... +a0 has just as 
many zeros (counted according to their multiplicity) as anzn, 
i. e. n. This is apparently a very short proof of the fundamental 
theorem of algebra. But this proof implies all the machinery of 
complex integration and, in particular, Cauchy’s two funda­
mental results, so that the elegance of this proof is only apparent.

We are going now to establish Jensen’s formula, one of the 
most important consequences of (59. 5).

Consider the integral

an

dz1 = log f(z)~
c à

(1)

along the circle c, \z\ = R. We suppose as usual that /(z) is 
meromorphic in c and regular and different from 0 on c, and we 
start the integration from the real axis with the argument of 
l°g f(z)zero or positive and < 2 n. For simplicity we also suppose
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that the origin is not a zero or a pole of f(z). By partial inte­
gration we obtain
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/ = [log 0 log f (z)]c - flog z dz,
(2)

where the completely integrated part is the difference between 
the initial and final values of logz log / (z), i. e.
(log R + 2 7ri) [log f (R) + (r — s) 2 ni] — log R log f (R)

= 27ri log / (R) + 2ni{r — s) log R —4 (r —s) n1,
where r and s are respectively the number of zeros and poles of

/ (z) inside c. The remaining integral 
is of the form (59. 5), but the con­
ditions of the theorem are not satisfied 
by log 0. Thus we apply the usual arti- 

! fice of excluding the origin by a small 
circle of radius p, not containing any 
zero or pole of the function, and join 
the two circles by a straight segment 
not meeting any pole or zero. We 
might suppose this segment to be a 
part of the positive real axis. Inside 

the contour G formed by a turn in the positive direction along 
101 = R, (a, b), a small circle in the negative direction, and 
(b, a), the function log0 is regular.

Applying (59. 5) to this contour we obtain

Ö
Fig. 40.

/(*)(3) jjog 0 dz — 2tt¿2 log (ip — 2 iri 21 logZ^

= 2«Iosrui • • • ui

/»
ar

Since in the small circle j /' (z)/f(z) | is bounded ( < M) and, on the 
circle I 0 I = p, I log 01 < I log p \ + 2 rr, the integral along | z\ = p 
is less in absolute value than M2 np (log p + 2 -n) which tends to 
0 with p.

On the other hand, the difference in the argument of log z 
along (a, b) and (6, a) is 2tt (after a turn about 0). Thus these 
two parts yield

dz = —2 ni log/(_R) + 2iri log/(p),
/(*)
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whose limit when p—> 0 is — 2 ni log/(R) + 2ni log/(0). Thus 
we have

VII

ar f(R)
~+2nl0gm(4) Jjog z dz = 2 ,ri log

Hence, by (2), we obtain the value of I.
Putting f(z) = \f(z) I el* and 2 = Rel(f>, we have

K

"2 n
(5) I = [log\f(z) I + 2ni$] id(f>

Jo
= 2ni(r — s) log R + 2ni log/ (0) — 2ni log ^

Equating the imaginary parts of the two sides, we obtain 
Jensen’s formula :

-^r —4(r —s)tt2.
bs

log ¡/(-Re^) I= 277 log |/(0) I + 277log ür 8^:a

If there are no poles in the circle of radius R, we have to re­
place g(ba) in (59. 5) by 0, i. e. in our case we have to replace 
log by 0 which amounts to putting ba = 1, and 8 = 0. 
Similarly for zeros.

The remarkable feature of this formula is that it establishes 
a relation between the behaviour of the modulus of f (z) along 
the circumference | z | = R and the number and position of the 
poles and zeros in \z\<R.

As a simple application of Jensen’s formula we are going to 
prove the following theorem.

II. If f (z) is regular in \ z | < 1 and its zeros in \z\<l are 
zk (the origin being omitted if it is a zero) and \zk+^ | $s \zk\,

the necessary and sufficient condition that j zn | be convergent
n = 1

p2,r
is that the logarithmic mean value Mp = log \f(pet6) \dd<M

Jo
independently of p< 1.

Proof. Dividing by czk, if necessary, we may suppose that 
/(0) = 1. By Jensen’s formula

bsr 2-r

(6)
Jo

log IT (p/\zn\) = Mp(f)-(7)
UmKp



The left-hand side, and thus also the right-hand side, is 
decreasing function of p. If there is only a finite number of 
zeros, the theorem is obviously established by (7). If there 
infinitely many zeros in \z\ < 1, their moduli tend to 1, by 
27. VI. Consider values of p which are moduli of zeros, and put

— an' 2«,=V Then, for p = \zn |, the left-hand
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a non-

are

log 1/1 z

side of (7) is sn — nan, and thus, since an -> 0, 23. VIII proves 
the statement.

61. The point at infinity. Definition of a singular point. In 
order to examine the behaviour of an analytic function, f(z), at 
infinity, we put 2 = 1 / x, and examine/(I/ x) at the origin. (We 
might similarly put 0 = 1 /(x — a) and examine f[\/{x~a)] at 
x = a.) The neighbourhood of 0 = go is thus, by definition, the 
neighbourhood of x = 0, so that the former is the whole com­
plex plane outside circles whose radii increase to infinity. If 
/( 1/x) is regular at x = 0, we have

f(l/x) = a0+axx + ... + anxn + ...

in a sufficiently small circle of radius r, say, about the origin 
This means that /(0) = aQ + ax/z + a^/z‘i-\- ... + ajzn + ... out­
side the circle of radius 1 />. When a0 = 0, we say that 00 isa zero 
°f /(s). If «„ = ... = ak_1 = 0, ak=f0, oc is a zero of order lc. 
If f {1/x) is uniform about the origin and regular everywhere 
except at æ = 0, we have, by Laurent’s expansion,

/(1/a;) = 2awæ«+2 bnx~n,

n I

i. e.
(i) f(z) = 2a„î-" + S6„z",

where now the part with positive indices is the principal part 
and the other is the regular part.

If the principal part contains only a finite number of terms, 
k being the greatest index, go is said to be a pole of order lc. 
Otherwise, viz. when the principal part contains infinitely many 
non-vanishing coefficients, it is an essential point. A polynomial 
a0 + axz+ ... +anzn is regular at every finite point, and thus a 
polynomial may be considered as the principal part of a Laurent 
expansion about go , the regular part missing. In other words, 
for a polynomial of the degree lc, 0 = go is a pole of order lc.



COMPLEX INTEGRATION 239VII

Similarly, an integral function is regular at every finite point, 
and thus in this case 2 anzn can be considered as the principal 
part at z — oo , i. e. this point is an essential point of the 
integral function.

The residue at oo is defined in the same way, but we must 
understand that going round cc along a circle of radius R 

going round the origin in the opposite direction (the en­
closed area containing 0 lying on our right). Hence, by (1), 
— 6X is the residue of f(z) at z = cc. 

f(z) has only a finite number of poles at finite points, then 
integrating along | z \ — R, including them all, we obtain the 

of the residues at those finite poles. But the same integra-

means

If the uniform function

sum
tion along (R) in the opposite direction gives by definition the 
residue at 0 = cc . Hence

I. If the uniform analytic f unction f(z) has only a finite 
number of poles, the sum of its residues including Rx is zero. In 
particular, if 0 = oo is a regular point for f{z) or an isolated 
singular point with the residue 0, the sum of its residues for 
finite poles is zero.

II. A rational fraction P(z)/Q(z) has only a finite number of 
poles, viz., the zeros of Q(z), and cc if the degree of P is greater 
than that of Q ; conversely if a uniform function f (0) has only 
a finite number of poles [cc also being either a regular point or 
a pole of f{z)\, f(z) is a rational function.

Proof. If ax,a2,...,ar are the poles of f (0) with the principal 
parts

(2) Pp[\/ (z-ap)] - Bp^/{z~ap)-1- ... +BP: (z — ap)kP,

the function F(0) = / (0) —^Pp is regular at every finite point,
p = i

F (z) = 2anzn
is an integral function. If (3) contained an infinity of terms, 
00 would be an essential point of F(z) and thus also of f (0). Since, 
by hypothesis, cc is at most a pole of f (0),

F(z) = a0 + ax0 + ... +ahzh,

i. e.
(3)

and thus f(z) = ^ Pp(z) + F(z), which is a rational function 
p = i

Q. e. d.of 0.



In some of the results obtained above we omitted the con­
sideration of the point at infinity. Thus, for instance, the first 
statement of 54.1 and 54. VI are each valid for infinite domains, 
which may be proved by the method of this article. Moreover

III. Vitali’s theorem, 42. IV, remains true when D is 
hounded.

Proof. If D does not contain 0 = 00 the result is an immediate 
consequence of 42. IV itself. If D contains 0 = 00 , suppose D 
is \z\ >R. Then by the transformation 0 = \/x the domain 
becomes a bounded domain and 0 = 00 becomes x = 0. The 
result then follows from 42. IV, and it may be extended to any 
domain by combining the two cases.

Singular points. So far we have been chiefly concerned 
with special singularities like poles and essential points. In the 
following chapters we shall need a general definition of a singular 
point applicable to any analytic function, uniform or multiform.

We say that two Taylor series

Ta = 2a„(0-a)",
overlap if (i) their circles of convergence overlap, (ii) at every 
point of their common part they furnish the same value.

Let an analytic function f{z) be defined by Ta and its 
tinuations and let Cza° be any path between a and z0. If there is 
a finite chain of overlapping Taylor series along Cza° such that 
the first is Ta and the last T
Cza°. If every point ‘ before ’ 0O is reached but z0 is not, we say 
that 0O is approached along Cz°.

Now take any finite 00 ) point 0O, and consider the different 
possibilities.

(a) There is no path between a and z0 along which z0 can be 
reached or approached. If we replace Ta by any other element 
Th of f(z), the same will be true for b and 0O. Therefore we say 
that 0O is an external point of f(z). There may be no such 
point for a given f{z).

(b) There is a path Cza° along which 0O can be reached or 
approached. Ta and such a path specify a regular and uniform 
branch (f>(z) of f(z) in a domain D, limited by a simple contour 
and containing a simple arc C^° of C'a0- but not z0. In fact, every 
circle of the chain containing Cjf can be replaced by a finite
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un-

T,,= Sbn(z-b)«

con-

say that 0O is reached alongwe



number of circles, each containing only one arc of Czf, and the 
inner points of these circles will form such a domain.

(ba) 0O is reached along Cza°. Then s0 is also reached along 
every path in D between b and z0, since by adding to D a 
sufficiently small circle about z0 we obtain a simply connected 
D' in which, by 66. Ill, <£(0) is regular and uniform. Thus (p(z) 
is regular at z0; z0 is a regular point of (f>(z).

(b2) z0 is only approached along Cza°. Then, by (bj), it will be 
only approached along every path in D connected to it. We say 
that z0 is a singular point of 0 (z).

Thus every point z0 is either an external point, or else it is 
a regular or a singular point of any given branch of f(z) 
specified in its neighbourhood by a path.

62. Analytic functions of two independent variables. Con­
sider a complex function u(z, z') of the two complex variables 
z = x + iy and z' — x' + iy' and put

u(z, z') = P(x, y, x\ y') + iQ(x, y, x', y').
When z’ (or z) remains constant, u is a function of 0 (or z') alone, 
so that, if it is differentiable, u satisfies the four equations

' dæ dy’
A great many properties of u(z, z'), like (1), result from the 

fact that, keeping one of the variables constant, we can apply 
the whole theory of analytic functions of a single variable. For 
example, let us suppose that u is differentiable with respect to 

0-0o I < r, \z'-z'0 I < /, and put 0 = z0 + kt, 
z' = 0' + kt, where \h\<r, \ Jc \ <r', and t is a complex variable 
varying in 111 < 1. Since the function

f (0Q + ht, 0 + kt)

of the single variable t is differentiable in and on
10-001 = h, ! 0' — 0o I = k,

it can be expanded in a Taylor series
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7>Q fP _ *Q 
ùy~ da; ’ ùx' dy'

0 and z in

f(z0+ht,z'+kt) = f\
0 «*'o

«V
I <v
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convergent in and on 111 = 1. For t = 1 we obtain

CH.

f(z0 + h, z' + k) -(2)

i. e.
I. If f (z, z') is differentiable in and on

\z-z0\ = r, I z'—z¿\ — r',
then f (z, z') can be expanded in a Taylor series (2) convergent 
for I h I < r, I Je I < r\

We say that f(z, z') is regular at (z = z0) z' = z¿) if f(z, z') 
can be expanded in a Taylor series like (2) converging for 
sufficiently small values of h and h.

Cauchy’s inequalities are generalized in a similar fashion. 
Putting for simplicity z0 — 0, z¿ = 0, and h = z, Jc = z', we can 
write (2) in the form

(3) /(^') = i^4+/A)"/=2 ap,qzPz'q>

where
1 \

pi qxKlziWO , =(4) aih q —
* = *o, *' = *0

II. If f (z, z) = 2ap qzPz''l is convergent and | f (z, s') | < M 
in \z\<r,\z' \<r'} we have

! ap, q I < M/rP T'q- 
Proof. For a fixed value of z' we have
(5)

c»P f (z, z') _ pi P f(x,z')dx
àzP 2ni J (x — z)P+x'

in particular

=\lzP)s = 0
r,2npi f (pel°, z')e~P0ld6, p<r.2npPjo

The same formula applied to the right-hand side as a function 
of z gives

IP+qf
)( 'àzP'àz'* 2=0, z' = 0

H" 12n f{peie, p'e^e-P^e-^dôdô'. 
Jo Jo

_ PlV! 
2npP. 2 irp'y
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Replacing the integrand by M, we obtain, by (4), the inequality
(5) required.

We might formulate our result by saying that
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M — ^ M (z/r)P(z /r'yiG (z, s') = (l-z/r)(l-z'/r) p,q=0

is a dominant series for 2« 
the coefficients of G are larger than the moduli of the correspond-

zPz'v in the sense (Art. 72) thatp, q

ing coefficients in qzPz'(I We notice that M j(^~

is also a dominant series.
63. Implicit functions.
I. Weier strass’s factorization theorem. If u (z, z') is regular 

at z = 0, z' = 0, and if u(0, 0) = 0, hut u(0, z') is not identi­
cally zero, then u(z, z) can he written in the form

u(z, s') = p(z, z')v(z, z'),
where p(z, z') is a polynomial in z' whose coefficients are 
functions of z, regular at z = 0 (the coefficient of the highest 
power of z' being 1), and v(z, z') is regular in the neighbourhood 
of z = 0, z' = 0 and does not vanish when z and z vary in 
sufficiently small circles about their respective origins.

(Weierstrass, 1886.)
The theorem displays the vanishing part of u (z, z') as a 

polynomial in one of the variables. The theorem is generally 
attributed to Weierstrass as he made use of it in his lectures from
1860 onward. We notice, however, that Cauchy proved a very 
similar theorem, and that Poincaré published a proof before 
Weierstrass. The proof here given is due to Simart in Picard 
(1922), p. 261, and is based on the residue theorem.

Proof. If we put u = 2Aq(z) s% the functions Aq (z) are, by 
hypothesis, regular in | z ¡ < r. Denoting the maximum modulus 
of u in | s | < r, I z' \ < r' by M, we have for any fixed value of s 
in I z I <r, I Aq (z) | < M/rX Together with u (0, 0) = A0(0), 
some of the Aq (z), q> 0, may also vanish for z = 0. Suppose 
that A0(0) = 0, A^O) = 0, ..., Ara_1 (0) = 0, but An(0) ^ 0.

We are going to determine the number of roots of the equation 
in z', u(z, z') = 0, for small fixed values of 3. Put

u(z, z) — Anzn( 1 +P + Q),



i. e. for sufficiently small p' we have

|Q I <1/2 in |z|</>0, | z' | < P'
On the other hand, if Ap denotes the maximum modulus of 

the functions A0{z), Ax(z),..., An_x(z) in 10 ¡ < p, we have

(1)

\p\< —T4 + -.1 m Ip" p P-1

By hypothesis, if p be taken sufficiently small, Ap can be made 
as small as we please. It follows that

(2) I P I < 1/2 in 10 I < px < p0, z' on the circumference | z' \ = p . 
Now apply Rouché’s theorem (60. I) to the two functions

A = ¿nz'n and A = Anz'n (P + Q)- By (1) and (2), | A 1 > IAI
on I z' I = p , 0 being any number in | 0 | < px. Hence the num­
ber of roots of fx+f2 = 0, i. e. of u(z, z') =0 in 10' | = p is the 
same as the number of roots of fx = Anz'n = 0, viz. exactly n, 
for An ^ 0, and z'n = 0 has a single root of multiplicity n. 

Again, consider the integral
du /

J<2'2"> = Ù f 7> dz,(3) 0' —0

where 0" is any fixed point in 10' | < p'. Expanding 1/(0' — z") 
in ascending powers of z" we have

l(z,z") = lGr(z)z"P,(4)

where the functions Gp (0) are regular in 101 < px. If

2^, 1 • ••) zn
denote the roots of u(z, z') = 0 in \ z’ | < p', the same integral is
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A ■A-n-1AP =where + ... +A „2'" + Anz'll-1

¿U + 2*'2 + <t0'A w + 1Q = +
Since AJO) ^ 0, there is a circle ¡ 0 | = p0 in and on which 
AJz) =£ 0. We denote the minimum modulus of An(z) in 
10 I = p0 by m and the modulus of z' by p . We have

M p'
m 1

+ _¿A
^ r'n+2

1...) =+ l-p'/r/»+1

H 
S
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the sum of the residues of the integrand for the poles z[,s2',z'n, 
and z", i. e.

245

'fco-(£/-) 1 1+ + ... + » •z\-z"
Putting £>(s') = (z'~z[) (s' —z'2)... (s' — s¿), we can write the 
same equation in the form

Z'n—Zz' = z"

C)u
=»?/“-5?/y- 

= H<2, 2'),

or
du

(5) ds
where JT(s, s') is regular in j s | < /q and | s'| < p'. 

Moreover, by the residue theorem, it follows from

z'1 ( /«) <i2'=“+*,'*i
<6> Si +... +<k,

i*'l=p'
where the integral is a regular function of 0, that, for every /c, 
the sums on the right-hand side of (6) are regular functions of 
z and thus the coefficients a^ (s) of the polynomial p{z') = p[z} s') 
are also regular.

Hence, integrating (5), we obtain the form 
u(z, s') = p(z, s') G(z)eH^g< *'),

where Hx(z, s'), like H(z, s'), is regular. To determine C(z) 
put s' = Sq, where | s0' | = p', i. e. u(s, s') = p(s, z¿)C(z)eHt(-*’ zó). 
Therefore, as neither u(s, s') nor p(s, s¿) nor eHl(z- z<>) vanish, we 
obtain for u(s, s') the form required by the theorem.

In the particular case when (du/ds')
n = 1, i. e. the root s' of u(z, s') = 0 vanishing for s = 0, satisfies 
an equation z' + ax(z) = 0. Hence

II. Theorem of implicit functions. If u(z, s') is regular at
^ 0, the equation u(s, s') = 0 

defines a unique function s' = f(z) regular at s = 0 and 
vanishing for z = 0.

This particular form of Weierstrass’s general factorization 
theorem is of the utmost importance in function theory. For 
example, when u = 2anzn, i. e. f(u, z) = u-2ansn = 0, we can 
apply H by noticing that u and s play the part of s and s' 
respectively. Thus, if ax -fi 0, s is a regular function of u — a0,

we

0, we have2=0, z' = 0

s = 0, s' = 0, and (du/ds')z=0, z'=0
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i. e. z = 2 bn(u-a0)n, (bl ^ 0) and in this case the inversion of 
the Taylor series leads to a unique regular function.

More generally, when u = 2anzn and ax = 0, .. 
but ap ^ 0, we have u — a0 = zP(ap + ap+xz + ...). Thus if we put 
z' = z Vap + ap+xz + ... , any definite branch of the jp-th root is 
regular at z = 0, so that u — a0 = z'2 bnz'n, where b0 ^ 0. Hence 
this case is reduced to the previous one and we draw the follow­
ing conclusions.

III. Inversion of Taylor series. If in u = 2ctnzn the p—l 
coefficients ax, ..., ap_x all vanish, but ap=f 0, z is a regular 
function of t = Vu — a0, z = 2cntn, i.e. z, as a function of u, 
has a branch-point at u = a0 of multiplicity p. In particular, 
when ax^f 0, z isa regular function of u — a0.

The coefficients cn of the inverse series can be obtained by the 
method of indeterminate coefficients, e.g., if a0 = 0, by putting
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an-1 = °>

oo . » 2
u = a J 2 cnun + a2 (2 cnUJ + * •

we obtain a1c1 = 1, axcí¿ + a.zc\ = 0, ... (Ex. IV. 16).

64. Elliptic and hyper-elliptic integrals. We are going to 
examine the different values of the integral

'P(z) dz
J V.R(z)

assumed along different paths, where P (z) and R (z) are 
polynomials. We shall suppose that all the roots rx, r2,..., rk 
of R (z) = 0 are distinct. It follows from the last assumption 
that the integral

'* P (z) dz 
J*o V R(z)

has a definite finite value for every finite z and for every finite 
path between z0 and z, for at a root ra of R(z) = 0 the inte­
grand becomes infinite like l/V z — ra. It follows that, if the 
integral be taken along the circle j z — ra | = p, its value tends 
to zero with p.

Suppose, in addition, that I (z) has a finite value for z = cc . 
Such an integral is usually referred to as a hyper-elliptic

I(z) =(1)
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integral of the first kind. It means that if k = 2p + 1 (odd), 
the degree ofP(z)is <p-l. If k= 2p, the degree of P (z) is 
^.p 2. It follows that z = co is a regular point of I (z).

Hence, every closed path starting and ending at z0 and con­
taining a single root ra is equivalent to an integral from z0 to ra 
along a path not meeting other roots, followed by another 
integral along the same path but in the opposite direction. In 
fact (see fig. 41), C is equivalent to the path from z0 to rff-e 
followed by a small circle of radius \c\ and back to z0. Since 
the integrand is not regular between the two paths, the integral 
along such a ‘ loop ’ (lacet) is in general not zero, for in turning 
about ra the sign of the square root 
changes, as also does that of dz, 
that we obtain twice the integral 
from z0 to ra.

Now, every finite path between 
any two points z0, z is equivalent 
to a finite number of loops about 
some of the roots ra starting and 
ending at z0, followed by a direct 
integral from z0 to z, along a path 
not meeting any of the roots. In 
fact (see fig. 42), by inserting the 
direct path Az0 A we do not change 
the value of the integral, and the 
path z0aAz0 is equivalent to a 
loop about rlm Similarly, the path 
ABGDEB is equivalent to ABCEA 
+ AECBB, both of which can be 
reduced to loops, and so on. There­
fore if we know the integrals

P (z) dz 
V R{z)

VII 247

so

Fig. 41.

i

!
j

j

A

Sx
)z°

f
Jl<T

= 2 Aa,(2)

a = 1, 2, ..., k,
along the loops starting and ending 
at z0, then all the different values of I(z0) along different paths 
starting and ending at z0 are of the form

Fig. 42.

(3) 2A -2 A + 2 A — ...tri <r2 1 <r3
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The alternations in sign are due to the fact that, starting with 
of the two determinations of the radical for the first loop, 

we come back with the other one and thus start the next loop 
with the new determination.

Putting

248

one

®<r = Ax~A

we obtain as possible values, for an even number of loops 
taken successively,

(4) cr + 1

2m1eo1 +2w2o)2+ ... +2Wj-1®i-1,(5)
where mv m2,... are positive or negative integers (negative 
when we have to describe a loop in the negative sense) ; if the 
number of loops is odd we add to (3) —2 A1 + 2 Al and write it
in the form

2m1co1 + 2m2o>2+ ... + 2mk_1a3jc_l + 2 A1.

Adding to (5) or to (6) the value, I, of our integral along a 
direct path from z0 to z, we obtain all the possible values ot 
I (z) in the double form
2m1<o1 + 2m2©2+ ... +2mHwH+/ (even number of loops), 
2m1to1 + 2m2co2+ ... + 2m/c_1<u/._1 + 2 A, — 7

(6)

(odd number of loops), 
called the periods of the integralThe numbers <u,, ... , Uj._1 

(1). We might also say that (1) has only two really distinct 
values, viz. I and 2 A1 — I, the others being obtained by adding 
to one of these tw’O values a sum of multiples of some or all the

are

periods.
If /v = 2p} the number of periods 2p— 1 is reduced by 1 
ing to the fact that in integrating along a large circle 

taining all the roots we obtain zero, i. e.
A1-A2 + A3- ... +(-l)fc+1A& = 0;

oo1 — co2 + ... +( — = 0.
Thus one of the periods can be expressed as a linear function of 
the others with integral coefficients. In particular cases, even if 
k is odd some of the periods may be eliminated in this way. 
Elementary algebraic considerations on linear systems of equa­
tions with integral coefficients show (see Picard’s Traite, vol. ii,

con­ow
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p. 213) that there is in every case a certain number, m say, of 
distinct periods, not reducible, and such that every period is a 
linear integral combination of the m distinct periods.

In this respect the most important fact about I (0) is that
I. I (z) has more than one distinct period.
Proof. We suppose, to have a concrete case before us, that 

k = 2p +1 (odd). Suppose now that there is only one period, 
i. e., for every value of 0, / (z) assumes values of the types I + \œ 
and 2 A1 — I + fiw (X, g integers). Then it follows that

G (z) — ir '/(»)/to g[2 Al — /(*)] 2 jri'/a»

is a uniform function of 0. Since I (0) is of the first kind, i. e. 
remains finite and regular also for 0 = oc, Liouville’s theorem 
applies and shows that G(z) is a constant. But, putting 
e2n,i(,)/u — we have G(z) = {v2 + c)/v where c = e4^ "■*'/“ and 
the function (v2 + c)/v reduces to a constant only if v is a con­
stant; which is absurd, as I(z) is not a constant.

If the degree of R(z) is ^ 4, I (z) is called an elliptical in­
tegral. We suppose, as before, that the roots of R(z) are dis­
tinct. The maximum number of periods for I(z) is in this case 
2 and, by I, its minimum number of periods is also 2. But in 
this particular case we can establish a more specific property of 
the periods, fundamental in the theory of elliptic integrals and 
their inversion.

II. The ratio of the two periods of the integral
dzrj*0 V (0 —a) (z - b) (0 — c) (z — d)

is a complex number provided the four roots a, b, c, d 
distinct.

W e notice that if two roots coincide, a = b, say, the 
spending integral has only one distinct period 2 (G-D). In fact, 
the quadratic form (z—c) (z-d) under the radical has 
number, 2, of distinct zeros and thus the integral along a circle 
containing a, c, d is zero, i. e.

2A +2C-2D = 2A + 2(C-D) = 0,
where A, C, D denote the values of the integral along the 
respective loops. Therefore the condition that a, b, c, d are dis­
tinct is essential.

are

corre­

an even
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Proof. If the ratio r of the two periods were real, this real

number would be an irrational number, for a relation co2= -geo,

CH.250

(A and B integers) would eliminate one of the periods. Let a 
be replaced by a variable t. The ratio r is then a function of

In fact, the two periods 2 (B — D),t, r — r(t), regular at t 
2 (C—D) are regular functions of t since the loops B, C, D with 

obviously regular functions of t, t being

= a.

respect to h, c, d
outside the closed path. This function r(t) defined 
neighbourhood of t = a does not reduce to a constant 
being regular at t = a, r(t) would be a constant throughout, and 
in particular, for t = b, i. e. for a = b ; but, if this were so, the 

ponding integral would have two distinct periods.
Suppose r(a) = p, a real irrational number. Since the 

roots of an equation are continuous functions of the coefficients, 
the equation r(z) = /, where / is a fraction sufficiently near /z, 
has at least one root z0> say, since r (t) ^ const. By taking 
/ sufficiently near ¡i, z0 is as near a as we please, i. e. distinct 
from b, c, d. Therefore we have an integral of the type 
sidered with the roots z0, b, c, d, having only one distinct period, 
which is absurd. Therefore the ratio of the two periods cannot
be real.

65. Applications of the residue theorem. 
circles c„ of radii r„ (r„-»co ) not passing through any of the 
poles of a meromorphic function f(z). Denoting the sum ot 
residues in |a| = r„ by 2 (cv ;/), we have, by the residue
theorem,

(1) 2 («„;/) =¿1/ (*)<fa = *./<*) <*«,* =

The limit of 2 (<■„;/), if it exists, is called the complete residue 
of f(z) with respect to the circles c„, and is denoted by 2 (cv ;/ ). 

If lim zvf(zv) = A uniformly for 0 < 6 < 2n, 2 (c„ ;/) = A.
(Cauchy, 1827.)

are
the

For,

corres

con-

Consider concentric

rve19.

I.

Proof. By (1),
1 f2"[ zJ(zv)-A]d6,2(cv;/) A 2ffJo

and, by hypothesis, I zv f (zy) — A ! 
Hence \ 2 (cv ;/ ) — A ¡ < e.

for sufficiently large v.
Q. e. d.

< e

.a 
.
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We notice that for other sequences of closed curves, e. g. 

squares extending to co , the order of the residues added together 
may vary, so that, if their sum is only conditionally conver­
gent, its value (if any) may differ from A. Hence the qualify­
ing phrase ‘ with respect to the circles cv \

Sometimes in order to avoid poles a slight generalization of I 
is used.

II. If \zvf(zv)\<M and lim zvf (zf) — A uniformly for
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0< d< 2n when we exclude a finite number of particular values 
.., 6n by arcs subtending arbitrarily small angles, then 

3(c„;/) = A.
Proof. The arcs excluding the arguments Û1,, 6n being 

ójc — r¡^.6^.0je + i],k= 1, 2,..., n, on the remaining arcs we 
have, as before, | zvf (zv) — A I < e. Hence, for sufficiently large v,

M+\A I

ei’ •

! 2(cr;/)-M \<e + 2nrj 2n

which proves the statement, since rj is arbitrarily small.
The same reasoning leads to
III. If I zvf(zv) I < M and, uniformly for every positive e,

lim zvf (zv) = A for 60 + e < 6 < 60 + n - e, 
lim zvf (zv) = B for 60 + tt + e < 6 < 60 + 2n — e,

then 2 (cv ;/) = 1

Consider as an example the function

/(*) =
1

(2) z¿lcez-l ’

where k is a positive integer. Its poles are at

3 = +_2niv, v — 0, 1, ...,
and the corresponding residues, when v 0, are 
In order to calculate the residue at 3 = 0, we put

jo t> ,2V-1

(2nv)-2k.

1
(3) ez-l

which gives, by L’Hospital’s rule, the residue
(2k) !

ri 
|<M

tS
> I I

-*
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We are going to determine Bk by II.
Exclude the poles of l/(ez — 1) by small circles and denote the 

remaining region by R. Putting z = x + iy, we obviously have

1 for X > a > 0,< ea—l

11 for x< —a.1 —e'aez—l

_L_ has the period 2ni, it is bounded in the part of R

which lies in the strip —a^.x^.a. 
the three bounds, we have l/| ez-11 <M in R. It is so in 
particular on the circles of radii rv = (2v—1)tt, and thus 
z f (zv) -> 0 uniformly in O<0< 2?r when v -> oo , i. e. its com­
plete residue exists and equals

Since
If M be larger than

zero. Hence
2(2 7c) ! ^ 1 

- (2nfh

The numbers Bk are called Bernoulli’s numbers.
We might also calculate the number B]c as the coefficient of 

z2lc-i jn the Taylor expansion of l/(ez — 1) — 1/z, and use the 
formula (4) for the summation of the infinite series on the 
right-hand side (see Ex. IV. 14).

A very similar argument applies to the more general case

Bk(4)

etz 5 0<Í<1.zn ez -1
If we put

-iê 9Át)*etz + 2(5) v !e2 — 1

the residue of f(z) at the origin is gn(t)/n !. We have again 
I e*y (ez — l) I < M' = eaM in R.

In fact, the left-hand side is <1/(1 —e~a) if x< —a and <eaM 
in the band —and < 1/(1 —e~a) if x>a, for

etz/(ez-l) = e-z(i-i)/(i-e-2).

We notice that the same remark applies to functions like sec z 
cosecz, tanz, cotz, efz/(ez+ 1), &c.

1
ez-l

o i
 -*



COMPLEX INTEGRATION 253VII

Thus, for n>\ and rv— (2v—\)ir, the product zvf (zv)->0 
uniformly for 0 6 < 2 n, and thus the complete residue of f (z)
is 0. Hence we readily obtain for 0 < t < 1

</«*(<) = (-l)‘+,2(2*)!2c' cos 21/7rt
2 k ’(2i/tt)

(6)

?.*«(<)= (-l)l+'2(2i + l)!2

For ti = 1, excluding the extremities ¿ = 0 and ¿ = 1, we readily 
verify that 0/ (z) = eizi/(ez — 1 ) tends to 0 when 0—> oc in one 
the two angles

— 7r/2 + e<0< tt/2 — e, ?r/2 + e < 0 < 3tt/2 — e, 
for an arbitrarily small e. Hence, by III,

00 j
gx{t) — t—\/2 — — 2 — sin 2vT\t.

1 V1T
(7)

On the other hand, multiplying (3) by the expansion of etz, we 
obtain

g At) = f- £<--> +t-2 - cw1-1 + ■■■■

The polynomials
r.i(í) = »,*(<)+(- 

= 9iJc +1(0
are called Bernoulli's ‘polynomials. Formulae (6) and (7) are 
the trigonometrical expansions of these polynomials for 0 < t < 1. 
Since these expansions have the period 1, they reproduce in other 
intervals the values of the polynomials in the first interval.

We easily verify the following properties of the functions
9v(t)> (by 6)>

^+1(0 = (" + %„(0.
92h(1~t) = 9*&(0.

j/ = 1, 2,...
— 0 = ~9ík+1(0>

[ r2i(i)dt = (-!)'“ £*.

Changing the sign — into + in the left-hand side of (5) we 
obtain Hermite’s polynomials

e1z -yKtt) y h (t)-1
e2+1-^-Jrr0’
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and, following the above reasoning, we obtain, for 0 < t < 1

Ml) = (-l)i2(2i)! 2 k = 1, 2, ...
2&V V V o [(2r+l)7r]2&+1

254 CH.

’y

ft2fe+1(¿) = (~l)fe+12(2/c+l)l 2 COs(2,/ + ^7r¿ , &
-t+lW V ' V ; y [(2,/+l)7r]2fc+1

= 0, 1,2,...

with corresponding properties.
The same method leads to the decomposition of functions into 

rational fractions. Let zv = rveie, and suppose that \f (zv) | < M 
for every v and every 6 in (0, 2tt), and also that lim/(zv) = A 
uniformly in 0 ^ d < 2 tt, with the possible exception of a finite 
number of arcs subtending arbitrarily small angles excluding 
dl( d2, ..., 6n. The same is true then of the limit 

lim zj(zv)/(zv-x),
for an arbitrary complex x, and thus, by II,

^[Cv,f{z)/{z-x)] - A.
But the residue of f(z)/(z — x) at z = x is f(x). Hence the 

important formula
/(*) = 4+ !'(<„ ;|§).

(8)

where the accent on 2 indicates that the residue at z — x is 
omitted (it is on the other side).

For example, if f(z) = n cot ttz = (sin ttz)' 

sin ttz ’
of /(z) are 0=0, +1, +2, ... each with the residue 1. From 
our remark in connexion with éz/(ez — 1), its modulus is bounded 
if rv = v— 1/2. Hence (8) applies with A = 0 and we obtain 
the well-known formula

the poles (simple)

- + 2(J- +
x ^\x — v

^)= - + 2a?2
X + r/ x

17T COt 7TX —
X1 — I'2

EXERCISE VII
1. Work out the details of the following remarks :
Putting z = rel°, we have on the semicircle gr, \ z\ = r, 0 ^ 0 ^ ir,

T"1
zf(z)id6 and thus, if zf(z) tends uniformly to 0 when 

o
f(z)dz =

J9r
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lim j f(z)dz = 
J gr

p00 pa
J f(x)dx and J

0. Hence, when the two real integralsr —» oo

f(pc)dx exist, the residue theorem gives

f/(*)dz = 2?H'S.Ba,

where the contour C is formed by the real segment (—r, r) and the 
upper (or lower) semicircle of radius r. This artifice with a suitable 
modification of the contour is very much used in the evaluation of 
integrals. In particular the semicircle may be replaced by a com­
plete circle.

'+0° dx
J _oo 1 + X*

satisfied and the two poles of the integral in G are zx — e7r,/4 and 
z2 = eZwl/i. "The corresponding residues are readily calculated by 
L’Hospital’s rule applied to (z—zx)/(1 +£4) when zl—>z ;

J?! = 1 / 4 z3 = —zx / 4
and B.> = — £2/4. The value of the integral is ír / V2.

. The conditions of Ex. 1 are obviously2. Calculate

1 + COS X3. Calculate dx. Transform the integral in Ex. 2.1 + cos2 X
ic" ldx
1+x4. Calculate 0<a< 1. If f(z) is regular along the

segment (z0f z1), the value of f{z)dz on parallel segments sufficient­

ly near (z(), zx) differs as little as we like from the value of the same 
integral along (z0, zj. Therefore in our case the contour C,¡, 
(e + ÍT),r +irj, A, r — ir\, f — ir], B, ( + ir]) is equivalent to the contour C, 
{e,r, A, r, f, B, <) in the precise sense that the integrals taken along 
the two contours have exactly the same value. In fact, when we 
replace the segment (f + hi, r+iv) by (e + irf, r+irj'), 0<rj/<ti> the 
parallelogram determined by these segments contains no singular 
point. On the other hand the only singularity enclosed by C is the 
pole z = — 1 with the residue —eawl. Since the function is uniform 
in Gy, the residue theorem applies to C^, and, by our remark, also

zadz
Jcz{l + z)

to C. Thus we obtain = —2 7riea7Tl.

£—
? ?

"
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But the part of the integral along is |z\ — r is

r çaOl
d 0 -> 0 when r-> oo since a < 1 ;

1 +reei
and

r° ^dd 
k l + ee^"

277< |<a I ------ >0 with (.1—6tai

r+ Lq
A Lq

Fig. 43.

After having described the first circle, z becomes rc2vi and za be 
r“e2,rat, i.e. passing to the limit r= oo ,

'o e2anixP-ldx
comes

xp-'dx = —2'jriefl7ri,+ 1+xl + x

ca7U)Jo
xf1 1dx = 27ri(e-ant_

1 + ÍC

f
Jo

Xa-1 dx 77and thus finally Sin (1771 +¿c
y ¿cito5. Calculate (¿c2 + a2)2

d¿6. Calculate
(z— l)2 0 —2)3 V^ + 5I 2 I = 4

« + ¿'/7oŐ (-¿7

?—
?

I ----e
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r
J\Z 1=2

zzel/sdz7. Calculate
e+1

f x2dx
x* + x2 + l’

8. Calculate

dz9. Calculate , v„y—yy , where i a I < 1 < ! 6 and n isizl = 1 {z — a)n(z — b)n 11 1
an integer.

rc+Tiewsds
10. Putting J(w, T) = , c > 0, tv real, show that the limit

J(w) = \imJ(w,T) exists and is 0 if and is 27tiw if 0.

W e put s = cr + it. From ¡ ews / s21 = eclü / (c2 + ¿2) and from the fact 

dt/(c2+t2) exists, it follows that the limit of J(w,T) exists

J c—Ti

>00
that

when T—> oo .
(a) Apply the residue theorem to the domain D limited

by the segment (c—Ti,c+Ti) and by the semicircle CT, with the 
diameter (c—Ti,c+Ti), on the right. Since the integrand is regular

in D, we have J(w, T) = f 
J C]>

ewsds / s2

where CT is the semicircle s = c + — 7r/2<^<7r/2.
length of CT is 7tT and the modulus of the integrand is, at every 
point of this path, / T2, because <r>c, (w<0) and \s\^T, 
i.e. I J(w, T) I <7rec«Vr->0 with 1 / T.

(b) to^O. Take T>c and apply the residue theorem to the 
domain D enclosed by the segment (c—Ti,c+Ti) and by the semi­
circle Cf on the left with the diameter (c—Ti, c + Ti). The integrand
has a pole s = 0 in D with the residue w. Hence,

ewsds/s2 with s = c + Tei(P, 3tt/2><#>>tt/2.

The length of the semicircle is ttT and the modulus of the inte­
grand along the semicircle is < ecw / {T— c)2, for <r^c and ] s | > T— c. 
Hence, \J(w,T)—2ttíw\ < Tte?wT/(T— c)2-^0.

11. f{z) is regular and bounded in \z \ < 1 and, except at a finite 
number of points on \z\= 1, also continuous in j# | ^ 1. Then

2tt/(0). Put, for 0 ^ r < 1,

The

J(w, T) — 2ttíw =
J Cj>

Q. e. d.
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and exclude the points of discontinuity by small arcs of total 
length a. Since \f(z) \ is bounded, the part of I(r) along the arcs c{ 
can be made less in absolute value than any e (by taking sufficiently 
small a). When <r is fixed, the other parts of I(r) give a sum 
tending to 0 as r—> 1, for f(z) is continuous on these arcs.

12. The domain B is simply connected in the w-plane and is en­
closed by a simple contour C ; z = g(u) maps B biuniformly 
upon \z\ < 1, where z = 0 corresponds to u — v, say ; u=f(z) is 
the inverse function of z = g(u) ; k(u) any function regular in B. 
Putting k[f(z)] = h(z) we have, by Ex. 11,

27h7í(0) = f h(z) —
J\ts\ = r Z

and from h[g(u)) = k(u) and g(v) = 0 we obtain the formula
Jc(u) dg(u)

J c g(u)
Use this general remark to prove that

27:ik(v) =

r+°°. t — yf(it) d arctan —- •f(x+iy) =
X

Take R1 (m) > 0 for B and for g(u).

13. f(z) is meromorphic in Rl(z) > 0 with the zeros ax, as and 
the poles blt ..., 6r ; on the boundary, f(z) is regular (infinity included) 
and different from 0. Then, for every inner point z = x + iy,

\ z + a™ I 
z

z + bnlog ¡/(^)i+2log -2 log
n = 1 z-K

log 1/001darctan -—- •X7TJ _oo

(F. and R. Nevanlinna, 1922 a.)
Make use of the following general remark. (Notation as in Ex. 12.) 

k(u) is meromorphic in B, with the zeros alf..., as and the poles 
&x, ..., br, and is different from 0 and oo on the boundary and at 
the inner point z. Then h(z) = k[f(z)) has the zeros Am = g(am) 
and the poles Bn — g (bn). Thus, by Jensen’s formula (60. 6),

’-h 
i
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iogW0)i + 2iog|-~|-2i°gp^|= dz
logÂW2ÏÜ-

J|g| =r

Hence, by a transformation of the variables as in Ex. 12,

i,ogwh - 2^170 = ¿.lIo8l*Ml dg{u) - log|fc(*)|<?(«)
n = 1m = 1

27TÎ <?(m)
>0.H«m)l < l,k(6»)l< !»where

14. Suppose f{z) is regular at every finite point and zero for 
z = Zi, z<¿, • ••, zw ..., where \ zn\ 
where 0<k< 1, we have f{z) = 0.

Iif(z) is not identically zero then, dividing if necessary by AzP, 
may suppose /(0) = 1. Then Jensen’s formula (60. 6), for r — n,

Then if\f(z)\<ek'3\ for \z\>R,n.

we
gives nn 1 f*2»r

log < 2tt J !°g l/(we*e) I dd>

nVn<kn,i. e.
for sufficiently large n, where by Stirling’s formula Ex. IV. 22, 
r]n -> 1, which is absurd.

(Estermann. See also Pólya-Szegő, iii. 328.)



CHAPTER VIII
BIUNIFORM MAPPING. PICARD’S THEOREM

66. Inversion of Taylor series. In Art. 63 we established a 
general result on the inversion of Taylor series. We 
going to determine a minimum circle of regularity and a bound 
for the inverse function.

1. If u = 2anzn =f (z) is regular and \u \ <M in \z\<R 
and a0 = 0, a^f= 0, then the inverse function z — g(u) is regular 
and Ig(u) j<R in \u \ <<f>(My R | ay [), where the function (f> is 
the same for the whole class of functions satisfying the conditions 
of the theorem. (Landau, 1904.)

Proof. To simplify the reasoning we establish the theorem 
first in the special case when R = 1, a1 = 1.

By the principle of the maximum

\a2 + a3z + aiz2+ ... | > | a21

is a non-decreasing function of r, for r< 1. We have

max \f(z) — z\ = r°- max j a2 + a.¿z + ... |,
M = '• ‘ ‘

are now

max
I e I = r

M=r
1so that -max I f(z)-z\
' \*\ = r

steadily decreases to 0 with r. Hence there is an R' such that 
for 0<r<R'

r — max \f(z) — z | = r(l — - max I f(z) — z 1^ 
l»l =r x r \ z \ — r 70 (r) = > 0.

It follows that for 0<r<R' and \ z\ = r

\f(z) I = \z-{z-f {z)} I > I 0 I -1 z—f(z) I >0(?-)>O,

and thus, in \z\ <R', the origin is the only zero of f (z).
Consider now the complex variable y varying in the circle 

\y\<<t> (r), where r is fixed, and form the integral

4^-dz.
\*\ = r}(z)-y'«-¿if
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For y = 0, the value of this integral, by (59. 4), is 1, for Z = 1 
and P = 0 (no poles and only one single zero in | z ¡ <r).

On the other hand, by 54. Ill, I(y) is a continuous (in fact 
regular) function of y in | y \ < (f>{r), since the integrand is a con­
tinuous (regular) function of 2 on | z | = r and is a regular 
function of y in \y\<<p (r). But, for a fixed y, [f(z) - y]' = fiz), 
i.e. the same integral equals the number of roots of f(z)—y = 0 
in i z \ < r. It follows that I(y) has an integral value and, since 
it is continuous, its value cannot jump from one integer to 
another. Hence

VIII

mi dz — 1 in I y j < 0(7’),
27TÍJ\s\=rf{Z)-y

and thus, for a fixed | y \ < 0(r), the equation in 0, f(z) = y, has 
only one solution in \z\<r, i. e. the inverse function z(y) is 
uniform in \y\<(f>(r).

Replacing the function g(z) by z in (59. 5) and f(z) by 
f(z) — y, and noticing that in the present case f{z) has no poles 
in G and has only one zero denoted by z(y), we obtain

/ \ _ 1 f f(z)dz Z ^ _ 27ri J \g\ = rZf(z) — y

It follows that z(y) is a regular function of y in \ y\ < 0 (r). 
We have to find a suitable value of r for which 0 (r) > 0. For 

this purpose we notice first that M > 1 (in the particular case 
considered). In fact, since/(z) is regular on \z\ = 1, we have

f(z)— = max ! 1 +tt2z+ ... | > 1.
2 l*l = i'

Thus we can propose for r the value 1/4 M. We find, by 41. IV, 

0(¿)^-|^ = r-/-2

max |/(z) I = max 
izi=i t : ‘hi = 1

— r
and, since

4
— 4A/-T ^ S'

1
1—7’

we obtain
4 Mr2 _ 1 

3 ~ 6M^(4 m) >7’ —
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The theorem thus is established for the particular case R = 1 
and ax — 1. To prove it in the general case, consider the 
function = smF(z) Ral

We readily verify that F(0) = 0, F'(0) = 1, and
MFiz) I < if z \ < 1.R\ax\

Hence F(z) satisfies the conditions of the particular case if we 
replace M by M/R\a1\, i. e., denoting the inverse function of 
V = F(z) by 2 = g(v), we know that g(v) is regular and 
I g(v) |< 1 in \v\<R\a1\/dM.

Putting Rz = z', we have

f(z') = RaxF(z'/R),
i. e. the inverse function z'(v) of f(z') = v is also the inverse 
function of

f(z'/R) = v/Rav
Therefore

=°(m)

and
s' = Rg(v/Rax).

The last equation shows that z' is regular and | z’ \ < R in

= <t>(M,R\a.\).Rax , i.e. in I v I <6 M 6 M

We notice, suppressing the accent of z' and replacing v by u, 
that the inverse function z'(v) of f(zr) = v is just the inverse 
function z = g(u) of the theorem.

When a0 = /(0) ^ 0, the theorem is still valid provided we 
replace u by u — a0. We can similarly replace z by z — z0 pro­
vided the conditions are satisfied in \z — z0\<R.

67. Biuniform mapping. Suppose that f (z) ^ 0 in the 
domain D. Then, by 66. I, the inverse function z = g(u) of 
the uniform function u = f(z) is regular in a sufficiently small 
circle about every point u in question. Thus, if f(a) = b, all 
the values taken from a small circle about b are assumed near a.

v
<Ra

te
l
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We are going to prove that the values u corresponding to the 

'points of D form a domain I)'.
Proof. We have just seen that to every value u assumed in 

D there corresponds a circle of radius r about u, such that all 
the values taken from the circle are assumed by u, i. e. belong to 
D'. We have still to show that D' is connex. Since D is, by 
hypothesis, a domain, we can connect any pair of its points zx, 02 
by a rectifiable curve (or even by a polygon) G:z(t), such that 
z(tf = z1} z(t2) = z2. All the points of C are in 1), and conse­
quently are inner points. The corresponding curve in the u- 
plane is C : u[z(tf\, reducing to uY = f{zx) and u2=f(z0) for 
t = t — t2 respectively.

As we have seen, to any point u of the continuous curve C 
there corresponds a circle of radius ru in /)'. By Borel’s lemma, a 
finite number of the same circles cover C", i. e. O' lies inside the 
domain of points belonging to at least one of these finite 
circles all in D', which shows that D' is connex. As D' has only 
inner points, it is a domain. Since, by 66.1, z = g{u) is uniform 
at every point of U (no branch point in D'), we have proved the 
following result.

I. Suppose u = f (z) is uniform and regular in D, f(z) 0 
in D. Then the values u corresponding to the points z of D 
form a one-sheeted domain D\

When f (a) = 0, or more generally when

f(z) =f(a)+ak(z~a)k+ ...,ak fz 0,

the inverse function u = g(z) has, by 63. Ill, a branch-point at 
a of multiplicity Jc. Since the zeros of f'(z) are isolated 
from one another, there are only a finite number of such branch­
points in any region R of D. If we mean by neighbourhood 
of a branch-point b, with a cycle of Jc branches, the &-fold 
circle about a of sufficiently small radius r, we see that, even 
at a branch-point, neighbourhood corresponds to neighbour­
hood, i. e. putting f (a) = b, the values of z(u) assumed in an 
ordinary circle about u = b do not cover a circle about z = a, 
but the values of z(u) assumed in a /c-fold circle about u = b do 
cover a complete circle about z = a. Anyhow, points u near 
u = b correspond to points 0 near z = a. Therefore connexity 
of the values u assumed at points 0 of D can be established as

263VIII
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before. (We merely consider curves between zx and z2 not 
passing through branch-points.) Thus D' is a domain.

II. If u =f(z) is uniform and regular in D, the values u 
corresponding to the points z of D form a domain Dr.

Since any region R in D contains only a finite number of 
branch-points of the inverse function, we can exclude them by 
small circles, and apply I to the remaining domain. This remark 
shows that though f(z) f=- 0 in D, the corresponding domain D' 
may be multiply connected (also D, of course), i. e. the inverse 
function may he multiform. It is, of course, necessarily so 
when f(z) vanishes at some point of D

Suppose now that D is simply connected and f(z) regular in D. 
We are going to prove that f(z) cannot be multiform.

III. (Theorem of monodromy.) If f(z) is regular in the simply 
connected domain D,f{z) is uniform in D.

Proof. To say that f(z) is not uniform in D means that there 
are two points a and h in D connected by two paths Gx and C2 such 
that, if we start from a with/(2) = '2an(z — a)n, the value of f(z) 
at h arrived at from a along C\ is different from its value at b ob­
tained in the same way along G2. Suppose first that the closed 
curve G formed by Gx and C2 is a simple contour with no boundary 
point of D inside it. Since, by hypothesis, the curves Cx and 
G2 are entirely in D and f(z) is regular in D, there are, 
by Borel’s lemma, a finite number of circles, centres at points of 
Gx and C2, covering Gx and C2. Since, in every circle of regular 
points, f(z) is represented by a Taylor series, f(z) is necessarily 
uniform in every circle containing only regular points, i. e. the part 
of Gx or C2 inside a circle may be replaced by a chord, and thus the 
two curves Gx and C2 by two simple polygons Px and P2 between 
a and b. Dividing the closed polygon Pl + P2 into triangles, we 
see that if f(z) is multiform inside Px + Pv there is a triangle T in 
Px + P2 such that f(z), continued along T, is not uniform. Dividing 
T into smaller triangles, e. g. by halving the largest side and 
retaining a triangle along which f(z) is not uniform, T dwindles 
to a point c of D. By hypothesis, however,/(s) is regular at c, i. e. 
regular in \z — c\ < p, and thus after a finite number of steps we 
obtain a triangle lying entirely in this circle, which is absurd.

If G encloses a boundary point of D, it encloses the whole 
boundary, since, by definition, the boundary of a simply con-

CH.

( Weierstrass.)
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nected domain consists of a single continuum. Therefore every 
branch of f(z) is regular at 0 = co , and thus there is a suffi­
ciently large circle K about the origin containing G and such 
that every branch of f(z), specified by its expansion at z = co , 
is uniform and regular outside and on K. If we join a and b to 
K by two distinct simple polygons l and V which do not cross C 
and meet K at a' and b' respectively, we obtain two closed curves 
cx and c2 enclosing no boundary point of D. The curve cx is 
is formed by the path a'aCxbb'Kxa' and c2 by the path a'aC2bb'K2a'.

VIII

b1

% D

D
1K1

C¿
l<2\

C,

L1

a1
Fig. 43 a.

If z varies from a' to b' along Kx and K2, f(z) assumes at b' 
the same value, provided in each case the initial value at ar is 
the same ; the paths Kx and K2 are equivalent. But the result 
just proved applies to both and c2 and shows that the path 
a'aCxbbr is equivalent to Kx and the path a'aC2bb' is equivalent to 
K2. Therefore cx and c2 are also equivalent, which proves III, 
when C is a simple contour. In general we can show that Gx 
and C2 are equivalent by a finite number of applications of the 
above results, and this completes the proof.

This result states that regularity in a simply connected 
domain D implies uniformity in B. We shall now show that 
this implication is a characteristic property of simply connected 
domains. For this purpose we have to prove that regularity in 
D does not imply uniformity in D if B is not simply connected. 
This will prove
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IV. If regularity in D implies uniformity in D, D is simply 
connected.

Proof. Suppose that D is not simply connected, i. e. its 
boundary contains at least two distinct continua C1 and C2. If 
the point at infinity is not an isolated boundary point, take two 
finite points a and b on and C2 respectively, and consider the 
function

(f>(x) = 1/V(x — a) (x-b).

Both branches of <f)(x) are regular at every finite point except 
a and b. Putting x = \/z in 0 (x) we obtain the function

2/V(1 —az) (1 —bz),
so that both branches are regular at 2 = 01 e. at x = cc . There­
fore <p(x) is certainly regular at every point of D.

Now by lemma 1 of Art. 50, there is a finite closed polygon 
7T enclosing Cx (if C1 does not contain x = x> ) and separating it 
from C2. When x describes n, <p{x) changes its value, since 
x turns about a but not about b, so that 0(íc) is multiform 
in D.

If x = go is an isolated boundary point of D we can argue 
in the same way with 0 (x) = log (x — a), where a is a finite 
boundary point. This completes the proof.

Apply III to the inverse function z = g(u) of u=f(z), 
the latter being regular and f(z) ^ 0 in D. By I, g{u) is 
regular at every point of the domain D' of u. Thus if D is 
simply connected, g(u) is uniform in D', by III. In such 
a case the uniform function u = f(z) establishes a one-one 
correspondence, called also a biuniform mapping, between 
D and D'.

V. If f(z) is uniform ami regular andf'(z) 0 in a simply 
connected domain D, the inverse function u — g(z) is regular 
and uniform in the corresponding domain D' ; u—f{z) 
establishes a biuniform mapping between D and D'.

68. Bloch's theorem. We are going to establish an important 
property of mapping by Taylor series, i. e. a characteristic 
property of the inverse function of a Taylor series.

I. Bloch’s theorem. If u = f(z) is regular in | z j < 1 and 
f{0) = 0,/'(0) = 1, then there isin the u-plane a circle of radius 
B, the same for the whole class of functions satisfying the con-
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ditions. which is the biuniform 'picture of a domain in \ z \ < 1. 
B is called the Bloch constant. (Bloch, 1925.)

Proof. Since, by hypothesis, f(z) = z + a2s2+ ... is regular 
in and on \z\ = 1, f'(z) = 1+ 2a2z+ ... is also regular in and 
on 12 I = 1 and

max I f(z) ! > 1, r < 1,
M=r

while
/»I = 1/(0) I - I-max

1*1 =o
Moreover,

\m i9(&) =(1) max 
1*1 = 1-9

is a continuous function of 6 in 0 ^ 6 < 1. Since 6g (6) vanishes 
at 6 = 0 and is 1 at 6 = 1 and 6g{6) is a continuous function in 
(0, 1) there is a least value 6 = oí for which 6g{6) = 1. Thus

g(oc) = 1/a 

g (6) <1/6 for 0<a.

(*)

(3)
We notice also that g (6) is a non-increasing function of 6. 
Hence

g(6) < 2/a in (a/2, a),
i. e.

I f(z) \ < 2/a in the ring 1— a<r<l— a/2(4) max
l*l = r

and, g (6) being a non-increasing function,
f(z) \ <l/oc for r< 1 —a.max

1*1 =*•
Since the maximum modulus is assumed somewhere on 

\z\ = r, there is on | z | = 1 - a (inner circle of the ring) a point 
0O such that j f'(z0) j = l/a. Consider now the circle

\z—z0 j <a/2.
By Darboux’s mean value theorem (55. IV),

/(*)-/(* o) = h(z-z0)f(z'),
where j X | < 1 and z is on the segment between z and z0.

By (4), z being in the ring, \f(z') |<2/a, i. e. 
the circle ¡z-z0 \ < a/2, we have

when 2 is in

\f(z)~f(zo)!<1-
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Now apply the inversion theorem 66. I to the function

u =/<X> ~f(z0),

the point z0 taking the place of the origin z = 0. Since lf< 1, 
we can take 1 for M (it means assigning to the inverse function 
a smaller circle than is necessary). Moreover R = a/2 and
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K I = I f(zo) I = 1/a,

i. e. R J ax I = 1/2. Hence theorem 66. I applies with 0 (1, 1/2), 
and thus the inverse function z(u) is regular, and \z\<l in 
! u~f(z<) ! < 0(1, 1/2) — B, which proves the theorem, since 
0(1, 1/2) is a number independent of the particular function of 
the class considered.

69. Missing values. Bloch’s theorem helps us to prove in a 
surprisingly simple way some of the most important modern 
theorems of function theory.

I. Schottky’s theorem. Consider the class K of functions 
f(z) = a0+alz + a2z2+ ... regular in | z [ < 1 and not assuming 
títere the values 0 and 1. There is a constant S (called the 
Schottky constant), depending only on a0 = f(0) and r = \z\, 
such that \f (z)\< 8 in 101 < 1. (Schottky, 1904.)

Proof. If f(z) is of the class K, then

(1)

is regular in | z | ^ 1.
We choose a branch of log f(z) by choosing one of the de­

terminations of log /(0). Similarly, we choose a branch of the 
square root, and finally a branch of the logarithm of the ex­
pression in brackets. Moreover, getting rid of logarithm and 
square root, we obtain the relation between / and g in the form

f= — eltriC^+e-29).

It follows from (2) that g(z) does not assume the values 
± log ( Vn + Vn — 1) + 2 nini, n ^ 1, 

where n and m are integers, In fact,
elog(Vn+V«~)’ + 4mni — ( V ~ + 

e-log(Vn+V"^l)2-4m»,- = l/( y-+

(2)

(3)
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and
(Vn+ Vn-l)2+l/(Vn+ Vn-l)2 = 4-n-2.

Hence, if g(z) assumes one of the values (3),/ = —et,ri(4n 2) = 1, 
which is, by hypothesis, impossible.

On the other hand,
V /t+ 1-4- V 91log ( V + 14- Vw) — log ( V-n + Vn — 1) = log ""> 0
Vn+ Vn — 1

with 1 /n, i. e. the difference between the real parts of the 
assumed values (3)^ for two consecutive values of n, has a finite

finite

non-

greatest value q, and thus the distance between any 
point in the complex plane and the nearest non-assumed value 
is not greater than p = \ V q^ + 4 tt'¿. Thus, for the values of the 
functions u = g (z), there is no circle of radius greater than p 
covering a complete circle in the -¿¿-plane.

For a fixed x, \ x \ < r < 1 and for | z \ < 1, provided g\x) ^ 0, the
function

g\x + (\-r)z\-g(x) _
(l-r)g'(x)

is regular. Moreover, as u = g (iv) for | ic | < 1 does not assume all 
the values in any circle of the ¿¿-plane of radius greater than p,

does not assume all the values in a circle of radius

h(z) z+ ...

g(w)
(l-r)g'(x)

, and therefore the same is true of h(z) in \ z |<1.P
(l-r)\g'(x)\

Hence by Bloch’s theorem
V

{ l-r)\g\x) I
i. e.

P\9'(x) i < B{1 —T)

and the same is obviously true when g'(x) = 0. Thus, for \x\—r,

I £7(05) |< |flr(0) ! + g\z)dz < I g(0) | + pr

Since, by (1), g(0) is perfectly determined by /(0), (2) proves 
the statement.

A function f{z) of the class K, and thus also a0, being given,
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S(r) is a kind of dominant function for f(z) in \z\<l. The 
independence of S(r) of all the coefficients but the very'first is 
a most remarkable fact. M/(\ — r) is a dominant function if M 
is the maximum modulus of f(z) in \z | < 1. But M depends 
all the coefficients.

If M(R) is the maximum modulus of f(z) along \z \ = R, we 
have, by Cauchy’s inequality, |oq | < M(R)/R and by Schottky’s 
theorem,
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on

M(R)^S(a0,R).
Taking R = 1/2 we are thus led to

II. Landau's theorem. For the functions of the class K there 
is a constant L (the Landau constant), the same for all the 
functions of the class, depending only on a{y~f(0) and such 
that |/(0) ¡ < L for every function of the class K. (Landau, 1904.)

III. Picard’s theorem on integral functions. Every 
constant integral function E(z) assumes one of the two values 
0 and 1 (or a and b, a b), i. e. one of the two equations 
E(z) = a and E(z) = b has a fi nite root.

non-

( Picard, 1879.) 
not assumed by f(z), and /(0) 0,

F (z) = ffoj) ^eac*s L — I P'(0) \<L, which is obvious!}'

impossible. If /(0) = 0 we apply Landau’s theorem to the 
expansion f(z) = 2bn(z — a)n in a circle about a. The zeros of 
f(z) being isolated we can always find a suitable a as near to 
zero as we please.

Proof. If 0 and 1 are

Applying the theorem just proved to a
general form.

we obtain its— a

IV. Picards theorem on essential points. In the neighbou 
hood of an essential point an analytic’ function assumes every 
value, except possibly one.

r-

Proof. A first approximation to this beautiful theorem is 
Weierstrass’s result 58. I, showing that in the neighbourhood of 
an essential point every value is approached. We shall make 

of the latter result. To simplify writing we suppose that 
z = <x is the essential point in question (the transformation 
s' = 1/(c—z) brings z = c

use

to infinity, and thus any circle about
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i c into a circle about go ). Since, by definition, an essential point 

is an isolated singularity in the neighbourhood of which the 
function is uniform, we suppose that our function f(z) is regular 
and uniform in | z | > 1/2 (the transformation z — 2 Hz' replaces 
the circle \z \ = R by \z'\ = 1/2).

Let us suppose now that f(z) does not assume the values 0 
and 1 in \z\ ^ 1/2. Then there are points cM->oo such that 
I f(cn) I < 1. All the functions fn{z) =f(cnz) after a suffix j\r are 
regular and uniform in \z\ > 1/2 and |/n(l)|<l. Applying 
Schottky’s theorem 69. I to the functions fn(z) in a circle of 
radius 1/2, centre at 3 = 1, we see that in the concentric inner 
circle of radius 1/4, say, their moduli are bounded collectively. 
Covering the circumference of the circle of radius 1, centre at 0, 
by a finite number of overlapping circles of radius 1/4. centres 
on ! s J = 1, we see that the moduli of the functions f^+^z), 
(k = 1, 2, .*..), have a common bound B, say, on \z\ = 1. This 
means, however, that | f(z) | <B on the circle \z\ = \cn\ 
Since f(z) is regular (and uniform) in the ring between |z\— 1 
and \z\ — \cn\,\ f(z) | assumes its maximum on the boundary, 
i.e. if B> >B is a bound of | f(z) | on \z\— 1, it follows that in 
that ring | f(z) | < B'. As the 
same B' for every circle | 3 j = | cn | spreading to infinity, f(z) 
would be bounded in the neighbourhood of 3 = go, i. e. 3 = cc 
would not be an essential point, which proves that either 0 or 1 
(or both of them) is assumed in \z\> 1/2. Applying this result

to —— where a =£b, we obtain the general statement.

We obtain an important consequence of this theorem by apply­
ing it to f(rz), r < 1. We see, in fact, that/(z) assumes any value 
in 131 > 1/2 r, with one possible exception. Denote this exceptional 
value (if any) by a. If b is any other value, f(z) assumes the 
value b in \z\> 1/2r, at 3 = z1, say. Repeating the reasoning 
with an r>l/\zA\, we see that f(z) assumes b in a circle not 
containing 3V i. e. a second time, and so on.

V. Every value (real or complex) with one possible exception 
is assumed infinitely many times in the neighbourhood of an 
essential point.

70. Simple properties of biuniform mapping. By 35. Ill the

VIII

reasoning holds with thesame
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only linear functions mapping the circumference of the unit 
circle on itself are az—b 

bz — d’
where a and b are arbitrary complex numbers (a b) and d, b 
their conjugates.

If I 6/a I <1, the point z0 = b/a corresponding to u = 0, lies 
in the circle, i. e. the whole circle | u | < 1 is biuniformly mapped 
on \z \ < 1, inner points corresponding to inner points. In 
particular, if z = 0 and u = 0 correspond to one another, we 
obtain u — —az/a, i.e., since | a\ = | d |, u = etaz, which is 
a pure rotation.

As a preliminary to Riemann’s theorem, we are going to prove
I. Only linear functions can establish a biuniform mapping 

of the unit circle on itself.
We notice first that, by hypothesis, the inverse function is also 

regular in j u \ < 1 and its absolute value is less than 1. Suppose 
also it vanishes at the origin. Then Schwarz’s lemma 42.1 applies 
to both, and we obtain | z | < | u [ and ¡ u | < j z |, i. e. | u | = | z | at 
every point of the unit circle. Further, by 42.1, u = eiaz and, 
if we suppose that the positive real axes correspond to one 
another, we obtain u = z.

Now if the function u = f(z) establishes a biuniform mapping 
of the unit circle on itself, we consider a linear function v = l(u) 
with the same property, and we suppose moreover l (u) so chosen 
that in the biuniform mapping v = l\f(z)] the two origins z— 0 
and v = 0, as well as the two positive real axes, correspond to 
one another. Applying our previous remarks to v = l [/(z)] we 
see that v = z, i. e. I [/(z)] = z. Hence f(z) is the inverse function 
of a linear function, i. e. is itself linear.

The main problem of biuniform mapping is to determine the 
class of domains that analytic functions can map biuniformly 
on a circle. Obviously the whole complex plane, even with the 
exception of one point, e. g. cc , cannot be biuniformly mapped 
on a finite circle | z |< R by an analytic function u = f(z), since 
z(u) would be a uniform function regular at every finite point 
and its values bounded by R, and thus by Liouville’s theorem, 
40. V, z(u) would be a constant and would not establish any 
mapping.

u =
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We notice that a linear function maps the whole complex'plane 

on itself, and it is easy to see that no other analytic function 
establishes such a mapping. In fact, if u = f(z) establishes 
such a mapping, u =/(z) and its inverse function z — g(u) are 
both uniform functions, and thus f(z) cannot have an essential 
point (oo included) since, by Picard’s theorem 69. IV, the inverse 
function would be infinitely multiform and the mapping would 
not be biuniform. Therefore f(z) is a rational function, 
u=P(z)/Q(z). Fixing the value of u, the equation Q(z)u — P(z) — 0 
has as many roots as the higher of the degrees of P and Q. 
Thus if we suppose that the mapping is biuniform, P and Q are 
linear. This proves our statement.

We obtain the same result if the mapping leaves out one 
point on both planes, e. g. 2 = co and an arbitrary u — a.

II. iVo wnalytic function u = f{z) maps a multiply connected 
domain D of the u-plane on a circle of the z-plane.

Proof. In the proof of 67. IV we showed that there is 
a function 0(u) and a finite polygon tt such that 0(u) is regular 
in D and changes its value when u describes tt\ On the other 
hand, (p\_f(z) — a\ is regular along any path in the circle k 
corresponding to D, and in particular when s describes n corre­
sponding to tt. Therefore, by the theorem of monodromy, 
67. Ill, since k is simply connected, $ [f(z) — a] is uniform 
in k. This contradiction establishes the theorem.

Therefore we have to restrict ourselves to simply connected 
domains. The only further restriction will be that the boundary 
contains more than one single point. This restriction is un­
avoidable, since, in the case of a single boundary point, the inverse 
mapping function z — g (u) would be bounded and regular 
everywhere except at one point, and thus, by 58. Ill, g{u) would 
be regular also at that point, i. e. regular at every point, which, 
by Liouville’s theorem 40. V, reduces g(u) to a constant, i. e. 
there is no mapping.

Suppose now that u = f(z) maps the simply connected domain 
D in the u-plane biuniformly on a circle, whose centre z = c 
corresponds to u — a. We have

273: vin

f{z) = a+ 2an(z-c)n (ai ¥= o)-



Since the only biuniform mapping of a circle on a concentric circle, 
centre corresponding to itself, is of the form z — c — k(z'—c), all 
biuniform mappings of D on circles, whose centres correspond to 
u = a, are of the form
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u = a + 2 ankn (z — c)n.

Thus if we ‘ norm ’ the mapping with respect to u = a by 
requiring that axk = 1, the radius of the circle is perfectly deter­
minate, as soon as D and a are given. This radius is called the 
inner conform radius r(a) of D with respect to a.

If u = oc is in D and it corresponds to z = c, we have 
u = 2an(z — c)n + bx/{z — c). In fact, the point a cannot be an 
essential point, for 0 is also a uniform function of u in D. The 
same point cannot be a pole of order greater than 1, because, if 
it is a pole of order k, l/u is a uniform and regular function at 
z — a and in its neighbourhood, and thus
(l/u)' =

- 2 nan(Z - c)n~X—\/{z - C)2 - ... - kbk/(z - c)k+l
= — u'/u‘

r 2a«(0-c)n+6i/(
^ 0

z-c) + ...+bk/{z-c)k^

tends to a definite limit when z->a and this limit is not zero, 
since the mapping is biuniform. Multiplying numerator and 
denominator by (z — a)2k, we see that k+l = 2 k, i. e. k = 1.

Thus all the mappings of D on circles, whose centres 
spend to u — co , are of the form u = bxk/{z — c) + 2an(z~c)n/kn. 
Therefore, if we norm the mapping with respect to u = ao by 
requiring that bx k = 1, the radius r (co ) is perfectly determinate.

we replace 1 /(z — c) by (z-c) we obtain 
u = b(z — c) + 2an/(z — c)n, which maps D on the outside of 
a circle centre c, and u = 00 corresponds to 3 = ao . The map­
ping may be normed with respect to u = 00 in the usual way by 
the transformation z—c = k(z' — c) and the condition b k = 1, so 
that the radius of the circle is determinate.

If D is a bounded domain and

corre-

Finally, if

we map its complementary
corresponding to 

z — go , and norm the mapping with respect to u — 00 , the
domain D on the outside of a circle u — 00
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radius thus determined is called the outer conform radius r of
D. This does not depend on any affix but is defined only for 
bounded domains.

If A is the area enclosed by a rectifiable curve G in the u- 
plane, we have by 44. VII,

VIII

(1) A ^7Tr2(a),
and equality holds only for the circle \ u — a\<r(a).

When D is enclosed by a rectifiable curve G and the outside 
is mapped on the outside of \ z | = r, we have, by 44. V, for the 
area A enclosed by G apd for normed mapping,

A = i7(r2-| cq |2/r2-2 J a2 |2/f2-3 | a3\*/r*~...)
i. e.

(2) A<7tF,
and the equality sign holds only when u = z.

On the other hand, by Ex. V. 25, if f(z) is regular in \z\<R 
and maps the curve G on \ z \ = r<R, the length l of G is given by

= f !/' (rei0) I rd 6, 
J o

l

and thus, by Hardy’s theorem 42. Ill, the ratio l(r)/r is 
increasing with r, unless G is a circle, centre the origin.

In particular, if r is the inner radius of D, enclosed by G, with 
respect to the origin, we have l(r)/r-> 2tt when r-> 0. Hence 
Z^ 2 7rr (0) and, more generally,

(3) 2tt r (a)
equality holding only when G is a circle, centre at a. 

Similarly for the outer radius,
2 77 f < Z,(4)

i. e.

The inequalities (1) and (2) show that
f^r(a)

(equality only when G is a circle centre at a) whatever inner 
point a may be. The above inequalities are due to Bieberbach, 
1916.

Z
(5)

(6)
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When u varies in the simply connected domain D, u cannot 
describe a closed circuit separating a and b, i. e. v (u) is a uniform 
function in D. Since the radicand is a linear function, it does not 
assume the same value twice ; therefore, if we fix the value of 
the square root at one point, the same is true of v(u). Thus v(u) 
maps D on
does not map D on the whole of the v'-plane (since D does not 
cover the whole it-plane), the same holds for v(u). If v = c is an 
inner point of the non-covered part of the v-plane, the function 
w = 1 /(v — c) is uniform, regular, and bounded in D. Subtract­
ing from it w(u0) and dividing afterwards by its derivative at 

uQ, we have a function satisfying all the conditions required. 
If g(u) is a function of G, we denote the upper bound of its 

maximum modulus in D by M(g) and the lower bound of all the 
numbers M(g) formed for every function of the class G by p.

a domain D' of the v-plane. As v' — (u — a)/{u — b)

u =
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Reflecting G in the unit circle, i.e. by the transformation 
u' — a= 1 /(u — a), we obtain a curve G'. Denoting its length, 

and outer conform radius by V, A' and r', we see thatarea,
r' = 1 Jr (a), and hence, by (5),

V1
(7) < 2 7T *r(d)
71. Riemann’s theorem on biuniform mapping.
I. Every simply connected domain D of the u-plane with 

at least two boundary points is biuniformly mapped on a circle 
of the z-plane by a suitable analytic f unction u —f (z).

(Riemann.)
Proof. If, for a given D, there is an analytic function u = / (z) 

mapping D biuniformly on a circle of the ¿-plane, the inverse 
function z = g(u) is regular and bounded (and uniform, of 
course) in D. Consider the class G of analytic functions g(u) 
which are regular and bounded in D, and map D biuniformly 

another domain, and add the two simplifying conditions 
g(u0) = 0, g'(u0) = 1, where u0 is an arbitrarily fixed point of D.

There are functions of this description. In fact, if a and b 
two boundary points, consider the function

on

are
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We are going to show that there is a function h(u) in C for 
which M[h) = p. Since p is the lower bound of a set of numbers 
it is either a number of this set or at least a limiting number of 
it, (9. I). In the first case the statement is proved. In the 
second case there are functions of C, gvg2, ..., such that 
lim M(gn) = p.

In the second case, since after a certain suffix N, M(gn) < p + e, 
the functions g1,g2,... gn,... are collectively bounded, by B, say. 
We are going to prove that there is a sub-sequence of gn tending 
uniformly to a limit function in every region of D. Consider only 
the ‘ rational ’ points of D, i. e. the points of D whose two coordi­
nates are both rational numbers. As their number is enumerable, 
imagine these points written in a sequence px,p2 ... ,pn,.... By 
Bolzano s theorem 18. I, the bounded sequence of numbers 
9i(Pi)> ••• > 9n(P\)> ••• has a limiting number, i. e. there is
a sub-sequence

VIII 2 77

(1) 9nx> 9n.p • • • >9nv "*•
such that gnk (px) tends to a definite limit when k -> oo .

Every sub-sequence of (1) has, of course, the same property. 
Thus, (1) has a sub-sequence such that gnk',{p2) tends to a limit, 
and the latter has a sub-sequence such that gnk„ (p3) has a limit, 
and so on. Applying the diagonal process to these sequences, 
i. e. taking the first function of the first sequence having a limit 
for z = px, the second function of the second sequence having 
a limit for z — pl and 0 = p2 and so on, we obtain a sequence of 
functions tending to a limit for every point p¡,p2,.... It follows 
from Vitalis theorem, 42. IVand 61, III, that this sequence tends 
uniformly to a limit function in every region of D. We will 
suppose that gl}g2>... is already such a sequence and that g(u) 
is its limit function and we will show that g(u) belongs to G.

Since gn(u) is regular in D and gn(u()) = 0, g'n(u0) = 1, for 
every n, we see, by Vitali’s theorem, that g(u) is regular in 
D and g(u0) = 0, g'(u0) = 1. Moreover, v = g(u) maps D 
biuniformly on a domain D' of v. In fact, if g{ux) = v0 and 
g(w2) = v0> we enclose ux and u2 by two circles, not cutting 
one another and outside one another, on which \g{u) — v0 | >0. 
Then there is a number m such that \g(u) — v0\>m on both



BIUNIFORM MAPPING CH.

circumferences. Now choose an n so large that on both circum­
ferences \gn(u)—g(u)\<m. By Rouché’s theorem, 60. I, the 
functions gn(u) — v0=[g(u)—v0] + [gn(u) — g(u)] and g(u) — v0 
have the same number of zeros in either of the two circles in 
question. Therefore gn also assumes the value v0 at two different 
points, which is contrary to our hypothesis.

Finally M(g)^p + e and M(g)^p, i. e., e being arbitrary, 
M{g) = p. Thus g(u) belongs to the class G with M(g) = p.

It follows that D' is in | v | < p. We will prove that D' is the 
circle \ v\<p, which will establish Riemann’s theorem. Suppose 
that D' has a boundary point v0 in \ v\ <p. We shall see that 
this supposition leads to the conclusion that the class of functions 
G contains a function h(u) for which M(h)<p, and this contra­
dicts the fact that p is the lower bound of M(g) for the whole 
class G.

Both branches of the function

278

WK -Pp)
*1 (v) = -V0V

regular in \v\<p, and M (îq) = p, because every boundary 
point of D' on | v | = p is also on j vl \ = p. Taking either of the 
two branches, we construct the function

are

= p2K~M°)]v2(u)
P*~*i(0JVi '

We have v2 (u0) — 0, M(v¿) = p, and we see also that v2 is 
Its derivative at u = u0 is (p + | v01) /2 V — v0 p.regular in D.

Dividing v2 (u) by this number we obtain v3(u), belonging to the 
class G, for which

2 \/ — vn p
<P-p+ Vvvq

This proof is due to Fejér and F. Riesz.

72. The Taylor coefficients of biuniform f unctions. The ana­
lytic functions mapping a domain biuniformly on another 
domain form a special class of functions. If we imagine them 

defined by Taylor series, the coefficients of this series will be 
subject to certain conditions. We are going to establish some

M(v3) = p

as
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remarkable properties of the Taylor coefficients of biuniform 
functions.

I. Area theorem. If u=f(z) = z + ax/z + a2/z2 + ... is con­
vergent for J 21 > 1, and maps the domain \z\>\ biuniformly on 
a domain D' of u, we have

VIII

Proof. Putting z = reid, the circle \ z \ — r>\ is mapped on 
the simple closed Jordan curve u = w(0) = f(reie). The area 
A enclosed by this curve is (we put u = ux + iu2)

uxu2dû
p2 n

2u'x)dO = J *

u(0) + ü(6) u' (û)-ü' (0)

P2jr
A — \ (uxu2 — u

r2ir

J 0 dû2 i2

^ ane-in9 + dneind_J2,r|~reie + re~ie + 22 2 rn

reie + re~i0 e in9 + nanetne~\ ia 
2rn j*

nan
- 22

= yiKi
11 ‘ ^ r2w

1
since all the terms containing a non-zero power of eie 
vanish. As the result holds good for every r > 1, and the left- 
hand side cannot be negative, the result holds also for r — 1, 
which proves the statement.

II. If n = f(z) = z + a2z2 + a3z3+ ...is convergent and hinni- 
form in j z | < 1, then \ a2 | < 2 and

r/(l + r)2< 1/(z) I<r/( 1 — r)2, \z\<r< 1,
C1 -r)/(1 + r)3<J/(z) | < (1 +r)/(l-r)3, \z\<r< 1,

(distortion formula).
We notice that the upper bound for j a2 | is attained by the 

function z/(l — z)2 = 2nzn, which is biuniform in | z |< 1, as its 
differential coefficient (z+ 1)/(1 —z)3 does not vanish in this 
simply connected domain. The bounds in (1) and (2) 
attained by the same function.

77-^0,

(1)

(2)

(Koebe, 1910; Bieberbach, 1916.)

are



Proof. Consider the function F(z) = Vf(z2). When the argu­
ment of 0 increases by tv, that of z2 increases by 2 77-. Hence 
f(z2) assumes its initial value, i. e. its argument increases by 2?r 
and that of F(z) by -n. Thus F( — z)= —F(z) and we see that 
F(z) is a uniform function. Moreover F(z) = zf(z%)/ Vf{z2), 
and thus F(z) exists for z 0, i. e. F(z) is regular except per­
haps at 0 = 0. Hence, as/(0) is bounded in the neighbourhood 
of 0 = 0, F(z) is also regular at 0 = 0, by 58. III. Its Taylor 
expansion begins with the terms 0 + a203/2 +.... F(z) is bi­
uniform in 10 I < 1, for if F{z¿) = F(z2), then also F2 (0J = F2(z2), 
i. e.f(zl) = f{zI). Since/is biuniform, zx = +02, and hence, F(z) 
being an odd function, z1 = z2. It follows that 0(z) = \/F(l/z) 
maps 101 > 1 biuniformly and its Taylor expansion begins 
with the terms G(z) = z — a2/ 2.0+ .... Hence, by I,
I «21/2 <1.

To prove (1) and (2). It is readily proved that if 

f(z) = 0 + a2z2 + ...

is regular and biuniform in j 01 < 1, then
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/»(!-«) = u + b2u + ...9(u) =

is also regular and biuniform, where
f'(z)(l-zz) 

2 * 2/ (0)

Hence, by the first part of our theorem,
/»(g)(l-gg) — 20 <4

f{*)
It follows that

2?*2zf(z) 4r r= |0|(3) < 1 — r2 ’f(z) 1 -r2

i. e., denoting by R1 (0) the real part of 0,

4 r + 2 r2 
1 —r2 '

2 r2 — 4 r
1 —r2
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But

”(%?)- w>J - 4, ww

2r —4 ^ Slog \f(z) !
1 — rI 2 ^ tr ^

4 + 2 rThus
1 — r2

and, by integration,
1 - 1 + r 

(1 — r)'¿ ’
Since f(z) ^ 0 in | z\ <r<l,\f{z)\ assumes its minimum as well 
as its maximum on the circumference \z \ = r. This proves (2). 
Integrating along the radius leading to z we obtain

38 < \f(Z) I <(1+r)

l/(*)l= f f(*)dz < f —-
J o Jo \> — ') 2 »

and similarly \f(z) | >r/(l + r)2, which proves (1).
Formula (1) shows that if f(z) is regular and biuniform in 

|s|<l, its order of infinity when z approaches the boundary 
is < 2

From (3), denoting by Im (z) the imaginary part of z, we
have

4r— 4r
1 — r2 1 — r2 "

But

-4Hence 1-r2 < 
Therefore, by integration,

I &rgf'(z) I < 2 log , (rotation formula)

which limits the rate of change of the direction in uniform 
mapping for every regular and biuniform function f(z).

An interesting consequence of Bieberbach's theorem is the 
following

HI- If u —f{z) — z + a2z* + ... is regular and biuniform in 
I z J < 1, and maps this circle on 
the distance of the nearest boundary point of D' from the origin 
u — 0 is 5s 1 /4.

I

the domain D' of the u-plane,
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Proof. If f(z) c in \ z \ < 1, then necessarily c -=f 0, and thus

= 0 + («2 + 1/C)02+...

CH.282

cf(c)
A(z) = c-Az)

is regular and biuniform in | 0 | < 1. Consequently, by II, 
|a2+l/c|<2, i.e. O 1/4.

On the other hand
(1-1/0)2 , , , 0 “ = —T7r- = 2+,/2-2

maps 2>1 on the domain whose complete boundary is the part
— 4 and cc. Henceof the negative real axis between

z/ (1 _z)2 maps I s I < 1 on a domain whose complete 
boundary is the part of the negative real axis between —1/4 

In this mapping the lower bound of the distance is 
attained, for at 0 = — 1, its value is —1/4.

Szegő generalized this result by remarking that if c and cx, 
are two vaines of n on a straight line through u — 0 and 
separated by u = 0 (i.e. arge — argcx = tt) and if c and c1 are 
not assumed by u =f(z) in \ z |< 1, then either | c \ or | c11 is 
>1/2. In fact, if c1 is not a value of f(z) in ¡0 |< 1 then 
cci/(c~ci) is not a value of f (z) in 10 | < 1, i.e. | ccx/(c -cx) | > 1/4. 
Hence,

u =

and 00.

I 1/C— l/cil — l^/c|d"|l/ca !^4, 

so that I l/c I and | \/cx \ cannot both be greater than 2.
We now give an important application of II to the determina­

tion of a dominant for the mapping function.
We say that

F(z) = 2Anzn, An>0,
is a dominant of f(z) = 2an0n, if \an \ ^ An(n — 1, 2, ...). In 
symbols

f(z)«F(z).
If G(z) is a dominant of g(z), we have obviously

f(z) + g(z) « F(z) + G(z)> 
f(z)g(z)«F(z) G(z)-

Moreover, if /(0) = 1 and f(z) « 1/(1 -0), then
1 //(*)« 1/(1 “2*).
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In fact, putting 1/fiz) = 2bnzn, we have, since
VIII 283

oo GO 2

1“2«nsn + (2«»SW) - 
1 , x 11

bn = ~an + ¿Lai<ln-i- 2 aiajH+ ••• +(~1)”< 
t+./+i = n1

Hence, since |an| < 1, it follows that | 6n ¡ <2n_1<2ra.
IV. If u = f(z) = 0 + a2z2 + a3z3 + ... is convergent and bi­

uniform in I z I < 1, then

an \ < 5'1 ^2- (Bieberbach, 1918.)

Proof. Cauchy’s inequalities applied to (1) give, for every 
r< 1,

1 r
I «ni < rn{ 1 — r)2

For a fixed n, choosing r so that the right-hand side is a 
minimum, we obtain

n— 1r = n+ 1
Hence

i- n n—1-. 2 nn-l (n +1)2
4

Therefore
2 2 ** ai 2 .3

I I < — en_1 < —— for n > 3.

Since e3/4 < 5-1 and, by II, | a2 | < 2, the result follows. 
We also remark that, if b is any number > 7,

5-1 n2<bn~1, for n > 3, 
while 2<b and 1 = 6°, so that in

\f(z) J < \z\+2\z ¡2 + 5-l . 32 \z\3+ ... +5-1 ril\z\n+ ...

\z\n
j%7l — l< |z| + 2r — r + 51 . 32r2^4 + ... +5-1 wV"-1 + ...,r < 1,

I 2 I7*we can replace the coefficient of '~n by 6”-1.

i I-*
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^ = 1 — bz/r
Therefore

is a dominant of f(z).
A further interesting theorem is the following, which we state 

without proof.
V. If u =f{z) = z + a^zi+... maps the unit circle hiuni- 

formly, then the corresponding domain in the u-plane contains 
a circle, centre at dj (4 — | a212), radius 2/(4 — | or212).

(Reinhardt, 1928.)



CHAPTER IX
REPRESENTATION OF ANALYTIC FUNCTIONS

73. The 'problem of representation. In the preceding chapters 
we have got acquainted with two essentially different methods 
for the investigation of analytic functions, viz. the Taylor series 
and contour integration. The Taylor series 2 anzn is a 
mathematical formula determined by the enumerable set'of its 
coefficients an. It is an explicit formula for, as soon as z is fixed, 
it supplies a straightforward instrument for calculating, at least 
approximately, the corresponding value of its sum function. 
Therefore an analytic function is most conveniently defined by 
a Taylor series. The drawback of a Taylor series is that it 
verges only in a circle determined by the singular point nearest to 
the centre. Consequently the complete definition of an analytic 
function requires the continuation of the initial function element 
by an infinite chain of new Taylor series. From the logical 
point of view this definition of the complete analytic function is 
flawless and we can replace it by no other method. The only 
blemish of this definition is the fact that one function is defined 
by an infinity of concatenated formulae.

The contour integral

con-

f(z')dz' = 2 TT 'lfiz)c z'~z

establishes a relation between the boundary values of f(z) and 
its inner values, provided f(z) is regular in and on C. If we start 
with values given only along C, the integral defines the values 
inside C. But in this way we determine the function by a con­
tinuum of values, and we know from the Taylor series that an 
enumerable set of values is sufficient for this purpose. Thus 
contour integration is not the most economical way of defining 
an analytic function.

Moreover, if z is outside C, f(z/)/(z'—z) is regular at every 
point inside C and thus the integral vanishes at z, by Cauchy’s
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fundamental theorem. The integral is equal to f(z) only inside 
C and outside G it vanishes identically. There is a direct dis­
crepancy between function and formula. The analytic function 
may be defined all over the plane ; the integral has a determinate 
value for all points of the plane except in general on the contour, 
but the values furnished by the formula, viz. the integral, do 
not always coincide with those of the function. We say that a 
mathematical formula 6 represents ’ a function f(z) at a point 
2 if the value furnished by the formula at z is f(z).

A function may be defined without the use of a mathematical 
formula. For instance, we may assign the value one to points 
with rational coordinates and zero to the other points. A suit­
able formula representing such a function for the real variable 
X is

lim [lim (cos n ! 27ric)m].
n=oo m=oo

Another feature of Taylor series and contour integrals is that 
they are uniform, i. e. for a given value of 2 either of them 
furnishes only one value, if any. But very common analytic 
functions like Vl—z, log (1 + z), Ac. are multiform.

We are thus led to the two fundamental problems of the 
representation of analytic functions, (a) A complete uniform 
analytic function or a uniform branch f(z) of an analytic 
function being given, find an explicit formula representing 
f(z). We approach in this way the ideal of one function, one 
formula, (b) A complete multiform analytic function f(z) being 
given, find a formula representing f(z). The latter problem is 
solved by a suitable * uniformization ’, one of the most beautiful 
methods of modern analysis. In this work, however, the only 
purpose of which is to introduce the reader to a thorough under­
standing of the fundamentals, we shall restrict ourselves to the 
first problem. For the second problem, we refer to Osgood’s 
Lehrbuch der Funktionentheorie and to Hurwitz-Courant’s 
Funktione ntheorie.

Order and coefficients of integral functions.

74. Factorization of integral functions. The simplest analytic 
functions after polynomials and their ratios are the integral
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functions, each of which is defined by a Taylor series convergent 
at every finite (non-infinite) point of the complex plane

f(z) = 2anzn.

IX

(1)

The condition that the radius of convergence is infinite is 
equivalent to

lim I nVan I = 0, i. e. lim rVan = 0.(2)

Figuratively speaking an integral function is an infinite poly­
nomial. The extension to integral functions of results valid for 
polynomials is stopped by two specific difficulties. The funda­
mental properties of a polynomial, P(z), are as follows: 
(a) P{z) = a has a root, i. e. a polynomial assumes every value. 
This is a slightly modified form of the fundamental theorem of 
algebra, (b) A polynomial is a product of linear factors,

P(z) = c{z-zf... (z-zn).

Nearly all the properties of polynomials are more or less remote 
consequences of these two facts.

Now the integral function ez does not assume the value 0, 
which shows that both (a) and (b) may fail for an integral 
function. As 2anzn is the principal part of Laurent’s expansion 
at 0 = go , the latter point is an essential point of f(z) = 'Lanzn, 
and the complex plane may be considered as its neighbourhood. 
Thus, by Picard’s theorem 69. Ill, f(z) can miss (not assume) 
one value only. Thus for example the equation a = ez has a 
root for every a but 0, and ez assumes a at infinitely many 
different points, by 69. V.

Suppose now that 0 is not an omitted value for f(z), but 
/(0) ^ 0. One condition of the problem of factorization is 
satisfied, viz. f(z) has a finite or infinite number of zeros, zx, 
02,.... Putting I 0, I = ra, we can write the numbers ra in a 
non-decreasing sequence, where a finite number of consecutive 
terms may be equal. As zeros are isolated, there is only a finite 
number of them in any finite domain, e. g. in any circle. Hence 
the condition, if f(z) has infinitely many zeros,

lim = co(3)
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If we try to form the product

(1 - * Al) (1 - Z/Zè • • • (1 - ■z/zm) •• ■• 

of linear factors, we are stopped by the fact that such an infinite 
product is absolutely convergent only if

2MAm = M 2Vrm

is convergent. As --- vanishes at zm — mix, m any positive or
2

negative integer, we see that, for this function, 21/rm — -21 /m7T
is divergent. The simple factorization does not work.

To overcome this difficulty, we notice with Weierstrass that 
2 (r/rn)n or 2(r/rn)[]ogn] are already convergent (\x\ denotes as 
usual the integral part of x). In fact, r being fixed, there is an 
N such that for n > JV,- rn > r, i. e. the n-th. root of (r/rn)n is less 
than or equal to r/m< 1. In the second case,

(r/rn)l0gW = e,logr_1°S rM)log n — r-Iog

and there is an N such that for n^N we have logrn — logr >2, 
say, i. e. the second series converges like a harmonic series. 
Imagine therefore that we have chosen a sequence of integers pn 
such that

2 (r/rnYn(4)

is convergent. In order to make use of this convergence 
Weierstrass replaced 1 —z/zm by the primary factor, (putting 
for simplicity z/zm = u)

U M2 M*
A'(u;/c) = (l-'u)ei+2+--+Ä(5)

Uk+l „t+2
= (1

= 1 +c1vf+1+ C2Ulc+,¿ + ..
since 1 — vu = elog (1_u). 

From

u\ 1 /u- +x)+Fi(ï+ - + V^\2
t)

.+ , zu-l+(j+.

= 2b i (k)u*

+ ...

si*
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we see that (k) is positive and increases with k. But, for

k = oo , the left-hand side becomes e °6i-u = 1/(1 — u) = 2un, i. e.

0<bi(k)4. 1 for every i and /c.

Since every coefficient of E{u;k) is the difference of two 
consecutive coefficients bi(k), we have

kl<i.

289IX

(7)

(8)

By (5) and (8),
_ I uk+11
"i-M*\E(u\k)-\\ < I u&+1 ¡ + I u,i+2 J + ... 

It follows that the infinite product

n(z)=E(Z--,Pl-l)E( ;p2 -O-(9)

is, by (4), absolutely convergent for every z, since

(r/rjn
\-r/rn

i <

and the denominator tends to 1.
By 28. I, TI(z) vanishes only at the points z1}z2,... and, by 

42. IV, since its partial products are regular analytic functions 
uniformly convergent in every finite domain, II(z) is an integral 
function with the arbitrarily assigned zeros zx, z2, ...

If n(z) has the same zeros as the integral function f(z), re­
peated according to their multiplicity, f(z)/Ii(z) is a non­
vanishing integral function. In fact, by the third rule of 39. I, 
if IT (z) is regular so is 1/11 (z), except when U (z) vanishes. But 
at zn the vanishing factor (1 —z/z^) of IT (z) is cancelled in f/II 
by the same factor in f(z). Therefore any fixed branch of 
log (f/ IT) is an integral function, g(z), say, i. e.

f{z) = e9Wn(z).

The exponential factor e9W corresponds to the constant factor in 
the factorization of polynomials.

In the particular case when there is an integer p, such that

2(r/rJP = rP 2 l/r£

(10)

o 11»



converges, we can replace px, p2,pn,... by p, so that every 
primary factor used in (9) is of the type
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«p-1
E(u ; p— 1) = (1 —u)el+2J~'"+T-ï'

We notice that, if 21 /rpn is convergent for a p> 0, it is con­
vergent also for p' > p. Thus, since the series certainly diverges 
for p = 0, there is a number 0 such that 21/?'£+e converges 
and 2 l/r£~e diverges for every e > 0. The number p is called 
the index of convergence. The integral part of p can be taken 
for p— 1.

The advantage of the representation (10) of an integral 
function f(z) by the product of an exponential function into 
an infinite product is that it puts into evidence the zeros of f(z).

If the origin is also a zero of f(z), of degree k, say, we apply 
(10) to f(z)/zk and obtain the following theorem.

I. Every integral function is of the form

f(z) — ef/(z)2,L' FI (z),(H)

where g(z) is an integral function and II (z) is given by (9).
II. If f(z) is rneromorphic, i. e. if at finite points f(z) has only 

polar singularities, f(z) is the quotient of two integral functions.
Proof. If the poles of f(z) are zlt z2, ..., (repeated according 

to their multiplicity), we form the infinite product II(z) having 
the same points for zeros, so that IT (z)f(z) has no poles. Thus 

an integral function, which proves then {z)f(z) = g(z) is
theorem.

75. Integral functions of finite order. Liouville’s theorem, 
40. V, shows that the maximum modulus M(r) increases more 
rapidly than any polynomial. Comparing M(r) with exponential 
functions, we say that f(z) is of finite order if there is a k such 
that, for r>R,

M(r)<erk-

For brevity’s sake we shall denote by M(r) « g(r) the fact 
that there is an R such that, for r>R, we have M(r) <g(r), the 
individual value of R being irrelevant.

The lower limit of all positive numbers k such that M(r) « erk

(1)
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is called the order of f(z). It is characterized by the double 
inequality

M(r) « erP+e for every e >0,

M(r) >erP~e

for every e > 0 and for some sequence rk -*■ cc . It follows that

(2)

P=.\hnl0Zl°ZM(r)(3) log»1

The order p may also be 0. If there is no k satisfying (1), we 
say that the order of f(z) is co .

Suppose now that the order of f(z) is p. In certain cases (2) 
may be replaced by the stricter inequality

M (r) « eai*, a>0.

The lower limit a of numbers a satisfying (4) determines the 
type of f(z) within the order p. In particular, if <r = 0, we say 
that f(z) is of minimum type ; if a > 0 we say that f(z) is of 
normal type. If no a> 0 satisfies (4), we say that f(z) is of 
maximum type.

For example, if f(z) = e°z, putting z — reia, we have 

\eaz\ = ea

i. e. M(r) = ea r. The function eaZ,cr> 0, is of normal type of the 
order 1. Since ¡eeZ¡ = ecoa (r sin “)er 
egZ is M(r) = eer, i.e. p — co . Similarly, for sin z = (elz — e~%z)/2i 
and cosz= (eiz + e~lz)/2, we have M(r)^.(er + er)/2 = er, while, for 
z = iy, we have \f(z) | > (er — e~r)/2»e(1~t'>r, i.e. sinz and cos2 
are of the order 1, type 1. Finally, if f(z) = eVz + e"Vz, we have 
I f(z) |< ev,T+ eVr = 2eVr<< e(1+<)Vr, while, for z = x,

I f(z) I = eVr-+e-Vr>>6(l-e)Vr

i.e. eVz + e~'tz is of the order 1/2, type 1.
We are going to establish the relation between the order of 

f(z) and its Taylor coefficients. If M(r) « earli, Cauchy’s 
inequality gives | an | « eark/rn. Differentiating the right-hand 
side with respect to r we see that, when r varies, the minimum

(4)

, (<7 > 0),r cos a

, the maximum modulus of



of the right-hand side is assumed for r = (n/ak)l/k. Then we 
have
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I V«n J < (ake/n)l/k, for n^N, say.
Conversely, if (5) is satisfied, we have, for a fixed r and for a 
sufficiently large n ^ N,

(5)

I anrn I ^ (ake/n)n/krn 1/2n.
Thus converges for every 0, i. e. f(z) is an integral
function. We notice that the least suffix N such that (6) is 
satisfied for varies with r. Thus we denote it by N(r).

More precisely we have

(6)

JV(r)-l
jt/(r)<2|a„|r”< 2 | an | rn+ 1/(2^-1),

i. e. denoting by m(r) the greatest of the terms 

|a0|,|a1|r,...,|an|rwJ...,

we have M(r) < N(r)m(r) + 1/(2^) — 1). Since, as r-> 00 , N(r) 
and all the terms j an | rn, n > 0, tend to infinity, we have

M (r) « N (r) m (r).

To find the order of magnitude of m (r) we observe that the 
suffix of the greatest term, the central suffix, tends to infinity 
with r (see Ex. Ill 20), and therefore, for sufficiently large r, 
by (5), m(r) is not greater than the maximum of (aJce/n)nlkrn 
when n varies from 1 to cc. We readily verify that this 
maximum is attained for n = aJcrk, i. e.

m(r) <ear*.
As for JV(r), we see from (6) that, for sufficiently large r, we can 
take N(r) = aJce(2r)k. Thus, if (5) is satisfied, we have

M(r) « ahe (2 r)keark «

Now denote by p' the lower limit of numbers Ic for which

\Van\<< (elc/n)1 /k.

Since, by hypothesis, (10) is satisfied by k = p' + e, we have, 
by (9), M(r) <<erP +f> i. e. the order of f(z) is at most p . But

(7)

(8)

(9)

(10)
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if this order were < p, then, by (5), (10) would be satisfied for 
a number k<p'. Thus this lower limit p — p is the order of 
f{z). We might sum up these results in the theorem

I. If f(z) is an integral function of the finite order p, we have

293IX

log log M(r) _ —— n log n _ 
l0«r ” log — " P'lim

K
The left-hand term characterizes the maximum order of 

magnitude of f(z) when 0 —> 00 and the middle term that of 
I an I when n —> oo .

If we replace M(r) « eark by M(r) <<erP+e 

Jc = p + e), we
starting with M(r) «e(~l+^‘Tr° (i. e. a = 1 + e, k = p), we find 
I Van I « [(1 + e)crpe/n]l'‘\

Therefore we can formulate our results in the following state­
ment

II. (A) The necessary and sufficient condition that f(z) should 
belong at most to the minimum type of the order p is that

lim n1/p I Van | = 0.

(B) The necessary and sufficient condition that f(z) should 
belong to the normal type a of the order p is that

lim nx/p I Van I = (aep)1^.

(C) The necessary and sufficient condition that f(z) should 
belong to the maximum type of the order p is that

lim nl/P 11Van | =co .

In this way the type and order of f(z) are characterized by 
certain properties of its Taylor coefficients.

Representation of analytic functions by series.
76. Isolated singular points of uniform functions. The 

representation of a meromorphic function as the quotient of two 
integral functions shows that the affixes and corresponding 
principal parts of the poles can be arbitrarily assigned, i. e. there

(i.e. a = 1,
find I Van\ « [e(p + €)/n]l/(p+f\ Similarly,
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is a merőm orphie function with the assigned poles. The same 
result holds for essential points.

I. There is a uniform analytic function having no other 
singularity but the arbitrarily assigned essential points (or 
poles) zl} z.2,... , Urn \zi\ = oo , with the arbitrarily assigned
principal parts g i(^~—), where g^z) is any integral function

(Mittag-Leffler, 1884.)(or polynomial).
Proof. The expansion

1 n = 0

is uniformly convergent in \z\<6\zi\, 0 < 6 < 1, i. e. for suffi­
ciently large we have

1Vi (z — z^) ~ ^ ainZ>i < ei’(1)

where depends on the choice of e¿. If we take any convergent 
series of positive terms = e, the numbers are determined.

Consider now a circle G of (large) radius R, centre at the 
origin. The circle G' of radius R/Ô contains a finite number of 
the assigned affixes, z1}.. zq, say. We put

/i(*) = 2 [m(f£) - 2«<„^],

A(z) = 2 - 2aiX •

i=ç+l i n=0 J

If z — 0 is among the assigned affixes, incorporate the corre­
sponding <70(l/z) into fx(z) without alteration. The second 
series is absolutely and uniformly convergent in C', i. e. repre­
sents a regular function in G'. Adding fx(z) to f2(z) the only 
singularities introduced are at co and z1,...,zq, with the assigned 
principal parts, because the subtraction of the polynomial

(2)

vi

2«inzn
»i=0

does not alter the principal parts. As the same holds for every
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R, the theorem is established if we add an appropriate integral 
function g(z), and the function required is

295IX

(3) f{z) = g(z) +A +/2 = g(z)+ (tit) - 2ainzn 1.
♦=0L ^ n=0 J

The theorem in its general form does not give any indication 
for the choice of the Consider the case of simple poles with 
the residue 1. Then

1

1 (frZ-Zi \Zi

We have to choose the indices in such a way that the series
zi

(-\Vi= _ y ___
j 1 -Z/Zi Z(*+1

CO I

2 1

is convergent. For example, v{ + 1 >log ¿ or = ¿ — 1 secures 

the convergence in every case. If 2 | 1/^ |P is convergent, we
i=l

can put Vi — p— 1 as in Weierstrass’s factorization theorem.
So far we have supposed that lim | ^ | = oo , i. e. we have 

supposed that oo is the only limiting point of the isolated 
singular points. If this is not so these points still form an 
enumerable set. In fact, by hypothesis, each of the assigned 
points is the centre of a circle containing no other singular points 
and not overlapping the circles round other assigned points (e. g. 
by taking the radius less than half the distance of the nearest 
other assigned point). Those circles contained in \z \ <n can be 
‘ enumerated ’ in order of magnitude, since only a finite number 
of them have their radii greater than a given finite magnitude. 
The same holds for those circles contained in \z\ <n+ 1 but not 
in \z\<7i, and an enumerable set of enumerable sets is itself 
enumerable (see 5. II).

Let L denote the set of assigned affixes zl,z2,... and L' the 
set composed of their limiting points, and consider a bounded 
region R containing only a finite number of points of L. Since
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L' and R are closed there is a distance d> 0 between the two 
sets.

REPRESENTATION OF CH.

Suppose first that L is bounded, and cover every point z' of U 
by a circle O', centre z, radius <d/2. Similarly cover every 
assigned point z{ by a circle G{, \z — z{\ = 28i, where 8{ is the 
distance of zi from V. If z¡ is covered by one of the circles G' 
its distance írom L' is less than d/2, so that the corresponding 
circle Cj does not encroach on R. Then there'are only a finite 
number of points not covered by the circles O', i. e. only a 
finite number of circles Ci,i = 1,2 say, encroaching upon R.

Now suppose we choose a set of positive numbers such that 
2is convergent. Then for every i>q we can choose a vi such 
that

1 M=0

Zn < ei

throughout R. Therefore

*=?+lL » n=0 J
(4)

is absolutely and uniformly convergent in R, and so the only 
singularities in R of the function f(z) represented by the series

2 [/«tb)- 2
i=0 L M* n=0 J

(5)

those assigned for the region, and they have the assigned 
principal parts.

It should be observed that the series (5) has been 
structed that it may converge only in the region R. However, 
it is quite easy to modify the above construction so as to define 
a series which, when added to an appropriate integral function 
g(z), is convergent throughout the whole domain (or domains) I) 
formed by removing the points of L' from the complex plane, 
and further, is uniformly convergent throughout any interior 
bounded region provided an appropriate finite number of terms 

omitted. For, in the first place, the domain (or domains) D 
may be regarded as the limit of a sequence of regions Rk each 
enclosing the previous ones.
point z' of L' by a circle of radius 1/dk, we may define Rk

are

so con-

are

For instance, if we surround each
as
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the region obtained by removing from the circle \z\ — 6k the 
interiors of those circles \z — z'\ — 1 /6k which encroach on it, 
where 6}. > 0k_x and dk -> oo . Let the circles C{ be defined as 
before and suppose that those encroaching on Rk are C 
C2,...,Cik, so that the circles C{
Rh+l but not on Rk. Then let v{ be chosen so that

11
Cik+X encroach onnik +1’ 'ik + 2> •

9i Crj.) <ek
n=0

Choosing thethroughout Rk+i, for i = ik+ 1, ik + 2,i 
series (5) in this manner, we see that

Jc+1*

2
M = 0i=,,k+l

is absolutely and uniformly convergent in Rk, and the series (5) 
is convergent throughout lim Rk = D, except at the assigned 
points, where it has the assigned principal parts.

If L is unbounded and cc is an assigned point (and so is not a 
point of L') we modify g (z) to obtain the right principal part at 
infinity. If oo is an isolated point of L' we can combine the 
above arguments with those of I. Finally, if co is a limiting 
point of 2/, we can apply a preliminary transformation

s' = —, z — v

where v is not a limiting point of L', and argue as before.
The difference between (3) and (5) is that (3) defines a unique 
alytic function, whereas (5) may represent different analytic 

functions in different disconnected domains. For example, if we 
take for zk,z2,... the points (1 + l/q)e2niP/l, where p and q 
positive integers, (5) may be shown to converge absolutely and 
uniformly in any bounded region inside or outside | z | = 1, pro­
vided in the latter case the region contains no points of st-, and 
in these circumstances the series defines one analytic function 
inside and another outside. These two functions are not the 
analytic continuation of one another, for every point of \z \ = 
is a singular point for each. A series like (5) may define in

an

are

1
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this way even an infinity of different disconnected analytic 
functions.

II. If a set of isolated affixes z¿ and 'principal parts 
Qi(z—zO assigned arbitrarily there are series of the type

e<s>+2[<-y-e<<4

where Gfz) is a rational function and G(z) is a uniform 
analytic function with only one singularity, representing one or 
more analytic functions having at the points z¡ the principal 
parts assigned. Moreover G(z) may be so chosen that the only 
other singularities are the limiting points of the assigned points.

77. Representation by rational fractions and polynomials. 
If we start with a given uniform analytic function regular in 
a simply or multiply connected domain D, the fundamental 
problem of representation is solved by Runge’s theorem.

I. If a uniform function is regular in a domain D, it can be 
represented by a series of rational fractions uniformly and 
absolutely convergent in every finite inner region.

(Runge, 1884.)
Proof. By 50. Ill, D is a limit of polygonal domains limited 

by the polygons nlt n2,..., np)... every one of them consisting, 
unless D is simply connected, of several closed polygons. These 
polygons can be so chosen that they do not cut one another. 
If z is an inner point of n we havep-1>

' f(u)dum = ¿(i) ‘¿TriJ vp u — z
The integral is the limit of sums like

S f(upJc) (uPk -Up, fr-i) _1
(2) 9pn >2 ni _ upk~z

where up0,up^, ...,upn are points of np, vertices included. As 
(2) is a rational fraction, f(z) is represented as the limit of a 
sequence of rational fractions or as the sum of the infinite series
2 [gPn(z)-9p, n-i(z)] rational fractions.

We shall now prove that the series so obtained is uniformly
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Let d denote the distance between 7rp_1 andconvergent in it
TTp, and S the length of the longest of the intervals (up< h_ly upk). 
If u and u' belong to the same interval and z is in the domain 
np-i> we have \u — z\ > d, \u' — z\ ^d, \u' — u\ >5, so that 
from

p-V

f(u') _ f(u) = (u-z) [/(u')-f(u)] - (u-u')f(u)
(u'—z) (u — z)u' — z u — z

we have
f(u') f(u) l Trj + SM 
u' — z u—z\^ d2

where T is the diagonal of a square containing the domain 
and the polygon np, M is the maximum modulus of f(z) on np, 
and rj is the maximum oscillation of f(u) in the intervals 
(up, It-i> upk)- Since f(u) is continuous on np, rj and S are, for 
sufficiently large n, as small as we like, so that

f(u') f(u) ^ (p2iT
' ~ ^ ~TT*u' — z u — z

where L is the length of np and ep is arbitrarily assigned. 
Therefore, if we split the integral (1) into the

" 1 p»* fju) du
uptk_x u

of n integrals, and if we replace each integrand by its value at 
the first point of the interval of integration, in which way 
obtain gpH (z), the modulus of the difference will be less than tp

\f{z)-9pn(z) ! <*p for n>Np> say-
This proves that lim gpn(z) =f(z) uniformly in 7rp_r

We notice that the finite number of poles of gpn(z)
7j■ i.e. inside D, though f(z) is regular in D. Therefore, if 
want a unique sequence or series tending uniformly to f(z) in 
every finite inner region of D, we must get rid of these apparent 
poles. But, as Runge remarked, a rational function

BJz) = 2 T^k-
ír, <*-“)

sum

— z

we

are all on
we
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can be replaced by another,
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such that
\Rb(z)~Ra(z)\ < e,

€ and b arbitrarily assigned. In fact
a — b1 (a-b)P 

(z — b)P
/q-6\P 1
\z — b' z — a’

1 -i
z-a z-b + (z-b)

i. e. outside the circle \ z — a\ = rj, where rj is any fixed positive 
number, and for | a — b | < 6-q, 6< 1, the sum sp (z) of the first p 
terms differs from 1 /(z — a) by < 6p/tj. Similarly, from

2 + +

1
(z-a)

we see that the right-hand side differs from 1 / (z — a/*, for suffi­
ciently large p, by less than any assigned quantity. Since 
Ra(z) contains only a finite number of terms and [sp(z/\h is 
a rational function with the single pole z = b, the remark is 
proved, but uniform convergence has been established only for 
regions outside | z — a | = rj, and for a b sufficiently near a.

Now suppose that D is a definite domain, and join the pole 
upk by a polygonal line L to a point b not in D without crossing 

In view of the last condition we cannot take the same b
Then the distance

np-v
for poles lying on different polygons of np. 
between L and the region enclosed by 7rp_x is greater than d. 
Divide L into a finite number of sections by the points z0 = upk , 
zx, z2,..., zr_lf b = zr such that | zi+1 — z{\ < drj, t]<d. The 
remark just proved applies to the successive sections and thus 

can replace the term Ak/(upk-z) of gpn(z) by 
veniently chosen RZl(z) so that the difference in n 
lies entirely outside \ z — upk ¡ = 77, is < ep/rn, say. Similarly 
replace RZj (z) by Rz¿ (z) such that | RZi(z)-Rz¿(z) | < ep/rn in 
TTp-i, i- e. \RUpk(z)-Rz<i(z)\ < 2ep/rn in 77 

steps we obtain an Rh(z) such that | Rb(z) — RUpk(z) ¡ < ep/n 
in Trp_v Repeating the same operation for the other terms of 
gpn(z)> we obtain a rational function hpn(z) having its poles out­
side D and such that

we a con- 
, whichp-1

we

Thus after rp-1*

! 9pn (z) hpn (%) I €p in TTp-x for n>Np_x,<
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and thus
\ f(z)~hpn(z) I <2eP in 7rp_! for 

where -n,p is the greater of Np and N'p.
If we repeat the same operation for every p, the partial sums 

sp(z) = hp, np(z) of the series

¿i>ni(z)+2[¿ (z)-h (*)](3) p-1> Up-1p, rip
p—2

satisfy the condition
l/(4-sp(^) ¡ < fp in 7rp_v

But, for a sufficiently large p, any given inner region R of D is 
within 7Tp_1, which proves that the series (3) converges uniformly 
to f(z) in R.

If D is unbounded, take consecutive circles Cr whose radii 
tend to ao with r and denote by Dr the points of D in Cr. By 
our previous result, there is a sequence of rational functions 
frp(z) such that if p^Nr, say,

\f(z)-frp(z)\<er
in the polygonal domain nrp approaching Dr as p -> oo . Choose 
p = iV,' such that nrp tends to D when r tends to oo, and 
denote by nr the greater of iVr and N'r. The partial sums 
Sr(z) =fr> nr{z) of the series

/i, + «](*) r-1, nr-1
r=2

satisfy the condition
\f(z)-Sr(z) I <er in 77r, nr>

for a sufficientlyand any finite inner region of D is in tt 
large r, which proves that (4) converges uniformly to f(z) in 
any finite inner region of D.

Finally, we shall show that a suitable bracketing changes (4) 
into an absolutely convergent series. Suppose that a series

r, nr

2a(^)(5)
n=0

is uniformly convergent in any finite inner region R of a 
domain D. This means that there is an Ne such that 

\Sp-8q I in R if p>Ne,(6)
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where sp =/0+/i + ••• +fp- Now take e&>0 such that 2ek is 
convergent and determine the corresponding numbers = nk 
which we can suppose to form
9k —fnJe-1+ ••• +fnk-1> we see that 2/n = 2^ and thus 2gk(z) 
converges uniformly in every inner region of Z). Moreover, 
9k — snk~snjc_i and thus, by (6), | gk(z) | <: ek, so that the new 
series converges absolutely. This completes the proof of I.

If D is simply connected, every uk can be joined to one and 
the same point b, i. e. f (z) is a limit of rational functions, all 
having the same simple pole b. If s = co is not a point of D we 
can

increasing sequence. Puttingan

take it for b, for, applying the transformation z = A/(v — c) 
we obtain hn(v) = 9n{^p^ as the sum of rational functions of

V
the type 2 Bk , and approximate to hn (v) by

k=1(c+A/a-v)k 

a rational function having a simple pole at c :

'S C* = 'S
ÍT,

In this way we arbitrarily approximate to f(z) in D by a 
sequence (or series) of polynomials.

II. If f (z) is regular in a simply connected domain D not 
containing z = oo , f(z) can be represented in D by a series of 
polynomials converging absolutely and uniformly in every 
region of D.

Representation of analytic functions by integrals.
78. Borel’s integral and the exponential means. If/(z) = 2anzn 

has a finite, non-zero, radius of convergence, the series 
2 anznan/n ! = F(az) defines an integral function said to be 
associated with f (z). Let us consider now Borel’s integrals

(Runge, 1884.)

00 e~adxF (az)
(1) e~a F(az)da, da.da*

I. If Borel’s integrals are absolutely convergent for z0 = p0eie°, 
they are absolutely convergent on the whole segment (0, z0) and 
the first of the integrals represents the analytic continuation of 
f(z) regular in the circle with diameter (0, z0). (Borel, 1896 a.)
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Putting ap = b, z = pel6°, p <: p0 we have

303IX

Proof.

^-F{az)\da = \zK\ f 
dor Jo

e-a I JF(*) (a2:) I ¿¿ae-d

= ^j r e~h/P\FM(bei9o)\db 
P Jo

and, by hypothesis, these integrals converge for p = p0. There­
fore, as e~i/p ^.e~h/pv, they converge also for p<p0. More 
generally, the integrals

^ e-h'x\FM {beid)\db
(2)

are convergent integrals provided | e | < e b/p0) i. e. for every 
X satisfying the condition

R1 (b/x)^b/p0,
which is obviously satisfied by the points of the circle whose 
diameter is (0, ¡ z0 |).

Finally we remark that, if z — xe%0o, the expression

- r e~h'* F {beieo) db 
x J o

is obviously a regular function of z in the circle with diameter 
(0, s0), and coincides with f(z) along the part of (0, z0) which is 
inside the circle of convergence of f (z).

II. If f(z) is regular in and on the circle G with diameter (0, z0) 
Borel’s integrals are convergent along (0, z0), z0 included.

(Borel, 1896 a.)
Proof. Consider a circle C of radius B! > ¡ zj2 |, concentric 

with G, and such that/(z) is regular in and on G'. We denote 
by (0',Zq) the diameter of C' containing (0,z0). By Cauchy’s

we have1 r f(z)dzformula a„ = ■-—;n 2m J
^ = isf/W2

+i »a zn
(az)n f(f) eaz/x dx^Idx =----:n\ ien+1 2niJC' x

and
r (M ea(z/x-l)dX'e~a F(az) =' ’ 2mJr X

~ 
I h
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Suppose that z has such a value that, when x describes the 
circumference G', we have

REPRESENTATION OF CH.

(3) R1 (z/x) < 1 — e.
If M is the maximum modulus of f (x) /x on C', we have

M fe ° I F(az) I < — e~ae \dx\ — 
¿TTJc*

e~a I F(az) ( da Jo

MR'e~at,
and thus

exists. Similarly for the other integrals.
In order to make explicit the meaning of condition (3), we 

put x = <x + iß, z = i + irj. The point x being fixed, the equation 
of the straight line L : R1 (z/x) = 1 is a¿ + ßrj — (a2 + ß2) = o, 
i. e. it passes through x and is normal to the straight line 
joining x to the origin. Thus for a fixed x condition (3) is 
satisfied by all the points of the complex plane z lying on the 
same side of L as the origin. When x describes O', the envelope

o

i

t

so

Fig. 44.

of all the corresponding straight lines is an ellipse containing 
(0,0O), which proves the theorem.

The two theorems together determine the part of the com­
plex plane z in which Borel’s method applies. Take in every
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direction (0, z) the first singular point of f(z), and trace the 
normal to (0, z) passing through this first singular point. The 
domain lying on the same side of these normals as the origin, 
called the polygon of summability, constitutes the part in 
question. In fact if there is a singular point in the circle with 
diameter (0, z0) then z0 is outside the polygon (see fig. 44). The 
interest of Bor el’s integral representation is its simplicity and 
concreteness. By means of an ingenious use of the exponential 
function we obtain the analytic continuation of / (z) = 2anzn in 
the polygon of summability belonging to f (z) as the improper 
integral of e~a?,an(az)n /n ! along (0, cc ).

Borel’s integral can be transformed into another, which will 
lead us to the idea of transformation of infinite sequences. 
Taking the first of the integrals (1) and integrating by parts, 
we have

305IX

-adF(az)re-«F(az)da= — \e~aF(az)^1 + Í e 
Jo 0 J 0

da.(4) da

We are going to show that when the integral on the right-hand 
side has a limit for a —» co , so also has the integral on the left- 
hand side, and lim e~aF(az) = 0. We shall thus establish the 
equation

e-adF(az)"oo
e~aF(az)da — (t0 + . da, daC)

provided the integral on the right-hand side exists. 
Put

e~aF(az) = g (a) = gx (a)+ig2(a),(6)

and suppose that the integral

_adF(az)Í 6
Jo

da da'C)

exists, while

J e~aF(az)da = g (a) da(8)

does not exist. We have to show that this assumption leads to 
an absurdity.
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Since
dF{az) g(a)+g'(a),

da
it follows that

i [g{a)+g'{a)]da. 
Jo

lim

exists, and since, by hypothesis,

lim 'rt

does not exist, the same must hold for

1™jy(a)da,

g {a) da, 
o

i. e. since ra
g(a) = a0 + g'(a)da, 

Jo
g (a) does not tend to a limit when a->cc .

Suppose that gx(a) has no limit for a-» go and suppose that 
its greatest limiting number is > 0. Then, since g (a) is con­
tinuous, there are two sequences ocn, ßn tending to +oo in such 
a way that

limgx(<xn) = A, limgx(ßn) = B>A>0.

positive number <B — A. We construct byDenote by H
means of an and ßn two sequences xv and xv + 8v,xv + 8v<xv+x 
and such that

rxv+sy
^ Xv

g'i (a) da = g, (xv + 8V) - gl (xv) > H.

If gx (a) has only a finite number of zeros in (0, + co ), we have 
for sufficiently large a, gx{a) > 0 and thus, for sufficiently large v,

'Sy + Sy
[gi(a) + g\(a)]da>H,

v Xy

which contradicts the hypothesis that (7) exists. If gx (a) has 
an infinity of zeros in (0, + oo ), we take for xv + 8V the ßv as 
before and for xv the greatest zero of gx(a) less than ßv, and we 
arrive at the same contradiction. This proves the first part of 
our remark.
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It follows from this result that e~aF(az), the sum of two 

sequences tending to determinate limits, also tends to a limit 
when a —> co . If this were not zero it would follow as above

307IX

J 9 (a) da and hence Jim j g'(a)da 
a—»<» J o

that lim
a—^aoJo

again a contradiction. 
Now putting

did not exist—

(9) B(az) = e~a s(az),
where

(az) - ^sn(z)an/n\,8

we have
B(az) = a0+£ í[e~a8(az)]da = a„+ -s(az)J da,

(az)=^sn±l
0

\\-aEMd*.
J0 da

e~aF(az)da = lim B(az),
J o a =oo

and
d\8(az)] zn+ian = dF(az)— 8 71 + 1da danl

i. e. B(az) = a0 +
Finally, by (5),

(10)

whenever the limit on the right-hand side exists.
B(a) may be considered as a linear transform of the sequence 

8n(z) with the coefficients e~aan/n !, the general form of a linear 
transform being

2 gn(a)sn(z) =S(a,z).
71 = 0

Thus when sn(z) is a divergent sequence, e. g. when 2 is outside 
the circle of convergence, the limit of the transform for a ->x 
can be interpreted as a generalized or conventional limit of 
sn(z). The function B(a) is referred to as the exponential mean 
of 8n{z).

In chapter XII we shall deal with the general properties of 
transforms and generalized limits.
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79. Mittag-Leffler's integral. Borel’s integral represents the 
analytic function outside the original circle of convergence in 
the polygon of summability. We are going to generalize this 
result in order to obtain the representation in the so-called star 
domain defined as follows. Consider a straight line c + reie 
where c is a fixed point of the complex plane, 6 is a fixed argu­
ment, i. e. a real number such that 0 < 0 < 2tt, and r varies from 
0 to +00. If the analytic continuation of f(z) = '2an(z — c)n 
has no finite singular point along this line, we retain the whole 
line. If c + roei0 is the first singular point along the line, we 
retain only the line up to the first singular point excluding that 
point. With the same construction for every 0, the portion of 
the plane obtained (oo omitted) is the star domain of f (z) with 
respect to the point c. When we have also introduced curvilinear 
star domains, we shall refer to the one just defined as the 
'principal star domain with respect to c.

Consider the integral

where E(z) is an integral function, E(0) = 1 and 8, described 
in the positive sense, is a simple contour, containing y = 1 and 
y = 0, inside and on the boundary of which, f(zy) is regular (for 
a given z). Under these conditions the only singular points of the 
integrand in S are y = 0 and y — 1, and thus I (a) = 7(o) (a) +1^) (a) 
where 1^) is the same integral taken along a small circle about 
y = b in the positive sense. Also, at y = 1, the residue of the 
integrand is f(z)E(a).

On the other hand, putting

1
o

E(z) = 2 c„z”,

we have
c«®"yU

and, since this series converges on the circumference of the small 
circle about the origin, we can multiply it by f{zy)/( 1 —y) and 
integrate it term by term. Therefore

4» = -
üâ5F\îe'(*)2'>i

2 ttÍ

Ö 
I S

’)
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where s„(z) = a0 + axz + ... + avzv. 
theorem, 59. I,

IX 309
Therefore, by the residue

7(o) = - ^sn{z)cn+lan+\
n=0

and
n-f 1

(2) m = ‘°¿¡£ 1
2niE{a) w g

Consequently, if for convenient ¿¿'(z) the integral on the 
right-hand side tends to 0 when a —> co, we obtain a 
sentation of the character of Borel’s exponential means, where 
the exponential function is replaced by the integral function 
E(a). We have to choose E(a) such that

repre-

\^E(-)dy = 0,

where « is any point of the star domain of f(z) with respect to 
the origin (for simplicity). A general sufficient condition to 
this effect is given by the following theorem.

I. If for every positive e and r-> co , E(reie) = 2cnzn (cn> 0), 
¿6/aífs uniformly to 0 in the region €<0<27r —e, then (3) is 
satisfied for any region R lying in the star domain of f(z) and

(Dienes, 1913.)
Proof. It is sufficient to prove that, when a -» x, then 

E(az)/E(a) tends uniformly to 0 in every finite region outside 
the segment (1, + go ) of the real axis. In fact, when y describes 
a contour S containing (0, 1), l/y describes a contour outside 
(1,-f co). On the other hand, when R is fixed, we can take S 
so near the segment (0, 1) that zy is in the star domain when, 
z being a fixed point of R, y moves along S. Thus

1
(3) lim

for some S containing 0 and 1.

\f{zy)/il-y) I < M,
in and on S, and

ML max E
> r mEç)dy\<

E{a) Jg 1 —y \yJ y I
where L is a length of S. Therefore it is sufficient to prove 
that

E(a)

lim
a—>oo E (öt)

uniformly in z for every finite region E outside (1, oo ).

(4)

i s



For this purpose take a large circle containing E and a strip 
containing (1, + cc ) so small that E is outside this strip. Denote 
by Ax the part of E outside the angle AOB, and by A¡¡ the
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IAAjO ■1 X
B‘

Fig. 45.

remaining part which is, by construction, inside or on the 
boundary of A'OB'.

Taking e less than the angle AOX, we have, by hypothesis, 
lira E(az) = 0 uniformly in At, for if 0 is outside AOB so also

is az.
region outside AOB, in particular in A1.

On the other hand the largest modulus of z in A2 is that of 
A' (and of B') so that \z \ < QA' = 6<1 in A2. Hence 
I E(az) I < E(ab), since all the coefficients of E(z) are positive. 
Thus

A fortiori E(az)/E(a)->0, uniformly in every finite

i E(az) i E (ab) 
HË(d) < E(a) ’

and so, by Appell’s comparison theorem, Ex. III. 13,

^W=limC-¿"=0.lim E(a) cn



Thus (4‘) exists uniformly in A'OB', i. e. in A2, which proves the 
theorem. From (2) we obtain Mittag-Letter’s representation
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f(z) = lim ^'8w(g)cw-i-ia,w+1 
«-h*00 2craan ’

valid in the star domain provided the summatory function 
E(a) = ’2,cnan satisfies the conditions of I.

We shall see in the next chapter that Lindelöf’s integral 
function

(5)

anL{a) = 2̂[log (n + ß)]

satisfies the requirements.
The function 2sn(z)cn+lan+1/E(a) may be called Mittag- 

Leffler’s mean of the type E(a). Mittag-Leffler first constructed 
a representation in the star domain directly from the Taylor 
series. We owe to him a good many representations of this 
kind.

Representation and conformal mapping.
80. Painlev&s expansions. Painlevé’s idea of making use of 

conformal mapping is as follows :—A closed Jordan curve

Oh

Fig. 46.

O containing the segment (0, 1) in its interior being given in 
the z-plane, there is a conformal mapping z = g{u) of the 
inner domain on a circle of radius r > 1 in the w-plane such that 
u — 0 and u = 1 correspond to the points z = 0 and z — I 
respectively. Since z (u) is regular at the origin and vanishes 
there, we have, for sufficiently small |u|, |g(u) \ < e so small 
that we can substitute z = g(u) in the Taylor series f(z) = 2aras”,

f[g(u)] = 2an[g(u)]n.(1)
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Moreover,

g(u) = 2cnun,(2)

and

f[g(u)] = 2 Qn(an)un>(3)

where Qn(an) is a homogeneous linear expression in a0,al,... ,an 
with coefficients determined by cn c2, ...,cn. If /(z) is regular 
in G, f[g (u)] is regular in and on \u \ = 1, i. e. the radius of 
convergence of (3) is >1. Putting u = 1 we obtain

/(l) — 2 Qn(an)>(4)

valid for every function f{z) regular inside C. We can apply 
the same argument to F(z) = 2,anz%zn, if f(z) is regular in and 

Gzo, where Gzo is the contour described by z0g(eie) when 6 
varies from 0 to 2rr. Under these conditions
on

í’(i) =/w= 2e.(«.a(5)

Let us examine the domain A in which (5) applies, for in that 
domain f(z) is represented by a series of polynomials easy to 
construct. The boundary points of A are the points x such that 
f(z) is regular in C* and has one or more singular points on the 
boundary of Cx. Denoting by ( any of these singular points, 

see that for every boundary point x there is a ¿ such that 
Ç = xz for a value of z on C. Fixing £ we consider described 
by x = £/z when z describes G. In particular, for £= 1, we 
obtain Gx = G\ by the inversion of degree 1, pole at the origin, of 
the symmetric of C with respect to the real axis. The contour 
of A is formed by arcs of the curves G¿, i. e. by arcs similar 
to Gx or parts of Gx.

The chief property of A is, however, that it varies with G in 
such a way that if, for a->0, the maximum distance of Ca from 
the segment (0, 1) tends to zero, then Aa, for a->0, tends to 
the star domain of f (z) with respect to the origin. In fact,

we
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if 2 is any point of the star domain, we can take a so small 
that f(z) is regular in and on zCa and thus we can repeat the 
reasoning leading to (5).
Thus we obtain the remark­
able formula

313IX

i
//

(6) f(z) = ÜQn(anzn> a), /

valid in Aa tending for 
a->0 to the star domain.

More precisely, denoting 
by g(u, a) the conformal 
mapping of Ca on a circle of 
radius r > 1, where

g(0,ot) = 0, g(l, a) = 1, 
we have

\
\
\\

Fig. 47.

(7) f[zg{u, «)]= 2Qn(anzn,oc)un,
valid for | u | < 1 when z is any inner point of A a.

All these considerations extend without modification to curvi­
linear star domains defined as follows :—We replace the segment 
(0, 1) by an open Jordan curve L join­
ing 0 and 1 and we replace the contours 
C'a by simple contours ya reducing to 
L when a—»0. The conformal mapping 
of the inner domain of ya on \z\<r,
(r >1), may be again denoted by g (u, a), 
where g{0, a) = 0, g( 1, a) = 1. Now 
if z is any finite point of the complex 
plane, we consider the curve Lz formed 
by taking the homothetic of L with 
respect to the origin, with the homothetic ratio \z\, and 
turning it through an angle arg z. If f(z) is regular along Lz, z 
included, 2 is a point of the curvilinear star domain S (L). We 
obtain in this way the general formulae

f(z) = 2Gn(anzn, oc),

f[zg(u,ot)] = 2Gn(anzn,<x)un, |w¡<l,

Z'

L
Fig. 48.

(8)

(9)
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valid in a domain Ba tending for a-»0 to the curvilinear star
domain S (L).

To establish the absolute and uniform convergence of (6) or 
of (8) in every region R inside Aa or Ba respectively, we 
notice first that the radius of convergence of (7) and (9) 
being > 1, the series converge absolutely for u = 1, i. e. (6) and 
(8) converge absolutely : 2 | (rn(an2n,a) | is convergent for any 
point of Ba. On the other hand if the radius of conver­
gence of 2 bnzn is r> 1, we have, by Cauchy’s inequalities 
(40. 3)

(10) I bn+i + bn+2 + ••• I <+ —
M 1 
PnP~ 1’

1 •••)=+«+1

modulus of 2bnzn inwhere 1 < p < r and M is the maximum 
I z ! < p. In order to apply this remark to (9), we have to show 
that, the region R being given, (9) is bounded in | u ¡ < p, (p > 1) 
independently of 0 taken from R.

Consider for this purpose the contours yaz defined by the 
equation v — zg(ei0, a) when 6 varies from 0 to 2tt and z is 
a fixed point of R. Denote by d the points lying inside at 
least one of the contours yaz. By hypothesis f (z) is regular in 
d as well as on its boundary. Now replace yaz by the contour 
Saz defined by the equations v = zg(pete,oc), (p>l). The set of 
points dp corresponding to d contains d and for p = 1 coincides 
with d. Moreover dp varies continuously with p, so that we 
can take p so near 1 that f(z) is regular in dp and on its 
boundary. But then f[zg(u, a)] is a regular function of u (when 
z is any point of D) at least in and on the circle | u | < p. 
Finally all the functions of u, when z varies in R, are composed 
of values f(z) assumed in dp. Hence they have a common 
maximum M and (10) can be applied to (9) :

M
zn+2,ot) + ... I <I (*n+l(an + lzn °0 "t" &n+ pn(p~l) ’

independently of z in R. Thus the convergence is uniform. 
The only defect of all the representations of this type is that 

of them converges in the whole star domain, but only in 
domains tending to the star domain. If a region R in the star 
domain is given we have to take a so small that Aa or Ba con­
tains R.

n+ 2

none
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We can, however, construct a representation of f(z) in the 

complete star domain, independently of a, in the following way. 
Let us choose three positive zero sequences oq, and pt — 1 such 
that is convergent. Determine afterwards the sequence ni 
such that 1/Pini(f'i — l)<ei and denote by Hk(z) the sum of the 
first nk+l terms of the expression

315IX

ao+ 2 Gn(anzn,Oik).(H)

The series of ‘polynomials

«0+(12)

converges in the whole star domain 8 (L). In fact the /c-th 
partial sum of this series is a0 + Hk (z), i. e. the &-th partial sum 
8k of the Taylor series

a0+ 2 Gn(anzn,oik)un,

for u = 1, i. e.
M

<Mek)
rlk (rk — !)

since for large k, pk is so near 1 that the values of f(z) figuring 
in the function f[zg(u, a)] are all in dpk and thus have a common 
maximum modulus. We prove in the same way that (12) is 
absolutely convergent.

81. Examples. We know that the branch of v — log u 
vanishing for u = 1 maps the half-plane of u on the right of the 
imaginary axis upon the strip of the v-plane parallel to the real 
axis and symmetrical with respect to it, of width tt. Thus 
v = a log u, a real, very small, maps the same half-plane upon 
similar narrow strips of width ¡ a ] tt having the real axis for 
their diameter. Finally,

v = — a log (1 —ßu), with ß = 1 — e-1/a,

maps the half-plane U of u of abscissae > — \/ß on a similar 
strip of the v-plane with the supplementary conditions that
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V = 0 and V = 1, correspond to u = 0 and u = 1 and that the 
circle y, IVI < 1, is included in II.

We are going to determine first the domain c of u corre­
sponding to the circle y. This domain c is symmetrical with 
respect to the real axis and is very flat, for it is contained in the 
narrow strip of width | a | tt. To determine its maximum and 
minimum abscissae we have 
to determine the maximum 
and minimum of the real part

316 CH

£
g
2
gof »!
£i qJ— a log (1 —ßu)

= — a [log ß + log (1/ß — v)],
i. e. the maximum and mini­
mum moduli of 1/8 —u when 
u varies in y. In Fig. 49 the 
affix of M is £ and that of Q 
is l/ß so that I 1/ß — £ I = QM.
Thus the extreme values are assumed at

u — — 1 and u = + 1,
i. e. the maximum abscissa is —a log (1 —/3) = 1 and the mini­
mum abscissa is —a log (1 +ß) = — alog(2 —e-1/a)-*0 with a. 
Hence the domain c reduces to (0, 1) when om>0.

Now replace y by a larger concentric circle P of radius p 
inside U. Then, by hypothesis, p = 1 + Ae-1/a, with 0< A< 1. 
The domain C of v corresponding to T is in the strip B and its 
extreme abscissae correspond to u = ±p and are equal to
— a log (1+ßp). As p < l/ß, we have log (1+/3p) <log 2, i. e. 
the minimum abscissa is > — a log 2.

On the other hand,

£n
y

yß

Z
Fm. 49.

log(l~ßp) = \og(l-ß-ßke Va)
= log [e~Va (i _ ßx)] = — l/a + log(l— ß\),

i. e. the maximum abscissa is equal to
1 — a log (l—ß\) < 1 — a log (1 — A),

since 0<j3< 1. Taking A = 1/2, the domain G is between the 
abscissae —alog 2 and 1 + a log 2, i. e. between —a and 1+a 
and between the ordinates ±oítt/2. Hence G reduces to (0, 1) 
when cx-»0.
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Take now
\f(z)\<H in G. The function /[ — a log (1 — ßu)] = F(u) is 
regular in the circle F and thus F (u) = I,Anun. In particular 
/(l) = ^(1) = and

function f(z) = 2awzn which is regular and

2 He1'*
< (1 +e_1/a/2)”e“1/a/2 " (1 +e-l'“/2)n‘

We have to calculate An in terms of a0, ax, a2,, i. e. to arrange 
F(u) = a0- a log (Í—ßu) + ... + ( - 1 )kakcnk [log (1—ßu)]& + ... 

according to the powers of u. Putting
(-l)h[\og(l-u)f = uk(l+Ei+lu + E%+2u2+...)

H

we have
F(n) = a0 + axaßu +...

+ ßnun[anan + ocn-1an_1E^-1+...+oca1E}l] +...
Therefore putting

FZ j = n(n-1)... (n-j + 1 )E* J,
we obtain

= [o»/<“>(0) + «”-'£rV'("'1)(0) + ... + c.S-/'(0)].

To determine the constants we take 1/(1 — z) for f(z)
and obtain for sufficiently small | u |
1 /[1 +a log (1 — t«.)] = 1 +aw+ ...

+ un[n\oin + (n-1) +... +A£a]/»!+...
Noticing that the coefficient of un/n\ is [dg(u)/du]u=0 with 
g(u) = 1 /[I +a log (1 —u)~\ we have only to put

G(u) = 1 + a log (1 — u),

dng(u) _ 1 ^ A /‘ad
dun ” (l-u)n ^

(by induction) and to notice that for u = 0,

Qi+l >
i=l

2 A/1 a* = w!an + (w-l)! A7”-1«71"1 +... + A^a,
»=1
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for every a. Hence

dng(u) _ 1 X Êi Ên _ 1
dun ” (i-u)n~ nQm> n 

Differentiating and putting u — 0, we obtain

CH.

a*1

[S^]u=0 = nÍZilFn(xi+ 2ü^(í+l)a<+1,
«=i

where the left-hand side is, by definition,
M + l
2
1=1

Equating the coefficients we obtain the formulae

Ë\+1 = 7iÊi + Ëi-\ 1 <i<n+ 1,

with Ë% = 1, Ë\ = nl. These formulae determine the constants 
E%~j and thus the representation in question.

We can simplify the expressions giving E%~i by introducing 
the polynomial Kn(u) = u(u+ 1)... (u + n— 1). We are going 
to prove, namely, that Kn(u) = un + Â^-1un-1 + ... + Ë\u. This 
equation is obvious for n = 1. Suppose that it is true for n. 
Then it is true also for n+ 1 since

■^n + l(u) = "f" n) Kn
— un+i + un(n + E%~1) + ... +ui(nËil + Ëii~1) +... +un\.

Hence
^ [o”/i”)(0) + +... + «Elf (0)],A,=

where E\ is a positive integer, viz. the coefficient of u in Kn(u). 
In a symbolic form

^>/,0 = +«/.') (2 + «/i)...(n-l +«/,')
An ~

provided after multiplication we replace (/¿)* by (/w)0.
If we want to construct a representation valid in the star 

domain, we have to take values of a tending to 0, e. g. 
a = 2/logi, j being an integer. Then ß = 1 — 1 / Vj and there
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is a & such that for j > k the function f(z) is regular in Cj and 
I f(z) I < H. Hence for j > Jc,

I A0 + Ai +... +Aj—f( 1) I <

319IX

M2 HV]
<

(1+à)2<

In fact
log (1+ft)

(1 +h)1/h = e A 
for 0<h< 1. Hence

= ^h~hy2+—) > gl-ft/2 > g1/2j

2 HVj 2HVj
< eV,/4 '(1+-V-Y

V 2//

Putting
7T„=/(0)+Í

I=l

00 = W0, 01 = ^1 Wo, •"> 0M Wjj-u •••
(X = 2/log 71, ß = 1 — 1/-/ 71,

we see that 0o + 0i+•••+0n+••• represents/(z) in the star 
domain.

w, = / (°)>

and



CHAPTER X
SINGULARITIES OF ANALYTIC FUNCTIONS

Determination of 'polar singularities.

82. Taylor coefficients of rational functions. In the previous 
chapter we dealt with the problem of representation by appro­
priate formulae of the values of an analytic function assumed 
at regular points outside the original circle of convergence. The 
singular points, however, characterize the function more in­
timately than its values at regular points. For example, an 
integral function is characterized by the fact that its only 
singular point is oo ; meromorphic functions have only poles in 
the finite part of the complex plane, &c. Therefore, the deter­
mination of the affixes of singular points and that of the 
behaviour of the function in their neighbourhood is of paramount 
importance in function theory.

The complete analytic function is fully determined by its 
Taylor expansion f{z) = ^anzn, about the origin for simplicity. 
Therefore we ought to be able to detect every property of f {z) by 
means of the properties of the given coefficients an and by the 
formal properties of power series. This is the central problem 
of Taylor series. It was also the point of view of Weierstrass 
in his treatment of analytic functions.

The results of the previous chapter give a very incomplete 
answer to one of the questions raised by our problem, viz. how 
to represent by a single formula a more or less extended portion 
(branch) of an analytic function given by a Taylor series. The 
problem of singularities involves new difficulties. First of all, 
since the singular points may form an infinite set or even a con­
tinuum, the calculation of the position (affix) of all singular 
points of a given analytic function is plainly impossible. More­
over the irregular behaviour of an analytic function near its 
singular points is so varied in character that it defies exhaustive 
classification, though a relation between some properties of the 
Taylor coefficients and some properties of the function in the
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neighbourhood of a singular point logically implies at least 
a partial description of the latter.

A complete answer to the first question—where are the 
singular points ?—has been given by Hadamard for polar singu­
larities lying in a circle of meromorphy, i. e. in the largest 
circle about a regular point containing only poles.

There are very few results which go beyond this theorem in 
the effective determination of the affixes of singular points. In 
the general case we have to content ourselves with finding more 
or less general relations between properties of coefficients and 
properties of the corresponding function.

The simplest case is when the function has only a finite 
number of poles and zeros, i.e. when the function in question is the 
quotient of two polynomials : 2anzn = P(z)/Q(z), and the corre­
sponding problem is to find the necessary and sufficient conditions 
on the coefficients an in order that 2anzn should represent such 
a function.

I. If
®X+i> •••> + n

aX +V CtX + 2> '*•> ^X + jt + i(i)

a\ + ß> ftX+M + !>•••> a\ + 2n

the necessary and sufficient condition that 2anzn should represent 
a rational function is that = 0 for n^N.

(Kronecker, 1881.)
Proof. The condition is necessary. In fact if

2 anzn = (c0 + cx 2 + ... + cmzm)/(b0 + b1z+...+ bpzP), 

the coefficients an satisfy the conditions 

c0 = b0a0
ci = biao + boai

c — bma0 + bm_1al +...+b0am 
= 6m+iao + 6m«i + ---+V

(2)

m+1

= 0, i = 1,2, .... It follows that all the Z)(g) vanishwhere bp + i
Y3343

s ©
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after a suffix Æ In fact, suppose m<p— 1, and insert zero 
coefficients ; then from

0 = aohP + aibp-i +'..+apb0

322 CH.

(3)
0 = ap bp + *p+1 &P-1 + ...+ a,pb0

we see that D(^ = 0, and from

0 = c?00 -\-albp 4- ®2^p-i + • • • 4- Up+\b()

0 — ap+i° + ap+2bp + ap+3bp_l + ... +a2p+<¿b0,

that D¡P+» = 0, &c.
If m >p— 1, the left-hand side is permanently 0 after the m-th 

equation, and thus the equations
b b0 — ííq 0 -f- cq 0 4* • • • 4~ a

0 = cq 0 4- a2 0 4-... 4- a
... 4-«
... -\-CLm+ 2b0

tfi+i-p ^p 
m + 2-pbp

o = am+i0 4-am+20 4-... +a2m+2_pbp+ ... + a2m+2b0

lead to D(^+1) = 0, D(™+2) = 0, &c.
The condition is sufficient. It follows from the identity

= Ml]2
that if, for a fixed X, D(£+1) = 0, i = 0, 1,2,..., we have also 
D^+i] = 0 and thus also = 0, &c. Therefore, if D^+i) = 0,
we have also D{£+1) = 0, X = 1,2,.... Now let p be the least 
number such that = 0 for all sufficiently large X, and 
suppose D^li = 0,i = 0, 1, 2,.... ThenDf~¡] =£0,i = 0, 1,2,... 
for, since D(P] = 0, = 0 would imply = 0, by (4),
and so on. It follows that the equations

0 = avbp +%+lbp_1+...+ay+pb0
0 — av+i bp +^+2^-1 + ••• +av+J3+1^0

® ^v+p-i bp 4" &V+P bp-1 4”... 4" &0

determine 60 = 1, 61, &2,... uniquely, where bp ^ 0. Then the 
first v+p equations of (2) determine c0, c1,..., cm, where 

r 4-p— 1. Finally the condition = 0 shows that all the 
following equations are satisfied with bp+1 — 0, i = 1, 2,....

m+r'o

(4)

+ 
4-
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This result can also be formulated as follows :
II. The necessary and sufficient condition that 2anzn should 

be a rational function is that there be a number p such that 
SD^z* =P(z) is a polynomial. Then the least value of p is 
the degree of the denominator, and the degree of P(z) is not less 
than m — p,m being the degree of the numerator.

83. Integral coefficients. Finite number of different coefficients.
I. If all the coefficients of f(z) = 2anzn are integers and if 

f(z) is regular in a domain D whose inner conform-radius 
with respect to z — JO is> 1, /(z) is rational.

This result is the generalization of simpler theorems due to 
Borel (1894), Pólya (1916 b), Carlson (1921).

Proof. Put

(Pólya, 1922.)

+ ...+tfam_k, L0am = a¿ka'm = am + VÏ)a = 0,
(v > 0), where the coefficients t{f] will be determined later on. 
By elementary transformations of determinants

in-1 m >

> P\ ®i 1
_ I\

•••£« an

... L1Lnan+1
...an
...a>®2’ n + in(on) =

Ln an » I>\an +1 > • • • Ln Lna2n

Putting Ql(z) = tf?zk + ijf-i2*-1 + ••• + t{pz + 1, we have 
QUz)f(z) = ^LhaiZ\ Q*t (z)Ql{z)f{z) =

It follows that LiLkam = LkLiam, and that
f f(z)Q* Qjdz

LlLkaM-2^ijc

where C is a contour in D enclosing z — 0. Therefore, putting 
Q*n{z)/zn = Qn{l/z), we have

f(z)Ql(Vz)Qk(Vz)Li i

For the next step we want a lemma by Faber :
Lemma 1. Suppose u — g(z) maps D containing z — 0 biuni-

formly upon the circle \u\<p, where g(0) = 0, g'(0 =1. Put
1 1 Z(m)
- +X0 + X1s +..., [1/g{z)]m = ¿¡a + + ...

+ + = Pm(Vz) + P*m(*)>
l/g(z) =

where P^(0) = 0. Then, in every region of D,
Í9(z)]mPm(Vz) - 1- (Faber, 1920 a.)(1)
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Proof of the lemma. By the residue theorem

m-1

324 CH.

1 dx
J X ’

where F is the picture of a circle | w | = r < p by u = g (x), and 
z is inside T.

We have

+ ... + 1

p / 1 P 1 / x \m dx
m\}/z) — 2ni^ rzm\g(x)) x — z

r z / 1 \mdx 
J Tx — z\g(x)) x

1
2ni

Thus, x/g(x) being regular in D, we obtain by calculating the 
residue for x = z,

T _s_ / 1 \mdx. 
)vx—z\g(x)' x

/ 1 \mFm(x/)~(gw) =~ 1
2 ni

On the other hand, since | g(x) | = r along T,
r _z_ dx 

2tt J r x — z x
Since the integral is independent of m and | g (z) \ < r, equation
(1) is established.

Returning now to the proof of I, f (z) is by hypothesis regular 
in D, whose inner conform radius with respect to 2 = 0 is p > 1. 
Put 1 <R<r<p and choose for Qm (1/z) the function Pm(l/z). 
Then

¡/WPtMPiMj I < £1
2 ni

where M does not depend on k and l. For, by lemma 1,
\Fk(Vz)\<c/\9(z) Ia =

where c is independent of lc, since (1) is valid for | g(z) \ <r. Thus

Since the determinants Z)(”} are integers, = 0since r > 1.
for sufficiently large n and thus, by 82. I, f(z) is a rational
function.

II. If among the coefficients anofa Taylor series f(z) = 2anzn 
there are only a finite number of different numbers, then either 
f (z) = P (z)/( 1 —zrn), where P(z) is a'polynomial and m a'positive 
integer, or else f(z) is not continued beyond the circle of con­
vergence of 2anzn. (Szegő, 1922 a.)
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Proof. It follows from our hypothesis that the radius of 

convergence is 1. If f(z) is continued outside \z | = 1, there is 
a domain of the form indicated in 
fig. 50, and enclosed by the curve F, 
inside and on which, f (z) is regular.
We are going to prove first that there / 
is an M such that /

(5) I [/(?) - (z)\ An+11 < M on r. \
For this purpose we consider a curve x 
F' similar to F containing the latter 
and so near to it that f (z) is regular 
in and on F'. If zx and z2 denote 
the two points at which J1'cuts \ z\ = 1, 
it is sufficient to prove the existence of an Mx such that
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Fig. 50.

(3) \AJz) I = \f{¿) £-'{x) (»-*,) {z-zj\<Mx on V.

For if (3) is satisfied on T' it is also satisfied on F, from which
(2) follows.
If A > \ an\ for every n, and 1 — is the inner radius of T', we have

= I K + a»+i^+ •••) (z-zx) (z-z*) I
<A\z—z1\\z — z2\/(1—\z \ )<4A/S/

the inner circle of T'. On the straight sections of T' inside 
\z\ = 1, we obtain similarly

14» I <^\z-zl\\z-zi\/{\-\z\),
and \z — z1\ = 1 — | z | on one and ¡z — z2\ < z+\z2 \ on the other, 

that I An(z) J < 2 A on the straight section inside \z \ = 1. 
Outside 12; I = 1 along JT there is an S such that \f(z) | < 8, and 

thus I f{z)-sn_x{z) I < S+ Á I 2 |n/(| z\-l). Hence on the straight 
sections outside | z \ = 1,

\\(z)\<S(\z\-l)2\z\/\z\» + A(\z\-l)2\z\/(\z\-l) 
<S2R'(R'-l) + A2R',

where R' is the outer radius of F'.
Finally, on ¡ z \ = R along F',
\An(z) I < 4R'2[S/R'n + A/(R’ — 1 )J < 4R'2[S + A/(R'- 1 )], 

which proves (3) and hence (2).

on

so
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Now vary the inner radius 1—5 and denote the corresponding 
curves by T(S). We are going to prove that for every given 
rj > 0 there is a polynomial in 1/z :

Q{l/z) = c0 + cx/z +... + J/sfl,
such that

I Q(\/z) J < 1/2 on F (8) for 8<rj.

The degree q depends on the given rj. We prove this proposition
by showing that there is a poly­
nomial Q satisfying (3) even for 
the limiting case F(0). For this 
purpose consider a ring domain 
containing the arc of \z\ = 1 be­
longing to F(0), and approximate 
to — 1 in this domain by poly­
nomials (e.g. by Runge’s method 
77. II). Thus we obtain a
P(z) = c0zP + cxzP~x + ... + cp_xz 

such that
\c0zP+ ...+cp_xz— (— 1) I <1/2 in R,

\ c0 + cx/z + ... + 1 /zP \ < 1/(2 \z\P) in R.

Hence on the arc of | z | = 1 in R,
\c0 + cx/z+ ... + 1/zP j < 1/2.

On the other part of F(0), there is an iV such that 

I co + c\/z + ••• + 1/zP I <R.
Since (5) is valid also in certain neighbourhoods of the end 
points of the arc of F(0) on \ z\ = 1, we can determine px such 
that N/\z\Pi<\/2 on the remaining part of F(0) outside these 
neighbourhoods. This proves (4), where Q(l/z) = P(z)/zP+P\.

Suppose now that dx, d2,...,dk are the numbers out of which 
all the coefficients an are taken, and let

\dK — d^\^:d>0 for

Choose 8 so small that Q(l/z) is < 1/2 on F(8) and f(z) is regular 
in F(8). Raise Q(l/z) to a sufficiently high power in order that

(4)

/z
/ \/ \I ii

\ /
P. //

\\\
/

Fig. 51.

i. e.

(5)

(6)
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for the polynomial obtained, R(\/z) = a0 + <x1/z + ... + l/zr, we 
have
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i r
2?r Jr(i)

where M is the number on the right-hand side of (2). By 
Cauchy’s theorem
i "b ®irtn+l "b ••• + ar-lan+r-l + an+r I

/(g)-8w~l(g)l^R(\/z)dz =~ f zn+1 v ' ' 2 7r J
M f |-B(lA)il*l< •

J r(i)

1 R(l/z)dz
Zn+l2tt r(S)Jr (5)

< 2;r

Consider now the group of coefficients
an+l’ »^n+r-l* (ïl = 0,1,..,).

From the & different numbers dl,...,dk we can form only kr 
different groups, so that there are infinitely many identical 
groups. Suppose that

(aix>aH+l> • ••>av+r-i)>+ 1) -- (üyiUy + 1> •

Then
I dfi+r ^v + r ! ^ I ^pi+r "b Ofr-l^M+r-l "b • • • "b I

+ \av+r + ocr_lav+r_1 + ...+(x0av\<d/2 + d/2 = d.

Therefore, by (5) afX+r = av+r, and hence, a/t+ff = a„+tr, cr> 0. It 
follows that

v—1M-l
f(z) = 2«„S”+ 2 a„2”Xl Q. e. d.

84. Taylor coefficients of algebraic functions.
I. If the power series u = 2 anzn with rational coefficients 

represents an algebraic function, there is an integer k such that 
all the numbers knan,n > 1 are integers.

Proof. (Heine, 1854.) By hypothesis, u satisfies an algebiaic 
equation

(Eisenstein, 1852.)

f(z,u) = 0,(1)

where f(z, u) is a polynomial in z and u. If it contains some 
irrational coefficients ocl,oc2,... we write

f (z, u) = /0 (z, u) + <xjx (z, u) + ...,

to
l &
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where all the coefficients of/„,/j... are rational, and if there are 
linear relations ß0 + ß1oc1 + ...= 0, with rational coefficients ßit 
we eliminate as many irrational coefficients as we can. Thus 
we may suppose that there is no linear relation with rational 
coefficients between the irrational coefficients of (1). If we 
subtitute u = 2anzn in (1), all the coefficients must vanish, and 
this condition leads to equations of the type C0 + C1al + ...= 0, 
where Ci comes from f- and is a rational combination of the au 
and the coefficients of f{> i. e. is rational. Thus, by our last 
hypothesis, all the coefficients Gi vanish, i. e. u satisfies all the 
equations fi = 0 separately. Thus we shall suppose that all the 
coefficients of the original equation (1) are already rational.

We may, of course, suppose also that / (0, u) is irreducible, i. e. 
that it is not a product of two or more factors with rational 
coefficients. Moreover we might assume that /(0, u) is linear 
in u. In fact, putting u = a0 + cq z+ ... + ap_lzP~1 +zPv, and 
substituting in (I), we obtain an algebraic equation in 0 and v : 
Fp(z,v) = 0. We are going to show that, for sufficiently large 
p, Fp (0, v) is linear. If this were not so, v(z) would have several 
branches with a finite value at 0 = 0. Hence u would have 
several branches whose Taylor series begin with

a0 + axz +... + ap^zP~l.

But u has only a finite number of branches about 0 = 0, 
and all these branches have different Taylor series at 0=0. 
Hence the number of identical initial coefficients for two different 
branches is limited. This proves that there is a such that 
Fp (0, v) is linear.

Suppose now that we prove the theorem for the function 
v = ap+ap+lz +.... This means that there is an integer Zq 
such that ap+vk\, u>0, are integers. But there certainly is an 
integer k2 such that Zqaq,... ,k£ap are integers. Thus the integer 
Zq/q satisfies the theorem.

Finally, we may suppose that the coefficients of (1) are all 
integers with no common factor and that a0 is an integer. The 
last assumption is possible, for if k'a0 is an integer, v = k'u 
satisfies an algebraic equation with integral coefficients. If we 
prove the theorem for v, i. e. if k'k\av (v > 0) are integers, then 
also (k'k^)vav, (i/> 0) are integers, i.e. k'kx satisfies the theorem.

328 CH.



To sum up, we suppose that f(z, u) is irreducible, its coeffi­
cients are integers without a common factor, /(0, u) is linear and 
a0 is an integer. Now put

f(z,u) = 2Ak(z)u\ Ax{z) = 2
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(2)

where the cx ^ are integers and

c\n = 0 (X >m), cxo =0 (X > 1), c10 ^ 0,
since /(0,u) is linear. Replacing u = 2anzn in (2), and equating 
the coefficients of zn to 0, we obtain first, for n = 1,

d* 1 ... + Cj + C] o^i d- 0,

i. e. c10a1 is an integer. Suppose now that 

cioai,(cio)2a,¿>• • • > (cio)”an

are integers. We are going to show that (c10)n+1an+l is also an 
integer. For this purpose consider the coefficient of zn+1 in 
f(z, 2anzn). Since for X > 1, Ax(z) has no constant term, the 
contribution of Ax(z) ux to the coefficient of zn+1, for X > 1 
contains only a0,a1,, an and is a polynomial in the latter coeffi­
cients with integral coefficients. Hence the contribution in ques­
tion is a sum of terms like A 
coefficients A

«o0®*1 ••• ann where the 
are integers and X1 + 2 X2 + ... + n\n < n.A()’ A-i) i

Thus the product of this contribution into (c10)n is an integer.
The remaining part of the coefficient of zn+x in f(z,2anzn) 

comes from A0(z) +A1(z)u, i. e. equals

f0,71 + 1 d" Ci0an+1 d" c\\an d" ••• d* ci,n+la0

Equating the complete coefficient to 0, we obtain 
r(a0,a1,...,an) + c10an+1 = 0,

where (c10)nr (a0, a1,an) is an integer. Hence also
(Clo)n + l tt7l+l

Q. e. d.is an integer.
85. Hadamard’s results on 'polar singularities. We are now 

going to determine the position of the poles in the circle of 
meromorphy centre at origin (for simplicity). By definition

l0 = lim I Van I = 1/r,
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where r is the radius of convergence of 2anzn =f(z). It follows 
that

¿j = lim I Vana -«»+11 < iA2-n+ 2
More generally

Ip = lim ¡ Viy-ft I < l/rp+1)
since every term of the determinant satisfies this condition 
and there is only a finite number of terms.

Lemma 1. = l/rl+l for i = 0, 1,... ,p — 1 and lp< l/rp+\

limjVSf^l = 1/rP,
e. for i — p — 1 the upper limit is replaced by an ordinary 

limit.
Proof. We first establish this rather delicate limit relation

then

(Iladamard, 189:2.)

for p = 1 by proving
Lemma 2. If (a) \av_1av+l — al\^t66V for v>N,6< 1,
(b) lim I Vav 1 = 1, then there are two numbers c and a, 

I a I = 1, such that av = cav + 0(6V).
The form of av readily shows that \Vav\ tends regularly to 1 
i. e. lemma 1 is proved for p = 1 and for r = 1.

Proof of lemma 2 (Ostrowski, 1926 c).
Take AT > 0 so large that, for v > AT,

Qv-l 6V <1/2.\-6v>\-(c) >6,
1-61-6

Putting, for av_x 0, av/av_l = qv we are going to prove that 
from a v on, av ^ 0 and

li\\'av \ steadily decreases from a v on, then by (b), | av | > 1 
from a v on and thus, by (a), dividing by j avav_x j we obtain (1). 
In every other case there is an -h, > AT such that

(d) j n~V an.x I < I Van\, j Van \ > 6, | Vav \ < 1/6 for v>n.

(1)

Thus, by (a), (c), and (d),
I «„+!«„-] I > 0-n- Ö6” = 62n(l- 6in) > 62n( 1 - 6n) > 62n+1,

and, by (d),
02n + l

(2) K-ll > _ 03n+2'
(l/6)n+1



Dividing I ViVi-“» I by I anan-\ I. we have> by (a)> (d)> and
(2), I qn+i—qn I < 66n/d4n+2< 6n, since 2, which establishes 
(1) for V = n.

On the other hand, by (d), as an^ ^ 0,
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I^XI(3) |?„l = I 1 = [ ^,rrva„i>rA:i>o.
71-1 I J|W-y¿

Suppose now that (1) is verified for v = (and thus
am ^ 0). We are going to show that (1) is verifiedalso a

also for v = m+ 1. In fact, by (1)
W~1 ’ * * * >

<dw/(l — 6), n<n 4.m+ 1,
and thus by (3), (c), and (d),

l?,l>l7n|-6”/<l-6)>6-6"/(l-6) = 6[l-6"-y(l-6)]>62

for Ti < ¡i 4 m + 1 and

I Va« I = I <?»+. 11ï»+! I-lï» I |a„|>

Applying this result for the cases /x = m, m +1 and dividing
(a) in the case v = m+ 1 by | amaw+1 we obtain

-?t»+i \<ô6m+6/6im + 2<Ôm+1,\q771 + 2

i. e. (1) is valid for r = m+ 1 and thus for all u^n. 
Hence the series qn + (qn+1 — qn)+ ••• is convergent i. e.

«,/V i-*“.(4)

when r —^ oo , where

|a-g„ |<0*' + 0,'+1 + ...= öy(l-ö), v^n. 

It follows by (4) and (b) that
(5)

To prove the last part of the statement we put 

qh/oL = 1 +yk 6k/( 1 - 0), /c > n, 

where from j oc | = 1, by (5), we have ¡ yfc | < 1.
(6)



332 SINGULARITIES OF CH.

U[l+yk6h/(l-6)\ = PThus
k=n

is convergent and, by (6), putting an_1P/cxri 1 = c,

= an-\ T~T ( 1 , Vk 0k\
l_e)~

av c(7)
(Xv

On the other hand for |æ|< 1/2 we have e"2lzl<| l +x | <elxl. 
Hence by (c)

e-Ä,r‘<n i+

n ,+V =
1-6

2 6,c
1—6 ^ e\-6k>v

i. e. 1 + 0(6V),i> V
and hence, by (7),

% = c<xv +0(6V). Q. e. d.
Proof of lemma 1. It follows as a simple corollary of 

lemma 2 that lemma 1 is true for p = 1. To prove it for 
p> 1, suppose that p is the first suffix such that the inequality 
holds, i. e.

l0 = 1/r, lx = 1/r2,..., L

Then, by hypothesis, lim | nV D{P~l) ¡ = \/rP-

= 1/rP,p-i

but lp< l/rP+l. 
But from

i v&gzv »T+v-m-"]21 = i vd%t, pfc? i,

lim I AnBn I < íim | An | ImT| Bn | 

ïîm I VD<£\ I < l/rP+\ Tim | VDfrf | = 1/rP"1,

since

and

we have also
iim ¡ vnr,-i' i< >a2!>.

i. e. the conditions for the case p = 1 are satisfied, with an re­
placed by D(P~A) and r by rP, and we draw the conclusion that 
lim I V&P-V I = 1/rP.

We are now going to prove Hadamard’s general result 
polar singularities.

on
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I. The necessary and sufficient condition that f(z) = 2anzn 
should have at most p poles and no other singularities on the 
circumference of its circle of convergence is that li — l/ri+l for 
i — 0, 1,..., p— 1 and l^< l/rP+1.

Proof. The condition is necessary. Suppose that f(z) = 2anzn 
has lc poles and no other singularities in and on \ z\ — r and 
denote by r(z) = 2rvzv the sum of the principal parts per­
taining to these poles. We write f(z) = r(z) + R(z) where 
the radius of convergence of R(z) = 2jRvzv is r'>r. Since 
av — rv + Rv, we have

r^ + R

(Hadamard, 1892.)

rA+l d" R\+l> •••> rA+& b R\+h

r\+k + R\ + k> r\+k+l + R\+k+l>'"’ rA+2fc b ^A+2fc

Since r(z) is a rational function with lc poles (counted according 
to their multiplicity) the determinants (r„) all vanish for 
X > y, and we know also that this is not true if the suffix lc be 
replaced by a smaller number.

Thus we can determine Jc+ 1 numbers c0 = 1, c1,...,Cje satis­
fying for X > p all the equations

rx+1 +...+cfcrx+&

x>
(8) Df(av) =

= 0
(9)

co r\ + v b c\ r\+v+l b ••• + C1c r\+k+v — ®

(c0 = 0 would mean that the (r„) vanish after a suitable
suffix X).

Having determined the coefficients ci in this way we use 
them to reduce (8) by multiplying the (i+ l)-th column by 
ct (i = 0,1, ...,1c) and adding all to the first. We obtain in the first 
column linear expressions of the R’s alone. If we now decom­
pose the determinant we see that we can express the series

coefficient contains at least one R factor, i. e. the radius of con­
vergence of every one of these series is >r'rfc. Thus the radius 
of convergence of ^,D^jfzx is ^r'rk >r^+1. This shows that 
Hadamard’s condition is necessary.

The condition is sufficient. We will show that under the

the sum of (lc+1) ! series, in which everyas



conditions in question it is possible to determine a polynomial 
P{z) = 1 +Cj0+ ... +cpzP, such that the radius of convergence of

= ZAm+pSñ+P = Mam+P + c1am+p_1+ ... + cpam)zm+P
is >r.
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It follows from the hypotheses, by lemma 1, that

lim ¡ VI = 1/rP (regular limit).
Therefore, for m>M, D^-1) ^ 0. We can therefore determine
Am) Am) 
v 1 > L 2 > • .., c(p\ for m>M, by the equations

+ c(f> a + -+<T«to
+ ...+cÿa

= 0^m+p 
®m+p+i "b ^ ^m+p

m+p-i
(10) = 0m + i

+2p~l "b ^ l +2p-2 "b • • • *b ® = 0.m+p-i
From c(7> = D^/D(g 1}, where is with the
(p+ 1 — ¿)-th column replaced by a am+2p-v we obtainm+p> ••
cty »_<;<»> = [£<£;>> /)»-;/> 5<T “

£W D'_ m ■‘■'to
- ]){p-1) jr^-p »TO TO + 1

(by Sylvester’s theorem) where Z)^ isa (p-1) rowed determinant 
of the a’s and thus

lim I l/r?'1.
Now ïïm I I < l/rP+1 and lim j VjDg-» | = l/rP. It

follows that 2 j c(™+1) — c(^i) | converges like a geometrical 
progression. Hence the p limits lim c{f] — c{ exist and

c* = c(f + Y4,m0y, |y*,m|<l, O<0<<1.
By (B^)> -^-m+p Yl, m+p-i ^l^m+p-l "b ••• "b Yp,m@™ >

bm I V¿m+p ¡ < 6/r < 1/r.

Thus the radius of convergence of P (z)f{z) is > r.
The affixes of the poles on the circle of radius r are the roots 

otj,a2>...,ocp of P(z) = 0. For the product of the roots is 
( - l)p/cp = (-l)p/lim c(™>, i. e. by (10),

Q. e. d.

a1a2...ap = limÆïr,
m_oo ■L/m+i
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and thus 1/| cx1a2...Oip | = lp_x = 1/rA But | af | > r, (i = 1, 2,...,p)} 
and hence | oci | — r. Applying the theorem to P(z)f(z), we 
determine the poles on the next circle of convergence, and so on.

The consequences of Hadamard’s result may be summed up 
as follows. Consider the sequence l0,ll,.... Then l0 = l/r, 
where r is the original radius of convergence. In general, for a 
certain number of successive suffixes we have li — l/ri+1 ; denote 
by p the first suffix such that lp < \/rP+l : then li/ l^x — l/r for 
i — 1,2, 1 and lp/lp_x = l/r1 < l/r, where rx is the distance
from the origin of the second set of singularities. Then again, 
for some suffixes

335X

i — 1,2,..., lp+x/lp+i-i VW

and so on. In any case l¡,/li-x is not increasing. There are 
various possibilities.

(a) There is a g such that lq/lq-x = 0. The function f (z) has 
q poles in the whole plane. f(z) is an integral function divided 
by a polynomial.

(b) IJli-x 0. The function f (z) is meromorphic in every 
finite region.

(c) -> 1/12. The function f(z) is meromorphic in every 
circle I z I < p, < R but has infinitely many poles in the neighbour­
hood of the circle 12 | = R, i. e. f(z) has a non-polar singularity on 
\z\ = R.

(d) k/k-x has the same value 1 /R after a suffix i > 1. There 
is a non-polar singularity on \z\ = R, but only a finite number 
of poles inside the circle.

86. The coefficients as functions of the suffix. Unique finite 
singular 'point. The coefficients an of a Taylor series can 
be considered as values of a function g(z) assumed at 
z = 0, 1, 2, .... In particular there is an integral function g(z) 
such that g(n) = an. But there are infinitely many functions 
satisfying the same condition, i. e. we may complete (extrapolate) 
the given coefficients into an analytic function in infinitely 
many ways. For instance, when 2 | an/n | is convergent, we 
may put g(z) = sinTrzS (— l)nan/(z — n)n. In this section we 
are going to examine the relation between the function g[z) 
determining the coefficients and the function f(z) = 1g(n)zn.
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I. If, for
av = P(l>),(1)

where
P(z) = 2cxsx

is convergent for | z¡ < l//z, Men the first branch of the function 
f(z), defined by 2anzn and its analytic continuation, is regular 
in the domain outside (I, + go ).

Proof. Instead of f(z) we may consider

«m + amMs+ •••• = [/(*) -2 A
v=0

so that we shall denote the latter also by f(z). Consider the 
functions

(2)

(Lean, 1899.)

1 s’ fl(Z) =^m\jÁZ)zm~ldz, ... 

fk(z) = ¿JV*-i(z)zm~'dz,...,

fo(z) = 1 -

the integrations being carried out along 
straight lines outside (1,+ oo ). Then 
round the origin

(3) h(z)
= 1/mk + z/(m + 1 )k + z2/(m + 2)k ....

Consider the domain S and let G be the 
maximum of | 1/(1 —z) j in S. Thus, 
putting z = re1 e, we have in S

to-1

o« I-CJ77
flsl

(4) I f\(z) I < Gr~m \\dz\\z

s Jo
= Gr~m rm~xdr — G/m.

Jo

If we assume generally that
\fk-i(z)\ < G/mk~l 

in S, it follows that in 8Fig. 52.

k^irm J r7re-1^r = G/mk,\hiz)\<(5) m
which justifies our assumption.
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Since lim ¡ V cv | < y, it follows that
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» = 2c,/» = 2 cvfv(z) + Bl(z)(6)
v=0

is uniformly convergent in S, since

\m\<o i y(*) <e,
y = Z+l

for sufficiently large l. About the origin, however,
CO 00

, »C„
(8) + ...

(m+ 1) (m + 2)vv=0 y = 0v = 0

= 2v»-
i/=0

Thus $ (0) »is the analytic continuation of f(z) in S, and since S 
may be chosen to include any given point outside (1, + go ), the 
result follows.

It may be remarked that if S be replaced by a simply con­
nected domain, which may cross the line ( 1, + go ) but does not 
contain the point 1, it may be shown that no branch of f(z) has 
a singular point between 1 and + co . The origin, however, may 
be singular for some branches.

II. If g (z) is an integral function such that | g(re10) | <eer for 
an arbitrary positive e and r > r\ the function f(z), defined by 
2g(n)zn and its analytic continuation, has the point 1 as its 
only singular point. If g(z) is a polynomial of degree m then 
1 is a pole of order m+ 1.

Proof. If we put g(z) = 2cvzv, it follows from the hypotheses, 
by (75. 5) and by Stirling’s formula Ex. IV. 22, that

lim I 'Vcnn ! I = 0.

(Leau 1899, Faber 1903.)

(9)

Consider the functions
fo(z) = V(1 », /» = zfo(z),---> fk(Z) = Zfk-l(Z)> ••••

Then round the origin fk{z) = 2nKzn. Also f]fz), for Jc^l, can 
be written in the form

Á(*) = 2,Wz"dJW-(10)
n = l

Z3343
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This is plainly true for k = 1 and, if we suppose it to be true 
for k — 1, we obtain, for k> 1,
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dnf0(z)
ÖÍ2« *

n = l

where 6^-1) = 0 and tyk 11 = 0, i. e.

Since 6j^-1) = 0, we have, by (11),
^ = jg-u = ... = 6(D

(H)

(12) = 1.
Furthermore

b^<2k(k-l)\/n\(13)

for 7i<&. For, by (12), this is true for k — 1 (since 0 ! = 1) 
and, if we assume it for k— 1, we have, by (11),
b(k)<n21: 1(k — 2) l/nl + 2k~1(k—2) \/(n—\) !

= 2\lc - 2) \/(n -1) ! < 2k(k -1) !/n !
for n^k—1 and, by (12), for n-—k also. Thus (13) is valid 
in every case. Therefore

zudnUz)1(14) !/*(*)! <2‘(i-l)!> dznn\ 71 *

<2k(k-l) ! 2

If we exclude 1 by a small circle c, | z/(l—z) | < G outside c, i. e.

2M"/|i-s < kGk/\l-z\.In+l

Putting 2kGk/ I 1 —z I = H'k, we have H'<H for all k and all 
s outside c, i. e. | fk(z) ¡ < Hkk !. Hence $(z) = ’ZcJJ^z) is 
uniformly convergent outside c, and about the origin

f(z)~co = z2cn + z*2cn2n + z32cn3n+ ... = 2cnfn(z).
Thus $ (z) is the analytic continuation of f(z) and 1 is the only 
singular point. Since fk(z) has a pole of order k+ 1 at 1, the 
second statement also follows.

III. (Converse of II.) If the uniform function f(z) = 2 anzn 
has the unique singular 'point 1 (necessarily a pole or an



ANALYTIC FUNCTIONS
essential point), then there is a unique integral function g (z), 
such that g(n) = an and | g(rei9) \ < ee r, for an arbitrary positive 
€ and r>r'. If l is a pole of order m, g (n) reduces to a 
polynomial of degree m — 1.

Proof. f{z) is, by hypothesis, an integral function of 1/(1 — z), 
but we imagine it as an integral function of

z/(l-z) = 1/(1 -z)-l.

Then f(z) = 2enzn/( 1 —z)n, where lim | Ven \ = 0, and we have

an = el + Cl~le2 + C2~1e3+...+C^zUn-

Consider now the expression

(16) ${z) = e1 + {z-\)e2 + {z-\){z-2)ej2\
+ (0-l)(z-2)(0-3)e4/3 !+ ....

We shall prove that (16) is the required integral function. 
For this purpose we have to prove that (a) $(z) is an 
integral, function = g(z), (b) g(n) = an, (c) | g{reie) | <e€r for 
r > r.

(a) We shall show that $ (z) is uniformly convergent for 
\z\<R (arbitrary). Write
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(Wigert 1900, Faber 1903.)

(15)

(z— 1) (z— 2) ... (z — n+ 1), , , z—1<P(z) = <q+ — en+$n(z)-e2+ ... +
(n— 1) !

Now determine m' such that, for m > m' and e given between 0 
and 1, we have | em j < em. Then, for n > m',

(R + 1)(R + 2) ... (R + n)
*n(*) I < n !

(R+l)(R + 2)... (R + n + l) en+1 + ...,+ (n+1)!

and the right-hand side is the remainder after n terms of 
[1/(1—e)]ñ+1 when expanded in powers of e, which establishes 
the first point.

(b) is obvious by (15) and (16).
(c) Since I em \ < e™ for m > m', we have

(r + l)(r+ 2)I <P(reid) |< ¡¿.J + ~YY~ Ie2 I + 1^1+ -2!



, , r+1 , , (r+1)... (r + m— 1) , ,
<i«J + it kl + - + (m_iji I6-»!

(r + 1 ) ... (r + rti+l)
(m+ 1) !
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(r + 1 ) • • (r + m) ^ + m+1+ + ...m !
<l/(l-e)r+\+P(r),

where P(r) is a polynomial of degree m, i. e.
j $(rei0) I < e~(r+1)lo® (1_f) + P(r) < e(r+}'>f' + P(r) <e("r.

Moreover $(2) is the only function satisfying the conditions 
for, by Ex. VII. 14, if there were two, their difference would be 
identically zero.

Finally, if f(z) = A/{ 1 -z)m = 2era>n/(l-2)”, cB = 0 for 
n>m, but em = 1. Thus^ (0) is a polynomial of degree 
m—A Q. e. d.

87. A theorem of Le Roy and Lindelöf.
I. Suppose (a) g(x + iy) is regular in the semiplane x^a,

(b) there is a 6<tt such that for every arbitrarily small positive 
e and for sufficiently large p,

\g (oc + pe1*) I <e(e+<)p, — tt/2 ^
Then

f(z) = 2 2 = rei(p>(i)
n=0

is regular in the angle
6<(f><2TT — 6.

In particular if (b) is satisfied for 6 = 0, f(z) is regular every­
where except maybe at the points of the positive real axis between 
1 and 00.

Proof. It follows from (b) that the radius of convergence of 
(1) is at least e~e. We might suppose that a is not an integer, 
for if (b) is satisfied for an a, it is satisfied for any number 
greater than a. Thus we put m — 1 < a < m.

If n is an integer, from sin 7tz = sin n (z — n) cos 7rn 
we see that \\vn(z — n)/s>mnz=(—l)n/n, i.e. the residue of

(Le Roy 1902, 1903, Lindelöf 1900 a.)

— 1) = ^cot 77-2—1/2, at z = n, is . Thus the residue 

of G {x, z) = g (z)xz/(elvlz — 1), at z = n, is g(n)xn. Therefore,

w
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by the residue theorem 59. I,
p r

2# (n)xn = I G(x> z) dz>(2)

where S is a contour enclosing the integers m, m+ 1. ... ,p and 
no others. For example, we may take for S the half of the 
circumference of the circle of radius R = p + 1/2 —a, centre 
at a., which lies in x > oc and the diameter of this circle.

We shall prove that for p = cc , i. e. R= cc , the integral along 
the semi-circumference Cr tends to 0, i. e. that

0+100 g(z)xzdz 
e2viz-r

2 9(v)xn = - I(3)
a—î'oo

We suppose first that x is real and negative. Putting 

0 = oi + Re1*, x — rey* — _r>
we have

_ g(oc + Re^jr2
(4) G(x, z)

erriz_e-iriz

Also, by (b), for sufficiently large R,

I g (oc + Rez^)rz | < rae~Ä(log 'cos

On the other hand, excluding the poles z = 2Jeni, Je = 0, + 1. ... 
of h(z) = l/(e2— 1) by small circles, we have, in the remaining 
region, j h(z) \ < N. In fact, if a is a positive number and 
z = r + it, we have for r>a:\h(z) \ < l/(e° — 1) and for r< —a, 
\h(z)\ <1/(1— e~a). In the band —a<r<a, h(z) is bounded 
for it is continuous and a periodic function of t.

Applying this remark to the semicircle Gr we obtain on Cr,

l/\eviz-e~wiz\<k' for j \js | < | and l/\ewie-e~wit\< &" ! sin^l

for < I V'-1 < ^ > where yfr0 is an angle between 0 and n/2 and 

le\ k" are independent of R. Thus, for r < 1,

I G (x, z) j < k'rae~R d°s rcos fo-0-*) for | ÿ | < \¡f0 

I G(x,z) j < Jc"rae~R Gsin ^o-y-<) for \fr0 < | \fr | < £
-}

2J
(5) on Cr.
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Fixing yjr0 by the condition n sin \j/0 =6', 6<6'<n and deter­

mining r0 such that log — cos \fr0
ro

r < r0 < 1, I G(x, z)\ < krae~^ef~6^n, where k denotes the greater 
of k' and k". Thus, when —r0<x< 0 and oo , the integral 
along CR tends to 0 and (3) is established.

To prove that the function represented by this formula is 
regular in 0<(f><2n—6 we put z = a + it, x = where
the upper (lower) sign is taken if t is positive (negative), i. e. 
(f>' = 0 + 7T is the argument of x measured from the negative 
real axis. Therefore we have
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= 6', we have, on CR and for

g(a+it) < rae~[,r-0±<*>,+e i( i.I G(x, z) I = rae~G±<p') w gnia-irt_g-irio+irt

Now, if a; is a point of the domain

r>0, 6 + cr<(f)<27r—6 — (r, i.e. | 0' | <n—6 — cr,

where <r is an arbitrarily small positive number, we have, for 
0 < 77 < <r and for all sufficiently large \'t |, n — 6 ± (f>' + e (t) > rj, i. e.

I G(x,z) I <rae-’»itl for 11 \ > T, say.

(6)

(7)
Now write

+00 r'a+«>+l)'a+îoo
G(x, z)dz = — 2 G (x, z)dz,

J a+ivJ a—too

and notice that every term of the right-hand side is regular in 
the domain (6), since every term is an integral function of loga; 
(by expanding xz = ez log x in series). Formula (7) proves the 
uniform convergence in any finite region of (6), and this proves 
the proposition.

Since the segment —r0<x<0 is in 6 <(f>< — the right-
hand side of (3) certainly equals the left-hand side on this 
segment and thus the right-hand side is the analytic continuation 
of the left-hand side.

By (3), if m is positive

g'(z)xz■*a+ioo
(8) f(x) = 2 g(n)xn- dz, m — 1 < a < m.e2iriz_ 1J a—ioo
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If m = —Jc is negative, we have
X 343

(9) /(*) = -¿ti-J a+ia> g(z) xzdz
g2 n iz_j ’ — (k+ 1) <a< — k.a-loo

If m = 0,
'a+100 (/ (0) 2Z(/0

g2n iz_2

Thus the theorem is completely established. 
We complete this result by proving 
II. Under the conditions of theorem I,

f(x) = xae(x), if a > - 1

f(x) = -
0 — 1 00

(10)

(H) f(x)= —¿ig( — n)/xn + xae(x), if — (Jc+ 1) <a< —h,

where e (x) tends uniformly to 0 when x ->ao in
(12) d + (T ^ ^ 2 7T — 6 — (T,

for an arbitrarily small positive <7.

Proof, (a) Suppose a is not an
a-it’

(Lindelöf, 1902, 1903.) 
integer. By (7), there is a t'

‘O +100
such that r~a G (x, z)dz 4- G(x,z)dz < e/2 in (12).

a—too u+it'

We have still to prove the existence of an R such that
rn+it I

x~a G(x,z)dz\ < e/2 in
J a-if !

(13)

(14) 0 + a ^.(f) ^.2n— 6 — a,

Putting z = ot + it, x = re1?, we have, since a is not an integer,

(15) x~aG(x, z) = erW [A(t) + iB(t)] [cos (i logr)+i sin (t log r)]
where A{t) and B(t) are real functions, regular for real values of t.

We prove first that the number of the alternating intervals of 
increase and decrease of | e-^A^) | (or of \e~(t>tB(t) |) between 
-V and t' is <N independently of <f>. In fact the extremities 
of such intervals are either zeros of A(t) or of [e~<PtA(t)']\ i. e. 
roots of A'(t) — (f>A(t) = 0. This may be satisfied by common 
roots of A(t) = 0 and A'(t) = 0, finite in number since A(t) and

r>R.
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A'{t) are regular in (-£', t'), or else the roots correspond to the 
intersection of y = A.'(t)/A(t) and y = <p. In the latter case, 
between two consecutive intersections there is either an infinity 
of A'(t)/A(t), i. e. a zero of A(t), or a zero of its derivative 
and thus a root of A (t)A"(t) - [.A'(t)]2 = 0. The number of these 
is, however, finite since the left-hand side is regular in ( t, t ).

Having established this point, we shall show that if M is the 
maximum of \e'<t>tA{t)\ in ( — 6 +a — 0 — <r, then
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j” e~(t>tA(t) sin (t log r)dt | < 2 M/log r

for any interval of monotony (a, 6). Denote by ,t¡x the succes-

are of

alternating sign and their absolute value is constantly decreasing 
(or constantly increasing). Their sum in absolute value is thus 
less than the absolute value of the first (last) integral. More­

over the integrals I and have opposite signs and are both, in 
Ja Jh

Pit/ log r
absolute value, less than M J sin (t \ogr)dt = 2 M/ log r, 

which proves our remark. Therefore

e-^AQ) sin (tlog r)dt <2MN/ log r

[k f6
sive multiples of tt/ log r in (a, b). The integrals ^

rt'

j-t'

in 6 + a^(p^2u— 6-a- and, the same being true also for the 
other three integrals making up (15), we see that the left-hand 
side of (13) tends to 0 when r->oo , which proves the theorem 
for a non-integral a.

(b) Suppose a is an integer. Formulae (8) and (9) do not 
apply. For simplicity’s sake we take a = 0. Put m = 1 in 
the right-hand side of (8) and exclude 3=0 by a small circle. 
When a tends to 0, we readily see that

'+ix>g(z)xzdzm = g( o)/2-J in (12).(16) _,•» e2niz — l

Putting, for symmetry, x — elrrx1, xx = re1 ^ 

and 3 = it, g(±it) =p(t)±iq(t),
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we have

f(x) = g(0)/2 + ^P(t, xjdt + (t, xjdt,(17)

where
P(t,x) 3= — 2^(¿) sin (í logiC1)/(e,ri —e',ri),
Q(t,x) = —2q(t) cos (£ log ic1)/(e”‘i —e ‘,ri).

We prove first that the second integral in (17) tends to 0 when 
X tends to 0 or to co in the angle (12). In fact,

cos (t log íc1) = (eW + e (Plt) cos (t log r)
+ ^(eW — e-Vit) sin (t logr),

and g(z) being, by hypothesis, regular at 0 = 0,
2?(0 = [g{tt)-g{-ü)yi - ^ÍO-

where A(t) is regular for t = 0, i. e. Q(t, x^) is regular for t — 0. 
Hence there is a t0 such that

'Vo
Q{t,xv)dt < e/3 when X is in (12).

On the other hand, in (12) we have | | <7r — 6 — a, i. e.
Q(t, íCj) decreases more rapidly than an exponential function of 
the type e~r)t, rj> 0 and thus we can choose a T such that

(18)
I Jo

£Q(i, xjdt < e/3 in (12).

We complete the reasoning by proving as before that there is

an R such that

If we change x into \/x or xx into l/xx, the integral in question 
changes only in sign, which proves our first remark.

Next, when in (17) x-> 0 in (12), we have from /(0) = g(0),

Q(t, xx)dt < e/3 in (12) for | log r | > R

lim P(t, x^dt -> g(0)/2.
xi—>0J0

Thus, when x->cc in (12), the same integral tends to —g(0)/2, 
i. e. f(x) -> 0 when £C-><x> in (12).

We notice that the reasoning also holds good when g(z) is not 
regular at 0 = 0 but has there a determinate limiting value and

Q. e. d.

V
I q(t) I dt/t has a meaning. 

Jo



SINGULARITIES OF 
As an application of the above results, take 

g(z) = [log (z + ß)]~z, ß>l. 
This function is regular for x > 0 and
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i. e. I g(pei'P) | <eip for — tt/2 < i/r < tt/2 and p sufficiently large. 
The conditions of our theorem are satisfied for a = 0, 6 = 0 and 
thus we obtain the remarkable result that the ivtegral function

Lß(z) = 2 Wlo8(n + ß)]n> ß>b(19)

tends to 0 along every radius vector but the positive real axis.
If ß>2, the conditions of the theorem are satisfied for 0 = 0 

and — 2 <a< — 1. Hence
T*ß{z) = -[log (ß- 1) + e(z)]/z,

where lim e(z) = 0 uniformly in the angle e < 0 < 2 tt — e for

arbitrarily small e.
The integral functions e~b{z) tends to 0 along the positive 

real axis and to 1 along the other radii, and thus the integral 
function e-LßM-e-b'W, ß'^ß, ß'>l, ß>L tends to 0 along 
every radius vector (but not uniformly !).

88. Multiplication of singularities. We close this chapte 
by discussing a beautiful theorem of Hadamard’s, which display 
a surprisingly simple connexion between coefficients and singu­
larities.

I. If a and ß denote the vertices of the star domains, with 
respect to the origin, of a(z) = 2anzn and b(z) = 2bnzn respec­
tively, thenfiz) = 2anbnzn is regular in the star domain whose 
vertices are the points aß. (Hadamard, 1898.)

Proof. (Borel 1898 a.) If the radii of convergence of a (z), 
b(z) and y» are R, R’ and R" respectively, then from

limpn lim>limpnqn,
where pn^0, 0, we have

R" > RR'.
In particular, if a(z) or b(z) is an integral function, so is f(z).
(1)

cc
 n
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Suppose that | z | < 77 RR', r¡< 1, and consider the integral 

H(z) =

34 7

Ûi\ca(zx)bÙT(2)

where C is \x\ = 6/R' and 1 < 6 < I/77. The function a (ex) is 
regular in j x | < 6/R', since

I ex I < r) RR'. 6/R' < R.
Moreover, all the lines (0, l/ß), which contain the singularities 
of the first branch of b (1/a?), are in | x |< \/R!. Therefore the 
integrand of (2) is uniform and regular in 1/R' < | x j < 6/R', and 
is thus expansible in a Laurent series about x = 0, convergent 
throughout this domain. The coefficient B1 of 1/a: in this ex­
pansion is equal to the integral (2). Moreover, for a fixed z, 
¡2 I < V RR', the series 2 anznxn and 2 bn/xn are absolutely con­
vergent in the ring l/R' <x< 6/R', so that we can rearrange the

product — 2 an zn xn 2 bn/xn in descending and ascending powers 

of x. Since the coefficient of 1/a: will be 2 anbnzn, we see that 
II (z) — f(z), if \z\<RR'.

Now if, for a fixed 2, we deform the contour of integration G 
in such a way that the area swept over contains no singular 
points of the integrand, the value of the integral will remain 
the same. Moreover, if 2 varies, the singular points l/ß of 6(1/a?) 
will remain the same (imagine red pins fixed at them), while the 
singular points of a (zx) (white pins) will move, i. e. | ol/z | de­
creases as \z\ increases. Imagine now that, as z moves, G 
recedes, if necessary, before the singular points of a(zx), avoiding 
the red pins, which form a closed set, so that G separates the 
two systems of pins. This is possible so long as these two closed 
sets have no point in common. But if zx = ex and l/x = ß, then 
z = ocß. Thus, if z varies in the star domain whose vertices are 
oeß, we can modify C in the required manner. In this way the 
singular points of the integrand never cross C and the above 
argument applies to the integral II along G. We also remark 
that, by 54. Ill, the integral H (z) is a regular function of z in 
a domain D provided that the integrand is regular in 3 and con­
tinuous (for example regular) in x, as 3 varies in D and x varies 
along G. For a closed contour G, (2) may represent different

(3)



SINGULARITIES OF CH.

functions in different domains, which are not the analytic con­
tinuation of one another. We obtain, however the analytic 
continuation of /(z) if D contains the origin. This condition is 
satisfied in particular if D is the star domain whose vertices 
aß, which proves the theorem.

The example a(z) = 2 z2n, b(z) = 3¡22n+1, for which f (z) = 0, 
shows that the star domain of f (z) may extend beyond the star 
formed by all the products aß.

Precisely the same argument proves Fabers extension 
(Faber, 1907), that if a and ß denote the affixes of the singu­
lar and external points of a(z) and b(z) respectively, then 
H (z) furnishes the analytic continuation of f (z) along any finite 
path which does not pass through any point aß and does not 
return to the origin. Thus all the singular points of / {z) are of 
the form aß, except possibly the origin, which may be an extra 
singidarity for f{z).

Borel (1898) showed by means of the example

a(z) = b(z) = log (1 -z) = S (-1 )n+1zn/n,
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are

for which/(z) = 2zn/n2, that z = 0 may in fact be a singular 
point for every branch except the initial one.

Fabers result is further illustrated by the following 
Let an = 2 when n = 2h, and an-\ whenexample.

nfi2'x, bn= (l/2n + l/3n)/an. Then the only singularities of 
a(z) and b (z) are of the form a = e2rî9i, and ß = 2e2irl0i 
respectively, with arbitrary d1 and 62, i. e. the products of 
singularities cover \ z\ = 2. On the other hand,

f(z) = 2anbuzn = 2zn/2n + 2zn/3n = 1/(1-z/2)+1/(1-2/3),

i. e. z = 3 is a singular point of f{z) and 3 is not of the form aß. 
But the external points consist of the domains \z\>l and 
\z\>2, and so 3 may be obtained in infinitely many ways by 
multiplying an external point of one function by a singularity 
or external point of the other.

Hadamard’s and Faber’s results suggest the problem of de­
termining the conditions under which aß is effectively a singular 
point of f{z). The first result in this direction is due to Borel.

II. If a and ß are poles of the order p and q of a(z) = 2 anzn 
and b(z) = 2bnzn respectively, and if aß a'ß', where a' and ß'
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are any other singular or external points of a(z) and b(z) 
respectively, then aß is a pole of f(z) = 2 anbnzn of order p + q—1.

(Borel, 1898.)
Proof. By hypothesis

p.
a(z) = a'(z) + 2 Ai/{1 -z/a){,

t=i

b(z) - b'(z) + 2jV(1 -z/ßf,
i=i

where a'(z) = 2a'nzn and b'(z) = 2b'lzn are regular at a and ß 
respectively. Hence, putting

«« = < + <> K = K + h
we see, by I, that 2 (a'nb'n + a'fb" + a'ff>'f)zn is regular at aß, since 
its possible singular points are of the form a'ß', aß', a'ß.

On the other hand, by 86. Ill, a" = g(n)/an and b" = h(n)/ßn 
where g(n) and h(n) are polynomials in n of degree p — 1 and 
q — 1 respectively. Therefore,

KK = g{n)h(n)/(aß)n = H(n)/(aß)n
where H{n) is a polynomial in n of degree q) + q—2 and thus, 
by 86. II, 2a^6^sw has the unique pole 
p + q-1.

Faber extended this result to essential points.
III. If a(z) = 2anzn and b{z) = 2 bnzn are uniform in the 

neighbourhood of the isolated singular points a and ß respectively, 
one of the two or both being essential points, and if aß ^a'ß', 
where a’ and ß' are any other singular or external points of 
a(z) and b(z) respectively, then aß is an essential point of 
f (z) = 2anbnzn.

Proof. By hypothesis
a(z) = 2a'nzn + 2<zi\ b(z) = 2b'nzn + '2b"zn,

where 2 a"zn and 2 b'fzn have the singular points a and ß 
respectively and no others. Hence,

f{z) = 2 (a'nb'n + a'nb" + a"b'n) zn + 2 a'fb'fz"
and by I, the first term represents a function regular at aß 
since its singular points are all of the form a'ß', a'ß, aß'. Thus 
the singularity of f(z) in the neighbourhood of aß depends

aß of the order2 =
Q. e. d.

(Faber, 1907.)

Í a
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exclusively on the behaviour of But, by 86. Ill,
an = 9i (w)/an, K = 9<i{n)/ßn> where g^z) is an integral function 
and

(4) lim I 9i{z)e~e 1 z 11 = 0 for every positive e, i— 1,2.

Hence a"b" = g3(n)/(a.ß)n where g3(n) = gx(n)g2(n) satisfies the 
same condition (4), and thus, by 86. II, the unique singular point 
of 2a"nb"nz is a/3, and this is an essential point provided g3(n) does 
not reduce to a polynomial. This is only possible if gl(n) and 
g2 (n) are polynomials, which case we have excluded. In fact, 
if gx(z) g2(z) is a polynomial, then gx(z) — Pl(z)hl(z) and 
g2 (z) = P2 {z) h2 (z), where P1 (z) and P2 (z) are polynomials and 

(z) and h2 (z) are integral functions, with no zeros, and such 
that lim I hi (z) e

\zl—>a>

(40. 10), unless h{ (z) (i = 1, 2) reduces to a constant, since 
log I (z) I is the real part of the integral function log (z) and 
log ! h¿z) ! < e I z I for sufficiently large | s |.

For further extensions of the above results see Faber, 1907, 
and Pólya, 1927.

-elzl I = 0, i = 1, 2. But this is impossible, by



CHAPTER XI
OVERCONVERGENCE AND GAP THEOREMS

89. Zeros of sections. Let us consider a sequence of func­
tions fn(z), uniform and regular in a region R and tending 
uniformly to f(s) in R. We say that a point c belongs to the 
set Z if c is a zero of one of the functions fn(z). As usual, the 
set of the limiting points will be denoted by Z\ If necessary, 
we shall also write Z[fn{zj\.

I. If all the functions fn(z) are uniform and regular in the 
region R and if fn{z) ->f(z) uniformly in R, the set of the zeros 
of f(z) in R is identical with the 'points of Z' in R.

(Hurwitz, 1889.)
Proof. Since the zeros of analytic functions are isolated, for 

every point c in R there is a circle j z — c \ < d0 in which f(z) ^ 0. 
except perhaps at c. Therefore, for every positive d < d0, the 
integral

f(z)dz 
d f(z)

1
2ni I z—cI =

is equal to the degree of the zero at c, i. e. is an integer 0.
Moreover, since, on \z — c\ = d,fn(z) and fú(z) tend uniformly 

to f(z) and f (z) respectively, we have
/.'(*) J{Z)

/«(») f(Z)
uniformly on \z — c\ = d.

Hence
f(z)dzfn(z) dz 

I =d fn{z)
J
J I z—e

1 1
(1) 2tt¿v

and thus, after a certain suffix n = Ar, the left-hand side is 
the integer 0. But the right-hand side of (1) equals the 
number of zeros of f(z) in \z—c\ = d. Therefore, if Jc = 0, 
fn(z), for a sufficiently large n, has no root in \z—c\ = d. If, 
on the other hand, k > 0, all the functions fn(z), for a sufficiently 
large n, have exactly k roots (counted according to their multi­
plicity) in \ z — c\=d, which proves the theorem, since d is 
arbitrarily small.

2vi I z—c I = d



352 OVERCONVERGENCE AND GAP THEOREMS ch.

Now consider a Taylor series 2anzn = f(z) convergent in 
\z\<r, and put

sn(s) = «0 + axz+ ... +anzn
(partial sums or sections). Jentzsch discovered an important 
fact about the condensation of the zeros of the sections along the 
circumference | z \ = r.

II. There are infinitely many sections sn(z) having at least 
one zero in the circle \z — z0\ < e for every e and about every 
'point z0 = rei$regular or not, of the circle of convergence \z\ — r.

(Jentzsch, 1917 a.)
Proof. We begin with some general remarks on the n-th root 

of sn(z). Dividing, if necessary, by a convenient power of s we 
may suppose that a0 ^ 0. Denote the zeros of sn(z) = 0 by 

If the degree of sn{z) is k< n, infinity iszln, Z2n’ ••• ’ znn'
counted as a simple or multiple zero. Hence

if)"’ (1_ ff)'
i. e.

Since the origin is not a zero of the limit function f (z) and, 
for every n, sn ( 0) = a0 0, all the zeros zkn of the sections are 
at a finite distance a from the origin (by I), i. e. | zkn | > a > 0, 
and thus

|8„(2)|< l«ol(1+ |^|) *

It follows that, if z is restricted to a finite region R in which 
Iz\<d, then

|S/Mz)l<!Va0j(l+^) in R.(2)

Therefore the sequence of functions V sn(z), whatever branch we 
select for the -zi-th root, is collectively bounded in every finite 
region.

If the region R lies entirely in the circle of convergence, the 
sections sn (z) tend uniformly to their limit function f(z). Putting

sn(z) = rnei(Pn, Vsn{z) = | Vrn | ei(P^n, - n < <¡>n < tt, 
we see that nVsn{z)-+ 1 at every point of R, provided rn does
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not tend to 0 in R, i. e. provided /(z) has no zero in R. Moreover 
there is a domain D containing R in which all the conditions of 
Vitali’s theorem, 42. IV, are satisfied, for the selected branch of 
the n- th root is uniform in R, and hence in some D. Thus we 
conclude

7«n(z) -> 1 uniformly in R.

Now consider a point z outside the circle of convergence. We 
shall show that

(3)

lim I V sn(z) I > 1 if | z ¡ > r.

Suppose if possible that lim | Vs„(z) | < 1. 

given cr, there is an n(y) such that, for n>n(<r),

\8n{z) k (!+ <r)n> I sn+l(z) i < (:1 + °")n+1>

l«nfi^n+1 I = |sfl+i(s)-8n(z) I <2(1 + y)m+1. 

Now put z = r + e and take y = e/2r. Then

(4)

Then, for every

i. e.

/ e \n+1 <2(1+rr) •71 + 1K+ll(r + e)
i. e.

1 1+fr1+^
2rlim lM+Van+1 I < , r+ e<r+ e/2.- < r + er + e

The last contradiction establishes (4).
Let us now suppose that II is not true, i. e. that there is a 

point z0 on the circle of convergence such that, for a sufficiently 
large n, the functions s„(z) have no zero in jz —z0|<e. It 
follows, by I, that the limit function /(z) is different from 0 in 
every region R' lying within this circle as well as within | z | = r. 
On the other hand, (3) applies in R' and thus, as the functions 
Vsw (z) (with the specified branches) are uniform and collectively 
bounded in | z-*z0 | < e, the uniform convergence in R' extends, 
by Vitali’s theorem, to any region R within this circle. The 
limit function so defined is = 1 throughout R, for it is 1 in R'. 
However, the circle | z — z01 < e contains points outside ¡ z ¡ = r 
and, for those points, our result contradicts (4). Thus II is 
established.



It follows from I and II that the circle ¡ z | <; r —e contains 
only a finite number of points of Z\ and that every point of the 
circumference \z \ = r is contained in Z' and so also in Z".

Denoting by <pt{n) the number of zeros of sn(z) in \ z\ <r + e, 
we prove next that

III. There are infinitely many sn (z) having more than n (1 — 8) 
of their n zeros in ¡ z ¡ < r + e where 8 and e are arbitrarily 
small, i. e.
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(5) lim (f><(ri)/n = 1 for every fixed e.

(Jentzsch, 1917 a.)
Proof. f{z) has only a finite number of zeros in \z\<r — e0) 

zv...,zV) say (0<\zx\ < ... < \ zv\). Since, in |z|<r-e0, sn{z) 
converges uniformly to f(z), we see, as in the proof of I, that 
there is an w(5) such that, for n>n{8), v of the zeros 
zln...,znn of sn(z) differ by less than 8 from zx,...,zv respect­
ively and, for the remaining zeros, \zXn \ >r —e0 — 8. Hence

l«oAnl = \zin • • • znn I > I Ai I -8 \v(r- e0-8)^n)-v(r + e)n~<PW. 
Thus, taking 8< | z11/2, we have

\djan I > \z1/2\v(r-e0-8)<t,^-v(r + €)n~(PW,
(r + ç)ÿ(n)/n

— -v/n'
-1

i v<t„i<i Va„\ |2/%r/”

Since, for every fixed e0, v is finite, we have
<p(n)/n1

Vr — e0 — 8/lim ¡ Van I < limr+€
Putting e0 + 8 = 81 (arbitrarily small) we have

__ _ 1 /r ,lim I Van I < —— ( —T-) w *
„=00 ' r+eVr —<V

Hence, if lim (f)(n)/n = a, we have
iim|ya„| = i/r«--L(r±r)a.

Thus, as the left-hand side is independent of 81,

i. e. l/r1-a< l/(r+e)1 a, which is absurd unless a = 1. Q.e.d.



We can deal in the same way with the zeros of sn (z) — a or 
with those of s^{z), &c. We notice that for 22v! the sections 
sn(z) = 1 +z + z2 + zG+ ... + zv\ where v! < n< {v + 1) !, have v 1 
zeros, so that for st. 1-1(2), we have (f)(n)^.(v— 1)!, i. e.
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lim (f>(n)/n = lim = 0.v\—\

If, from a certain n on, all the zeros of sn(2) are real or in a 
half plane (or in an angle < 2 7r), the Taylor series either con­
verges nowhere (z = 0 excepted) or everywhere, because the set 
Z' does not fill the circumference of a circle j 2 | = r.

If 2^| 1/2^ Ip < M, p > 0, the same conclusion can be drawn, 
because in 12 | < r, sn (2) has at most v = Mrp zeros, and thus

lim (f) (n)/n = 0
for I z I = T, where r is arbitrarily large.

IV. If the only singularity of f(z) on \z \ = r is a simple 
pole, all the zeros of the sections from a certain n on lie inside 
the circle 12 ¡ = r + e, ivhere e is arbitrary.

Proof.
(Jentzsch, 1917 a.)

Let f (2) = 2ö„2n + oí2(2/21)n, so that
sn (2) =b0 + blz+ ... +bnzn + oc(l+z/z1+ ... +zn/z[l)

n+1

1 -z/zx ’= Qn {z) + Rn(z) — ^0+ ••• +bnzn + 0i

where 2 = zx is the pole in question. Let r + e<p<r1, where 

2 bvzv is regular in \z\<rv Then | ^bvzv | < M for 12 ¡ < r + e.
v=0

On the other hand, for 12 | = r + e,
-1 [(r + e)/r]n+1(2/21)m+1— 1 [(r 4- e)/r]_____ __

z/zx— T ^ (r + e)/r + 1
so that, from a certain n on, M < \ ot\

—- -> oc with n, 

-—- , and thus

ra+l
2 + e/r

n+1(*Ai)
2/21-i

\Qn{z) \ = I 2I < \Rn(z) I for |2¡ =r + e. Hence by Rouché’s
v = 0

theorem, 60. I, Qn(z) + Rn(z) has in ¡2 |<r + e just as many 
zeros as Rn(z). But R„(2) has w zeros so that, from a certain 
n on, 0 (n) = n for 12 ¡ < r + e. Q. e. d.
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The example

Krb + rb) = 1/(1_sS) = 2s2*'

gives <f>(2n) = 2n and 0(271—1) = 2n—2, so that in general 
there may be roots outside \ z\ = r + e.

90. Overconvergence. The Taylor series may converge at 
points on its circle of convergence, but it certainly diverges at 
every point outside this circle. Porter (1906-7) discovered the 
fact that conveniently chosen sub-sequences of partial sums may 
sometimes be found which converge outside the circle of con­
vergence. In such a case we say that the sub-sequence over­
converges.

Porters example is as follows. Consider a series

with the circle of convergence \z\ = r. The series of polynomials 
F(x) = 1aniknixni(\ + x)ni, k> 0 

converges absolutely and uniformly in every region within
(Cassinian)

(1)

(2)

I kx ( 1 + x) I = r(3)

and diverges at every point outside (3).
If in (2) we replace íc(1+íc) by ¡ x | (1 + | x |), the new series 

will be absolutely convergent for | kx | (1 -f | x |) <r, so that, if we 
rearrange the series in powers of x, the sum of the Taylor series 
2cnxn so constructed is again F(x). Moreover, it follows from 
ni+1 >2 n{ that the least power of x in xn¿+i (1 + x)ni+i is greater 
than the greatest power of x in xni( 1 + x)n', so that the partial 
sum of 2cnxn corresponding to the suffix 2ni is the sum of the 
first i terms of (2). The partial sums of (2) form a sub-sequence 
of those of 2cnxn.

On the other hand, since F(x) is regular within the Cas­
sinian (3), the circle of convergence of 2cnxn is the largest circle 
in (3) about the origin. Since the Cassinian is not a circle, there 
are points inside (3) and outside the circle of convergence of 
2cnccn. At those points (2) converges, i. e. a conveniently chosen 
sub-sequence of partial sums pertaining to 2cnxn overconverges 
(to the right value).
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We notice that, if we take ni+x = 2^+1, the series is com­

plete in the sense that no coefficient is zero.
The important fact of overconvergence was rediscovered by 

Jentzsch. His example is as follows :
Consider the integral functions fv(z) = zve~v^1 + z^ in the 

domain Dv of fig. 53. Putting
z = x + iy, we see that 
\fx{z) |<(1 +æ)e~(1+x)<l for a;> 0

XI

i

D,

-i
and
|/i (z) I < I « I e~(1+a:) < I * I < 1 in I « I < 1.

Fro. 53.

Hence |f1(e)\<l in Dx and, as fv(z) = [f1{z)]v, we have in 
general

I/„(*) I < 1 in A-
Therefore, by Cauchy’s inequalities, (40. 3), the coefficients in 
the expansion of fv(z) = e~vzv + ... are all less in absolute value 
than 1.

Consider the part D of Dx characterized by the condition 
R1 (z)< 3, and take a partial sum Ax of fx such that

l/i-AI<(V2)2 in D>

I J1|<l + (l/2)2 in D.

Now take an integer vx, greater than the degree of the polynomial 
Av and choose a partial sum J2 of (l/vx)2f

I(1Ai)2A+i-4I<(1/3)2 in A

I A!<(1/3)2 + (1Ai)2 in R
Continue the construction in this way by choosing a partial 
sum Ak+X of (l/rfc)2/„i+1 such that

I (iAjk)2A-H-Jfc+i I < tV(* +2)]2 in A

14k+x I < ( i A/c)2 + [ VA + 2)]2>

where vk is an integer greater than the degree of Ak. By 
struction

i. e.

such thatvi+i

i.e.

i. e.
con-

SAk = 1byzv

is a power series and, as all its coefficients are < 1 in absolute
(4)



358 OVERCONVERGENCE AND GAP THEOREMS 
value, its radius of convergence is ^ 1. Moreover bv +1 =

CH.

i. e.
1lim I Vk+Vb I = ^Jim (l/4)V(^i) = i/e.

Therefore lim | VT>v | ^ 1/e, i. e. the radius of convergence is <;e, 
and thus the domain D reaches outside the circle of convergence.

Mil < 1 +(l/2)2,

Mi + 4I<1 + (1/2)2 + (1/3)2 + ( 1 Ax)2, ..
Mi + 4+ ••• + I <2 [1 + (l/2)2+ (l/3)2+ ...] = 7r2/3,

i. e. the partial sums of the series of polynomials 2 Ak 
collectively bounded in _Z). As this series converges in ¡ # | < l, 
Vitali’s theorem, 42. IV, shows that it converges uniformly in 
every region of D. Since the series of polynomials is at the 
same time a Taylor series, we see that the sequence of partial 
sums J1? J2,.. 
of convergence of the same series.

The nature of overconvergence and, in particular, its connexion 
with gaps (groups of consecutive zero coefficients) in the Taylor 
series has been examined and cleared up by Ostrowski.

Weierstrass’s example, in Art. 57, suggests a connexion between 
infinitely enlarging gaps and the fact that the function is not 
continued beyond the circle of convergence. Ostrowski’s results 
establish with rather unexpected precision the link between the 
three phenomena of (a) gaps in the Taylor coefficients, (b) 
convergence, (c) the circle of convergence as a cut.

I. If in f(z) = there are infinitely many suffixes such

that A^+1 —A^>ÖA , 6 >0, then the series 2 4(0) where
k = 0

4 (z) = ao + ••• + a^Z^e-1} # )

4(S) = ank+lzX*k+\ + ••• +ti>i+13A/'*4-i

converges uniformly in the neighbourhood of every regular 
'point on the circle of convergence.

Proof. Taking \z\ = 1 for the circle of convergence, we 
assume that z — 1 is a regular point and apply Hadamard’s three

»'i+i

But

are

.. of ^bvzv converges outside the circlek> •

over-

(Ostrowski, 1921.)



circles theorem, 42. II, to the three circles with centres at 2 = 1/2, 
and radii rv r2, r3 such that 1/2 + rx < 1 < 1/2 +r2< 1/2 + r3, 
and to the function
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Rn(z) = /(*)“ 2
We can choose r2, r3 such that f(z) is regular in and on these 
circles.

If we put
! Rn(z) I » & — 1» 2, 3,max

I I = rk

the three circles theorem gives

log — log M^] <; log — log il/(1n) + log — log M^l).
ri r2 ri

Since the first circle is in the original circle of convergence, 
0. We will show that r2, r3 can be so chosen that on 

the right-hand side the first term dominates, i. e. the right- 
hand side tends to — x>. Thus also the left-hand side tends 
to — oo , i.e. 0, and so in the second circle

n—1

2 Akiz)^f(z)

uniformly. As z = 1 is in the second circle, we thus prove the 
theorem for 2=1. Since a rotation, i.e. the substitution of ze** 
in the place of 2, does not change the gaps, the theorem extends 
to every regular point of the circle.

We introduce another circle centre at 1/2, of radius such 
that 1/2 +?*! < 1/2 + rx'< 1 < 1/2 + r2< 1/2 +r3. By Cauchy’s 
inequalities (40. 3), applied to the circle | 2 | < 1/2 + r[ we have 
I atx ! < 'S/(1/2 + rJ)V, where S = 
we put

max I f(z) I. Furthermore
I * i=i+d

l/2+rx = l~Sp, 1/2+rí = 1-S2, 1/2 + r2 = 1 + Ô2,
1/2 +r3 = 1 +Sp, 0 <8<p,

where p is any fixed positive number. We will show that if 8



be chosen sufficiently small, the argument sketched above holds 
good. For the first circle we have
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M”1« I KIM^s I
/*=/Vh A‘=M«+lXl y

X- /i-5/)\x_ /1-dpV^+i 
^ “Vl-ŐV '<N

i _ 1~SP 
1 -52

\=\fXn+\

( 1 - 8p\X*n+'
= \T=¥J s"

where Sx depends only on 5.
If M is the maximum of | f(z) j on the third circle, we have, 

since Rn =/— 2 ^

r « m+21 % 11 * ï> « M+s 2
A* = 0 fi=0

<M+s2(^<M+(L^p
A=0 1 — -----

^ Vl-5V

1+5/3

where $2 depends only on 5. Hence,
/ log M?' < log ^ log(^-z^) "’t

^^4>g(ïrf)V»
+ ^3,

where >S3 depends only on 5.
Now since the first term on the right-hand side is negative

and X„ +1 — Xu >6\u , we have uk+1 H ¿V

log — log i¥^n) < X log 1/2+ 5/3 1 — Splog
1/2 +Ő2ri

1 + 5/3 
l — 52 
l-5p " 
1 — 52 y

1/2 + 52
1/2-Sp

log log
+ ^3.X-< 1+5+ 1/2 + Sp 

1 /2 + 5- loglog



The factor before the bracket is negative. The third term 
of the bracket —> — 1 if S -> 0. If, therefore, S be chosen 
sufficiently small, we have
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log J log M™ < - + s.¿,

where Si is positive and S3 and $4 depend only on S. Hence 
when oí tends to infinity the right-hand side tends to — co .

Q. e. d.
If there are only single surviving terms in each group, i. e. 

if a^ = 0 for fj.k</jL< //fc+1, 2 is identical with the original 
Taylor series and thus the sequence Ak is the complete sequence of 
the different partial sums. Consequently, the sequence Ak cannot 
converge outside the circle of convergence. But, by Ostrowski’s 
theorem, it does so long as f(z) is regular at a single point on 
Iz I = 1. Hence f(z) is regular at no point of \z\ = 1. Thus 
Hadamard’s theorem 57. IV is a consequence of I.

When the Taylor coefficients satisfy the first condition of 
I, i. e. when in the Taylor series there are infinitely
many suffixes fik such that \Mk+i~Aufc>0A^, 6> 0, we say 
that there are Hadamard gaps in the succession of Taylor 
coefficients.

91. Complete domains of uniform convergence. The two 
examples and Ostrowski’s first theorem show that overconver­
gence is in fact an extension of uniform convergence beyond the 
original circle of convergence. For the complete sequence of 
partial sums the latter circle is the complete domain of uniform 
convergence in the sense that no inner points can be added to 
it. Ostrowski introduced the general idea of a complete domain 
for a sequence of functions.

The domain JDtt(fn) is a complete domain of uniform con­
vergence for the sequence of analytic functions fn (z) if (a) in 
every region of Du all the functions fn(z) are regular and con­
verge uniformly, (b) the point P belongs to Du provided there 
is a connex region containing P and inner points of Du in which 
all the functions fn{z) are regular and converge" uniformly.

Condition (b) makes Du complete. It follows from uniform 
convergence (by 89.1) that unless the limit function is identically



zero, Du contains only isolated limiting points of zeros of fn(z), 
and these limiting points are zeros of the limit function. The 
object of this article is to establish important connexions between 
overconvergence and the condensation of zeros of sequences of 
partial sums. The chief instrument used for this purpose is the 
idea of the complete domain of uniform convergence.

We begin with a very interesting remark of Ostrowski’s on 
the rapidity of uniform convergence in Du, which establishes a 
close similarity between the rates of approximation of the 
sequence to the limit function in the different regions of Du.

The natural measure of the rapidity of (uniform) convergence 
in a region R is the maximum of \f{z)—fn{z)\ in R, or, what 
comes to the same thing, at the boundary points of R. Take a 
circle k in Du and put
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(1) mn (k) = max | f(z) -/„ (z) ¡.
je in k

Consider any region R in Du (containing or not containing k or 
part of k). Ostrowski’s problem is to determine an upper bound 
for the rapidity of uniform convergence in R in terms of 

Lemma 1. Suppose fn(z) -*f(z) in Du(fn) and that the circle 
k and the region R are entirely in Du. Then there are two 
positive constants C and a, independent of n and depending 
only on k and the geometrical configuration of Du and R, such 
that, for every z in R,

mn.

(2)

(Ostrowski, 1922 a.)
Proof. We shall first prove that to every point P of Du 

corresponds a circle centre at P in which j f(z) —fn(z) | < C(mn)a, 
<r> 0. For this purpose connect P to the circle A; by a chain of 
overlapping circles, as in analytic continuation, k0 = k, kv ...,km 
with radii r0, rx,... , rm and centres at Q0,Q 
that, if k¡ and k'[ are two circles of radii rj2 and 2 ri respectively 
with centres at Qit k¡ is in k¿_j and k" is in Du. By inserting 
new points Q the last two conditions can always be satisfied.

Denote by mn(r¿) the maximum modulus of f(z) —fn(z) 
in ki and by c the maximum modulus of f(z) —fn (z) in the 
domain formed by k'f k", .

Qm = P, suchi > •

.., and apply the three circles
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theorem, 42. II, to the function f(z) —/„(z) in the circles k[, klyk'[. 
We obtain

KW]log4<K)log2clog2.
i. e.

Applying the same theorem in the circles k2, k2, k'2 and noticing 
that k2 is in , we obtain

After a finite number of steps our first statement is established: 
to every point P of R belongs a circle kp in which

mn(kp) < Cm", a> 0.

Since a region is a closed set, a finite number of these circles? 
belonging to Plt P2,..., P8, say, cover R (by Borel’s lemma,
11. III). If we take the greatest of the constants G and the 
least of the corresponding <r’s the lemma is established for the 
arbitrary region R.

Now consider the boundary of Du. No boundary point P at 
which the fn(z) are all regular is isolated from the other 
boundary points because from the uniform convergence of fn (z) 

the circumference of a circle centre at P together with the 
regularity of all the functions fn(z) throughout the circle, uni­
form convergence follows in the whole circle, by 54. V. If f(z) 
is regular at a boundary point P, so that there is a circle K in 
and on which f(z) is regular, the corresponding mn(K) does not 
tend to 0 because if it did, the convergence would be uniform 
in K, and thus the whole circle K would belong to Du and P 
would not be a boundary point. If, at the boundary point Py 
f(z) has a singularity, e. g. a pole, f(z) is not defined at P and 
thus mn(K) has no definite meaning. Suppose however that, 
as in the case of sections of Taylor series, the functions fn(z) are 
all regular in and on a circle K centre at P. The maximum 
modulus Mn of fn(z) tends, in general, to infinity with n.

We have seen that, for the complete sequence of sections of a 
Taylor series, Du coincides with the circle of convergence, and 
in this case every boundary point of Du is a limit point of 
of sections. For the boundary points of Da corresponding to a sub­
sequence of sections, as well as for those of a general complete

on

zeros



domain of uniform convergence Du, Ostrowski established two 
results which, when applied to a sub-sequence of sections of a 
Taylor series, lead to a simple and important theorem (IV).

To understand the nature of the conditions in these two results 
consider circles Kn, or other regions, inside Du but also inside 
smaller and smaller circles about P. When we apply lemma 1 
to the successive circles, the constants C(kn) may tend to infinity 
and the indices an to 0. Hence, in the first theorem, condition (3) 
restricts the increase of mn corresponding to regions near P. 
Similarly, condition (4) of the first theorem restricts the increase 
of Mn as compared with the decrease of mn(k) where k is 
arbitrarily fixed circle in Du. The second result seems to show 
that the latter condition is more essential than the former.

I. Let P be a boundary 'point of Du(fn), in which domain the 
limit function f(z) =f=. 0, and suppose that

(a) there is a circle K centre at P in which all the functions 
fjz) are regular and | fn (z) | < Mn ;

(b) for every region R inside the common part of K and Du
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an

(3) \f(z)-fn(*)\<C(R)mJk)>
where k is a fixed circle in Du;

(c) there is'a positive e such that

[mn{k)]< log Mn —> 0.

Then P is either a singular point of f(z) or a point of Z" (or
(Ostrowski, 1922 a.)

Proof. We shall prove that there are boundary points P\ -> P 
such that every P¡ is either a zero or a singular point of f(z) or 
a point of Z'. Then P is certainly either a singular point of 
f(z) (having near P an infinity of zeros or singular points or 
both), or a point of Z" (a limiting point of points of Z'), or both.

We first notice that if the conditions of the theorem 
satisfied in the circle K about the boundary point P, the 
conditions are satisfied, without the slightest change, in every 
circle completely within K, with centre at any boundary point 
contained in K.

Now take inner points P¿ ->P and the largest circle k,¿ in Du
one boundary

the circumference of Rep]acing P¿, if

(4)

both).

are
same

centre at Pi. By construction, there is at least 
point P¡ of Du on
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necessary, by a suitable point on
suppose that P[ is the only boundary point of Du on ki. 
carding, if necessary, a finite number of points P¿, we may also 
suppose that all the points P\ are within Ä, so that the conditions 
of the theorem are satisfied for every P\ in a conveniently small 
circle about P.

We are now going to prove that P\ is either a zero or a 
singular point of f(z) or a point of Z'. Suppose that this is not

XI

the segment P;P;, we may 
Dis-

k/
P/1

Du

Fm. 54.

true. Then, by our assumption, f(z) is regular at the only 
possible singular point P\ on , i. e. /(z) is regular in a circle 
larger than k{. Also, by (a), all the functions fn (z) are regular in 
the circle K about P containing Again, by our assumption, 
P\ is not a zero of f(z), i. e. there is a small circle k'¿ about P\ 
in which f(z) ^ 0, and P\ is not a limit point of zeros of fn{z), 
i. e. there is a small circle k'¡ about P\ in which, neglecting if 
necessary a finite number of fn(z), no fn(z) vanishes. Therefore, 
taking Pi, if necessary, sufficiently near to P\ on the segment 
PiP'i, in order that k{ should be contained in k\ and k'¡, a 
suitable transformation z' = az + b transforms k{ into the unit 
circle about the origin, and all the functions fn(z) and f(z) are 
regular and different from 0 in a circle which, if P{ P¡ be taken 
small enough, may be transformed into \z' \ < 2e, say.

Replacing z' by z and denoting the transformed functions again 
byfn(z)> f(z)> we shall now prove that under these conditions no



point on the circumference of the unit circle is a boundary 
point of Du by showing that fn(z) converges uniformly in a 
circle of radius > 1 and centre the origin. This contradiction 
will establish theorem I.
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Replacing fjz) by fn(z)/f(z) we may assume that f(z) = 1, 
for f(z) does not vanish in the circle in question. Choose for 
q the lesser of the two numbers 1 /5 and 1 /5 e, where e has been 
taken from (4). By (b), there is a number c3 such that

(5) !1-/»(*) I <^» in |z|<l-q.
Since mn -> 0, suppressing, if necessary, a finite number of fn(z), 
we may assume that

(6) c3mn< 1/2 in ¡ z I < 1 — q, for every n.
Thus the series

l°gfn(z) = log [!-(!-/«)]
= _ L_ ÍW»]2

i 2

determines a branch Gn(z) of log fn(z) in | z j < 1 — q which can 
be analytically continued in | z | ^ 2e, as fn{z) does not vanish in 
this circle.

From the inequality
a
T + + ...1 1

we obtain

(?) I log (1 -a) I <2 \a\ if J a I < 1/2. 
Applied to Gn(z) in | z \ < 1 — q, this inequality leads to

I Gn(z)\ <2csmn-
On the other hand, the real part of Gn(z) is log \fn(z) |, 

and so, if we apply Borel’s inequality (40. 11) to Gn(z), with 
r = 2e and p= e, and denote by Mn the maximum modulus of
fn (z) °n I & I = 2\e, C (r) is log Mn if Mn ^ 1 and zero otherwise. 
Thus, noticing that

C(r)<log^fn<c4mne,
and that Gn (0) tends to a limit, -we have, by (40. 11), for every n,

I Gn{z) I < c5m~f in \z\

ö «
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We now apply the three circles theorem, 42. II, to Gn(z) for 

the circles of radii 1 —q, 1 +q, and e. We obtain for | 21 < 1 + q

I Gn{z) I < (2c3mJ7i (cm-e)\

XI

where
_ i — log ( i -Hy) ___________

7l l-log(l-g) 1 +q + q2+ ...
q11+î

1 -q >1-2 q,

94
+ 5 + ...

log ( 1 ?) log (l ?) = 2q 
1 log (1 q)

<2 q.72 = a2
l+q+\+ ...

Since 2 ye <2/5 and, for a sufficiently large n, mn< 1, it follows 
that, for I 0 I <; 1 + q,

I Gn(z) I < CA1"22"625 < c6mn3 /6'2î< <c6mn1/6 -> 0.

Therefore,/„'(z) ->1 uniformly in 10 | < 1 + q as was to be proved.
In Ostro wski’s second theorem condition (b) is dropped and

(c) is replaced by a stronger one of the same nature. The con­
clusion is the same.

II. Let P be a boundary point of Du(fn) in which domain the 
limit function f(z) £ 0, and suppose

(a) there is a circle K about P in which all the functions 
fn(z) are regular and | fn(z)

(c') for every positive e,
[mn(k)Y I log Mn I -> 0.

Then P is either a singular point of f(z) or a point of Z".
(Ostrowski, 1922 a.)

Proof. We shall make use of condition (c') in the following 
way. If the positive numbers gn -> 0 and the positive numbers 
a„-> 00 in such a way that, for every positive e,

log«» . ^
!o ggn

To prove this statement we have only to notice that for every 
e >0 there is a c(e) > 1 such that an<c(e)/gn> and thus

(8)

9nan-*0, then(9)

toga« < h)gc(e)
Uog</»! liogfíU

+ 6.



It follows that, as n -> ao , all the limiting numbers of the left- 
hand side are between 0 and e. Since e is, by hypothesis, 
arbitrary, the limit is 0.

By lemma 1, for any given region R of Du, there is a <r> 0 
such that
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I/W-/„(2)i<o,(S)[*,(i)r;(10)

and, replacing the Mn if necessary by larger numbers, we may 
suppose that Mn >3e, say. Thus, from (8) and (9),

Elogio gHfn_>n 
V|log mn I

We write the last limit equation in the form
log log Mn = o( VI log mn I log log Mn).

log log _0
log mn

Finally, putting
_ e-V I log mn I log log Mn¡m

the equation becomes
log log Mn = o(logm'),

where
log m' = - s/ I log mn I log log Mn = o (log mn).

Hence
log Mn — en where en -> 0,

{rrinY log Mn = e(T+e«).,og mñ.
Since, for a sufficiently large n, <r + en > 0 and -> 0, i. e. 
log m'n —cc , we see that, for the specified a,

i. e.

(m'f log Mn -> 0.
In order to replace mra by in I we notice that 

log m' = 5n log mn, where 0,
and that, for a sufficiently large n, m' < 1 and <r/8n> 1. There­
fore

(H)

(12)

{mny = (m')ff/Ä» <c2m;(13)
Thus, from (10) and (13)

\f(z)~fn(Z)\<ClC2mn-(14)
It follows from (11) and (14) that conditions (b) and (c) of 

theorem I are satisfied with m'n in place of mn and e = <r, and 
in this way I establishes II.

S "
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We are now going to apply these results to a Taylor series 

2anzn convergent in \z\<l. Take | z j <r< 1 as the circle k. 
To evaluate the corresponding mn, we notice that, by Cauchy’s 
inequalities,

I an I ^M/(r + e)n, where M = max | f(z) | in j z ¡ <. r + e < 1. 

Therefore

XI

in I z 1 < r,

i. e.
mn = max | f(z) — sn(z) \<cpn, where p< 1.

Is!<r

The same obviously holds for every sub-sequence of partial 
sums.

As to condition (c') of II, putting
l/(r + e) = g> 1,

we have, for every polynomial of degree n,
j sjz) I <il/(l + g + ... + gn) <M(n+ 1 )gn in \z\<l/gr,

where in our case Æ is the same for all the functions fn(z), since 
it is the maximum modulus of f(z) in \z\<\/g. Hence 
log Mn = o(n), and thus

(mnY I loS Mn I < Pmcn -* °>
i. e. condition (c') of II is satisfied for every € > 0 in every finite 
domain and for every sub-sequence of partial sums. Hence the 
following result.

III. Every boundary point of Du (sn ) belonging to any sub­
sequence of partial sums snk is either a singular point of f(z) 
or a point of Z" (snJ-

We deduce from this result the following final statement.
IV. If the regular point z0 is on the circle of convergence 

I z j = 1, the necessaiqj and sufficient condition that sn¡_ (z) shall
overconverge uniformly at z0 is that z0 shall not be a point of 
Zn(sn). (Ostrowski, 1922 a.)

Proof. Since z0 is either an inner or a boundary point of 
Dh(S ), the necessary and sufficient condition for overcon­
vergence at z0 is that z0 shall be an inner point. As Z" contains

(Ostrowski, 1922 a.)



no inner point, by 89. I, and by the hypothesis that z0 is not a 
singular point, IV follows.

92. Overconvergence and Hadamard gaps. We shall now 
establish Ostrowski’s main result connecting the occurrence of 
overconvergence with that of gaps in the Taylor coefficients. It 
consists of a converse to his first theorem, 90. I.

I. If f{z) = 2 anzn has a suh-sequence of partial sums snk (*) 
overconverging uniformly in the neighbourhood of a regular 
point of the circle of convergence | 2 | = 1, 2anzn is the sum of 
two Taylor series, the first of which has a radius of convergence 
> 1, and the coefficients of the second possess Hadamard gaps.

(Ostrowski, 1923 a.)
Proof. We are going to show that certain coefficients an, 

together with groups of coefficients preceding and following 
them, have such small moduli that they can be separated from the 
others to form a Taylor series with a radius of convergence > 1, 
and that the gaps so created in the sequence of an are of the 
Hadamard type, i. e. I is a consequence of the following result.

II. If f(z) = 2aws" has a sub-sequence of partial sums snJz) 
overconverging uniformly in the neighbourhood of a regular 
point of the circle of convergence \z \ = 1, there is a 6> 0 and 
a positive p< 1 such that for sufficiently large k

\an\<Pn for (l~0)nlc<n<nk,
\an\<Pn for nk^n<(l + 6)nk.

(Ostrowski, 1923 a.)
Proof of II. We prove only (1) b ; (l)a is established in a 

similar way, and either of them is sufficient to prove I. We first 
establish some general remarks on mapping. Suppose the func­
tion u = z + c2z2 + ... maps the simply connected domain D (con­
taining 2 = 0) upon j u I <r. Then, by our remark after 72. IV,

u{z)<<
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(1) a‘
b.

(2)

where b is any positive number > 7.
Now consider a function 0(z) = anzn + ..., regular and such 

that j <f)(z) I < 1 in D. If we map D on | u | < r, cf>(z) is transformed
into <j>(u) — bnun+ ... .



From the condition | 0 (u) | < 1, for ¡ u | < r, it follows by 
Cauchy’s inequalities (40.3) that | bm | < r~m, i. e.
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un

0-;)rn

Therefore, by (2),
— zn(j>(z) = (p(u) « ~ 1 1

0-7)" z1 - r(l —bz/r)
and thus

zn 1 11 Zn.
m«>' « -

O-7T (6+ 1 )z 0-™)”rn
1 - r

Hence, by the binomial formula for the index —n,

\an+p \ < 2P bPCn+P/rn+P.

We next consider the (n + p)-th. root of this expression in 
terms of <r = p/n when n + p tends to infinity in such a way 
that a remains <6, where 6 is a conveniently chosen small 
positive number independent of n and p.

Since p/(n + p) = <r/(l + <r) < <r, we have

“+^K^I « 2-^[C»+pp/<»+w.

For p = 0 the right-hand side plainly tends to 1/r.
For p^ 1, by (57. 5), we have

(3)

n + p
0 + D

C”+p < V
©

i. e.

i + $
1 + tr'.*»1

[(7“ ^}n+p < V
(Tl+trGT

Also, when <r -> 0,
'1-- loe <T(j-l-bo- —— ^1 -h<7 -> 1.
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Therefore, for p > 0, we have 
I n+pVa k g(<r)/r,n+p I

where g(<r)^ 1, when o-^-O, independently of n and p, and 
(¡f(0) = 1. In particular, if r> 1, there is a 6> 0 and a positive 
p < 1 such that g (<r)/r < p < 1 for O<tr<0.

Returning now to the proof of II, we consider the sequence of 
power series

rk(z) =f(z)-Snk(z).

It follows from the hypothesis of overconvergence that there 
is a rectifiable curve G (containing 0=0) inside which rk(z)->0 
uniformly and the inner conform radius of which with respect 
to the origin is > 1. In fact, by (70. 7), the latter condition is 
satisfied if the length of the inverse curve with respect to the 
origin is <27r, and G can always be chosen so that its inverse 
has this property. It follows from the uniform convergence of 
rk(z) that from a certain lc onwards \rk(z) | < 1 in and on G. If 
then we take the interior of G for the domain D and choose 
6 and p as above, (2) a is established and hence I follows.

The connexion between overconvergence and zeros of partial 
sums is given by the following theorem.

III. If f(z) = 2aw0n has a sequence sn/_ (0) overconverging
uniformly in the neighbourhood of a regular point zQ of the circle 
of convergence ¡ 0 | = 1 and if z0 is not a point of z” (nk), then (1) 
is satisfied for a convenient 6 >0 and p < 1.

(Ostrowski, 1923 a.) 
Hadamard’s theorem.93. Non-continued Taylor series.

57. IV, is the first to point out a class of Taylor series which are 
not continued beyond the circle of convergence. This property 
is due in that case to the large and regularly distributed gaps 
in the succession of the coefficients of 2anzXn. The lengths of 
the successive gaps increase indefinitely and satisfy the

>(1 + 6)\n, 0>0 and the only surviving terms are
con­

dition X 
the extremities of the gaps.

Wider classes of non-continued Taylor series have been 
obtained by Fabry, including, in particular, the class of Taylor 
series with gaps satisfying the relation

n +1

(1) ^n+1 —00 >



OVERCONVERGENCE AND GAP THEOREMS 373

or, more generally,
XI

(2)

The latter condition includes the first. In fact it follows from (1), 
for an arbitrarily large M, that X — \n>M provided n>N, 
i-e- hn+p — Xn>pM and Xn+p/(n + p)>Xn/(n +p) +pM/(n+p) 
Therefore, letting p tend to infinity, lim Xn/n ^ M and, as M is
arbitrarily large, A„/cc . Thus the class (2) includes the class 
(1), and the example X2n = n2,X 
be verified and (1) not.

Fabry’s general result also includes cases where the surviving 
terms are sufficiently thinly distributed in intervals about 
certain suffixes.

n+1

= n2 + 1 shows that (2) may2 71+1

1- tf f (z) — 2anzn contains infinitely many suffixes mi such
(b) lim si/ mi = 0, where si is the

number of non-vanishing coefficients in the interval I- : 
mt (1 ~ 6)<n<mi( 1 +6), n ^ miy 0 < 6 < 1, then f(z) is not 
tinned beyond the unit circle.

Proof. (Faber, 1904.) By choosing a sub-sequence of m¡, 
we may suppose that

that (a) lim | "V am. |
I = 00

= 1

con-
( Fabry, 1896.)

(3) nii+l>2mi(l + d)/(l-6),

00 rn[-„=o
(4)

imi+i 0 —0) + v}

where 0. By (b), for an arbitrarily given e, we can fix 

n such that sn + r< r^0, i. e. by (3),

s7t + • • • +sn + l< 4 (m7i + i+ ... +m„)

< ^ +-+?2ffi)<

Thus, taking l so large that $! + s2 + ... +s„+z< |mn+i, we have

(s1 + ... + sk)/mh < e, for Jc^n +1.
We now form an integral function G(z) having for zeros the 

suffixes of the non-vanishing coefficients in the intervals 
except the mi themselves, and the negative values of the same

an

(5)



suffixes (to ensure convergence). Denote the positive zeros of 
ged in increasing order of moduli by rv.
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ThenG(z) arran

0(z)= I! (I-**/r\)(6)
v=l

and
v/rv -> 0, i. e. rv/v -> go .

In fact, by (5), if rv is in the rtgroup, its index 
v = sx +s2+... + s/i_1 +s']c with SfcOfc.

(7)

Hence
v/ry<(8i + ... + 8]e)/mk(l-6)<€/{l-0).

The number e being arbitrary, (7) follows.
We are going to show that in virtue of (7) the integral 

function G(z) is of the minimum type of the order 1, i. e. for 
arbitrarily given e there is an R such that

i when \ z\ > R.

an

cl £\G(z)\<e(8)

In fact

IG(z)! < ri(i+ M*/|rr|2)JI(i + l*l7l*vl2>
1 n+1

<6«w(^S)n(i+|l^j2>

Now choose n such that \/\r,\< </2ttv for v>n, where € is 
arbitrarily given.

rKi+Mvwv n(i+
N + l ^
provided e | s | > 1. By taking | z large enough to satisfy the 
inequality » log (1 + 10 |!V | |2) < e|»|, (8) is proved. It
follows from (8), by 86. II, that the only singular point of 
L(z) = '2G{n) zn is z =

The last step in the proof consists in showing that \z\ — 
a singular line for F(z) = 2anG(n)zn. For in this case, by 
Hadamard’s multiplication theorem, 88. I, the affixes of all the 
singular points of F(z) are products of 1 and the affixes of the 
singular points of 2anzn, and so it follows that every point on 
J 2 I = 1 is singular for / (z) = 2anzn.

Then

) = i^sin(7J)<e“,zle2 I 24ttV

1.
1 is

to
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To prove that \z\ = 1 is a singular line for F(z) we shall 

make use of Hadamard’s simplified test for singularities (57. III). 
For this purpose we first prove that

i=i.

XI

(9)

We see from (8) that

Thus we have only to show that

I >1.

i. e., e being arbitrary,

(10)

Let G(z) = Px(z) P¿{z) P¿(z), where the positive zeros of Fx(z) 
are in the intervals 71, /2> ••• ^i-i* those of P2(z) are in Ii 
and those of P3(z) are in /i+1,.... Then, by (3), mi>2rv in
P^z) and so 11 — —^ I > 3* Thus lma \ M</ \ > i.

rv~ I » =
Now P¿{7ni) is greater than the left-hand side of (4), and hence 

hm l”^Jf>(m4)|>l.
f =00

Next we have
. n rv + mt e \rv-mj\ pj \rv-mi\ .

I pA™i) I TvryinIirvin Ji

Let s'i of the rv in be >mi and s'/ of them <mi> so that 
8¡ + 6![ — si. Then, since the difference between two consecutive 
r„ is > 1, and they are all <m¿(l + 6), we have

6Í! <!
I pAmi) I > m|i(l + 6)si

N ow ti ! > (n/e)n, since en = 2 uv/v ! > 7in/n !, and thus

*»' Vmj/ xm/ 1 
e«,-(l + 5)m,-

where, by (b), the factors all tend to 1 (since ææ-> 1 when æ -»0, 
3>0). This proves (10) and thus (9).

1
I mV P2 (rrij) I > *« -3 

I
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Now consider the series 2G(y)avzv. When v is in Ii7 the 

only non-vanishing coefficient is ami G(mt-), and thus Hm. in 
Hadamard’s test, 57. Ill, can be chosen so that it reduces to a 
single term am.G(m¿). By (a) and (9), we see that

CH.

mVG{mi) I = 1.Hm I -i/cLm.G^mi) I = lim ¡ Vam \ lim |
l = oo * i = oo 1 i~ ao

Since the condition for singularity is satisfied for every 
z = eie it follows that F{z) is singular all along \z ¡ = 1. This 
completes the proof of Fabry’s theorem.

Particular cases. Consider now a series n where
Aw+i — Xn oo or, more generally, Xn/n = Mn co . An Hada- 
Tuard interval about Xn is formed by all the terms corresponding 
to indices Xk satisfying the condition

Xn— 6\n<X](<Xn + 6\n.

For, in the first place, if (n + v) Mn+v<Xn (1 + 6), it follows that
l/Mn + v/Xn<(l + 6)/Mn+v.

Now let i„ be the number of existing suffixes between Xn and 
Xn + eXn, and i" the number between Xn-ÔXn and Xn. Then 
it follows from (11) that i'n/Xn -> 0. Similarly in/Xn_^,0. 
Thus condition (b) of I abry’s theorem is satisfied. Since, by 
hypothesis, the radius of convergence is 1, we have

(H)

______  am ______

lim I Van\— 1,

i. e. there is a sub-sequence of X„ such that

lim I nVa1ly I = 1,

which is condition (a). Hence
II. If Xn/n —> co and the radius of convergence of

U?) = s «y»
is 1 ,f{z) is not continued beyond \z \ = 1.

94. The reasoning leading to Fabry’s theorem 93. I, can also 
be used, in a slightly modified form, for detecting singular 
points. 93. I is in fact included in the following general 
theorem, also due to Fabry.

(Fabry, 1896.)
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I. Suppose the radius of convergence of 2anzn is 1 ; let 

denote the number of changes of sign of R1 [am 
where v runs through the integer values between — 6mn and 
6mn, 0 < 6 < 1. If there exist real numbers yn such that

lim [R1 (anine_7ni)]1/mn = 1,

lim érj

XI

(a)

(b) = 0,mn

then e%a is a singular 'point of 2anzn.
Proof. (Faber, 1904). By choosing a sub-sequence of mn we 

can suppose that the mn satisfy the inequalities (3) and (4) of 
93. I and also that R1 {amn e-7»^) > 0. As in 93. I, we construct 
an integral function with pairs of positive and negative zeros, 
whose moduli are of the form mn + v + %, where mn + v is a suffix 
after which R1 [amn+v e^a~yn^] changes sign, when 
through the integer values between — 6mn and 6mn. Then as 
in 93. I, it may be shown that G(z) is of the minimum type 
of the order 1, so that L(z) = '2G(v)zv has 1 for its only
singularity, and also that lim | "‘VG (mn) | = 1.

Hmn(eia), Hadamard’s test function for F(z) = ’2,avG(v)zv, can 
be chosen so that the real parts of all the terms of e~yniHm (eia) 
have the same sign, since G(z) has been chosen so that

G(mn + r) Rí [arnn+vd?a-'in)i]
has no changes of sign in the interval corresponding to 
and thus

(Fabry, 1896.)

v runs

Moreover

K1 [*--<*Hmy°)} > Kl [0(m„)amn«-V].

lira I mVBm (eia)l i= lim \V ß(m„) | lira ¡”VE1 («» e~»t) |= 1,
n = 00 «=°°

Therefore

and so eia is a singularity for F(z). The theorem follows by 
Hadamard’s multiplication theorem.

The most interesting application of the last result is the 
following theorem.

II. If lim an/a 
2anz".

Proof. For simplicity we suppose that a = 0. By the Ratio

n+l = eia exists, eia is a singular point of
(Fabry, 1896.)



Test, 24. IV, we see that the radius of convergence is 1. More­
over if an = pneiwn, we have by hypothesis <jjn+1-a>n-> 0. Thus 
also the maximum Sn of the differences | (ok+l — <ok |, for k lying 
in the interval In: (1—0) mn <k<(l + 6)mn, 0 < 6 < 1, tends to 0, 
and
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2|ú>/£+i-to¿i < 26mn8n,
kinln

i. e.

(2 1(1)

k in/w

e'(wmn -ÿ)

\
\

p'“m nt
\
\
\
1 ..\e'y\

e'ï^n'î)1
l
l
l
t
»
I
1

1
re luk*leluk
Fig. 55.

Now joining the points eia,k and eiak+i by the lesser 
\z I = 1, and putting

arc on

ake-yi = pfce(<V7)i = 4 + m£, 

where &mn~~ W* ^7 + V^> we see 8*&n

ak - pkCOB (®*-y)
changes, as k runs through the interval In, when k changes 
to k+ 1 and the arc (<aÄ, <ok+l) passes through one of the two 
points eW±i7r)i. Let qn be the minimum number of changes as
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y varies. Then there are at least qn arcs passing through one or 
other of the two points eO'±i7r)¿ for all possible values of y, i. e. 
there are at least qn sets of arcs each covering altogether more 
than one-quarter of the circumference. Therefore

2 ! 1 -

and hence it follows from (1) and (2) that qn/mn -> 0.
Now let yn be a value of y for which the number of changes 

of sign is a minimum. Then condition (b) of I is satisfied. 
Again, since | — yn | <;tt/4 it follows that

XI

°>k !>(2)

R! K/~7nl) >\arnn\ cos = I amn 1/ V2.
Therefore

lim I VR1 (am e-yni)\= lim ! "Va | = 1,
M = oo n n = co n

and so condition (a) is satisfied. The theorem then follows 
from I.

We finish these particular cases by discussing an ingenious 
use of gaps to produce series not continued beyond their circle of 
convergence. It was suggested by Fatou (1906) and established 
by Pólya (Hurwitz and Pólya, 1916).

III. If the radius of convergence of 2anzn is 1, there are real 
numbers en, e| = 1, such that 2,enanzn is not continued beyond
\z\ = l.

Proof. From 2anzn form a series H(z) = I,ankznk, where
lim j n\/a I = 1, and nk+l>2nk, so that H(z) is not continued
Jc — oo *
beyond \z\ = l. Put/(s) = H(z) +f0(z) and decompose the power 
series H(z) into a sum of infinite power series fx(z) +/2(s) + ... 
such that the same power of 0 occurs in no two of the com­
ponent series. Now consider the whole class of series

(3)

where is either 1 or — 1.
There are as many different distributions of the signs +1 as 

there are numbers in the scale of two, of the type •a1a2...,
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Since every decimal numberwhere every digit is 0 or 1. 
between 0 and 1 can be written as a number in the scale of two
and vice versa, their number has the cardinal number c of the 
continuum. Suppose now that for every distribution of +1,
(3) is continued beyond \z\ = 1. Since the roots of unity
VÎ, V\,.
sequence of points on ] z \ = 1, and the number of possible series
(3) has the cardinal number of the continuum, if the theorem 
were not true for a 2anzn, there would be two different series 
of the class continued beyond | z | = 1 in the direction of some 
root of unity. Thus their difference would also be continued 
in the same direction. But in the difference fQ(z) is cancelled, 
i. e. the difference of the two series is formed from the terms of 
H(z), apart from changes of sign, and thus cannot be continued 
beyond | z | = 1. This proves the absurdity of the hypothesis 
that all the series of the class (3) are continued beyond \ z\ = 1.

The result can be interpreted by saying that series not con­
tinued beyond their circle of convergence occur more frequently 
than series continued in some directions. In fact, by IV, to 
every continued series corresponds one (indeed infinitely many) 
non-continued series, and non-continued series with Hadamard 
gaps and isolated terms cannot be turned into continued series 
by altering only the argument of the coefficients, because the 
gaps survive.

For further discussion of this interpretation see Hadamard 
1926, Chapter IV.

Recently Mandelbrojt obtained some remarkably precise 
results in the detection of singularities by gaps in the coefficients. 
His proofs have been simplified and some of his results ex­
tended by Ostrowski. We follow the latter.

f(z) — 2anzn is meromorphic on its circle of convergence of 
radius 1. What can we state about the possible gaps ? Let the 
principal part of a pole on the circle of convergence be

Vl, ... form an everywhere dense but enumerable

-m+lTJz) = b0(cx-z)-m + bl(oc-z)

b0 ^ 0, where | a | = 1. This part contributes to the coefficient 
an the expression b0rin~locn 

(m — 1)! a
-+0(n™-‘).
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Suppose there are k poles of order m on the circle and none of 

higher order. Then
(4) an = (c1a1"n+... +ckOL1-n)nm-l + 0(nm-2), 0.

We are going to prove that there is a y > 0 such that, for every 
n^O, at least one of the k numbers

+ ••• + ck<xk

is >y. Suppose that it is not so, i. e. that to every y > 0 there 
corresponds at least one n > 0 such that

XI

V = 0, 1, 2,...,k — 1-n-v -n-vGai

2 -Aiax v — ßvV> \ßv\<l, v — 0,1,... ,k 1.
x=iax

(5)

Since the oA are, by hypothesis, all different, the determinant 
U is different from 0, i. e.-k!!«,v

A—1

= y 2 Kißi-
i = 0

(6)

Since not every SK¡ ¿ is 0, putting

= min(ICA I) and yx = 2|SX|<|>0,Vo

we have \cK\ ^yxy, y0<7iy, y>yjyr Thus for y<y0/yv
(5) is impossible. Hence we see that there is a sequence of 
suffixes nx,n2,... with 0<7ii+1 — <; /c such that the order of
infinity of the first term in (4) is effectively greater than that of the
second, i. e. for which lim \nV an. \ = 1. Thus

IV. If f{z) = 2anzn is meromorphic on its circle of conver­
gence 12 I = 1, and there are k poles of the highest order on 
\z \ = 1, then, from and after a sufficiently large n, there are not 
k consecutive coefficients an>an+l, ...,an+k-x which all vanish,

(Mandelbrojt, 1923.)i. e. there is no k-gap.
V. If f{z) = ^anz\ X0<X1<..., and for a partial sequence

Xn. of Xn we have lim (Xni+1 — k\n.) = go , where k is a positive
integer, then f(z) is not of the form fi(z)/[P(z)]l^c, where ff (z) 
is regular on the circle of convergence and P (z) is a poly nomial.

(Mandelbrojt, 1924.)
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Proof. The power series for [f(z)]k has gaps between the 
suffixes k\n. and An¿+1 whose lengths tend to infinity. In fact

a>i+—+ \mk2 Cm1
mi ntk~ 0

and, for Anf<m<A +1, the largest index is k\n.. The next 
index is (Jc- 1)A0 + A„i+1>A„i+1, and hence, by IV, the result 
follows.

VI. If an — 0 for 7i= r (mod q) and (isa 'primitive q-th root 
of unity, then f (z) = 2anzn has necessarily at least two singular 
points on its circle of convergence, viz. at oc and at one of the 
points oc£~v (r = 1, 2,... ,q — 1).

Proof. We have

— lim • •, m

(Mandelbrojt, 1923.)

m+me*)+r27(fs)+...+
= 2a„[l +^”"r + ... + ^l~^n~r)]zn = 0.

(7)

We suppose as usual that the radius of convergence is 1. If a is 
a singular point of f(z) (| a | = 1), then another term in (7) also has 
a singularity at 2 = a, for the right-hand side is the regular zero 
function, so that the singularity at oc must be destroyed. But if 
z = oc is a singular point for f{Cz), say, then oc£~v is a singular 
point for /(z). The example 1/(1 — z)— 1/(1 — £z) = 2(1 — £n)z 
shows that the minimum number is actually 2. More generally

VII. If q1, ...,qm are relative prime Í7Űegers and an — 0 for 
at least one residue class to every onodulus gv g2,... and qm, 
f(z) = 2anzn has at least 2m singular points, and if oc is one 
of them, there are 2m— 1 singular points at z = where et- 
is a suitable q1q2 ... qm-th root of unity.

(Mandelbrojt 1923, Ostrowski 1926.)
Proof. By the previous proposition for q = qx, if oc is a 

singular point, so also is ae? , where eqi is a primitive g^-th 
root of unity. Applied to oc and then to ae^ for q = q^, 
establish the existence of further singular points oceqí¿,oceqi *q2 
(where eq¿ and eq> are the same or different primitive g2-th roots 
of unity) &c. All the points so obtained are different because

we

%eî„ = e'L imPlies en =
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(Mandelbrojt proved the existence of m+ 1 points only).

The example
11 1 1+

i Ciz i C\Cizl-z 1 -ixz

shows that the minimum 2m is attainable.



CHAPTER XII
DIVERGENT SERIES

95. Transformation of sequences. The reason for rejecting 
divergent sequences as useless is that such a sequence does not 
naturally lead to a well-defined number. It is possible, of course, 
to assign conventionally a number to any divergent sequence zn, 
e. g. lim I zn J if this number is finite. But such a definition is 
useful only if it satisfies certain requirements, first of all, the 
requirement of consistency with ordinary convergence, i. e. when 
the definition is applied to a convergent sequence, the 
gence should not be destroyed and the value of the limit should 
not be altered. Or, if the value of the limit is altered, we require 
at least a known relation between the conventional and ordinary 
limit.

Nearly all the methods used so far in generalizing the idea of 
limit are particular cases of the linear transformation of sequences 
by a two-fold table of given, real or complex, numbers ank
referred to as the matrix A. Thus z¿ — '^,ankzk is the trans­

conver-

form of zn by A, provided, for a sufficiently large n, all the 
series on the right-hand side converge, in which case we say 
that the transformation A applies to the sequence zk. If z^-^z 
whenever zn -> 0, and if the transformed sequence also converges 
for some divergent sequence zn, we may assign the limit of z'n to 
the divergent sequence zn as its generalized limit by A or briefly 
as its A-limit.

For example, the sequence of arithmetical means 

(zx + z2+ ... + zn)/n

of 1, 0, 1, 0,... (the partial sums of 1 — 1 + 1 —1 + 1 ..,) tends to 
1/2, and the sequence of arithmetic means of any convergent 
sequence converges to the limit of the sequence. Hence, de­
noting by M the matrix axi = 1, alk = 0 for Jc> 1 ; a2l = 1/2, 
«22 = V2> a2k = 0 for 1c > 2, &c. ; anl = 1/n,..., ann = l/n,
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anr = 0 for r>n;... (also referred to as the semi-matrix M), 
we say that the Jf-limit of 1, 0, 1, 0,... is 1/2. In symbols

Z\ + Z2 + ••• + ZnJf-lim zn = lim
n = oo n =oo

whenever the limit on the right-hand side exists.
Our first problem is to determine the family K of matrices 

such that convergence is not destroyed by the corresponding 
transformations. The second step will be the determination of 
that section of K for which the value of the limit of any con­
vergent sequence is invariant. Both problems will be solved 
by the following two theorems.

I. The necessary and sufficient conditions that z't = 2 ank zk 

should be convergent whenever zk is convergent are

n

*=i

2 I ank I < M independently of n ;(a)
k=1
lim ank = ock,
n=oo

i. e. the limit of ank exists when k is fixed and n -> co ; 

(c) 2 ank = An tends to a limit a. when n
k=1

Moreover if zk-> z we have

(b)

—» oo .

z' = lim Zn = a z+ 2 (Xk(zk~z)'(d)
*=i

(Kojima, 1917, for semi-matrices; independently for complete 
matrices, Schur, 1920 (written in 1918).)

Replacing n by a continuous real positive variable a we obtain 
a slightly more general result.

I'. The necessary and sufficient conditions that

s» = 2fk(a)zk
k=1

should tend to a finite limit as aoo whenever the sequence zk 
is convergent are :

independently of a > a' ;(a')
*=i
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lim /¿(a) = ock for every fixed k :

386 CH.
G>')

2 A («) =/(«)-*'a(cO as a -> oc .
t=i

Moreover if zk -> 0,
lim «'(a) = «2 + 2 aA — s)*
a^oo t = i

(d')

Proof of F. The conditions are sufficient. By (aO and (b'),
p p
2 IA (a) I < M for every a and thus also 2 I aA I < i-e. is
t=i ¡t = i
an absolutely convergent series. Putting zk = z + *k we shall 

prove that lim 2 A (a) eA — 2 aA eA' In fact, for every given
*=1

€ > 0, there is a p such that | ek | < for & >p and a q such that,
V

when a>q, | 2 (A (a)-<*/<) *k | < e/3-
&=i

I 2 (A(a)-«A)eA I <|2 (A(«)-a/C)fA I
*=1

+ 2(IA(«)I + l«&|)\ek\<e/3+2Me/SM

Thus

A = I

=

which proves our remark.

Finally, as z'{a) - 2 fk(a)zk =/(«)* + 2 A(a)eA> we have>
t=i *=1

by (c'), lim 2/(a) = az + 2 aA (zk~~z)> which completes the first 
*=1

part.
The conditions are necessary. Putting zp = 1 and every 

other zk = 0, we have zk -> 0. In this case, however, 
2'(a-) —fp(a). Hence, in order that z'(a) should tend to a limit 
when a -> cc , (bO must be satisfied.

Similarly putting zk = 1 for every k, we have zk -> 1 and

z'(a) = 2 A (a) = /(«)• Therefore /(a) must tend to a limit,
*=1

i. e. (cO is a necessary condition.
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It is more difficult to prove that (a') is a necessary condition. 

We first notice that if 2 | ak | is divergent, there is a sequence

387XII

zk->0 such that | 2 akzk
A = 1

and choosing a> 1, we first determine p0 by the condition that
po Pi
2|öfc| >«> then p1 by the condition that 2 \ak \ >0(2> *c->

* = Po + l

and put zk = e~1^1 for 1 < /c <p0, zk = e~l(Pk/oi for p0<k^;pJ, &c. 
Thus

po i n I
^anzk — 2 I ak i + -2 2 I ak I + ^2 2 I ak I + ••

i ro + 1 n+i

though zk -> 0.

Therefore 2l/&(a) i — -®(a) mus^ be convergent for every

. In fact, putting ak= \ ak\—> oo

*=i

. >a + a +... = oo,

*=i
fixed a. If (a') is not satisfied, lim B(a) = oo and, if we put

fk(a) = +
there is a sequence aw for which 2 I $k (an) I or 21 VOfe (an) I

k k

(or both) tends to oo . Putting (f>k(an) — 0Lnki we shall suppose 
that

2 i anfc ! =(1)
*=1

and we shall construct a real sequence íc¿->0, with the supplemen­

tary condition ¡ xk\ < 1 for every k, and such that x'n =2 ankxk
k= 1

has a sub-sequence tending to oo . This will prove that (a') is a 
necessary condition.

V
By (b'), p being fixed, the sequence 2 \ank l> n

has a maximum term (dependent upon p). We denote the 
maximum sum of the first p terms by Cp. By (1), for con-

Pi
veniently chosen n and p, and p[, say, 2 I anx k I > ®2, where

= 1, 2,..

k = l



a > 1 is fixed. When nx is already fixed, there is a px such 

that 2 ! ««j k I < e*
Pi+i

Putting now sign(æ) = + 1 if x is positive and = — 1 if x is 
negative and
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¿sign («»!*)»

1 ”
^«2 = ~ I ^«2 h I "h 2> ®ni kXk »

1 ^k^pXk = l>
we have

*=pi+i
i. e.

I<21 ><*-«•
In order to continue the construction of the sequence we 

determine an n2>n1 and a p2 >pi such that

(2)

à 2 !“«,*! >c,j>i+0|,>(3)
*=/>l+l

and, n2 being fixed, we determine a pf^p^ such that

2* I ^n2hI(4) < e.
A=P2+1

Then we put xk = ^sign (xn<¿k) for px<k^p2 and have

I Pi 00
sign (ani*) + ^2 \an2k I + 2 *Hk*k>

1 Pl
= -2 «a ^<2 n2 &

Pi+1 k=p2+l

i. e. by (3) and (4)

K'J >a2-e.
Continuing in this way we determine a sequence xk -> 0 such 
that, for certain values of n, x„ tends to cc. Thus (a') is 
necessary.

A matrix or transformation satisfying conditions (a), (b), (c) 
or (a'), (b'), (c') will be referred to as a Kojima matrix or 
transformation or briefly as a K-matrix or K-transformation, 
with ock, a for its characteristic numbers. A matrix satisfying 
condition (a) will be referred to as a Ka-matrix.

An important special case of I is

(5)

Q. e. d.

il M
s
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II. Toeplitz's theorem. The necessary and sufficient conditions 

that z'n — 2ankzk should converge to z whenever zk~*

independently of n ;

z are :

2 ! an k I(a) = (a)
A: = 1

for every fixed k ;Ijm ank = 0iß)

2 an k 1.(y)
t=i

(Toeplifcz, 1911, for row-finite matrices ; Schur, 1920, for com­
plete matrices ; sufficiency for semi-matrices Silverman (1910), 
published 1913.)

The corresponding more general case of II is 
II'. The necessary and sufficient conditions that

z (a) — 2fk(a)zk
1=1

should tend to a finite limit z as a-> oo are

2 I fk(a) I < M independently of a > a' ;(ex') = (a')
*=i

for every fixed k ;lim fk(a) = 0(ß')

2/a(«) =/(»)-*1(y') as a -» oc .
t=i

Since II is included in II' we prove the latter. By I' and 
(d') and by the supplementary conditions cxk = 0, a. — 1, con­
ditions (a'), (/S'), (y') are sufficient.

They are also necessary. In fact, if ock 0 for a particular k, 
the sequence z{ = 0 if i ^ k, zk= 1, which tends to 0, reduces 
the right-hand side of (d') to cxk f=- 0, so that the limit would be 
altered. Moreover, since now the right-hand side of (d') reduces 
to az, a must be 1.

A matrix or transformation satisfying conditions (a), (ß), (y) 
or (ex'), (/S'), (y') will be referred to as a Toeplitz matrix or 
transformation or briefly a T-matrix or T-transformation.

For the case of an infinite limit we have the following 
theorem :
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III. Suppose the numbers zk — xk + iyk are, for loi, in an 
angle a<rr of the complex plane, vertex at the origin, and 
lim \zk\ = cc . If the positive T-transformation fk{a) > 0 trans­

forms zk into z' (a), then lim | z' (a) | = co.

(Schur, 1920, for real sequences.) 
Proof. Suppose first that the numbers zk = xk are real and 

that xk > 0 for k > l. By hypothesis,

f(a) = 2 fkia) 1 as a -> co ,
*=i

so that for a > a', say, f(a) > 6, where 6 is any positive number 
less than 1. Moreover, to every given large positive number n 
there corresponds a p such that, for k>p, xk>n/6. Putting 
xk = n/6 + rjk, we have yk>0 for k>p and

x'(a) = /(«)n/0 + 2fk(a)Vk + 2 fk(a)Vk'
k=p+l

All the terms of the last sum are positive, lim fk(a) — 0, and

/(a) > 6 for a > a'. Therefore all the limiting numbers of x' (a) 
as a -> co are greater than n. Since n is arbitrarily large,
+ cc is the only limiting number.

In the general case, multiplying the sequence by a conveniently 
chosen number e^', we may suppose that the angle a is bisected by 
the positive real axis, so that, for k > l, xk > 0, and xk co . Now 
it follows from the above argument that x' (a) = £ fk (a) xk -> co 
and thus also | z'(a) \ -> co with a.

We notice that the result does not hold for some A-trans- 
formations, e.g. the positive A-matrix ank = 1/P, where all 
the rows are identical, transforms zk = k into a convergent 
sequence. We also remark that if, besides cc, zk has also a 
finite limiting number 2;, there is a positive T-transformation lead- j 
ing to the limit 0. More generally we have the following result :

IV. Every finite or infinite limiting number of a sequence is 
the generalized limit of that sequence for some positive T-matrix.

Proof. If every row contains only one non-zero element, 
whose value is 1, and if every column contains only a finite 
number of non-zero elements, the matrix is a T-matrix. If 0 is

*=1
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a finite limiting number of zk, there is a sub-sequence zmk -> z, and 
the positive T-matrix znk = 1, if mk < n < mk+x, znk = 0 otherwise, 
transforms zk into z¿ = zmk for mk-^.n< mk+1, so that z7l-*z. 
If íím ] | = oo , the numbers zk possess at least one direction

of density, 0, say (see p. 83), i. e. we may choose a sub-sequence 
zm]i such that j zmy | -> oo and arg zmk -> 0. Complete this sub­
sequence into a sequence fa such that | fa | -> oo and arg fa -> 0. 
Then the above matrix transforms both zk and fa into z'n such 
that I z'n I -> oo , by III.

For real sequences we have the following result, analogous to 
a result concerning series due to Perron (see 96. V).

V. Every number x between the upper and lower bounds U 
and L of a real sequence xk is the generalized limit of this 
sequence for some positive T-matrix.

Proof. Suppose first that both U and L are finite, and take 
two sub-sequences ak -> U, bk->L of the sequence xk, such that 
2\U—ak\ = a and 2 | L — bk | = b are convergent. Putting 
ak—U + €k, bk = L + 7)k, U—x = p, x—L — q, we have

2?€fc+2p^

391XII

2 ?«*+2 A
(6) *=i = x+ — *=i*=i X.

n{p + q)n{p + q)

For

2?fÄ + 2i>»7jt <<*4 + hV>
*=i *=i

and —
n{p + q) n{p + q)

Now construct the n-th row of the matrix ank by letting 
0 if A; is the suffix of a number xk not occurring in

an or bu 62,... , bn, and taking q 

for ank if xk is an av or a bv respectively, v-^n. Noticing that 

2 ank = 1 for all n> 0, and that each row contains only a finite
k

number of non-zero terms, we see that the positive matrix so 
constructed is a T-matrix. Hence (b) proves the theorem for 
finite U and L.

Suppose now that U = + go and L is finite. Given any real

tend to 0 as n -* oo .and

ank
Vor ----------- -

n(p + q)• • • > n(p + q)
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number x > L, we take numbers Bm > x of the sequence xk 
tending to infinity with m. We now construct a T-matrix 
corresponding to the numbers xk between L and Bm, the 
numbers xk < Bm being excluded by zero terms, and transform 
xk into a sequence x^ ->æas n -> oo . All the matrices a(™k so

obtained are positive ÍT-matrices for which 2 ank = 1- Now
k

construct a matrix cnmk by selecting a row from each of these 
matrices subject to the conditions

amfc = if aZ~-i ¥= °>
I ~x\ <*m> where em 0.

This is possible since each row contains only a finite number of 
terms. The positive T-matrix so obtained leads to the generalized 
limit x. The case x = + oo is covered by IV. The cases U 
finite, L — — go , and U — + oo, L = — go can be dealt with 
on similar lines.

In a paper in course of publication Mr. H. L. Heuss has proved 
that any finite number can be made the generalized limit of any 
divergent sequence for some T-matrix, not in general positive. 
These somewhat puzzling results raise the question of how 
to choose one generalization of limit rather than another. This 
problem will be discussed in Art. 100.

The following result is also of interest.
VI. Given any T-matrix, there is always a bounded sequence 

which has no generalized T-limit. (Steinhaus, 1911.)
Proof. (For real matrices.) Suppose the real matrix ank 

satisfies conditions (a), (ß), (y) of II and let the sequence zk satisfy 
the condition 0 1. First choose %, by (y), such that

392 CH.

(a)
(b)

we are

32

and then m1, by (a), such that
OO J

2i<v<l<Tr

Then if zk — 1, 1 < /c < , we have

Znx — 2 anlkzk ^ 2 ank ~ 2 I anlk I > •
k — nij +1k—1 k = 1 O

J I t
o
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Next choose n2<nl, by (ß), such that

I an2 k I i

XII

*=1
and then m2>mv by (a), such that

00 1 
2 lan27il<ß*

k=tn2+1
Then if zk = 0, ml<k^;m2i we have

00 ml ”

= I + 2 l<s*l< *zn2
k=m<i+l*=1k = 1

Next choose n.¿>n2, by (y), such that

an2k ^2
*=i

and also, by (/3), such that
1

\an3k \ < 24’

by (a), such thatand then m3>m2>

o° 2
2 I °hi3& I ^ 24

Í =tn3 + l
Then if zk = 1, m2 < < m3, we have 

3» = 2 an.àlczk ^ 2 a«a/: ~ 2 I rt«3 fc I 2 I an3 & I ^
A:=i7is+l1=%+1

By continuing in this way we can choose the sequence zk so 
that its terms are all either 0 or 1 and z'n does not tend to a 
limit.

96. Transformation of series. The transformation

*=i t=i

y (a) = 2 9k(a)ck
* = 1

of the series 2 ^eac^s vari°us generalizations of the sum of

divergent series. Here also our first requirements are that the 
convergence of a series should not be destroyed and that its
a

CO
 ! to

ri 
I CO

05
! i—

►
M
 CO



sum should either be unaltered or at least altered by a known 
relation.

I. The necessary and sufficient conditions that
yip) = ^Lok(a)ck
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* = 1
oo whenever 2 C7c — 8 28should tend to a finite limit 

convergent are
as a -h>

t=i

2 I Í7/C(a) — 9k+i (a) I < M independently of a> a ;(A)

*=i
(B) for every fixed Jc.

Moreover

limy (a) = ßxs+ 2 (0ft“0*+i) (8*“8)>
it = l

where sk = cx+c2+ ... + c;i, cmc? the existence of either side of 
(D) implies the other provided 2ck is convergent and its sum is s.

(Bosanquet, 1931.)
The proof is based on the following lemma due to Abel and 

Hadamard (1903).
Lemma. The necessary and sufficient condition that 2bkck 

should converge whenever = s converges is that 2 | bk—bk+l | 
should converge.

Proof of the Lemma (Kojima, 1917, and Schur, 1920). We have
M n—1
2 bkck = ^{bk-bk+l)sk + bnsn,

(D)

(1)
*=i k=l

where the right-hand side may be considered as the trans­
form of the sequence sk = c1 + c2 + ... +ck by the semi-matrix : j 
ank — bk — bk+i if h<n, ann = bn, ank = 0 if k>n. We shall 
prove that, for this transformation, condition (a) of 95. I, which 
in our case reduces to

2 I h~h+11 + I bn I < M independently of n,(2)

is equivalent to the condition

2 I h~h+i I is convergent.(3)
k=l
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If (3) is satisfied, we put ek = bk — bk+1, 2 \ €k | = E, and

XII

a=i
n—1

thus we have bn = ck- Therefore | bn | < | | + E and
a=i

(2) is satisfied. Conversely, (2) obviously implies (3).
Our matrix satisfies condition (b) of I since, for a fixed k, the 

terms are independent of n, for n>k; otk = bk — bk+v Finally
n—1

-4« — 2< (h bk+l) + bn b^(4)
A = 1A = 1

independently of n, so that (c) is satisfied and a = bv Therefore 
I applies and, from (d),

2 ^kck — t>i8 + 2(h-bk+1) (sk~s)’(5)
A = 1A=1

where the existence of one side implies that of the other, pro­
vided sk tends to a limit, which proves the lemma.

Proof of I. The conditions are sufficient. It follows from (A) 
and from sk-> s that the right-hand side of

2 9 k (a)ck = s9i («) + 2 [9k (a) ~9k+i(a)l(sk - s)(6)
A=1A =1

exists, and thus the lemma establishes (6) for every particular 
value of a. Now let p be chosen so that | sk — s ¡ <e/M for k>p, 
and write (6) in the form

29k(a) = s9i(a) + ^ + 2 •
A = 1 A = 1 k-p+1

co, 2 tends to 2 (ßk~ßk+i) (sk~s)> and ; 2As a-> < e
k=p +1A = 1A = 1

Since, by hypothesis, g^a) ßlt we havefor all a.
00

lim 2 9k(a)ck = ßi8+ 2 (ßk — ßk+i) (sk~s)-(7)
“ ^°° A = 1

The conditions are necessary. For suppose y (a) tends to a limit 
whenever 2c/c is convergent. Then, taking cq = 1 for a fixed q 

d ck = 0 for k ^ q, we have y (a) = g?(a), i. e. (B) is necessary. 
Moreover, since the number y (a) exists, at least for a>a',

A=1

an



2 I gk(a)—gjc+x(a) I is convergent for a>a', by the lemma. We 
have to prove that these sums are bounded. But it follows 
from
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*-l
9k(a) = («)-SM«)-01+1 («)]

i=i
that gk(a) tends to a limit as k-> oo . Moreover, by hypothesis, 
so does the left-hand side of (6), and by (B), already established, 
lim gx (a) = ßx. Therefore the sum on the right-hand side tends

to a limit as a -> oo. But this sum may be considered as the 
the transform of the zero sequence sk — s by g]c (a) — gi¡+i(a) and, 
in the proof of 95. I', we have seen that if the upper bound of

[in our case fh(a) = gk(a)-gk+x(a)],
k=1

is a sequence xk -> 0 whose fk (a)-transform does not tend to a 
limit. Taking cx = s + xx, ck = xk — xJc_1 for k> 1, we see that 
(A) is a necessary condition.

II. The necessary and sufficient conditions that

B(a) = 2lA(»)l is oo

y («) = 2 gjÁa)ck
k= 1

should tend to the finite limit s as a -»go whenever 2 ck — 8 are
A = 1

(A') ~ (A) 2 I 9k(a)~9k+i (a) I < M independently of a > a',

=

(Sufficiency Carmichael, 1918, Perron, 1920 ; necessity 
Bosanquet, 1931.)

We remark also (Perron, 1920) that condition (A) = (A') is 
satisfied if

k = \
(B') 1.

(A") 0 < 9k+Aa) < 9k(a) < !•

By I the conditions are sufficient. They 
are also necessary, for if ß]c—ß]t+1 =£ 0 for a particular k, the 
numbers c{ =0 if i<k, ch = e, ck+x = — e, ch+i = 0 if i>k 
form a series whose sum is 0 and lim g (a) = e(ßk — /?¿+1) fi 0

Proof of II.
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It also follows from lim y (a) = ßxs that ßx = 1 is a necessary
XII

condition.
If a assumes integral values n only,

I and II reduce to two theorems on the transformation of series
95. I and II on the transformation of

put gk(n) = bnk, andwe

corresponding to theorems
sequences. A matrix gk(a) satisfying (A) and (B) will be re­
ferred to as a ß-matrix. A matrix gk(a) satisfying (A') and 
(B') will be referred to as a y-matrix.

III. Suppose the numbers ck -•= ak + ibk are, for k>l, in 
angle <x<tt of the complex plane, vertex at the origin, and 
lim |cx + c2+ ... +ck\ = co. If the y-matrix gk(a) >0 trans­

an

forms '2ck into y (a), then lim | y (a) | — co .
Proof. If the ck are real and >0 for 1c>l, then for p^l the 

second term of
^9k(a)ck=^9k(a)ck + 2 9k(a)ck

*=p+l*=1* = 1

is > 0, and the limit of the first term, as a -» co , is

Cj + C2 + ... + Cp = sp‘
> sp, andThus all the limiting numbers of the left-hand side 

since, by hypothesis, lim sk = + co (not only lim sk = + go ) the 
result follows.

In the general case, multiplying all the terms by a suitable 
number e*^, we may suppose that the angle a is bisected by the 
positive real axis, so that ak^0 for lc>l, and, as in the proof

Hence, by the above

are

of 57. II, lim (ax+a2+ ... +ak) =* = 00
argument, 2 gk (a) ak —> + co , and thus also

-j- GO •

I 29k(a)ak + i'29k(a)bk\^cc
with a.

IV. Every finite or infinite limiting number of the partial 
sums of a series 2c¿. is the generalized sum of this series for 

positive y-matrix. (Bosanquet, 1931.)
Proof. If s is a finite limiting number of sn = cr + c2 + ... +cn, 

there is a sub-sequence sm -> s, and if lim | sk \ = qo there is a

sub-sequence | smk | -> go and arg -> 0, for some 0. In both

some



cases the corresponding y-matrix, bnk = 1 if k < mn> bnk = 0 if 
k>mn, transforms 2 ck into 2 Kkck =
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. Hence the result.smn

V. Every number s between the upper and lower bounds U 
and L of the partial sums sk of a real series 2ck is the generalized 
sum of this scries for some positive y-matrix.

(Perron, 1920, for bounded series.) 
Proof. Suppose L and U finite. Take suffixes kt[, k" > k^ such 

that sk'í -> L, sk" -> U, and determine the y-matrix by putting
Kk = 1 if fc < k'n, bnk= 0 if k> k", bnk = p/(p + q) if k¿</v<k\[.
where q = U—s,p = s — L. Then

2 bni Cl = sk ' + (Sj/' — S7, ')^ nk h kn p + qy >(n knJ

=
p + q

The case U or L (or both) infinite can be dealt with as in 95. V.
infinite series 2ck is, by definition, the 

limit s of the sequence sk = c1 + c2+ ... +ck of its partial sums, 
the question arises if there is a relation between the generalized
sums

(8)

qL+pU _
P + 2 _S’

Since the sum of an

lim 2 9k(a)ck of 2C& and the generalized limits

lim 2 fk(a)8k

of its partial sums.
Let fk(a) be a K-transformation which applies to sk and 

consider the series transformation
(9) oM = fk («)+A+i («) + ....

Writing s0 = 0, we have
00^ V V
2 fk(a)sk = lim 2 fk(a)sk = bm 2 {9k(a)~9k+i(a)}sk

P=cok=i p=* i=1
= Ji™ [2 0h(a) <Si-s;«-,)-9y(«)sp] = %gk(a)ck, 

provided lim gk (a)sk = 0. But from the convergence of

f(a) = 2 fM
k = l



it follows that gh (a) 0 when & oo . Hence the argument
is justified if sh is bounded. Moreover gk(a) — gk+i(a) =fk(a) 
so that (A) follows from (a'), and
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lim gk(a) - lim [f(a) -ff(a) - ... -fk.i(a)]
a—>oo a—>oo

(10)

= a-«i- ••• -*k-v
so that (B) is also satisfied and thus (9) is a /3-matrix. Thus we 
have

VI. To every K-matrix fk (a) corresponds the ß-matrix (9) 
that the K-limit of sk= cx+ ... +clc is equal to the ß-sum o/2cfc, 
provided the partial sums are bounded. If fk{o) is a T-matrix, 
(9) is a y-matrix.

Conversely, from

so

fk(a) = 9k(a)~9k+i(a)
the sequence transformation (11) seems to correspond to the 
given series transformation gk (a). Conditions (a') and (b') foil 
from (11) and (A) and (B) respectively, with ak — ßk-ßk+r 
Moreover it follows from the convergence of

(H)

ow

2 Í9k(a)-9k+1(«>] = lim [9i(a)~9k(a)]
*=i

that the limit

lim 9k(a) = 9(a)(12)

exists, and thus
/(a) = 2/Ä(a) = 2[gk(a)-9k+i(a)] = 9i(a)-g(a)- 

But f(a) does not necessarily tend to a limit as a -» go , for all 
that follows from conditions (A) and (B) is that g(a) is bounded
for a > a'. Thus we have

VII. The necessary and sufficient condition that the K-limit 
(11) of the partial sums sk = Cj-H ... + ck should be equal to the 
ß-sum of is that g (a) should tend to a limit.

Thus, in a sense, generalized sums 
generalized limits. To every sequence transformation K 
sponds a series transformation ß, but there are series trans­
formations ß possessing no corresponding sequence transforma­
tion K.

more general thanare
corre-
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96 a. Examples. Arithmetic and exponential means.
1. The arithmetic means correspond to the semi-matrix

CH.

1
1/2, 1/2
1/3, 1/3, 1/3(M)

i/n, 1/n,... , 1/a

Here, obviously, conditions (a), (ß), (y) are satisfied.
2. The arithmetic means of any real order r negative 

integer) are defined by the semi-matrix
anh = Au-\/An,(Mr)

where
Arn = (r+ 1) (r + 2)... (r + n)/n !.(i)

We also write
k = 0

It follows from

2 K-VAi = A
if we put p = 0, that 2®»! = 2 ! «„i I = 1, i. e. (a) and (y)

k
are satisfied.

Similarly, by

(2) and Ak = 1,
&=o

(3) tv nr/r(r + 1)
(ß) is satisfied.

3. We obtain a large class of sequence transformations by 
taking any integral function E(a) = 2ek ak, where ek > 0, and 
putting

z'(a) = ^ekakzk/E(a),(4)

i. e. by considering the matrices

fk(a) = ekak/^ekak,
k=0

where a assumes either all positive real values or only positive

(5)

^8



DIVERGENT SERIES 401XII

integral values, both processes leading to the same limit. Con­
ditions (a') and (y/)
function E(a). To satisfy (/?') we must have 

lim ak/E(a) = 0.

obviously satisfied for every integralare

This condition is certainly satisfied if all the coefficients from 
a k onward are positive or zero for, if there are no negative 
coefficients,

ak/E (a) < ak/(e0 + e1 a + ... + emam), m>k,
and the right-hand side obviously tends to 0 when a—> co . 

Taking ea for E(a) we obtain Borel’s exponential limit, 
(Similarly ert’ leads to Borel’s generalized ex--B-lim zk. 

ponential limit.)
The exponential method can also be applied to the trans­

formation of series. We put

^(6)

By partial integration
gk(a) = e~aak+1/(lc + 1) l + gk+1(a),

which shows that (A') is satisfied. On the other hand the 
properties of the JT function in the form of an integral, (33. 8), 
show, by Stirling’s formula Ex. IV. 22, that (B) is also 
satisfied.

Moreover in the series
2% [ae-Hkdt

k ! Jo(7)

we can interchange 2 and J whenever 2ckak/k ! is an integral 
function. In fact

ak+1ra
e~Hkdt < tkdt = k-\-1" o

klck ak+l
Vkl'J+land lim

uniformly convergent in any finite region, and thus the Borel 
sum of 2 ch can be written in the form

= 0 for every fixed a. Therefore (7) is

cke~*2 C~tkdt = e-i2 tKdtlim ^

whenever the limit in question exists.
k\k\



The summation of a series by (6), called exponential 
summation, is not fully equivalent to the exponential limit of 
8k = c0 + cl + ••• +Cfc.

The exponential limit can be put into the concise form of an 
integral. Putting
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s (it) — 8nan/n ! 
o

B(a) = e~as(a)

u(a) = 2 cnan/n ! 
o

B(a) — c0 = J s(a)]da = J e~a[s\a) — s(a)]da.

s'(a) — s(a) = 2 (8n+i~8n)an/n\ = 2cn+1an/n\ = u'(a). 
)

B(a) — c0 = J e~au'(a)da.

we see that

Moreover,

i. e.

(8)

A further simplification consists of replacing u'(a) by u(a). 
(Proof by Perron, 1920.)

Integrating by parts, we find
fa a fa

J e~au\d)da = [e~au{a)~\ + J e~au(a)da,(9)

and we are going to prove that if the left-hand side has a limit 
for a -*• so , then also the integral on the right-hand side tends 
to a limit when a -» oo and at the same time 

lim e~au(a) = 0.

We shall establish in this way the relation

J e~au'(a)da = c0+j e~au(a)da,(10)

provided the left-hand side exists.
The proof is based on the following 
Lemma (Perron, 1920).

lim/ (a) = lim\f(a) +f(a)],
a—>oo a—>oo

(H)

provided the limit on the right-hand side exists.
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This lemma is established by Stolz’s extension (1893) of 
L’Hospital’s rule.

g'(a)= lim
a—>GC

i. e. the limit on the left-hand side exists and is equal to that on 
the right-hand side, provided the latter exists and h(a)->cc 
with a (nothing further is supposed about g (a) itself). If we put 
f(ci)+f(a) = <p(a)y the solution /(a) of this linear differential 
equation is

lim(12) h'(a)

f(a) = e rtf en(f)(a)da.

Applying (12) to

g(a) = ea 0 (a)da, h(a) = ea,
Ja0

and noticing that

= 0(tt) = /(«)+/»>
we prove (11). 

In our case
/(«) =Jo

/(«)+/(a) = co+ Í e-rtu'(a)(ia, 
J o

u(a)da,f'(a) = e~au(a),

so that

by (9), and thus the lemma proves (10).
In this way we obtain Borel’s final formula

lim B(a) — j™e~au(a)da.(13)

We remark, however, that the integral on the right-hand side 
may have a sense when B (a) does not tend to a definite limit. 

For example, if u(a) = ea cos (a2), the integral

e~clu(a)da = cos (a2)da Jo Jo

B (a) = f(a) +/' (a) = Í cos (a2)dt + cos (a2) 
Jo

exists, and

does not tend to a limit as a -» oo . The summation by Borel’s

S.
 8

Ö 
i Ö
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integral is more general than the summation by his exponential 
means. We say that 2 is summable (B) to s if Borel’s integral 
tends to s.

To avoid certain difficulties met with in the application of 
exponential means and S-summability, Borel introduced a third 
type of summability which is a special case of the exponential 
means and of the R-summation. We say that 2cÄ is absolutely 
summable (B) if all the integrals

404 CH.

-a (a)J c?a,(14) T — 0, 1, 2,,.dar

exist. Condition (14) for r = 0 shows that a series absolutely 
summable (B) is summable (B) ; the case r = 1 shows that a 
series absolutely summable (B) is summable by the exponential 
means.

96 b. Further examples.
4. Consider an increasing real function g (a) such that the two 

limits

lim g (a) = A and lim g (a) = A + 1
a—>0

exist, and form the functions

(1)

fM = 9(0ka)-y(ek+1«).
where the sequence of positive numbers 0jc is steadily decreasing 
to 0. We have (a) > 0 and

s| A(o) I = 2.4(a) = Km IXM-iKM] = 9(8<,a)~A-

Therefore (a') and (y') are satisfied. By (1) and (2), condition (ß') 
is also satisfied.

5. Take

(2)

£/» = W(a+ l)f
which obviously satisfies (A") and (B') and leads to 

¿Íck[a/(a+ l)f,
k

i. e. if we put a/(a+ 1) = t, to the power series 2c7/*'. When 
a-»30, ¿-»1. Thus the value of this generalized limit is

ÇN
 8
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Hm 2c*í,£ for 0< ¿< 1. Therefore this generalized limit exists
<->i
whenever the function f(z) = 2ckz1c has a limiting value as 
z->l along the real axis. If 2 c* is convergent, 96. II, applied 
to this particular case, reduces to Abel’s well-known result on 
power series. Therefore this transformation of series is called 
an Abel transformation and the corresponding sum, if it exists, 
the Abel sum of the series.

6. Le Roy takes
gk(a) = r(kt + \)/F(k + 1) where t = a/(a+ 1).

405XII

From
r(kt+ 1) _ T(kt + 2) 
r(Jc+l) f {k + 2)

kt + 1

9k(a)~9k+i(a) =

_ r(kt +1) / _
~ r(k+1) V

)>o
k+ 1

we see that (A") is verified. Condition (B') obviously is.

9o(a) = l>
a a+ 1 a + k-f 1

9k\a) — 0, + rtt + r+ l a + r + k+ 1

Conditions (A") and (Bz) are readily verified.
8. If glc (a) satisfies (A") and (B'), then [^*’(a)]r, r >0, also 

satisfies the same conditions. This remark applied to ordinary 
arithmetic means (Ex. 1) leads to Riesz summation, very im­
portant in the theory of Dirichlet series. Applied with r = 2 
to Borel’s exponential summation we obtain

7.

, r>0.

i rar°- Ip Jo J 0y>wT"“u]cdu = (itu)1{dtdu-t-u9 k (a) = e

and
29k(a)ck =|aJae-i-“[2 ^{tu^dtdu.

The interchange of 2 and JJ is justified as in the case of 
exponential summation.

This summation applies in particular to ck = ( — l)*k!zh, 
R1 (z) > 0, and we obtain by integrating with respect to t

00 e-udiL 
1 +zu’

29k(a)ck = Í 
* Jo

lim
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i. e. the summation in view assigns a value to a power series 
divergent for every value of s except z = 0.

97, General properties of K- and T-matrices and transforma­
tions.

I. The sum and product of two K-matrices exist and are K- 
matrices. K-matrices form the elements of an algebra, in which 
addition is associative and commutative, and multiplication is 
distributive and associative but not necessarily commutative.

II. If, for every r, is a K(Ka) matrix with the bound Mr

and the characteristic numbers off, oir\ and if 2 I cr I — b

406

r=l

is convergent, G = 2cra$ a K(Ka) matrix, with thecharac-
r=1

teristic numbers 2 cra%\ 2ara(r) and its bound does not 

exceed b.
III. The product of two T-matrices exists and is a T-matrix 

and their multiplication is associative, but T-matrices do not 
form an algebra.

XV. If for every r, a\rik is a T-matrix with the bound Mr, 
00 00

and if 2\cr\Mr = b is convergent and 2cr=1» tJien
r=lr=l

2 crank i8 a T-matr™ an(l hound does not exceed b.
r=l

Proof of I-IV. The sum anli + bnk of any two matrices exists, 
and addition is obviously associative and commutative. As for 
the product, if AT and N are bounds of ank and bnk, we have

s = l k = 1

SO that the product of any two ¿'„-matrices exists and is 
a ¿„-matrix. Moreover, from

2 bnicifc + 2 anicik ~ 2 (hni + ani)ct'fc>
, = 1 t = l t'=l

that multiplication is distributive. To prove that the

t=i

we see
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product of two TT-matrices is a üí-matrix, we notice that if z^ is 

a regular sequence, i. e. if zh tends to a limit z, = 2

407XII

aikzk

and thus also z" = 2 Kiz'v are regular sequences. Moreover

Kl < 2 I bni ! 2 I aik I \zk \ <NMa>,

where <u is any number greater than all the numbers | zt |. 
Therefore we can rearrange the double sum 2 Ki 2 aikzk

« k
will without destroying its convergence or altering its sum. 
Thus 2(2Kiaik^zk tends to the limit of z". Since this is 

true for every regular sequence, the matrix cn]c = 2 bniaih trans-
forms every regular sequence into a regular sequence. Hence, 
by 95.1, cnk is a if-matrix and its bound does not exceed MN.

If both anh and bnh are T-matrices, z„ -> z, which proves that 
cnli is also a T-matrix. On the other hand the sum of two T- 
matrices is not a T-matrix.

To prove that multiplication is associative we have to show
that

2(2 ani^ij) cjk — 2 ani 2 ^ijCjk>

j » » j

i. e. that the inversion of the order of the two summations is 
legitimate. But
21 «»i 11 hi 11 Cjk l<M2|6yll °jk l<M^32 cjk 15 

a ij j
where Mx, M2, M.¿ are the bounds of the three arbitrarily given 
If-matrices a ^nk> cnk’

To prove II, we put
nk>

¿V = 2<¿. Um A<? = oM, lim<¿ = ajf'.
7l = oo

Since I | < Mr and 21 cr I = & is convergent, the series

Cr^nk ~ ®nk>

(1)

(2)

converges for every n, so that the matrix ank exists.
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Moreover, from
2 2kl tok 2kivr = í

k
we see that

An — ®nk 2> Cr \(3)
k

We have to prove that An and anJc tend to definite limits as 
n —> co . To every positive e there corresponds a p such that

2 \cr\M,< ■(4)
r=j7+l

Therefore it follows from
Min «2 Kile «(5) r >

k
that

2 cr¿n] < 2 \cr\Mr< f(6)
r=p+i

for every n, and that
r=p+1

(?)
so that

2 cra(r) < •
r=p+1

Now 2 crcxW is a determinate number, and
r j

2 CrAP- 2 Cr«(r)

(8)

= 2 <vM»r>-«(r))+ 2 <MSr’- 2 «.«n

f=P+i

p
2 +€.

r=p + lr=l
while, by (6) and (8),

2 crAlp- 2 cra(r)
r=l

As ti ->ao the first term on the right-hand side tends to 0, so 
that all the limiting numbers of the left-hand side are less 
than e. Since e is arbitrary

lim 2 Cr^-n] = 2 cra(r)"(9)
r

<

K
> i

 W

V IIM

tO
 «i
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In a similar way we prove that

= 2 cAr)-

In fact, I <4$ I < Mr> so that the proof applies without any 
modification.

In theorem IV we have to add the condition 2 cr — D in

order that the limit of An as n -> co should be 1.
Our results readily extend to the case when n is replaced by 

a continuous variable a.
We shall now establish some general properties of K- and 

T-matrices when applied to the transformation of sequences.
If every row of a matrix contains only a finite number of 

non-zero numbers, we say that the matrix or the corresponding 
transformation is row-finite (‘ Zeilen-finite ’), e. g. semi-matrices, 
ank = 0 if k > n, and, in particular, diagonal matrices, anl( = 0

ankzk

reduces to a finite sum, so that a row-finite transformation 
applies to every sequence but may transform a convergent one 
into a divergent one. However, if there is an l such that, in 
every row of a JV-matrix, anli = 0 if loi (row-bounded) every 
sequence zk> however divergent it may be, is transformed into

i
a convergent sequence z'n whose limit is 2 akzk> which has

k = l
connexion whatsoever with the eventual, finite or infinite, limit 
of zk. We see thus that a transformation may apply to a large 
class of sequences without being suitable for a reasonable 
generalization of limit,

If we confine ourselves to HT-matrices, 2 I ank I is convergent,
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(10)

r=l

r=l

if n f=. k, are row-finite. If anli is row-finite, z'n = 2

no

so that the radius of convergence pn of the power series 2anhzk 
is at least 1. We shall call the lower limit 1 of the pn the 
range of and define the lower and upper rank, r and R, 
of a sequence zh by putting

(11) r = lim \Í/zjc\) R = lim | kVzk |. 
* = 00 *=00



We say that the sequence z]c is within the range of ank if 
R<p and that zic is outside the range of an1i if r>p.

V. A K-transformation applies to every sequence within its 
range and applies to no sequence outside its range. Every K- 
transformation applies to every hounded sequence and trans­
forms it into a hounded sequence.

Proof. It follows from (11) that for every positive 6 < 1 and 
rj > 1 there is a p such that, for k>p,

(0r)k<\zk\<(yR)]c.
In the same way, for every positive 6' < 1 there is an m such 

that, for n>m, pn>6'p. Now if R < p, there is a 0'< 1 suffi­
ciently near 1 so that R < 6'p, and an pi sufficiently near 1 so 
that T]R<6'p< pn for n<m, m depending on 6'. Therefore 
z =. rjR is within the circles of convergence of all the power
series 2ankzk> w, and thus all the power series
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(12)

convergent, which, by (12) (ii) proves the first statement.
For any y'>\ there are infinitely many values n', say, of n 

for which pn'<y'p- Now, if r>p, there is an y such that 
rj'p < r, and a positive 6 < 1 such that 6r> yp. Therefore z = Or 
is outside and not on the circle of convergence of all the series
2 an'kzk> and thus there are

k
series whose absolute value is greater than 1. By (12) (i), 
the same follows for 2 an'kzk> 80 that all these series are

are

infinitely many terms in each

divergent.
Finally, it follows from \zh | < £ that

Kl <CH\ank\<£M-

We notice in addition that there are /^-matrices bounded 
and others not bounded in Hilbert’s sense. In fact 1/{n + 1c) is 
known to be bounded in Hilbert’s sense and 2 */{n + lc) is

h
divergent ; this matrix is a Hilbert matrix but not a if-matrix.
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On the other hand, preceding a if-matrix by the column 
1 /na, a< 1/2, we obtain another A-matrix, but the new matrix
is not bounded in Hilbert’s sense as 2 ! anh I2 is divergent.

411XII

98. Generalized limits and summations. Problem of 
sistency. By definition the A-limit of zk is the limit of

zn ^2 anhzk

con-

(when n tends to go ) whenever the latter limit exists. If A is 
a T’-matrix, Toeplitz’ theorem shows that the new definition is 
at least as extensive as the original one, viz. applies to every 
convergent sequence and leads to the same limit. The same is 
true of A-matrices with the qualification that the value of 
the new limit is, in general, not the same as that of the original 
sequence, but there is a precise relation between the two limits, 
so that when the transform of a divergent sequence is conver­
gent, we can assign to zk the value of z calculated from (95. I d) 
as its generalized limit. However, we shall restrict ourselves to 
7-matrices and put accordingly

A-lim zn = lim 2 ^nkzh
00 *=i

whenever the limit on the right-hand side exists.
An obvious property of every 7T-limit, defined by a Toeplitz 

matrix, is the following :
A-lim (azn + bun) = a A-lim zn + b A-lim un

(1)

(2)

whenever the two A-limits on the right-hand side exist separately. 
The corresponding rule for multiplication is, in general, not true. 
In fact, if zn denotes the sequence 1,0, 1, 0,... and un denotes 
0, 1, 0, 1, ..., the arithmetic means of both sequences tend to 
1/2, i. e.

AT-lim zn = 1/2, 
and znun = 0 for every n, i. e.

Af-lim un= 1/2,

Af-lim (znun) = 0.
An important problem arising from the various generalizations 

of limit is that of their mutual consistency. In fact, if both the
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A-limit and the B-liinit of a divergent sequence zn exist, the values 
of the two limits may be different, by 95. IV or V. For instance 
if A is/2; (a) = 0,f2k+l(a) = ak /(a + l),l+1 (k = 1, 2, ...), and B 
isf2h+i(a) =°>Ak(a) = ak/(a+l)k+l,the A-limit of 1, 0, 1, 0,... 
is 1 since
2fk(a)ck = V(tt + l) + a/(a + l)2+ ... +ak/(a+ l)k+l + ... = 1.
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On the other hand its B-limit is clearly 0. Finally, if C is 
fk(a) = ak/(a+l)k+l, the (7-limit of the same sequence is the 
limit for a = cc of the sequence

a2k+la + ... + + ...(a + l)2 + (ct+ l)4 2k+2(a+1)
= a y ( a Ÿ = -±

(a+iy^o^a+1 2 a+1

The T-limits are not mutually consistent though applied to any 
convergent sequence they all lead to the same limit, viz. to the 
ordinary limit of the sequence.

There is an interesting connexion between commutahüity : 
AB = BA, of matrices and the consistency of the corresponding 
generalized limits.

I. If the T-matrices A and B are conmutable, i. e. if AB = BA, 
the corresponding T-limits are consistent at least for bounded 
sequences.

Proof. If A (zn) = z'n z' and B(zn) = zn-*z, we have, 
since the sequences z'n and zn are convergent, B(z'n) = z -*z' 
and A(zn) =zn->z. But, for bounded sequences

^ni ^E ( 2* ^ni^ik\ zk
i k * V t /

2 ani 2 ^ikzk 2 Zk>
i k k V i /

and

i. e. B(Zn) = BA (zn) and A (zn) = AB(zn). Moreover, by hypo­
thesis, we have AB = BA. It follows that z’ = z.

II. If the rout-finite T-matrices A and B are commutable, the 
corresponding limits are consistent whenever they exist.

Q. e. d.

sí
to

i I—
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Proof. By hypothesis, A (zk) — z'n -> /, B(zk) = z{ -> z, and 

thus also B {z\) = 0" -*z\ A (z{) — in -> z. But

413XII

*'»
Ï2 ^E ^ikzk 2« f 2< ^Jii^ik) zk 2- (^E zk>
«=1 *=1 A « * »

<

since AB = BA, and thus
2 «ni 2 ^ikzk ^n>

which proves the proposition.
If the rows are not finite, A (B) : B followed by A, may not 

be identical with the single transformation AB. Moreover, the 
inversion of the order of the two summations may lead to 
different results. The above argument is valid however if, for 
the sequence in question, B(A) = BA = AB = A(B). Hence

III. If two commutable T-transformations A and B are 
applied to a sequence zk for which B\A(zk)'\ = {BA)(zk) and 
A [B{zky\ — (AB)(zk), the A and B limits of zk are consistent.

In general, two T- transform at ions being given, it is difficult to 
determine the whole class of sequences for which the conditions 
of III are satisfied. The following result gives the kernel of the 
class.

We say that zk is within the range of the two consecutive 
transformations B(A) : A followed by B, if Z¡ = 2 I aikzk \ is

within the range of B.
IV. If zk is within the range of A(B) and B(A), where A and 

B are commutable T-matHces, the A and B limit of zk are 
sistent whenever they exist.

Proof. Since zk is within the range of B(A),

con-

2 I b-ni ^ 2 I aikzk I

is convergent and thus

B[A {^k)~\ — 2 ^ni 2 aikzk 2 (2 ^ni^ik^ zk (zk)‘
* k k ^ i '

Similarly, since zk is within the range of A(B),
A[B(zk)] = (AB)(zk),
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which proves that the two sequences z"x — B[A (s/,)] and 
ln = A[B(zk)] are identical, and thus III establishes IV.

This result shows that, for the problem of consistency, it is 
important to determine the class of T-matrices commutable with 
a given T-matrix. This is possible in particular cases only.

V. Ail diagonal matrices are commutable among themselves, 
and a distinct diagonal matrix is commutable with diagonal 
matrices only.

In this connexion, distinct means that all the diagonal ele­
ments are different from one another.

Proof. DD' = D'D follows from dnd7[ = d^dn. Moreover, if 
A is any matrix, AD = DA means that ankdk = dnank, i. e. 
ank{dk — dn) = 0. Therefore, since dk ^ dn for Jc n, ank = 0 
for n =£ k.

Now suppose that A is the il-transform of a distinct diagonal 
matrix Z), i. e. A = fl^Dfl, and take any other matrix B. If 
AB = BA, i. e. fl~l Dfl.B = B.fl~xDfl, multiplying on the left 
by fl and on the right by /2""1 we obtain D. flBfl~1 = flBfl~1.D. 
Thus, by V, flBfl1 is a diagonal matrix Dv say. But then 
B = fl~1D1fl, i. e. B is the /2-transform of a diagonal matrix.

Conversely, if B = fl~1D1fi, then AB = fl~xDil.fl'lDxfl 
= n-'DDxfl = fl^D^Dfl = /2-1Z)1/2./2-1Z>/2 = BA.

Thus if A is the /2-transform of a distinct diagonal matrix, 
the necessary and sufficient condition that AB = BA appears to 
be that B should also be the fl-transform of a diagonal matrix. 
In our argument, however, we took it for granted that all the 
products in question exist and that the associative law holds 
for them.

These conditions are satisfied (a) if A, B, fl, fl~l are row- 
finite, since the product of two row-finite matrices is row-finite,
and the double sum 2 ani^ijGjk reduces to a finite sum ; (b) if

V
A, B, fl, fl1 are ifa-matrices and D, Dl are bounded ; (c) if 
A,B,fl, /2-1 are Hilbert (H) matrices and D, Dx bounded.

VI. Suppose that a row-finite (Ka or H) matrix A is the fl- 
transform of a distinct and bounded diagonal matrix, where fl 
and fl_1 are also row finite (Ka or II matrices respectively). Then 
B is commutable with A if and only if B is the fl-transform of 
a (bounded) diagonal matrix.

414 CH.
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Proof. The only remark we have to add to the above argu­

ment is that if B, fl and /2-1 are Ka (B) matrices, Dx = /2B/2-1 
is also a Ka (H) matrix and thus it is necessarily bounded.

Another method of obtaining a large class of commutable 
matrices is to consider power series in commutable matrices, 
by 97. II.

VII. If A and B are commutable Ka-matrices with the bounds 
M and N respectively and if 2 | cp | Mp = c and 2 j ep \ NP = e 
are convergent, the matrices G = 2 cpAP and E = 2ep BP are 
commutable.

Proof. It follows from

415XII

]2 2> I ®ni I \^ik I 21 I ani I 2 I aik I '^2' I ani I ^ ^
k iik

that

kk

and thus
2 2M l(AP)«fcl<c, 2 21ep11 (BP)nk\<e>

k pk p
so that G and E are ATft-matrices with the bounds c and e respec­
tively.

Moreover,
(CE) nk < 2 21 <■„ I I mm 12 K11 I «

p ?
so that we can rearrange the series at will. Collecting terms for 
which p + q = m, we obtain

GE =z^(c0emBm + clem_1ABm-'i + ...+c 

= EG
since, by exchanging the coefficients c and e as well as A and B, 
we do not alter the value of the m-th term.

This result, with due modifications in the conditions, readily 
extends to series of different commutable matrices.

Combined with III and 97. IV, theorem VII leads to
VIII. Suppose that (i) A and B are two commutable T-matrices 

with the bounds M and N respectively ; (ii) the series 2cpMP = c, 
2epNP = e are

e1Am-1B + cme()Am)ni-l

convergent, and 2cp — 1, 2ep = 1. Then the
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generalized limits corresponding to C = 2,cpAP and E — 2epBP 
are consistent for zk, provided

C[E(zk)] = (CE)(zk)
and

E[C(zk)] = (EC)(zk)
(certainly satisfied for bounded zk).

99. Conmutable semi-matrices. As an application of the 
general results obtained in the previous article we shall take 
a semi-matrix A and shall try to determine a distinct diagonal 
matrix D and a semi-matrix fl satisfying the conditions 
(i) a semi-matrix fl-1 exists, (ii) flA = DU.

We first notice that if any matrix A has both a left-hand recip­
rocal A[1 and a right-hand reciprocal A”1, and if A, A¿-1, A“1 are 
associative, then Af1 = A"1, so that in this case A has a unique, 
two-sided, reciprocal. In fact, multiplying Aj-1A = 1 on the 
right by A™1, we have Aq1 A . A”1 = Az-1. AA”1 = Af1 = A"1.

Moreover, if A has a unique reciprocal on one side, A”1, say, 
and if AAy1. A = A . A"1 A, then A“1 is also a left-hand recip­
rocal and thus necessarily unique.

Proof. From AA”1 = 1, we have A . A“1 A = A, i. e. A"1 A 
satisfies the equation AX = A. An obvious solution of this 
equation is X = 1, and if Xv X2 are two different solutions, 
A™1 + X2 — X1 would be another right-hand reciprocal of A.

We remark finally that AA^1. A = A . A”1 A is satisfied if A 
and A'1 are semi-matrices or row-finite, Ka- or H- matrices.

I. If wkk = 0 for some k, the semi-matrix wnk has no 
reciprocal. If wkk =£ 0 for every 1c, wuk has a unique reciprocal 
which is a semi-matrix whose diagonal elements are l/ivkk-

Proof. If we denote by xnk the elements of fl"1, the condition 
fifi1 = 1 means

2 wnixik = s(1) ànk — 0 if n k, Skk — 1.nil >
« = 1

For n = 1 we have ^y,1ícu = 1, wllxlk = 0, k> 1. If wn = 0, 
the first equation has no solution in xn, fl"1 does not exist. If 
wn ^ 0, xn = l/wn and xlk = 0 for k > 1. For n = 2 we have
^21 ^1 fc ^*22*^2It = ^21*^11 ”b ^^22*^21 = ^22^22 = ^ > ^22^2?; = ®
for k> 2.
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If w22 = 0, the second equation becomes absurd ; if w22 ^ 0, it 

gives x22 — 1 /w22. The first equation determines x2V and the last 
shows that x2k=0 for k> 2. Continuing in this way, we 
establish I.

II. If in a semi-matrix A all the diagonal elements are 
distinct, there is a semi-matrix 12 such that flA = DS2 where 
dk = akk and the diagonal elements wkk are arbitrary.

Proof. I2A — D12 means

417XII

2 Wniaik = dnwnk-(2)
*=*

For Ic = n, wnnann = dnwnn so that dn = ann satisfies this 
equation for arbitrary values of wnn, and if wnn 0, ann is the 
only possible value for dn. We shall suppose that dn = ann and w 
arbitrarily given. Then (2) gives for n = 2, w2Xaxx + vo22a2X=d2w2X, 
which determines w2l since an — d2 = axx — a22 ^ 0. Similarly 
the equations

^31^11 'h ^32^21 *^33^31 = ^3^31» ^32®22 ^33^32 = d¿W32
determine w31 and w.i2 since au — cZ3 ^ 0. And so forth.

These two results prove by 98. VI the following theorem.
III. Suppose that A is a semi-matrix with distinct diagonal 

elements. Then (i) there is a semi-matrix Í2 such that A is the 
12-transform of its own diagonal elements’, (ii) a semi-matrix 
B is commutable with A if and only if B is the 12-transform of 
a diagonal matrix ; (iii) the A and B limits of a sequence zk, if 
they exist, are consistent, provided B is the 12-transform of 
a diagonal matrix ; (iv) the tivo limits corresponding to 
B = I2~l Dxf2 and C = f2~l D2f2 are consistent if Dx or D2 is 
distinct.

The last statement is proved by taking B or C for A.
If we take for A the matrix M of the arithmetic means, we 

can take for 12 the Euler semi-matrix E whose elements are

nn

(n-1)!
(n—k)l (/c — 1)S *

k-1(-1)
It is readily shown that EE = 1, so that E is its own reciprocal. 
Thus we obtain Hurwitz and Silverman’s results (1917) : A semi­
matrix A is commutable with M if and only if A is the E-trans­
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form of a diagonal matrix ; all T semi-matrices commutable 
with M define mutually consistent limits.

418 CH.

100. Regular limit processes and summations. The problem 
of consistency is intimately connected with the following 
fundamental problem about generalized limits and summations.

If zn converges in the ordinary sense to z, every partial 
sequence of zn converges to the same limit. In particular, if we 
suppress or add a finite number of terms, the remaining sequence 
is convergent and to the same limit. Similarly, if 2cn con­
verges to s in the ordinary sense, we can suppress or add a finite 
number of terms, of sum s' say, without destroying conver­
gence, and the sum of the new series is s + s'. This property 
does not in general extend to generalized limits and summations, 
for every term z'n of the transformed sequence depends on all 
the terms zn of the original sequence.

We shall say that a T-limit is regular if the existence of the 
T- limit of zvz2,... and of z2,zz,... imply one another and lead to the 
same limit. Similarly the y-summation is said to be regular if

00 oo
the y-convergence of 2 zk and 2 zk imply one another and 

1 2
s2 = 8l — zli where s2 is the y-sum of the latter, and s1 that of 
the former series.

Since the various generalized limits of a sequence are not 
equal, we have in practice to choose one leading to the ‘ right ’ 
value. The usual test for this choice is to take a Taylor series 
representing a known function and to apply the limit process in 
question to the partial sums of that Taylor series formed at 
points outside or on its circle of convergence, and the ‘ right ’ 
value is, by definition, the value, or a specified limiting value, of 
the function at the point in question.

I. If a regular summation sums the divergent G.P., 23n>
o

its generalized sum will be the ‘ right ’ value 1/(1 —z).
Proof. By hypothesis,

00 no

the y-sum of 2 3” = y-sum of 2 3,1—1 = a — 1, say.
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But the y-sum of z 2 zn = z (y-sum of 2s”) =
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z<r. There-
o

Q. e. d.fore (7—1 = so-, and thus cr = 1/(1 —0).
II. The method of arithmetic means of any real order r > — 1 

(Exx. 1 and 2), Abel’s summation, Ex. 4 0< 1,
Ex. 7, and Riesz summation in Ex. 8 are regular.

(Perron, 1920.)
Proof. Putting

2 ck 9h(a) — s(a)> 2 ckOk + l(a) — °"(a)’
t = lfc = l

have to show that if either of the two limits liras (a) or

limer (ct) exists, the other also exists and equals the first.

in the case of arithmetic means a (a) = (a— 1 )s(a— l)/(a + r—l), 
for Abel’s sums a (a) = as(a)/(a+ 1), in Ex. 4, when 6k = 6h, 
a (a) = s(a-a), in Ex. 7 0» = as(a + l)/(a+ 1) and for the

summation a (a) = s(a-l), which establishes the

we
But

Riesz

proposition.
Borel’s exponential summation is not regular as is shown 

by the following example. We determine the coefficients ck by 
the equations

2 eht**V(k+1)1 =/«-/((), 

/(() = 1 +c'sin (/=)/<,
k=0

where
which leads to

= r e~‘ if w -f <0]dt=«-"/ w -1
j 0

s(a)

sin (a2) sin (a2) + 2 cos (a2) — 1,
a2a

which has no limit when a > 00 , whereas

= > [f(t)-f(t)]dt = e-af(a)-l-ta (a)

^ sin (a2) e_a -1 -> -1.
a

Ee 2
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For the series 2 ck> however, the function corresponding to
l

u(a) of 2 ck is u'(a), i. e. by the remark following (96. 8) if
o

2 ch i® summable by the exponential method to s then also
i

2 <v£ is summable by the same method to the sum s + c0. Thus
o

adding a term to the series does not destroy its summability 
though the suppression of a term may destroy it. In such 
a case we say that the summation is semi-regular. Borel's 
exponential summation is semi-regular. Similar definition for 
limits :

If the A-convergence of z19 z2,... implies that of z0,zl,z2... to 
the same limit, we say that the A-limit is a semi-regular limit 
process.

We notice, however, that
III. Borel's absolute exponential summation is regular.
Proof. Absolute summability (B) is a particular case of 

summability (B). Thus, by I, we have only to show that if

2 cn i® absolutely summable (B), then also 2 cn i® absolutely
o ,i

summable (B).
The conditions (96. 12) of the absolute summability (B) for

2 cn contain also the conditions of the absolute summability 
o

(B) for 2 , since in the case of the latter series the function
i

corresponding to u(a) is uf (a). Therefore, denoting by j B | the 
absolute summability (B), we have to establish that

IBI-sum of 2cn = c0+|£|-sum of 2C«*(1)
o i
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The condition for | B |-summability contains, in particular, 

the existence of

XII

J^° e~au' (a) da.

Therefore, by (96. 8), and by the remark following that formula,

e~au(a) da,

also exists, and
lime-au(a) = 0,

which proves (1).

101. General properties of regular limits and summations. 
The theory of regular limit processes and summations has not 
been developed yet, so that we have to restrict ourselves to

less obvious consequences of their definitions, followed 
by some examples.

I. If A is a regular limit process, then A-lim (zltz2,...) = z 
implies that A-lim {zp,zp+1, ...) = z and conversely.

II. If A is a regular summation and the A-sum of 2ck is s, 
then if we insert new terms c\, c'¿,... ,c'p anywhere in the 
series, the new series is summable by A to the sum

s + Cj + c 2 + ... + Cp.

For the remainder of a series we have the following result :
III. If T is regular and T-lim sn = s, the T-limit of the

T-remainder tends to 0.
Proof.

sk+n = sk + R]c n. Thus, when ÜT-Iiin sn = s and T is regular, we 
have T-lim sk+n = T-lim (sk + Rhn) = s. But, for any fixed Jc,

n = oo rt = oo
T-lim sk =sk, and thus also the T-remainder : T-\imRk n = T-Rk 

exists and = s — sk. Since T-lim sk — s, we have

some
more or

we havePutting ak+l + ak+2+ ... +ak+n = RkiTl,

t=oo
Q. e. d.T-lim T-Rk = 0

IV. If T is regular or only semi-regular and 2-lim sn = z, 
then T-lim cn = 0, where sn+1 = c0 + c1 + ... + cn.

(1)
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Proof. By hypothesis

hm 2 skanh = lim 2 8kantk_v » = 00 « = 00 „ * = 1
whenever the limit on the right-hand side exists. Subtracting 
the left-hand side from the right-hand side we obtain

lim 2 (s/i+i-Sfc) anh = lim 2 cÄonÄ = T-limc„ = 0.
00 *=o

Conversely, T-lim cn = 0 means that T-lim (sn+1 — sn) = 0, i. e. 
T-lim sm+1 = T-lim sn whenever one of the two limits in question 
exists. Thus

V. The necessary and sufficient condition that a T-limit be 
regular for a given sequence sn is that T-lim (sn+1—sj = 0.

The defect of this result is that it only establishes the 
regularity of a given limit process for a given sequence.

We notice two immediate consequences of V. If the T-limit 
is regular for sk, the necessary and sufficient condition that the 
T'-limit also be regular for sk is that T be consistent with T for 
8/c+i"s/c- In particular, if sk+1—sk = ck 0, T-lim ck — 0 for 
every T-limit. Therefore if a T-matrix transforms sk and sk+l 
into convergent sequences where sk+l—sk = ck 0, the corre­
sponding T-limit is regular for sk.

VI. Suppose that (i) A and B are two commutable T-matrices 
with the bounds M and N respectively (ii) "2gpMP, 2hpNP 
convergent and 2gp = 1, 2hp = 1 ; (iii) the transformations 
G = 2gpAP and H = 2hpBP transform both sequences sk and 
sk+l into convergent sequences, and the transformation G is 
regular for sk. Then also H is regular for sk, provided

W] = (m (Ck) and H[G{Ck)] = (HG) (Ck).
Proof. It follows from 98. VIII that G and H are consistent 

for ck. But, the G-limit being regular for sk, we have G-lim ck = 0 
and thus also H-lim ck = 0, which proves the proposition.

Theorem IV restricts the application of a given limit process 
just as the necessary condition ck-> 0 restricts ordinary con­
vergence. The question of the extension or field of applicability 
of the various limit processes and summations has not yet been 
systematically examined. We shall see for instance that

Ar=0

00 * = 0

are



arithmetic means of order r are more powerful than those of 
order < r, i. e. the existence of Mr-lira zk = z implies that of 

zk = z for every r' > r. Now, the exponential method 
applies in many cases where no exists, however large
r is, i. e. the exponential method seems to be more powerful 
than that of the arithmetic means. But Hardy (1910) has 
shown that the sequence (s0 + 8^ ... + sn)/n formed from the 
series 2( — l)n-lzn¿/n3s, — 1/3 <s< 0, at z = 1 exists, while that 
of the corresponding exponential sums does not.

A similar result is the following :
VII. Every absolutely convergent series is absolutely summable 

(B) but there are conditionally convergent series which are not 
absolutely summable (B).

Proof. If 2 I an | converges to s, Appell’s comparison theorem 
Ex. III. 13, shows that
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lime a 2 (Iao I +1 «i ! + •.. + I an I ) a! = 8*

Hence, putting U(a) = 2 | an \ an/n\, we have, by (96. 7),

lim i e~aU'(a)da = a—>oo J o 8 ~ I ao I '

| + ...Similarly it follows from the convergence of | am \ +1 a 
that the integral

«1+1

"a _ dm+lU(a)da 
k0e" dam+1 *

tends to a definite limit for a—*cc. We conclude thus, as in 
Art. 96, that lim e~aU(a) = 0, i. e. that the integral

J” e~aU(a)da

exists.
Remarking finally that

_admU(a)da 
6 ~dcT *£dmu(a) da <

the first part of the statement is proved.
The second part was proved b^ Hardy (1904), who showed that 

for the series where cn — (— l)Vn / Vn if Vn is an integer, and

dam
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cn = 0 if Vn is not an integer, the integral e~a | u (a) | da does
J o

not exist.
102. The method of arithmetic means. We are going to give 

a fairly complete account of the method of arithmetic 
and for convenience we reproduce all the formulae already 
proved in connexion with this subject.

From

DIVERGENT SERIES CH.

means

(1 - z)-r~x = 2(r+l)(r+2)...(r + n)zn/n ! = 2 Arnzn}
we have

A - r(r + n+1) A 
^(7^+l)^(r+l),

AZ =1, A\ =n + 1,
which defines Arn for every real or complex value r except 
negative integers.

From

(1) = 1,

(1 -z)~r2snzn= 2 tyz", 
where sn = c0 + cx + ... + cn, we have

'% = 2 = 2 c,-
v=0 v = 0

4r> = 2 K-\ sJK = -S;/a;,Thus

and if this tends to a limit, 2 cn is said to be summable Gr.
We readily verify that Arn> 0 for r> -1 ; for a fixed r> 0, 

Arn is steadily increasing to + oo when n -> oo ; for — 1 <r< 0, 
Arn is steadily decreasing to 0. If r = — s<— 1 and not 
a negative integer, the sign of Arn is alternating up to [s] 
and has the constant sign (— 1)^ for n > [s].

By Stirling’s formula, Ex. IV. 22, we verify that
(2) Arn eu nr/T(r+ 1) for a real fixed r negative integer). 

The identity
1 1 1

r+1 ” (1 -z)v+r + *9(1 -Z)P+1 (1-0)

shows that

2 Ar_kAl = AÏ+«*(3)
¿ = 0

So



(p,r,p-t-r + 1 not negative integers), from which we obtain, 
putting p = 0,
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2a = A'+K(4)
k=0

A useful limit relation is

(5) 2 I A*’ Ai!* I = 0 (n~r) + 0 («->) + 0 (tv""«1-1),
(Andersen, 1922)i=0

for any real r and s (r, s, r + s — 1 not positive integers). 
Proof. Putting

[s] for s> 1 
0 for s< 1 *

_ f [r] for r > 1 
^ I 0 for r < 1 I<T —

we have
\A~r I = (-l)M-r for = (-1)* A~8 for p><r.

Hence,
p —1

2 \Aj¡rA-ik\ = 2 + 2 + 2
k=n — cr+l* = 0 k=0

= 0(n-g) + (- 1)^2 44&r A-!fc + 0(n~r),

p-1
where 2—0 when p = 0 and 2 = 0 ^ cr = 0. But

*=0
p-1

2 Akr A-ik = 2 - 2 - 2 =i;M+1 + ö(r,) + ö(n-f))
Ä = 0 k = n—<r + l/c-o

which proves (5).
An important particular case is

(6) 2 \Aj-8\ = 0(l) + 0 (n~°) + 0 (n~s+1) = 0 (1 ) + 0 (n~s+l).
k = 0

An important result constantly used in the sequel is the 
following theorem :

I. If an/nr ->ct, &M/n,8b, r> — 1, s> — 1, then

(7) 2 a„-A> T(r+ 1) P(s+ l)a&/T(r + s + 2).r+8+l

v=0

(Cesàro.)

!~-y
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Proof. By hypothesis, and by (2)

an= [r(r+l )a + en\Arnt bn = [r(s+l)b + Vn\A*n, 

fn, rjn tending to 0 with 1/n. Hence, by (3),

CH.

2 <vA = !>+!)!>+1) abA¡+8+' + aT(r+\)^Arn.vrjvA8v
v—0

+ 6r(8+l)2e„_,J'„„A;+2e„_,,yAj;.,Ai.

By hypothesis there is an M such that \en\<M,\rjn\<M for 
every n and, e being given, there is an N such that for n>Ny

I f J < \Vn\<e-

Hence
if N
2 ^n-v\Vv\Al+ 2 Arn_v \r}v\Asv<M^ Arn_y Al + eAr+s+l
i/=0 v = iV-fl

But, for a fixed v, (n—v)rv8 <v nrv8, i. e.

A'v/Arn+g+l<»c/n8+l-* 0.

Therefore 2 Arn_v | t1v \A8v/Arn+8+x 0.

Al71 —y

|. = 0

Similarly for the next sum. For the last sum we notice that

I 26n-„vAn-r ¿II <^2 I I A¡_,A’„
and argue as before. This completes the proof.

II. If 2cn is summable Cr, r> — 1, then it is also summable 
Cr+S, s> 0, to the same sum.

Proof. From
(Chapman, 1911.)

2snzn _ ~snzn
r+s

1
= 'ZSrnzn'ZA8''zn,(l-z) (1 -z)r (l-z)

we obtain

s;*‘ = 2(8)
v=0

By hypothesis, and by (2)

lim S^/A^-xr, i.e. S^/nra/r(r + 1).
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Since, by (2), lim A^/n8”1 -> l/r(s), theorem I applies to the

right-hand side of (8) and gives

Srn+*/nr+8-><r/r(r + s+1), i. e. Srn+g/ A"* ^ a. Q.e.d.

XII

It follows from this theorem that, for any given sequence sn, 
there is a least number r > — 1, called the index of summability, 
such that s{f+5) is convergent and s(I~S) is divergent (S>0) with 
the restriction that when r — — 1, only the first condition is
retained.

At the same time the result can be interpreted as the con­
sistency theorem for the method of arithmetic 
any sequence sn the arithmetic means of order r and r are 
convergent, they converge to the same limit. In fact one of the 
numbers v and r' is less than the other, r<r , say, and so, by 

last result, the arithmetic means converge to the same limit.
III. If 2 cn is surnmable Gr, r> — 1 ,then &ir-5) / rf —» 0, where 

0<S<r+ 1. (Dienes, 1913 ; Andersen, 1922.)
In particular for S = r, sn/nr —> 0 and thus also cn / nr —> 0.

(Chapman, 1911.)
Proof. By hypothesis, Srn - {s + en)Arn and for n>p, say,

I en J < e, where e is arbitrarily given. If S is an integer, since 
s£-'= Sll-Sti, we see, by (2), that Srn~s/nr ->0. If 8 is not 
an integer, we have

If formeans.

our

Srn-S = 2 A;*-f
v — 0

P "
= sAl"s + 2 A-6;1 evArv+ 2 A-8;1 ev Arv.

v=p + \

The first term and each of the finite number of terms in the first 
when divided by nr obviously tend to 0. Finally, sincer > — 1,

(s + eJA^

y = 0

sum

2 A-*? ev Arv I < 6 2 I Arv I = eO(nr), by (5).
v~p+l

Therefore all the limiting numbers of Sh~s/ur lie between 
— A e and + A e, i. e. e being arbitrarily small and A independent 
of 6, that ratio has the unique limiting number 0.

y = 0

Q. e. d.
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This result restricts the field of application of arithmetic 
If cn/nr does not tend to 0 for any r> — 1, themeans.

arithmetic means do not apply.

103. The method of arithmetic means—continued.
Another kind of restriction for the method of arithmetic means 
is implied in the following result.

I* If I ! <Mt r > — 1, (in which case we say that sn or 
is oscillating Cr) and if there is a p>r such that sn is summable 
Cp, then sn is summable (7r+5 for every 8> 0. (Andersen, 1922.)

Proof. We first prove the theorem for p =r+l and, for 
simplicity, we suppose that lim s(¿+1) = 0 and 8< 1. If 6 is

a fraction, specified later on, and p is the integer satisfying the 
inequalities 6n^.p<6n + 1, we have

p-1

= 2 + 2 =¿n + Bn >
y = 0 y = 0

where

\An\<MZ A-'+*N(n-vY
y = 0

( MNnrAl_x < MNxnr {p - l)5 if r>0
^ \MN{n-p+ l)rAj_i <MNx(n-p + l)r{p-\f if r< 0.

M„|<{
i. e.

5MNxnr (On)
MNx(n - 6n)r (6nf = Mxnr+*{\ -ô)rôs.

= M,nr+56si

Now, if 0, take a 6 such that Mx 6b<e and if r < 0 take a d 
such that Mx( 1 — 0)r65<e, where e, as usual, is arbitrarily given. 
If in either case we denote by Qx the chosen value of 6, we have

6xn^.p<6ln+| An | <evir+5 for every n.
Similarly

K = = 2 S'a- 1«
y = 0

P n—p—i

= 2 >+» = 2
y = 0

= 6lN + 62(7l) + 63(7l),

2 +‘%tlA-"s+
y=0 v=P+1

■t
t I
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where P is determined by the condition that for n>P,\ 4f+1) | < rj, 
r\ being arbitrarily given.

Now, putting I s(,tr+1) I = en, we have

XII

iwi =
<JI/26„^(ri-p)r+1î>-1+5
<jí,«.»r’i«.»)
= Jf,( 1 - ey+'6i l*hn_pn^ = M.,(n_pnr*\ 

where M3 is independent of ». Hence there is an », such that 
I b3(n)\<enr+5 for n>n1.

-1+5

Similarly
n-p+1

\<-r¡ 2 Arv+lA-nVv\
w-f> + I

|62(»)|<S 2 A?'\A -2+5
n-v

y=0y = P+l

since Añ-t5< 0 for 0 <: ti— 1. But
»t-p+i
2 = 2 - 2 = 2 A'y*'A-^,

i/—0y = 0 y=n—p

so that
P

|62(»)|<>)2
y = 0

P'l
= u(2 i^i+5

V v=o

<,(2 A;'+*A^r + A-p'+tA'i'p)-vAl+*=vA¿'**A'n±'p.
y=0

I b2(n) I < M^rjnr+S < enr+s,
for every 7t, if rj is sufficiently small.

Finally,
p

!M»)|<Af52 M„-2;$l<j«'5(-P+i)M
y=0

<M1(P+l)n~2+5

Hence

-2+5 j 
n-P 1

— M1(P+1) r+5
— ^r+2 10 >

and, as r+ 2> 1, there is an 7i2 such that | bx{n) \ < €nr+s for 
2, which proves that Sr^ö/nr+0 —» 0, i. e. s(^+5) —> 0. The 

theorem is thus proved for p = r+ 1.

-2+5<Jfe(P+l)(»-P)

71/ > 71
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To establish the general case we have only to make the 
following remarks.

The case p^.r+1 is included in the result just proved, since, 
by 102. II, if 2cn is summable Cp it is summable Cr+1. If 
p > r + 1 and r > - 1, 2cn is oscillating Cp~l (since it is oscillating 
Gr and p— 1 >r) ; hence, by our result, it is summable G ~1+5 and 
if p- 1 <r+ 1, we can take a 8 such that p-l+<S<r+l and 
thus 2cm is summable Gr+Ô. In this way after a finite number 
of steps we establish the general result with the exception of 
the case r= — 1. In the last case, the oscillation CP, p> — 1, 

does not follow from the oscillation (7™1.
But, for s > 0, the identity

(71+1 )S°n-' = sS!l_1+ 2 Cv(v+1)A

DIVERGENT SERIES CH.

8 — 1

y = 0

leads to
(n+l)\ S°H~' ¡ < sMx A*n_x + Mr¿A*n = 0 (n% 

l^-1l<M(n+l)8~1.i. e.

Hence | s(* 1} | is oscillating. 
The theorem shows that :
Corollary. If there is an r such that sfl is oscillating, either 

2cn is not summable by arithmetic means of any order or it is 
summable by all the arithmetic means of order

For integral values of r a natural way of forming means of 
successive orders is to form the arithmetic means of the 
arithmetic means of the first order and

>r.

so on :

Hy = (80 + 8l + ...+ sn)/(n + 1 ) = 4P,
#(|) = (Hbl) + B[l) + ...+ HP)/(n + 1),

Hy = (H%-» + Htr-n +... + H%~V)/(n + 1),

called Hôlder sums.
II. If, for a sequence sn, (sk) tends to s, then also s(p (sk) -> 

and conversely. (Knopp, 1907 a ; Schnee, 1908.)
Proof. (Andersen, 1928.) We require the following 
Lemma. If (sk) -> s, then s(ft-1)(s^)) -> s and conversely.
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Proof of the lemma. By Abel’s identity,

«I n-l
(i) 2 O'+pK = -2

XII

V =0i< = 0

= ~ &n + {n +P + 1)
and, by definition, S\ = (n+l)s{l\ Replacing s„ by s(”, we 
obtain, by (1), for p — 1,

Sl(8k)=-S2n(sy) + (n + 2)Sl(sy).
Replacing n by v and summing for v — 0, 1,..., n} we have, by 
(1/, for p = 2,

SU8k)=-2S*(8y) + (n+3m»n
and, in general,

S£(8k) = (~P+ + (s^)-(2)

n+—A£ 1, we obtain
p n

«ïw = (-p+i)»(m,)+z<-iW).

Dividing by A? =

(3)
Now, when s(£-1)(s^)s, then also, by 102. II, 8(|)(8(¿)) ->s and 
thus, by (3), 8{$(8k)->8 which proves the converse of our state­
ment.

To prove the first part we transform (2) by noticing that
sz-'m = szm-8z-i<*i)>

and we obtain
Srn(sk) = (n+l)SP(s^)-(n+p)SP.1(8n 

i. e. dividing by A? = 7~^ A%_u

8(in (Sk) = (»+1)8,S)(«T)-Hi51 (ST)-

we have

(4)

Replacing n- by y and summing from 0 to n, we obtain
s%'(*k)+¿K'(sk) + ...-ts'H'M =«ïm

which shows that when (sfc) -> s, then also 8(^)(s(^)) -> s and 
thus, by (3), -> s.

Theorem II readily follows from the lemma. In fact, in 
virtue of our lemma, the equations

sW(8k) —>8, 8V(S<¿>)->8, ... ,¿2 (&*-») -*8,H*n^8,
hold or do not hold at the same time.

(5) n+ 1

Q. e. d.
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104. The method of arithmetic means—concluded.
In this article we are going to establish a set of necessary 

and sufficient conditions for summability by arithmetic means.
I. The necessary and sufficient condition that 2ak = A should 

be summable Gr is that the equations
an = (n+ 1) (bn-bn+1)
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(1)

have a solution b0,blf.
Cr~\

We denote by A the sum of the series 2ak as well as the 
series itself.

Proof. We notice first that, for any given an, (1) has a solu­
tion and, if bn is a solution of (1), then all its solutions are of 
the form bn + c where c is a fixed constant. Our next remark 
is that, putting
and similarly 
we have

.., bn,... such that 2bk = B is summable 
(Hardy and Littlewood, 1924.)

Srn (a0 + • • • + ak) = #S%,
Bn (&i + • • • + bk) = /S'f,

(2) Srn = (r+l)S'f-(n+l)S'n+l.
In fact, putting/(z) = 2anzn, g(z) = 2bnzn, we have 

f(z) = [(z-l)g(z)Y = g(z) + (z-l)g'(z).

r-1

Since, by definition,
/(a)/(l -zY" = 2S£z" g(z)/( 1 -z)«> = 2S''z”,

and
-z)r]' = g'(z)/{l-z)r + rg(z)/(l-z)r+\

we obtain
f{z)/{\-z)r+1 = - [g(z)/( 1 -z)rY + (r+ 1 )g{z)/{l-z)r+\

i. e.
^Srnzn = (r+ l)2SZzn -(2S'f-lzny 

= (r+ +
which establishes our second remark for every positive r. For 
r = 0 we have

An — Bn (n + 1) bn+l.
Suppose now that B is summable Gr~l. Then B is a fortiori 

summable Cr, i. e. S'f = ArnB + o(nr) and, by (2),
Srn = [{r+\)Arn-{n + \)Arn-+\]B + o{nr) = ArnB + o(nr).

(3)
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Thus
II. If B is summable Cr~l, A is summable Cr to B.
Suppose now that A is summable Cr. We may suppose that 

its sum is 0. If r = 0, we have
(ti + 2 )Bn — (u + 1) Bn+i = Bn (n + 1 )bn+l = An °(1)>

= o (1>2),nBn _ B
n+í n+ 2 (n+2) (n+ 1)

and thus there is a constant h such that Bn/(n+ 1 ) = h + o(l/n), 
and finally

n+\ _i. e.

bn+1 = Bn+l/(n+ l) + o(l/r¡,) = h + o(l/n). 
For r > 0 we have similarly

(4)

(5) (n + r + 2)S'[-(n+l)S'J+i
= (r+l)S'¿-(n+l)S'nr;í = S = o{nr). 

Putting S'* = (n + r+ 1) ... (n+ l)gn and reducing, we obtain 
(n + r+2)... (n+l)(gn-gn+1) =Srn = o(nr),

9n-9n+i = o(l/n2).i. e.
Hence, gn-*g and

Sr = 0+2 o(l/i/2) = g + o(l/n),9n = 9+ 2
{v + r + 2)... (J/+ 1)

and thus
S'J = (n + r+1) ... (n+ 1 )g + o(nr). 

Substituting in (5), we obtain
= hA,ri+1 + o(nr-1), where h = (r+l)lg.

We state this result in the form
III. If A is summable Cr, then

S'r1 = hArn + AA^ + o(nr~l).
This equation readily proves that the condition as stated in 

theorem I is necessary. In fact, assuming that A = 0, suppose 
that bn is any solution of (1). By our first remark all the other 
solutions are of the form bn + c. Taking c — —h, we have

tí?’1 = S'J-'-hAl = o{nr~l), 
i. e. bn — h is summable Cr~x to the sum 0.

(6)

S'
*



bn satisfies (1) so that bn = bn + c. But by its definition 
(7r_1-lim bn = 0 and, B being summable Gr~l, then also 
Cr_1-lim bn = 0, i. e. c = 0, bn = bn, and B is summable Cr~1. 

Finally, h and thus also g being 0,

AA' =b0 = S'0r = (r + l)!gr0 = (r+ 1)!^
o (n + r+2)... (n+1).

Hence the result
V. If A is summable Cr, then A' = 2ctm/(n + 1) is summable 

Cr~x to
Sr(r+l)! 2a {n + r+2) ... (n+ 1)

Finally, if is summable Gr, then 2 {an + c) is certainly not 
summable. Therefore there is only one solution satisfying the 
conditions.

If r is an integer, the successive application of I leads to the 
following general theorem.

IV. The necessary and sufficient condition that A = 1an 
should be summable Gr (r an integer) is that there should be a 
system of numbers ans,s = 0,1, ...,r+ 1; n = 0,1, 2,..., such that 

= ctn) aniS-i = (n + 1) (ans cin+l g)) s > 0 and -Ar+1 = 2ct 
is summable (7-1, i. e. convergent and nan) r+1 -> 0.

(Knopp, 1924; Hardy and Littlewood, 1924.)
Proof. Suppose that Ar+1 is summable G~x. Applying I 

repeatedly we see that As is summable Cr~8 for s = r,r — 1,..., 0, 
i. e. A0 = A is summable Gr. Conversely if A is summable Cr, 
there are numbers am such that As is summable Cr~8, i. e. Ar+l 
is summable G~x.

Theorem I can be slightly transformed by the following 
sidérations. If A is summable Gr, (1) has a solution bn such 
that B is summable Cr~1. It follows that 2(6n — bn+1) is also 
summable Gr~l to b0, i. e. A’ = 2an/(n+ 1) is summable Cr~x to 
b0. If we define bn by
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n,r+1

con-

K = Cr-1-sum of 2 a j{v+ 1),(7)

[absolutely convergent) and, bn being defined by (7), B is 
summable Gr~l to A.
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This result shows that the particular solution of (1) referred 

to in I is the bn defined by (7).
Conversely, if A' and B are summable C'--1, then A is sum- 

mable Gr, for bn satisfies (1). Our remarks establish the following 
statement :

VI. The necessary and sufficient condition that A should be 
summable Cr is that bn can be defined by (7) and for the bn thus 
defined is summable Cr~l.

Some consequences of theorem I are now given.
VII. If A is summable Cr and nau -> 0, then A is convergent.
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= 2 «„/ (*> + 1) = 2o(lA2) —o(\/n)Proof. «ni

and similarly ans =to(l/n), i. e. Ar is summable (7_1 and thus A 
is summable C*1. Repeating the reasoning r times we see that 
A is summable (7-1, i. e. convergent.

VIII. If A is summable C and tn =ax + 2a2 + ... + nan — o(n), 
then A is convergent.

Proof.
.V

_ ^ V _ V-lav2„+l

Ar-1
_2 "'y ______A____ ____ ^n-l i Cv

"7 A+ 2) (p + \)V (n+ \)n (N+ 1 )N'

For N go , we obtain

= 22 -l
«ni 7 (t/ + 2) (i/ + 1) y (rH- l)-n-

= 2 ° ( iA2)+0 ( Vn)=0 ( V71)-

Hence by VII, A1 is summable C~l and therefore A is con­
vergent.

The method used in establishing theorem I and its conse­
quences, applies also to Holders means. Put

ft = (i8B + ... + 5»)/(W+l),« = sn>
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By definition, A is summable Hr if Srn~* A. If we suppose
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that
a0 — 0, b0 — 0, an+l — n(bn ^«+i)> 

we find without difficulty that
S°n = S'an - 7ibn, &n = 2S'i - S\-\ r > 1,

and, following step by step the proof of I, we find
IX. The necessary and sufficient condition that A should be 

summable Hr is that there should be a solution bn of (8) such 
that B is summable Hr~*.

We find also that this solution is given by
K = 0, bn = Hr~x-sum of an+1/n + an+2/(n+ 1) + ... .

The equivalence of Cesàro’s and Holder’s methods readily 
follows from our results. Suppose that the theorem is true for 
an r. Then

(8)

Hr+1-lim (ci0 + ax + ... + an) = Am
is equivalent to

i/r+1-lim (0 + 0 + a2 + a3 + ...+a„) = A-a0-av
and therefore to

JTr-lim (0 + bl + ... + bn) — A —a0 — a^,
where

bn = HMim \an+l/n + ... + an+1J (n + &)],

Now, in the last two equations, H may be replaced by C, and 
thus if we write

n> 0.

n> 1, bn = b'n_ i,

b'n = (7r-lim [</ (n + 1) + ... + af+k/ {n + &)].

Therefore (9) is equivalent to
Cr-lim (6q + b[ +... + bf) = A a0 a^,

(7r+1-lim («Ó + ... + a ') = A — a0—a1

(7r+1-lim (a0+ ... + an) = A,
which proves equivalence for r + 1. The complete equivalence 
is thus established by induction.

= a'. 7l>0,an n-2i
we have

i. e. to

i. e.



CHAPTER XIII
THE TAYLOR SERIES ON ITS CIRCLE 

OF CONVERGENCE
Bounded functions.
105. Elementary properties. In this chapter we are going to 

apply the general results of the last chapter to the particular 
case of the Taylor series on its circle of convergence. When the 
radius of convergence is r, the transformation z' = rz leads to 
a Taylor series with the radius of convergence 1. Therefore we 
shall suppose throughout this chapter that this transformation 
if necessary has been made, i. e. that the radius of convergence 
is 1.

Our general object is to establish relations between properties 
of the series (coefficients, partial sums, &c.) and properties of its 
sum function at or near the points of the circle | z | = 1.

I. If s™ (el 6) -> l, then lim 2anzn = l provided z approaches ei9

inside an angle < n, vertex at eie.
(Abel, 1826 ; Frobenius, 1880; Holder, 1882.)

i-<p

Fig. 56.

Proof. For simplicity, we put 6 = 0. By hypothesis, 
Sy/Ara l, i. e. Srn = lArn + e„ Arn. Therefore

f{z)/{ 1 -z)r+1 = 2Srnzn = l2A'nzn + 2enArnzn.(1)
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But if rjp is the greatest of | ej)+11, | ep

CH.438
. , we have+2 b ••

p °°

0 0

24»l*l”= V(i -I *!)”'■and
0

Hence, multiplying both sides of (1) by | 1 —0 jr+1 we find

(2) i/(*)-i|<|i-*ri2\t„\K\z\n+vP(^È)*'■
n=0 i I

When 0 -> 1 in any way, the first term tends to 0 for a fixed p. 
On the other hand, putting z = l-peia, we have inside an 
angle < n, vertex at 1, cos oc> 8 > 0. Hence, for p<8,

Fig. 56.

I s I2 = 1 — 2 p cos a + p2 < 1 — 2 p8 + pS
= 1 -p8< 1 -p8 + p282/4 = (l -pS/2)2,

i. e. I 0 I < 1 -p5/2 = 1-5 I 1-0 I/2, and thus

l-\z\< *

Therefore the second term on the right-hand side of (2) is 
<rjp(2/8)r+1 = ep and thus the limiting numbers of the right- 
hand side when 0 -» 1 inside the angle in question are all between 
-Cp and €p. Since rjp, and thus also ep, is arbitrarily small, the 
theorem is established.

<n i«o
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For 7 = 0, i. e. for ordinary convergence, the theorem was first 

proved by Abel, at least for radial approach. The case r = 1 is 
due to Frobenius and the general result to Holder.

Another elementary result is the following. When the 
partial sums
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sn(eie) = a0 + ax eid + a2eil 9 + ... + anent9,

are bounded, i. e. | sn(eie) ^.M, where Mis independent of a, then 
also the sum-function f(z) = zn is bounded in | z | < 1, i. e. 
1/(z) I < M. In fact, from

/(re19)/(I — r) = 2sn(ei0)rn

we conclude that

\f(rei9)/(\ — r) MSr71 — M/(l—r).

The same holds for the arithmetic means of the partial sums. 
II. If I s^1 (eie) j < M independently of 6, then \f (z) | < M. 
Proof. By definition,

f(rei9)/(l-r)k+1 = 2Sk(eie)rn,

and, by hypothesis,
\SW)/AkMM.

Hence,
I f(reie) |/(1 — r)k+1 < 'M2Akrn = M/(l — r)k+1.

The main interest of this result lies in the fact that its 
converse is not true. We shall in fact construct an example 
where the function is bounded in | z \ <1 and the partial sums 
are not bounded. Thus, when the partial sums are bounded we 
infer by I that the function also is bounded, but when the 
partial sums are unbounded, we cannot in general conclude that 
the function also is unbounded. In view of this fact it is rather 
surprising that

III. Iff(z) = '2anzn is hounded, i.e. \f(z)\^M in | z|< 1, 
then the arithmetic means

<rn(ei0) = K + Si(eie)+ ••• +sn(ei<?)]/(™+ !)

are hounded, i. e. | crn (e*9) | < M. (Landau, 1913-16.)
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Proof. We first notice that

(3) pi/(«")!■<**= r
Jo Jo

= 2 I n e{n-m)Oid0 = 2jr2l <*« |2r2n,
«, m " 0 «

2anWií<?2ámrm<rmíW

from which it follows that, for every r < 1,

2 J an |2r2w< i/2,

i. e.

2|aJ2<if2.
Hence, 21 an |2 for a bounded function is convergent and, in 
particular, an -> 0.

Now it follows from

/(*)/( l-*)2 = 2(»+ l)<r,,(l)*"
that

f(z)dz(»+1)t„(1) = ^J (by 56. 3).
(1 -z)2zn+l1*1 =r

But we can add
/(z) (l-^n+1)2-l 

(1-2)2 zH+1

to the integrand without altering the value of the integral, for 
this term despite its form is regular at the origin and thus in 
I z | < 1. Hence

/(«)(!-*»+>)«
(1 -z)2zn+l

( 1 + z + z2 + ... + zn)2 dz,

(«+l)<7„(l) = ¿if
I *l=r

=JL r
2viJ l*!=r «

i. e. if |/(«) |<if,
(»+l)|o*(l)|< M 

therefore, by (3),

(«+1)1 <7,.(i)i <

D 1 +Z+ ... +zn \2dd, z = rel°,2nrn

M 2tt(12+ l2r2+ ... + l2r2m)2 7rrM
if

= ^(1+r2+-+r2m)-
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Since the left-hand side is independent of r < 1, we have
XIII

M(n+ 1) Ian{ 1) I < lim — (1 + r2 + ... +r2”) = (n+ 1 )M,
r—>1 T

which proves that
kni1)! < M-

Applying this result to the function fx(z) = f(el0z), we see 
that I <rn(ei0) I < M. Thus if crn (eie) is unbounded, the function 
also is unbounded in \ z\ < 1.

There are, of course, whole classes of Taylor series for which 
the partial sums are bounded whenever the function is.

IV. If I nau I <c and | f(z) |<A/ for \ z\<l, then \ sn (e10) | < iV, 
where N is independent of 6 and n.

Proof. For 0 < r < 1, we have

Q. e. d.

^ akeki9—f(reid) = ^ akeh0i(l—r^)— 2 a^e1*01.
k = n+\* = 0* = 0

But
1 _rn - (1-r) (1 +r+... +rn-1)<(l-r)n.

Thus

2 akek0i-f(reiO) \ < (1 -r) 2 & IH I + 2 I ak I ''*•

k=n+1

Putting 1—r = 1,/n and remarking that the arithmetic means 
of the numbers | ax |, 2 ¡ a2 |,..., n | an | cannot exceed c, we 
that the first term on the right-hand side is < c. On the other 
hand the second term is less than

(5)
k=lk=0

see

c V c
- 2<rn = —Tr--- X = c,no n{l-r)

for 1 —r— l/n. Hence

2 akekie ^M+2c = N.
Q. e. d.k=0

106. Dominants of partial sums and of the function. In the 
general case when, for bounded functions, sn tends to infinity 
with n, the order of this infinity is at most logarithmic. More 
precisely,
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I. If the function f(z) is regular and \f{z) |< 1 in \z\<l,

442 CH.

then

1.3.5 ... (2n — 1))= <?„•(i)is„(«i»)i<i+(i) + (^y+...+(
2.4... 2n

(Landau, 1913-16.)
The remarkable fact disclosed by this result is that there is an 
upper bound, Gnt for the sn of the whole class of functions 
satisfying the conditions.

Proof. We write 0 = 0. By (56. 3),

(2)

=L/(2)C 1 1 J dz2 7T iSn ..++ ~2 + .Z2

(1 + z + z2 + ... +zn) dz = f
J i

where Q(z) is any polynomial beginning with the terms 
I + z + ... + zn. For example, since

zn+1

m fßiQ(*)dz,
= Zn +1

lzl=r|ij=r

i/ = 0

1/(1 -z) = 2zn,

if we put
PJz) = 2 <*»(-*)',(3)

v = 0

the polynomial

(4) [Pn{z)f = 1 +z + ...+zn + b 

may be taken for Q(z).

zn+1+ ... + bUlz2n»t+i
Therefore

fp,[Pn(z)fdz.
-27risn(5) |z|=r

From this identity we obtain

= I ■?.(*) !*<*“ =

(6) 2 7T I sn I <

y = 0
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and since the left-hand side is independent of r, we have

2v — 1\~12

XIII

V =0 y = 0 id

]=e.." rl.3...(2r-I) 
- 2.4 ... (2r)

y=0
Q. e. d.

We notice that
1.3 ... (241-1) (2n)\

- 2aw ( n\) ■¿ »
2.4... 2n 

i. e. by Stirling’s formula, Ex. IV. 22,
1 3 (2 ti__1)log —-—-------- - =2 n log n +2 n log 2 — 2 n + \ log n

2.4... (24t)

+ i log 2 + ^ log (2tt) + o(l)- 271 log 2 - 2-n log71 + 2n,

— log il —log (27t) + o(l) = log4l-|log7T+ o(l)
i. e.

1 . 3 ... (2 41 1) _ g- J log w—J log ir+o (1) (y 1/ VtT41
2.4... (241) '

and thus
1 W 1Gn = 1 + - 2 1A + 2 °W 90 -tog n-
U„ = 1 V=1

(7)

Another remark in connexion with Landau’s theorem is that 
the upper bouTid Gn camriot be lowered for the whole class. In 
fact, for any given n, there is a bounded function for which 
sn = Gn. For, by Kakeya’s theorem, Ex. II. 17, Pn(z) does not 
vanish for \z | 1, and thus

(8) AW = Z-Pn{\/Z)/Pn{z)
1,3... (244-1)

2.4... (241)

1+ ...+ -zn~l+zn

1 + L+... 1.3 ... (2n — 1) 
2.4...(2 n)

is regular in and on \ z \ — 1 and, for \z | = 1
_ PJl/z) \Pn(e~«<)\_
~ PM \PMi)\

1.!/„(-) I
It follows that

\fn{z) I < 1 in and on I 0 I = 1.(9)
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and, by (5), where now the integral can be taken along \ z\ = 1, 
we have

2 7risn

444 CH.

= ^\Pn{z)Pn{Vz)dz

= ijf Pn(eai)Pn(e~ai)doi = i £ | Pn(z) \2doc.

Thus, by the last equation of (6), sn = Gn, which we wanted 
to prove.

Finally, by means of the functions (8) we can construct 
a bounded function with unbounded sn.

For this purpose we first remark that if m ^ 0, n > 0, bi > 0, 
and ci > ci+1 > 0, then the sn of

(Fejér, 1910.)

fc0 + &1z + ... + 6„z’" = ÿ k 
c0+c1z+...+cnznR{z) =

A = 0

are all positive. In fact, by Kakeya’s theorem, Ex. II. 17, R(z) 
is regular in and on \ z\ = 1 and all the coefficients hk of

11
( 1 -z)(c0+...+cnzn) c0-[(c0-c1)z+... + (■cn-1-cn)zn + cnzn+1]

= 1 (cn-c,)z+...+cnzn+1 + [(c0-c1)g+...+cwgw+1]2 + ...
Coclc 0

= 2hkzk
positive. Hence the same is true of the coefficients ofare

R(z)/{\-z).
Consider now the series of functions

») = ¿ A2

V = 1

formed by a sub-sequence of the functions (8). Since, by (9),

If „3(z)A21 < iA* inandon M = 1,

the series converges uniformly and represents a continuous 
function in and on | z \ = 1 and

!/(*)! <¿21A*= L
77 y=l

Rearranging the series, and noticing that all the partial sums of
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/2„3 (z) are positive, we see that the partial sums s2i/3 of the com­
plete series satisfy the inequalities

XIII

6 n 6 1, /ov3x 6 log 2
V*>

Q. e. d.and are therefore unbounded.
An obvious dominant for f(z) = 2anzn is M(r) = 2 | (tn | rn.
II. If f(z) is regular and | f(z) \ < \ in\z\<\,

lim [M(r) y 1 —r] = 0,
r—>1

(Hardy, 1913.)
i. e. for bounded functions the dominant in question may increase 
to infinity when r ->1, but the order of this infinity is < 1/2. 

Proof. By (105. 4), 2 | |2 is convergent, and thus there is

such that 2 ! an |2<e2. On the other hand from

0, 0,

an m

it follows that

M(r) =z^\an\rn+ 2 I an I rn < 2 I an I
n = 0n=0

00 00

2 \an? 2 r2n = 2KI + 2 !«»I2/Vi -r,+
n=0

i. e. all the limiting numbers of M(r)Vl—r for r -> 1 lie 
between 0 and e. Since e is arbitrarily small, the theorem is 
proved.

Another restriction on the increase of M(r) is expressed by
the following result.

III. If f(z) is regular and \f{z) | < 1 in \z\<l, then M(\/3) < 1 
and for any given p, 1/3 < p < 1, there is a function of the class

(Bohr, 1916-17.)considered for which M(p)>l.
Proof. By 105. Ill, for n = 1, we have

|fri(s)| = |s0 + 8i(2) 1/2 = I 2a0 + a1z |/2< 1
for I z I = 1. Thus, choosing a z = eia such that the argument 
of a^z is that of aQ, we have

(2 |a0| + |al|)/2<l, i.e. | ax | < 2(1 - | a0 |).(10)
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Now for 1, putting rj = e2ni/n, y = 071, the function

/i«)+/M+ ••• +/(*7n_1«) X iv + yv+...+V{n~1)v
— 2äav ------------------------------------------Zv

n

CH.

n
p=0

= a0 + anzn + a<¿nz2n+ ... = a0 + any + a2ny2 + ... 
of y is regular and <1 in | y \ < 1. Hence, by (10),

Kl <2(1- |a0|)
and thus

M(1/3) = K1 + 2 I«» I/S" < l«o! +2(1-10, 1)21/3-=1,

n = 1

which proves the first part of the statement. 
Moreover the function

OL—Z
m = i > 0<a< 1,— <xz

maps the unit circle on itself and thus satisfies the conditions of 
our theorem. But, the expression
f(z) = {(x — z) (l+ocz + oc2z2+ ...) = a —(1 — a2)z — (a — a3)z2+ ... 
valid in 10 | < 1/a ( > 1) gives

M(p) = a + (l-a2)p + (a-a3)p2 +... = a + (1 -a2)p/(l — ap), 
and thus jlf(p) > 1 when

a + (l — a2)p/(l — ap)> 1, i.e. p> 1/(1 + 2a).
Hence, when p> 1/3 is given, there is an a satisfying the con­
ditions, and thus a function such that M(p) > 1.

107. The problem of the coefficients. When a function f(z) is 
given by its Taylor expansion f(z) = 1anzn, how can we recog­
nize from the coefficients that f(z) is bounded ? This is the 
problem of the coefficients for bounded functions. We shall 
suppose as before that j f(z) | < 1 in 10 | < 1.

Since M(r) = max | f(z) | is a non-decreasing function of r and

Q. e. d.

I z !=r
I /(°) I = K l> wc have I f(z) \>\ao \ for 0 < r < 1, i. e.

I «o I < 1
and equality can only hold if f(z) reduces to a0. Therefore, 
when f(z) is not a constant, we have

Kl<i.(i)



447CIRCLE OF CONVERGENCEXIII

Now consider the function
f(z)-a0 1

If I f(z) I < 1 and ! ä0|< 1, fx(z) is regular in | « | < 1. Moreover
• /— anu =----rS

maps |/|< 1 on itself, i. e. |u|<l in \z\< 1, and Schwarz’s 
lemma, 42. I, shows that the division by 0 does not increase the 
maximum modulus in 101< 1. Hence \fx(z)\ < 1 in ¡0|<1, and 
thus its first coefficient is < 1. But the limit for 0 = 0 shows 
that this first coefficient is ax/{\ — u0Æ0). Hence a necessary 
condition for boundedness is

Mz) =

a,
(2) <1,1 —a0ä0

where equality can only hold when fx(z) reduces to the constant 
cq/(l a0 cío)) ^

zax + a0
f{z) = öAz)(3) zax

1 ~a0a0
a linear rational function of 0.

We also notice that a0 and ax are only restricted by conditions 
take any two numbers for a0 and ax(1) and (2), i.e. if 

satisfying (1) and (2), there is a function of the class considered 
(<1 in 10 j< 1 ) whose first two coefficients are <x0 and ax, viz. 
the function (3).

We continue this process by putting

we

1 -/n-l(°)/«-l(2) S fo(z) =f(z)‘(4) fn(z)

Therefore, if we suppose that | /n_ 1(0) | < 1 in | 2 | < 1 and 
In-1(0) < B our previous reasoning shows that

l/.(o)l<i.(5)
If |/n(0) I = 1, the process comes to an end, but then fn(0) is a 
constant.

We are going to prove that
I. The set of inequalities (5) form, the necessary and sufficient 

conditions that | f(z) \ <1 in 101< 1. (R. Nevanlinna, 1919.)



We have already seen that these conditions are necessary. To 
prove that they are sufficient, consider the sequence
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(6) /„(»)./i(0)...../.(0)...... |/.(») I <1,
where, if |/w(0) | = 1, /ra(0) is the last number of the sequence. 
The recurrence relations (4), for n = 1, 2,..., m, determine the 
coefficients ax, a2, ..., am. In fact, putting /n(z) = 2aniz*, 
I an0 I < 1, we have

<” "'’few.-,..,..lie/- m_ V.(») + «‘ ) !+*/,(*)«n-1. o n-li o

n-l, o

from which we see that a is a rational function of an-l, to

Therefore, if we know f0(0), fx (0),...,
n-l, o>

®n-l, 0» ®

/n(0), the first two coefficients of fn_x (z) are uniquely deter­
mined by fn(0) and fn-x(0). From the two coefficients thus 
determined and from /n_2(0) we determine similarly the first 
three coefficients of fn-2(z), and so finally the first n+\ co­
efficients of f0(z) = / (z), i. e. a0, ax,... ,an are determined by

•, an, to-l*no> ••

«o»/i(°).(0).

Consider now the function f(z) = '2anzn, where the coefficients 
an have been determined from (6) by the above process. We have 
to prove that | /(z) | < 1 in | z | < 1. For this purpose express 
fn(z) in terms of f(z) by successive applications of (4) and solve 
the equation fn(z) = fn(0) for f(z). Let the function so obtained 
be denoted by gn{z). For example, g0(z) = n0, gx(z) is the 
function (3). By construction, the first w+l coefficients of gn(z) 
are a0,av...an, while, if \fn (0) | = 1, gn(z) = f(z). Since | gn (z) | < 1 
in J z J < 1, we see that | | < 1, thus 2anzM is convergent in 
I z I < 1. Moreover

l/(*)-0«(s)kMn+1/(i-M)>
and thus in every region of | z | < 1 we have gn(z)-^f(z). 
Finally, since \gn{z) | < 1, then also |/(z) | < 1 in |z|< 1.

Q. e. d.
108. Fatou’s theorem. Putting an = afn + ia" and z = reia in 

f(z) = 2anzn we obtain
/(z) = I,rn(a'n cos rux — a" sin noi) +i'2rn(a'n sin na. + a" cos noc). 
In particular for r = 1 the Taylor series is the sum of two 
trigonometrical series



CIRCLE OF CONVERGENCE 449
2aneian = 2(a'n cos na —a” sin na) + i2(a'n sin na + a'' eos na). 
It is therefore natural that in relations between properties of 
the function near \z \ = 1 and properties of the Taylor series 
the latter is replaced by the two component trigonometrical 
series. In this way we can make good use of the known results 
on trigonometrical series. We are going to give a short account 
of Riemann’s method of summation.

By (105. 4), if 2anzn is bounded in | z ¡ < 1, an-> 0. Hence, 
2anzn/n2 is absolutely and uniformly convergent in | s | < 1, 
and thus we can put

XIII

F(t) = — 2anenit/n2.(1)
n=l

Riemann’s method consists in expressing the partial sums sn(elt) 
of 2anzn in terms of F(t) and its derivatives.

Multiplying (1) by
cos m(<p — t) = cos m <f) cos mt + sin m0 sin mt 

and integrating, we find
fir

F(t) cos m (0 — t)dt = —7ramemt<f>/m2>
Jo

and thus
sn(ei(P) = aQ + axei<p + ... +anein*

i r2*
= ao~ ~TTjo

F(t) 2 m2 cos m (0 —

(t-t)]

(2) 1/2 + 2 cos ma = [sin ^ + 2 2 ^ cos ma] /2 ain «
i 2 i 2 2

r . a , . 2m+ 1
-[sm- + 2, (am—2

cos m

Therefore, since

2m— 1 .T 
2— “»1 a —sin

2 sin -
2

2n + 1sin a
2

2 sin - 2
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we have
• 2™+ 1 / , ,v‘sm (0-f)

(3) sn(e^ = a0+l¡yit)§! dt.. (p-t sm r—
2

Taking the arithmetic means on both sides, we obtain 

Sq + Si (ei(P) + ...+sn(ei(P)(4) <rn(ei(t>) =
71+1

æ sin ((/>-<)1 r 2 it
F(t) 

J 0
= «0 + dt.2ir(n+\) dt2 . 0 — tsin -—

2

We are going to simplify these formulae by integration by 
parts. For this purpose, however, we need some results of 
Lebesgue’s theory of integration for bounded functions. See 
Lebesgue 1928 or Hobson.

Consider a real function f(t) of the real variable t and put

D+ = ,h>0, D+ = limf(t + h)~f(t)
h h—>o h h> 0,

D~ = IhnW + hl ,h< 0, D =lim/(¿ + ^)-/(0
h—>0 h /i—M) À , A<0.

These four numbers are called the four dérivâtes of f(t) at t 
(right-hand upper and lower, left-hand upper and lower dérivâtes 
respectively). We say that/(Z) has bounded dérivâtes at t if 
none of these four numbers is + oo. If the four finite 
numbers coincide, f(t) has a differential coefficient /(f) at t in 
the ordinary sense. Lebesgue proved that if /(f) has bounded 
dérivâtes at every point of an interval (a, b), it has an ordinary 
differential coefficient ‘ almost everywhere ' (= everywhere 
except maybe for a set of values of t of measure zero).

(A) The Lebesgue integral F(t) of a bounded function /(f) (if 
this integral exists) is a continuous function of the upper limit 
of integration, has bounded dérivâtes, and also F'(t) =/(f) 
almost everywhere.

(B) If F’(t) be completed by any bounded set of values for the 
values of t at which F'(t) does not exist, the indefinite Lebesg 
integral of F'(t) so completed is F(t).

ue
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(C) For almost every value of t0 the differential coefficient 

\f(t) — a \ dt is \f(t0) — a\ for all values of a—in
ft

at t — t0 of 

particular, for a = /(£0).
(D) The method of integration by parts applies to bounded 

functions integrable (L).
(E) If the integrable functions fn (t) are collectively bounded 

in (a, b) and if, almost everywhere in (a,b), fn(t) ~^f(t), also 
integrable, then

J fo

jn{t)dt =lim

(F) If, in (a, b), the lower or upper (L) integral of /(æ) is finite 
where f(x) is not necessarily bounded in (a, b), then f(x) is 
integrable (L) in (a, b).

If f(z) — 2anz11 is bounded in | 2? |< 1, [f{z)—a^/z is also 
bounded, and thus the integral

'Zf{z)~a o dz,/i(z) =
taken along any rectifiable curve between 0 and z in ¡ 2 | < 1, 
exists and is uniform, and bounded.

we see that F'(t) exists

and has bounded dérivâtes, i. e. F" (t) also exists almost every­
where. At the points t where F" (t) does not exist, we complete 
it by taking for F" (t) the right upper derívate of F/(t), say.

The function in the brackets on the right-hand side of (3) is a 
periodic function of the period 2 7r, and the same is true of its first 
two derivatives, which are bounded functions in spite of the appa­
rent infinity due to the vanishing of the denominator for t = 0.

Consequently we can integrate by parts, and the completely 
integrated parts cancel one another, so that we obtain for 
bounded functions

p'i't
Therefore, from F(t) = — f fl(z)dz/z,

J 0

2W+ 1 , . ,v 

2-(*-*>sin
f2rrsje^) = a0+ o4 dt.F" (t)(5) 0 — t2tt J0

sin
(6) °-n(ei9)=a0 + dt.

sin^—¿ 
2
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Therefore, to establish convergence or C1 -convergence we have 
to prove that integral (5), called Fourier’s integral, or integral 
(6), called Fej ér’s integral, tends to a definite limit as n-> oo . 
The second integral is considerably simpler than the first, for 
the factor multiplying F"(t) is positive throughout the interval 
of integration.

Since the integrand has the period 2n, we may replace the 
limits of integrations by c, c + 2 n with an arbitrary fixed c. 
We simplify both integrals by putting t = 0 + 2 r which replaces 
the limits of integration c, c + 2n by b, b + n and, by choosing 
b — — tt/2, we have

V/2
(7) sje1*) = a0 + 

and similarly

(8) = a0 +

sin (2n + l)rF"(0 + 2t) rfr,sin rJ —tt/2

r F"(<t> + 2r)[
J -TT/2 L

sin (n + 1)t121
] dr.sinrn(n+ 1)

The integrals (7) and (8) are simpler than (5) and (6) inas­
much as the parameter of integration does not figure in the 
brackets and the denominator vanishes only once in the interval 
of integration. Consider now an integral of the type (8)

-r,J>C£?) dt,Jn(9)

and put

f \9(t)\dt =
J 0

G(t).(10)

Suppose that (a) g(t) is integrable (L) in (0, tt/2), (b) g(0) = 0, 
(c) G(t) is differentiable at t = 0 and Gr'(0) = 0. We are going 
to prove that under these conditions Jn 0 when n -» co .

From
. sin t 2 _ 7T1 > —;> * , for 0 < t < - ,

t TV ¿(11)

we have

We now divide (0, tt/2) into three intervals (0,1/n), (\/n,c), 
(c, 7r/2). Then

1 r*/2 mn2 nt 1 i*,r/2(12) |sr(í)I^F«Z<<¿Jc

q I
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and, by (11) (i) and (c),
'1/m

I g(t) I dt = nG()/n) -*■ 0.dt^n
J o

Finally,
sin2 nt 
~tr~ C

dtrc
I OV) I I ytt) I ¿zj i/n

0(c)
£3J 1/n

and the first two terms on the right-hand side 0, while, if we 
choose c such that | G(t)/t \ < e, for 0 < t < c, we have

fc G(t) dt 2e di
J V. t -r <

Thus all the limiting numbers of | J7t j are < ^ ire, i. e. Jn 0.
If gr(0) is not zero, we apply the reasoning to g(t) — g(0) with

H
G(t) = I ^(O — <7(0) I dt. Noticing that, by (2),

<26.W J 1/M t2

0
2_ r*Mnr*rdt =
nr J 0 \ sin t / 1,

we obtain the result
Jn -> gr(0)/2 when n -» co .

Similarly,
1

nn
Thus we have

I. J/ </(Z) is integrable (L) iw ( —tt/2, tt/2) aiui £r'(0) = 0, 
where

G(t) = J t\g(t)-g{o)\<to,

when n -> 00 . Fe have also, by (12),

\{l) ^ -** Ő^0)» 0<t?<7t/2, 0<6< tt/2.

(Lebesgue, 1905.)

Mew
1

(13) -7177

1(14)
wtt j

i s

? 1
1-‘

CM 
I S

5 I
 —



THE TAYLOR SERIES ON ITS
This result applies to (8) for every 0 for which the differ­

ential coefficient of

454 CH.

f ir'(^ + 2r)-F’(^)ldr

with respect to r vanishes at r = 0. Putting, for fixed 0, 
0 + 2 r = t, we have

j’jF'\<P + 2T)-F"(<P)\dT = % \F"(t)-F"(<p)\dt,

and thus by Lebesgue’s theorem (C), at t = 0 the differential 
coefficient, with respect to t, of the integral considered is 
j jP"(0) —-P"(0) I = 0 for almost every 0. Hence the corre­
sponding result for the left-hand side, i. e. for almost every 0, 
the differential coefficient at r = 0, with respect to r, of the

. Thus I applies for
fO

left-hand side is 0. Similarly for

almost every value of 0 and proves that, for almost every value 
of 0, (Tn(el(P) tends to a limit when n co . Therefore by 105. I 
(Frobenius), lim/(re^) also exists for the same values of 0.

r—>1
II. If f(z) = 2anzn is bounded in\z\ < 1, the limit lim f(rei<t>)

exists for almost every value of 0.
109. Limiting values of bounded functions. In connexion 

with his result Fatou raised the question whether a function 
f(z) regular and bounded in | 2 | < 1 can tend to 0 along every 
radius. F. and M. Riesz answered this question in a satisfactory 
way. The proof here given is due to F. Riesz (1921). If, for 
a fixed value of 6, the limit lim f(rei0) exists, we denote this

limit by f(ex6) and we call the integral

^r)=Lu

the d-mean of / (z) on | z | = r.
I. If f {z) is regular and bounded in \z\<\, or if at least /z5 (r) 

is bounded ivhen r —> 1, the set of values 6 for luhich f(eie) = 0 
form a set of zero measure.

Proof. We establish first an important inequality due to 
Szegő (1921 b).

(Fatou, 1906.)

r2rr

I f(reie) I\16

(F. and M. Riesz, 1916.)
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Let us suppose for a moment that / (z) ^ 0 in | z | < r < 1. Then 
every branch of log \f(z)\ is regular and thus, by Poisson’s 
formula (54. 5),

■"In
p log I,f(rei0)\dd,2 77 log \f(z0) I =

P __________r2-rl_______
r2 + — 2 rr0 cos (d — d0)

and z0 = r0el9o} r0<r. Decompose the interval (0, 2ir) into two 
sets of points: (a) for which \f (reie)\> 1,(6) for which |/(?’eî6)|< 1. 
Then

where

2tt log \f(z0) I = F P log I f(reie) \dd + f P log \f{reid) j dd,
J (a) J (b)

f P\og\f(rel9)\d6
J (b)

= f P\og\f(rei9) I dd - [""p log I f(reie) | dd.
J (a) Jo

P\og\f{rei9)\d6-[2 P log \f(reie) \ dd.

and

Hence
2 7T log I f (^o) I = 2 J(a) V o
Replacing P by its maximum and minimum respectively, we 
obtain Szegö’s important inequality

(1) 2 77 log I/(0O) j

f log I f(reie) I I
J o 1

r + r0 f r-r » 
r + r0

The formula is also valid when f(z) vanishes in | z | < r. In 
fact, since/(s) is regular, it has only a finite number of zeros in 
\z |<r. If (¿ = 1,2,.. 
function

\og\f(rei9)\dd - dd.< 2 r-r0J(a)

1c) are the zeros, we form the rational

/.<*) =

By 44. I, I h(rei9) | = 1 and its poles are outside | z \ = r. Thus 
the result applies to g(z) = f(z)/h(z). If we notice moreover 
that I h(z0) I< 1, i. e. \f{z0) \<\ g {z0) |, the remark is proved. 

Noticing that, for x>0,\ogx<x or, more generally,

log « = log (æ5) < S> 0,

that, if 1/(0) j < M, the first integral in (1) is < 277M/S and, 
generally, when fis (r) <M, the first integral is <27tM/8.

we see
more
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Taking a value z0 for which f(z0) ^ 0, and taking a measurable 
part E of (b), we have from (1)

456 CH.

¡J log !/(»■«", 11 r + r0 
r-r0

But the right-hand side is bounded tor r between r1 > r0 and 
1, and tends to a limit B as r-> 1. Thus, if rx is sufficiently 
near 1, the bound is as near to B as we like. It follows that the 
upper (L) integral of the limit of the integrand exists and is < B, 
and thus, by 108. F, this limit function is integrable (L) in E 
and we have Szegö’s inequality

tog|/M-— 2 IT

oi + KI
l-kol

Now, if = 0 for a set of positive (>0) measure, its
logarithm is not integrable, which contradicts the fact just 
established and proves the theorem.

It also follows that, if for two bounded functions fx and /2 the 
limits /x(eíö) and /2(el9) are the same for a set of non-zero 
measure, they are identical. We have only to apply I to fx — /2.

The same is true when pfr) is bounded for both functions.
Another important consequence of 1 is the following.
II. If the functions fn(z) are regular and collectively bounded 

in 10 I < 1 and if fn (e1 e) -» 0 for a set E of 6 of measure m > 0, 
then fn(z) -> 0 at every point of \z < 1.

Proof. Under the conditions of the theorem the left-hand

log I/M-(2) J E

(F. Riesz, 1923 b.)

side and thus also the right-hand side of (2), where f is replaced 
by/w, tends to go with n, i. e. we must have logfn(z)-> — oo , 
i. e. fn{z) -> 0, for every inner point of | z \ < 1 and uniformly in 
I 2 I <r< 1.

Theorem II can also be formulated as follows :
III. If the functions fn(z) are regular and collectively bounded 

in I 0 j < 1 and fn(ei0) converges for a set E of 6 of measure m> 0, 
then the sequence fn(z) converges at every point of \z\<\.

(Ostrowski, 1922.)
Proof. Apply II to fm(z)—fn(z), m and n increasing inde­

pendently to co .
110. Limiting values along different lines leading to the same 

point. Another problem of great interest in connexion with

C^« e. d.
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bounded functions is that of the limiting values obtained along 
different paths ending at the same point of the circle of conver­
gence. In this connexion we shall discuss some important results 
due to Montéi and Lindelöf.

I. Suppose f(z) is bounded in a sector A0OB0 limited by an 
arc A0B0, centre at 0. Iff (z) —> a as z tends to 0 along a radius 
vector LO inside the sector, f(z) tends uniformly to oc as z -> 0 in 
any sector inside A0OB0.

Proof. We shall suppose that OA0 = OB0 = 1. Consider 
the circles 10 | = 1/2” (n = 0, 1,...) cutting 0A, OB, OA', OB' and

XIII

(Montéi, 1912.)

ß
ß'

Bi

ß!I
L

ß.
ß'2 l,

ß.
& A2& 7V

0 AA,AzA+ a3
Fig. 58.

OL at Aq, Alt ...] B0, Bv .A0, Alv..; B0, Bl ..., L0,Ll7.... Let 
An denote the domain limited by the two segments A7[+xAfl+2, 
^n+\Bfi+2 and by the two arcs A7l+yBn+-i,A7l+2Bn^.2> and put
/»(*) = /(*/2U~1)-

When 2 is in Av z/2” is in An, so that the functions fn (z) are 
collectively bounded in Av Moreover, fn (0) on Li Z3 is equal to 
f(z) on Ln+lLn+2 so that, at every point on L2L3, fn(z) tends 
to a. Therefore, by Vitali’s thorem, 42. IV, fn (z) tends uni­
formly to the constant function a in the whole domain Av and
thus \fn(z)-0L I<e in A[ for n>p, say,

\f(z/2n~1) — a |<e in A[ for n^p.
But,in A', 10 I< 1/2, and thus | z/2n~x |<5 = 1/2?,if n^p. Hence 
I f (0) — a. I < e if I z I < S in the sector A'OB'.

i. e.

Q. e. d.



We notice that it does not follow from our hypothesis that 
the function also tends to definite limiting values along AO and 
BO, even if f (z) is regular at the points on AO and BO, 0 excepted. 
In fact, putting z — r el°, we have

I e-1/z I = e-rcose< 1 if cos 0 > 0,
and thus e~l!z is bounded in the semicircle — 77-/2 <; 0 <; tt/2, | s | < 1, 
say. But, for 0 = + tt/2, e-1/z reduces to cos (1/r) ±i sin (1/r), 
which tends to no definite limit as r 0.

The corresponding problem for the boundary has been in­
vestigated by Lindelöf. His beautiful general results are 
established by the correspondence between boundaries in bi­
uniform mapping. Two of his simpler results, however, are 
based on a fairly straightforward generalization of Phragmen- 
Lindelöf’s principle of the maximum 41. VI.

II. Suppose f(z) is regular and that (a) | f(z) | < M in the finite 
domain D limited by a simple Jordan curve C, (b) ivhen z in Dis 
sufficiently near to certain arcs (y) of C, | f(z) \ < a < M, (c) the 
arcs (y) satisfy the following condition : that there are 
71—1 biuniform mappings
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(1) ¿ = 9v(z)> z = K(Ö
of D on D
and being such that the common part D0 of D, Dx,..., D 
tains z0 and is limited exclusively by sections of the arcs (y) and 
of their pictures by (1). Then

.., Dn_1 leaving invariant a certain inner point z0
con­

i’ •
n—X

(2) \f(z0)f<M»-'a.
(Lindelöf, 1915.)

Proof. fv(C) =flK(0] is regular and | fv(£) | <M in Dv and 
in particular \fv{£) \ < <r sufficiently near to the parts of its 
boundary corresponding to arcs (y) of C. By hypothesis 
K(zo) = ^0 and fv(zo) = f(zo)- Hence, F(z) = f(z)fi(z)...fn_x(z) 
is regular in the common part D0 of D, Du .... Dn_l and 
I F(z) I <Mn~1 a- at points of D0 sufficiently near to its boundary. 
Hence, by the fundamental principle of the maximum, the same 
inequality holds at every inner point, in particular, at z0. Hence 
the result.

We are going to apply this result to the particular case when 
B is a part of a circle, centre at z0, containing z0. If AB is the
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greatest arc cut off by the arcs (y), we take n so large that the 
-ath part of the circumference is less than AB, and we choose 
for mappings (1) the n — 1 rota­
tions about z0 :

XIII

\y2ni
(3) £—Z0 — 6 n (z Z0),

V = 1, 2,..., n- 1. 
Then every part of the circum­
ference is outside one of

liliD,DX,... ,D»-i >
i. e. their common part which con­
tains z0 is limited only by the arcs 
(y) and their transforms by the 
rotations considered.

III. Suputóse f(z) is regular in the sector D
0 <r<B, z = a + re1'*’ 

and continuous also on its contour except perhaps at z

Fig. 59.

01 <0<0(4) 21
= a.

If lim f(a + re^i) = lim /(a + re1^) = co,
r—>0 »—=*0

and if f(z) is hounded in D, then f (z) is also continuous at 
a. If the two limits exist and are different, f(z) is not 

hounded in D.
Proof. If this result is proved for 02 — <pv the substitution 

¿—a = {z — aY establishes it for any other angle. Thus we shall 
suppose that 02 — 01 < V 2.

A. The two limits are equal.
Then, for every e > 0, there is a 
sector IX in D with 0<r< 
such that \f(z) — co\ < e is veri­
fied on the two radii up to Be.
Take a point zf\n\z — a\ < Bf/2 
and consider the circle 0 about 
z0 passing through a.

The sum of the angles az0a 
and az0ß is 2Tr — 2(cf)2—(P]), i.e. 
one of the angles is >tt/2.
Hence, if we turn D’ three times 
about z0 by the angle n/2, the common part 1)0' of the domains

0 =
(Lindelöf 1915.)

ß

Fig. 60.



Dp B2, B'¿, thus obtained is entirely within G and is limited ex­
clusively by portions of aoc, aß and their transforms by the 
rotations. By hypothesis, \f(z)—a>\ <Min B\ On the other hand, 
\ f(z) — a>\<e along a a and aß except possibly at the point a. 
But a and its transforms are outside B'0. Thus, by II,

\f(z0)-a>\*<M*6, \f(z)-co\<M*/U1'*
for every z0 in \ z — a\ <R2/2 and M, e, co being independent of 
zo>f(z) 00 when r->0 in

B. The two limits are different, i. e.
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lim f(a + rei‘f,i)=a>l zfc lim f(a + rei(h) = <u,.
r—>0 r—>0

12~^ J *s regu^ar in D and con­

tinuous on its contour except at a, and it tends to ~a>^

along both of the limiting radii. Thus if f(z) is bounded in B, 
so is F(z), and by the first part of the theorem just established,
F(z) tends uniformly to

Since Q>1 a>2 0 Re can be chosen so that F(z) 0 for 0 < r < R(,

01 0 ^ 02‘

branch of VF(z), / (s) — — , say, which tends uniformly

either to —^—- or ———. It follows that/(s) tends to <y1 or to

m = [/(*)The function

when r-»0 in < 0 < 02.

Hence in this sector we can choose a uniform

cw2 which is contrary to our hypothesis. Therefore/^) cannot be 
bounded in B.

IV. Suppose f(z) is regular in B, enclosed by a simple Jordan 
G, and is continuous on its contour, eoccept perhaps at z = a. 

Benote by C1 and C2 the arcs of G determined by a and any 
other point P of C. If f(z) tends to the same limit œ when z 
tends to a along Cx or along C2, and if f(z) is bounded in B, 
then f(z) is also continuous at z = a. If the two limits 
different, f(z) is not bounded in B.

Proof. It is sufficient to prove the first part (the last part 
follows as before). The circle Gr of radius r about the point a 
splits B into a finite or infinite number of distinct portions, but

curve

are
(Lindelöf, 1915.)
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only one of them, Dr, say, has the point a on its boundary. We 
denote by Â1 and A2 the first point of Gr along aCx, aC2 
respectively.

The arcs aAx and aA2 divide the circle \ z — a\ <r into two dis­
tinct domains, one of which, Dr, say, contains Dr. We suppose

XIII

C?

13'

•Zo

(C)

C,

Fig. 61.

that the arc of Cr forming part of the boundary of Dr is < 2 nr/3 
(the transformation a = (z — a)l^¿ leads to this, if necessary). 

Now take a point z^ in Dr and apply the transformation

(¿-Z0)/(£~Zo) = -(z-zoV(z~Zo)>(5)

z --L- °~ä-z0'
transforming Gr into itself and leaving z0 and Z0 invariant. 
When z0 tends to a, Z0 tends to oo and, in the limit, (5) reduces 
to a rotation of angle n about z = a. It follows that when 
\z0 — a\/r<fi (conveniently chosen), then the 
Cr (< 2nr/3, by hypothesis) is transformed by (5) into A[ A2 of 
G having no common point with A1A2.

Dr is limited by portions of A1A2 and parts (c) of G inside 
\z — a\<r. The transform D'r of Dr by (5) is thus limited by 
portions of A[A2 and by the transforms (c') of (c). Since AXA2 
and A[A2 are distinct, the common part D0 of Dr and D'r> which

where

AxA2 ofarc



contains z0, is entirely inside | z — a\<r and its contour consists 
exclusively of parts of (c) and (c').

Now consider F(z) = [f{z)-a>] [fx{z)-ai\, where ffz) is de­
fined by =f{z). By hypothesis, \f{z)-a> \ <M in I) and 
thus also in Dr. Therefore \f1(z)-a> | <M in D'. On the other 
hand, for every given e, there is an Re such that \f(z)—oo |<e 
is verified on the arcs (c), except perhaps at a, whenever r is 
< Re- Hence, for such values of r, | f (z) - oo \ < e on (c') except 
at a', corresponding to a by (5). Thus F(z) is regular and 
bounded in D0 and is continuous ; moreover | F(z) | < Me on its 
boundary except at a and a'. Hence, by II, this inequality is 
valid inside D0 and in particular at z0 where it reduces to
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\f(z0)-(o\< VMe

established for every 0O of D inside \z — a\ <gRt. This proves 
the theorem.

Convergence on the circle of convergence.
111. Examples. A Taylor series may converge at every point 

of its circle of convergence \ z\=\, e.g. when | n1+ean | < A, e > 0, 
or it may diverge at every point of \z \ = 1, e.g. when an does 
not tend to 0, or finally it may converge at some points and 
diverge at other points of \z | = 1, e.g. 2zn/n which diverges 
for z = 1 but converges for every other point of \z | = 1. In 
the latter case, as we shall see, the convergence or divergence at 
a given point is in close connexion with the analytic character 
of the sum function f(z) = 2anzn.

AppelTs comparison theorem, Ex. III. 13, applied to

f(z) = 2anzn

and 1/(1 — r) = shows that when an -> 0, then 

lim
r—>1 2r

i. e. (1 —r)lanrn tends to 0 when r-> 1. Hence, if 2anz71 has 
a pole on \z \ = 1 or an algebraic singularity of order higher 
than 1, e.g. (1 —z)a, a< — 1, then an does not tend to 0 (since 
(1 —r)2anrn does not tend to 0) and thus the series diverges at 
every point of \z \ = 1.

!r = lim ÏB = o,1



But even when an-> 0, i. e. when the series ^anenl* could 
converge, the series may diverge for every value of 0, as is 
shown by Lusin’s example.

Putting
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(Lusin, 1911.)

we have
7)1 (psin-e~l** —el**

19m (&Í<P) I = > 0 ^ °-g~h<pi — sin

Thus on the arc — tr/m < 0 < 7r/m, 0 = 0 excluded,
m0

2 m2\9m(ei<P)\>(1) TV

and (1) is valid also for 0 = 0. If e^1 be denoted by ¿f, there is a 
positive integer k<m for every £, such that

2ir*t 2m
19m(e m i)\>-^r*

and so
2n ki 2m

max I gm(e m i) \ > ~~ '(2) 0<fc<m
Now consider the polynomial

2jt¿

(Z) = 9m(z) + zm9m (« m z) + •••
2ir(m — l)t

+ 0mfc<7m(e~~^~ 0)+ ... +0m(m-1)5rm(e ^ «)•
In each term all the indices are higher than in the preceding 
term (the degree of hm(z) is therefore (m— 1) (m+ 1)) and the 
modulus of every coefficient is 1. Now form the series

2nki

±-
^ Vm

’>X(Z) = 2vn.= ^i2+22+ ... + (m-(3)
«=om = l

Since
12 + 22+ ... + (m— 1)2 + (m— 1) (m+ 1)

< 12 + 22+ ... + (m — l)2 + m2,

tsS
l-0

-

tc
i-e

-
3 I 

to
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we see that the indices of each term on the left-hand side are 
all greater than the indices of the preceding terms. Thus 
also see that an = \bn\ steadily decreases to 0.

convergent at a point of \z\ = 1, we

we

If the series (3) 
would have

were

1 I ¿i2+22+.-.+(w 1)2 ¡ max I imkgm(e-2m g) | = o,
0<*<m

lim
*»=<* V m

which is impossible, since, by (2), the expression in question is

2 m 2 Vm 
^ .— * =

Vm Tt TT
Again, a series may converge at just 

convergence. The series

1

'point of the circle ofone

(4) a0 — a0z + alz'i — alzi + azZ/ÍL-a2z5+...,
where an is taken from (3), is convergent for 0=1, because 
an~> 0* On the other hand, if it were convergent for

ê = ¥= 1,
«o(l-¿)+a1¿2(l-¿) + a2|4(l-f)+

and thus also 1ang2n would be convergent, which is impossible 
since I £2 \ = 1. (Sierpinski, 1916.)

Hardy (1913-14) showed that a Taylor series may converge 
uniformly on \ z \ = 1 without converging absolutely.

Consider for this purpose the function

then

¡7(2) = (i-2)< = 2 (-!)"£?;< 2" = 2v«.(5)
«=0

This function is regular and bounded in \z \ <1, for
g(z) = e-iiog(i-z) and -tt/2 < Im [log (1 -z)]<7r/2.

\nb„\ = n\*g±i)-V (i + n-l) 1 
1 wl I 1.2. ..(71-1) n

But

-/n/(1 + p)(i+S'«)-( l 0.1 +
(/i-M)

i. e. h<l
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and thus

K = 0(1» and 2 I 6» I/log n = 

On the other hand, putting

(6) oo .
n —2

= 2
n=2

have from (6), since ¡<7(2) |<M by 105. IV, \Bm(<f))\<N 
independently of m and (f>.

Now putting an = 6n/log?i, the series 2 | an\ is divergent

we

n = 2

and, as we are going to prove, 2 anen(t>l is uniformly con-
n=2

vergent. The last statement is proved by noticing that, for
3,

c BJ<f>)-Bn.,(<f>)2 anen^ = 2 logn
n = u

BM\__ Bu_i ((f>) ^
log n log (n + 1)/ log u

V X ,
log(n+ \)‘ logu log (v + 1) logu’

1= 2 s„w( log(v+l)

N 2 N1 +

i. e. the remainder

2 anenct>l <2N/\ogp

independently of (f>.
The case when nan -> 0 displays a remarkable regularity. 
I. If nan -> 0 and lim f(r) = A, then also sn-> A.

(Tauber, 1897.)
Proof. Replacing a0 by a0—A, we may suppose that A = 0.

m-f(r) = 2 an(l-rn)~ 2 anrnFrom 8
n = 1



and 1 — rn = (1 — r) (1 + r + ... + r71-1) < (1 — r)n we obtain, for 
0<r < 1,
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Ism-/(r)|<(l-r)2 n\an\+ 2 |an\rn.
n = 1 n=m-f 1

Moreover, denoting by rjm the greatest of (m +1) | a 
(m + 2) I am+21,... we have

m + 1 I ’

2 K|r”= 2 ^r2r" =
= m+l n=m+l o

Vrn

m( 1 — r) '

Now since the 7i|a„| tend to zero their arithmetic means also 
tend to zero, i. e.

1 m- 2 n I an I 0, when m -> oo.
n = l

Putting r = 1 — 1/m, we have
1 “l8m-/(l-l/m) I < - 2 n\an \ +77m->0,

n = l
when m cc.

Since, by hypothesis,/(I — 1/m) -» 0, the theorem is proved. 
A more general theorem on the same lines is the following :

h. if 2 = o(m), and lim f(r) = A, then sn -> A.

(Tauber, 1897.)
Proof. We suppose that a0 = 0, A = o (for if/(z) A then 

/(2)-a0 + K-A)3^° forThus, for |z|<l,

iian
i

_ X Wn~wn-\ _ X: /»n
/(2) - 2, —-—-

zn+1 )
7H- 1l

2n —3n+l \
ti/tí + 1)/= 2«.( +71+11

j W(7l+ 1)

From wn — o(n), we have (1 —z) 2 —
1 71 *

-> 0 and thus, since
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f(z)->0, it follows that zn -*• 0. Applying I to
i

2 gn
^ n{n + 1) , since = o(l/n), we haven{n + 1)

VU + lj »t = 00 j U

10 = 2-^—=lim2-^L_ 
^ w (n + 1 ) m=00 ~ 7i(n + 1 )

)
n+ 1n = l

= iimr2fc',Jn"1
,„ = 00 L, n = lim 2 an.n-1

00 - n = 1

This proves the theorem.

112. Convergence at regular points. We are going to in 
vestigate the influence of regularity of the function/(s) = 2anz11 
at a point t1^ on the convergence of 2anein(t>. For ordinary 
convergence an -> 0 and for the convergence of s(£ (e4*) the 
dition an/nr-+ 0 is, as we have seen, 102. Ill, necessary but not 
sufficient.

I. If an-> 0, f(z) = Zanzn converges at every regular point of 
I z I = 1 and uniformly on arcs of regularity.

Hadamard, 1892, proved this result for the case nea, -> 0,
Proof. (Riesz, 1916.)
If f{z) is regular on (xv x.¿), it is regular in and on the 

boundary of a sector Oz^O. Put 
= f(z)-an-a1z-...-anzn 

zn+1

We are going to prove that, on 
(Oz^0), gn(z) converges uniformly 
to 0. Since J gn(z) | assumes its 
maximum M on the contour, it will 
follow that gn(z) -> 0 uniformly on 
(xv x2), and on this arc

I /(*) - K+»i *+• • • + “»*") I
« \%(0 \/L\

where L is the least distance of the 
arc (xv x2) from the contour. This will prove the theorem in 
question.

con-

(Fatou, 1906.)

9n(z) (Z-Vi) {z-yf), n = 1,2,....

>7
¿2

\X,

Y,

Fig. 62.
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9n(z) ~ an+1 V\ Vï(a) At 0 = 0,
dniVl) = °» 9n(y2) = °-Also

Consider the section (0, yj, extremities excluded. 
\f(z)-(a0+... +anzn) I = \an+1zn+1 + ... |

= ej£r_1<€n(\z r'+...) i-i0i ’
where e„ is the upper bound of |aB+1|, |a„+2j, .... Putting 
I 0 ¡ = r, we have 0 = ryv and thus \ z—y1 \ = l — r, \z-y2\<2, 
i. e.

*»rnH 1
I 9n(Z)\ < ^ _r rn+i (1 r)2 — 2en,

which establishes the result for (0,yt).
(b) Along {yvz^, extremities excluded, 0 = ryv Let \z11 = R 

and put M+\a0\ + ... + \am\ Rm = Am, where M is the maximum 
modulus of f(z) for the sector. For n>m,
|/(0)-K+...+ anzn) I < Am + em (rm+1 + ...+rn)

< Am + -

On the other hand | 0 — 2/1 I = r—1, 12—y21 < 2R. Hence

M + l _ J zy.Tl + l. r< Am + em — -1 *7’ — 1

+K 1 7*
d" em y _ 1 y j.ft+l (^ ~ 1) 2 ^n+l

-1
I ibtC2) I ^ 2R + em2R.

But
r — 1 1 1

rn + ... + 1 < ti ’
i / X i 2 A R 
I ¡7» (2) I <— + 2 R*m'i. e.

For every 5 we can determine an 771 such that 2Rem<8/2. Then, 
for every point of the section in question, | gn(z) \ <8/2 + 8/2, if 
n>77i and also n>4 AmR/8.

(c) Along (0V 02), extremities included. If n>vi,
1/(2)+ «„2") < A» + (if»« + ... + R")

<Am + tmR«+'/(R-l).
Moreover ¡ 0 — y1 \ < 2 R, 10 — y21 < 2 R. Hence

4 R2 = A m ßn-i
4 R2Rn+1\ 1

R-l) Rn+l

Again for every 8 there is an m such that em 4 R2/(R — 1 ) < 5/2

lsr»l<0 d" f jnm d" e m R-l*
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< 8/2, i. e. for every

XIII

and an N sucli that, for n> N, A m \/R 
point of the section | gn(z) \ < 8/2 + S/2.

Similarly for (z2, y2) and (y2, 0). This proves the theorem.
M. Riesz generalized it for arithmetic means.
II. If an/nr -> 0, the arithmetic means s(^ (e1*) converge at 

every regular point of \ z\ = 1.
Hadamard (1892) proved the convergence of (e1^) at 

regular points for an/nr~t -> 0. We only give the proof for 
r = 1.

(M. Riesz, 1909 and 1911.)

Let g(z) = a0 + 2anzn/n = a0+ f
Jo z

dz. Then g(z) is

regular at 1 and thus, by I, a0 + 2au/n is convergent, i. e. 
an = a0 + ax/l + ...+an/n^»g(\). But
{al + ...+(rn)/n = a0 + ax/ 1 + ... + an/n-(ax +a2 + ... +an)/n.
Since arn tends to a limit, the arithmetic mean tends to the 
same limit. Hence sM/n-> 0. On the other hand

so + • ‘ + 8«-l
n(n+ 1) n+ 1

i S« 1+ ^ =t!
v 1 1 n—1 Ki< + n+1 '

Since I 8n \/n tends to 0, the arithmetic mean also tends to 0, and 
thus sty — sl}ij -> 0.

Suppose now that /( 1) = 0,/'(l) = 0. Then theorem I, applied

n

to
2 f(z) dz2 (««’-»síi)*”=v r

M = 1 Z Jo
2 >(1-0)

proves the theorem, since the partial sums on the left-hand side 
for 0=1 are just The addition of a + bz to f(z) leads to
sn = 8n + a + b and sty = s1^ + a + b and thus it does not modify 
the theorem.

The generalization to integers r > 1 is immediate.
To show the limitations of the method of arithmetic means we 

construct an example.
The functions

(Fejér, 1910.)

1 = 2 (-1 )nc?n+mznfm (z) = m+1G+Z) n = 0
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are collectively and uniformly bounded between 0 and 1, since 
I fm(z) I < 1. Moreover limf(z) — l/2m+1.

z—>1
The double series

m = ¿i# = 2 A 2 (-ire?/« = 1 61 /(! + *)
1 +0»«=0 m=0 «=0

is absolutely convergent for 10 | < 1, for a dominant function of
fm(z) is

1
TO i-l *(I“ * )

Consequently, putting
(-!)”«„ = 2 Ac&+“.

»1=0

we have
/(z) = 2(—l)”aw0n where lim/(s) = \e%.

On the other hand if 2an were summable by arithmetic means 
of any finite order (k say), we would have

l-^J <M.

(1)

But
qfjc + l

[(*+»)!]*■
0f+kn - (n + k+\)...(n+\) 

k+1 [(/c+1)!]2

which proves that the series (1) is not summable at 0 = 1 by the 
method of arithmetic means of any order, though its sum 
function is regular at this point. The reason of it is that the 
essential point at 0 = — 1 makes the increase of f(z) very rapid 
when 0-> — 1, and thus the coefficients must be very large.

1
(-!)”«„> (k+ 1)!

113. Convergence at singular points. We have seen that a 
single pole on the circle of convergence makes convergence 
impossible on the circle. Our last example shows that an 
essential point on the circle of convergence may make impossible 
the convergence of arithmetic means. Since the same Taylor 
series represents the function in the whole circle | 0 | < 1, the 
construction of the coefficients reflects the character of the
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function all along \z\ = 1. Therefore it is relatively easy to 
obtain direct theorems, i. e. conclusions concerning the function 
drawn from hypotheses on the coefficients or, what amounts to 
the same thing, on the behaviour of the series, as in the case of 
Abel’s theorem 105. I. Moreover, when we suppose that the 
series converges at el>, the condition an~> 0 is tacitly implied in 
our supposition.

The converse theorems are of two distinct types. On the one 
hand we may start as in 105. Ill with a general supposition 
about the function in the whole circle | z | < 1 and deduce from 
it a corresponding character of the series. These are the most 
obvious and also the easiest inversions of direct theorems. On 
the other hand, we may start as in 112. I and 112. II with a 
local supposition about the function in the neighbourhood of a 
single point of \z \ = \ and try to draw conclusions as to the 
behaviour of the series at the same point. In this case to 
counteract the possibly disturbing influences of the other points 
of I z I = 1, we have to make explicitly some supposition about 
the function all along | z | = 1 or else about the coefficients. 
The less we suppose the better the result, of course, but at the 
same time we are forced to make use of new, more penetrating, 
weapons for the proofs.

lor example, having in view to establish convergence, we 
have to suppose that an->0. We have seen in 112. I that, 
with this general hypothesis, the local condition that the 
function f\z) be regular at e1^ assures the convergence. The 
proolem is to nnd less stringent local conditions implying 
convergence. Fejér (1910) constructed an example showing that 
continuity along a small arc about e^ does not necessarily imply 
convergence.

I. If an —> 0 and f(z) is of bounded variation 
containing 0, 2anein<** converges.

sum

on am arc

(Dienes, 1911, 1913.)
Proof. For our actual purpose we want the generalization of 

(108. 3) expressing sn{ei(P) by an integral extending only along 
a small arc containing 0. 
the part of the integral extending from c to n/2 tended to 0, but 
only in virtue of th'e hypothesis that f(z) was bounded in the 
whole circle \z \ <1.

It was true also in Art. 108 that
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Lemma 1. Putting
an cos nd + bn sinwö = An,

F{t) — — 2 (an cos nt + bn sin nt)/n2,

and supposing that an 0, bn -» 0 {where an and bn are real), 
the difference

' . 2n+ 1 tû 
8m 2 (^-024.-¿JV(W)£

S = 1
dt-* 0(1) . 6-tsin ——2

when n-> oo , where (b,c) is an arbitrarily small interval con­
taining t = 6, and p (t) and its first five derivatives, continuous 
in [b, c), satisfy the conditions

p(b) - p(c) = p{b) = p'(c) = 0, p(0) = 1,
m = p'W) = pm V) = p"(t) =

(2)

and p" (t) has only a finite number of extrema in (b, c).
(Riemann, 1854.)

More accessible proofs in Lebesgue (1928), Hobson (1921-6), 
Dienes (1913).

To prove I, we notice that if f(e10) is of bounded variation 
in (a, ß), i. e. if this is true of its real and imaginary parts, the 
same is true of

= '"aMpsdz+i r [f(é°)-a0-\de
Jo z Ja

/,(*)= [fjfidz= r“^*+if/1(e«)dtf
Jo z Jq * J a

Jo «fM
and of

as functions of 6, where z — ei9. The functions ffiz) and ffiz) 

of z are represented in | z | < 1 by 2 anzn/n an(^ 2 anzn/n<¿

respectively, the latter converging, and thus also representing 
ffiz), on \z\= 1. It follows that F(t), F'(t), and F"{t) are of 
bounded variation in (a, ß) and since, by hypothesis, the same 
is true of p(t), p'(t), and p"{t), it follows that [F(t) p{tj\" is of 
bounded variation in (a, ß). Making use of (1) for both the
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real and imaginary parts of F(t), and integrating twice by parts 
(the integrated parts vanish by (2)), we obtain

XIII

. 271+1,. .sin—— (6-t)

. 6-t sin ——2

Ítí’wpwrl(3) sn(eie)-a0-^ dt-> 0

when n -» ao .
This formula reduces the problem of convergence of the series 

to that of the Fourier integral in the above expression. By 
Dirichlet’s theorem (see Hobson ii, p. 506), this integral tends 
to zero if the function [F(t)p(t)]" is of bounded variation. 
Theorem I is thus proved.

The condition imposed upon f(z) of being of bounded varia­
tion on an arc containing 0 implies, like regularity, that the 
same condition is satisfied in a small but definite neighbourhood 
of the point in question. Continuity is a condition which may 
be fulfilled at a point without being fulfilled at points approach­
ing it. We know, however, by Fejér’s example that convergence 
does not necessarily follow from continuity even when the 
function is continuous all along | z | = 1. Hence the interest of 
the following result, theorem III, based on two lemmas.

Lemma 2. Under the conditions of lemma 1

81 + s2+ ... +8n(4) -a0n
sin (ti+ 1)i d2

dt = Vn 0,6-tdt2 sin —2
where sn = A0 + Al + ... +An.

Proof. Take the arithmetic means of both 
sides of (1).

An immediate consequence of lemma 2 is the 
generalization of Fatou’s theorem on bounded 
functions, 108. II. In fact, applying (108. 14) 0‘
to (4) we obtain

II. If an -> 0 and f (z) is bounded in tice 
sector (0; a, ß), the limit lim f{ré^) exists for

almost every value of 0 'pertaining to the arc (a, ß).

ß

Fig. 63.



We remark that the condition aM-»0, though not explicitly 
stated in 108. II, is implied by the hypotheses. It has, however, 
been shown by Priwaloff (1924 b) that no restriction on an is 
necessary. This would follow from lemma 1 of Art. 120 if the 
latter were proved independently.

The second lemma refers to the special condition in our result 
in view.

Lemma 3. If along every path inside \ z\ — \ leading to e1^ 

lim I f(z) I < M,
a—>e,(t>

then to any given y>0, there is an arc (a, ß) containing 0, such 
that, when z tends, inside | z\ = 1, to any point 6 of (a, ß), we 
have
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(5)

lim I f(z) I <M+V>(a)
2—

r^f(z)-g0(hfM = \
Jo

(b)

tends to a limit when r-> 1 and the limit function h{6) thus 
defined is continuous and has bounded dérivâtes, and almost 
everywhere

f(reie) — a0h'(6) = lim

Proof. Suppose that, for a given r¡ and for every arc (a, ß), 
however small, containing 0, there are on (a, ß) points zv->el,t> 
such that lim \f(z) | >M+ y. Then there are, inside \z \ = 1,
points z'y-^e1^ arbitrarily near for which \f(zv) \ >M+y, 
which contradicts (5).

To prove (b) we notice that, by II,

f(reie)-aQ _ 
reie

(6) eie

(7) 9(0)lim
r->l

exists for almost every value of 6 in (a, ß). For the other 
values of 6 we put g(6) = A, any constant. By Lebesgue’s 
theorem (108. E),

(8)
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But /,(el°) is given by integrating [f(z) — a0]/z along OAB6, 
say. And since the parts of this integral along A a and B6 tend 
to 0 when the arc AB tends to (a, 6), we 
have, by (8),

475XIII

P

(9) f1(ei9) = h{6) = c+[’ g(6)de
Ja

where
-Vfe)-q0 I

dz.c = 2 AJo
Fig. 64.

Therefore, by Lebesgue’s theorem,
(108. A), h(6) is a continuous function, has bounded dérivâtes, 
and h'(6) = g{6) almost everywhere.

We remark that lemma 3 implies no restriction on the co­
efficients.

III. If an-> 0 and along every path, inside \z \ — 1, leading 
to e^

Q. e. d.

lim f(z) = A,
z—>e> *

s<V(et*) -> A.then also
(Dienes, 1911, 1913.)

Proof. We have to prove that under the conditions of the 
theorem the integral in (4) tends to a limit. It follows from

2^2» = VMdz 
1 n¿ Jo «

and from the continuity of fx (z) in the sector (0 ; a, ß) that

F(t) = -2-”eÍKí = - n¿
r/iw r“‘A(z)— dz, z

i. e. F' If) = —ifi(eit) = —ih(t), which proves that F' (t) is con­
tinuous and has bounded dérivâtes, like h(t). By (6),

dz —
Jo 2 . e‘a

F"(t) = -ih'(t)

exists almost everywhere along (a, ß), viz. for every value of t 
for which lim f(relt) exists. By hypothesis this is the case for

»—> i
t = (f>.

These remarks justify two successive integrations by parts,
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in (4), applied in reality separately to the real and imaginary 
parts of F(t). Thus we obtain

sl{eie) + s2(eid)+ ... +sn{eie)
(10) -a0n

e-t~sin (n+l) —
V(i)p(i)71

dt = Vn 00-t2 nn J i sin 2
where, for values of t at which F"(t) does not exist, we put 
F"(t) = A-a0.

In order to apply (108. 14) to the integral in (10), we have 
only to remark that, by (6), h' (t) and thus also F"(t) 
tinuous at t — <f>. In fact, denoting by F(0) the set of limiting 
numbers of [f(rel0)—ao\/e10 when r-> 1, the condition that 
/(2)-> J whenever z->e10 inside \z\— 1 requires that the 
diameter of F(6) dwindles to nothing when 6 approaches 0. 
Thus the oscillation of h' (0) at 0 is 0 and (108. 14) applies ; 
therefore the integral in (10) tends to A—a0 and so the 
arithmetic means tend to A.

are con-

Q. e. d.



CHAPTER XIV

DIVERGENCE AND SINGULARITIES

Degree of infinity and order of singularity.
114. The nature of the problem. In the preceding chapters 
made good use of divergent series by ‘ summing ’ them, i. e. 

by assigning values as their sums. We might as well say that we 
transformed the divergent series or the sequences of the partial 
sums into convergent ones. From the point of view of regular 
points this way of proceeding was quite satisfactory because at 
a regular point an analytic function, or more precisely, a definite 
branch of an analytic function, has a unique value.

Investigations on singularities require, however, a different 
method. The function is not defined at a singular point, and it 
may tend to various limiting values when z approaches the 
singular point z0 in question; in particular it may tend to 
infinity. And again, the way the function tends to infinity in 
the neighbourhood of z0 is highly characteristic of the singularity 
of the function f(z). Consequently, to detect the behaviour of 
the function in the neighbourhood of a singular point z0 by 
means of the Taylor series or by its various transforms, we have 
to make use of their divergence at z0 by establishing relations 
between the kind of irregularity of the function and the kind of 
divergence of the series and its transforms. This is the leading 
idea of this chapter (see Dienes, 1913, preface).

Consider a function f(z) = 2anzn with real coefficients. By 
95. V, if s„(l) —> + oo (i. e. no finite limiting numbers) and if the 
elements of the matrix belonging to a Toeplitz transformation 
are positive, as in almost every practical case, the transformed 
sequence also tends to + oc. Direct divergence to + cc or to 
— oo is not destroyed by a real positive Toeplitz transformation.

This is an important fact for our actual purpose since we do 
not want to transform a divergent series into a convergent one, 
but into another divergent series whose kind of divergence is in 
close connexion with the singular behaviour of the function at 
the point in question.

we
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For example the partial sums of SA^z11 = 1/(1 -z)r+1 at 

z = \ are sn{\) = Arn+l and thus sn(\)/nr+1 l/T(r + 2), i. e. 
the degree of infinity of sw(l) is the same as the order of in­
finity of the function at 2 = 1. Now, when f(z) has a pole of 
order r at 3 = 1, and no other singularity on \z \ — l, we have

f(z) — fi (z) + ^ Ai/(\ — z)1, where fx{z) is regular in a circle of
<=i

radius p > 1. Hence the partial sums of fx (z) =Ibnzn at z = 1 
converge to/^1), and therefore sn(l)/nrAr/F(r+ 1). This 
detects the order of the pole as well as the value of the coefficient 
Ar. If we subtract Ar/(1 —z)r, the same method detects Ar_^ &c.

When there are several poles or algebraic singularities on 
\z \ = \ of the kind just considered, the influence of the pole or 
algebraic singularity of the highest degree upon the partial sums 
is dominating as before. If there are several poles of the 
highest degree r : f(z) = A/(\-z)r + B/(\-e~aiz)r, say, 
have again

CH.

same
we

t=0

The partial sums of 1/(1 —e~iaz) = 2 c~inazn, at z = 1, are

1 _e-*(n+i)a

1 —e~ia ’

i. e. they are bounded when n-> 30 so that, divided by any 
positive power of n, they tend to 0. Multiplying 1/(1 -e-inz) 
by itself we see that the partial sums of 1/(1 —e~iazf at z=l are

1 +e-ia + e~i2a+ ... +e~ina —(1)

eio 2 Ice~ika.
A- = l

Differentiating (1) with respect to a we find that the degree of 
infinity of the partial sums is 1, i. e. dividing by n we obtain a 
bounded sequence, and so 
sums of 1/(1 —z)r formed at z = 1 have the degree of infinity r, 
while those of 1/(1 —e~taz)r formed also at z = 1 have the 
degree of infinity r- 1. Thus the poles of equal, highest, order 
do not disturb one another. Hence we obtain the theorem

on. Thus we see that the partial
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I. If f(z) = 2 anzn is meromorphic on its circle of convergence 
\z \ — 1 and if ei(t' is a pole of the highest order r, then

sn(ei(fi) Br
(2) P(r+1)nr

ivhere Br is the coefficient of (1 -e~i(t>z)-r in the Laurent 
pansion of f(z) about z = é1*.

Thus, for functions meromorphic on the circle of convergence, 
the mode of divergence of the partial sums 
of a pole is in close connexion with the particular features of 
the singularity at the pole.

We notice also, that, at a regular point of \z\ = 1, ordinary 
convergence is stopped by the presence of poles on the circle of 
convergence. To obtain the value of f(z) at a regular point el* 

have to make use of arithmetic means of order r' > r in order 
that the condition an/nr' -> 0 should be satisfied, where r + I is 
the order of the pole of highest order. Thus the singularities 
(poles) are detected by the behaviour of the original partial sums, 
whereas the values at regular points require more complicated 
methods. The reason for this is that the contribution of a pole 
to the formation of the Taylor coefficients dominates over that of 
the regular points. In fact, adding to f(z) a pole of degree r, 

add to its coefficients numbers comparable with 7ir-1, whereas 
adding to f(z) a function whose first singularity is outside 
|z| = 1, we add to its coefficients numbers comparable with 
R~n, R> 1, i. e. the contribution is negligible as compared with 
that of a pole.

The same fact may be illustrated by Cauchy’s formula

ex-
(Dienes, 1908.)

formed for the affix

we

we

f(z)dz1
Jl*l=r°"n 27ri

where we can take for r any value <1. If we choose an r very 
nearly 1 we practically integrate along the inner side of the 
circle \z\ = l. But the integral is the sum of m integrals along 

arcs making up \ z\-r. If we take m very large, i.e. the 
arcs very small, an appears as a sum of contributions from the 
neighbourhoods of all the points of the circle of convergence. 
Now, in the neighbourhood of a pole, |/(z) | is very large, so 
that it seems natural that the neighbouring contributions should 
prevail and display themselves in the partial

zn+l ’

771

sums.
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We notice that, for every z ^ 1/a, 

Sa.ro (2) = 1 +as + ... + aM2w = 
so that, if \<xz\ >1,

^n+l^ro+l 1as— 1 ’as — 1

m WJ*) _
=ao a”3w

More generally, if sÿro denotes the partial sums of

OLZ

as— 1

1
= 2Arn~l(xnzn,(l-a z)r

1 _ 1 r 1 -](r-l)(1 — as)r “ P(r)ar_1 |_1 -asj
iUiW

then since

we have
sa'!n(Z) =

It readily follows that
r s(r)ra(s)lim - \n = —--------------

nr 1txnzn r(r)(ocz—l)

If then, on the circle of convergence of f{z) = 2anzn, z = 1/a 
is the only pole of the highest order r, and if f(z) is meromorphic 
in 12 | < B, we have, for every 2 in the ring 1/| a | < 2 < B,

______  _ Br a 2
nr~1ocn2u ~ ï\r) (xz~-l ’

where Br is the coefficient of (1—as) 
pansion of f(z) about 2 = 1/a.

To prove this statement if 2 is not the affix of a pole, we only 
have to remark that, besides the contribution from a series 
2bnzn convergent in and 
will contribute to the partial 
hypothesis, \ßz\<\txz\.

If z= \/ß is the affix of a pole in \ z\ <R outside 121 = 1/|a |, 
there will only be 
Moreover

(s)p-1).
F(r)a ,n+r-l

a 2(3)

Sn(z)(4) lim
”=ao

in the Laurent ex--r

on 12 I = jR, the finite number of poles 
sum terms like sffn(z) and, by

finite number of poles in |s| < 1/|/?|.a

nPo>) 0/0) = AP coß,n r{r+ 1)
and, from (3)

<?«( 1//3) ” ?(+) fa/jspri '
71+1 1

a tr
.



481DIVERGENCE AND SINGULARITIES 
Thus the largest contribution comes from 8{£n(Vß)> an(* 80

Sn(Vß) _ Br
?ir”1 (<x/ß)n T{r)<x—ß

The Taylor series certainly diverges at every regular or 
singular point outside its circle of convergence. Formulae (4) 
and (5) show, however, that the character of its divergence at 
such a regular or singular point may be fully determined by the 
nature of the most powerful singularity nearest to the centre of 
its circle of convergence.

R. Wilson (1927-9) obtained similar results for the rational 
fractions of Padé’s table (Pádé, 1892), where the successive 
represent the function in circles ultimately extending to its 
circle of merőmorphy about the origin.

Thus the character of the divergence at points on or outside 
the circle of convergence may detect singularities. For this 
purpose however we 
establish.

Suppose for example 
is meromorphic or not on its circle of convergence \z\= 1, but 

that sn(l) —> + cc (coefficients real, positive) 
precisely that sn(l)/nr-^A, r> 0. It follows, by Appell’s 
comparison theorem, Ex. III. 13, that (l—z)rf(z) tends to A 
when z tends to 1 along the radius. We say that f{z) when z 
tends to 1, is comparable with A/( 1 —z)r.

To establish a converse to this simple result we have to prove 
that a certain kind of divergence at z = 1 necessarily follows 
from such a behaviour of the function at z— 1. 
difficulty, as we have seen several times, lies in the disturbing 
effects of singularities at other points of the circle of con­
vergence.

115. Two converse theorems by Hardy and Liitlewood. Two 
very important converse theorems have been proved by Hardy 
and Little wood. The proof of both theorems is based on the 
following three lemmas.

Lemma 1. Suppose g(x) real and differentiable between 0 and 
1, g'(x) monotone increasing and, for 1, g(x) <u (1 —x)~u, 
a>0. Then g'(x) <v a (1 -x)~a~l for x-*l.

XIV

lim(5)

rows

need converse theorems, rather difficult to

do not know whether f(z) = 2ansnwe

or morewe see

The chief
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Proof. Denote by 6 a fixed real number between 0 and 1. 

By the mean value theorem and from the fact that g'(x) is 
increasing we obtain, for 0<¡r< 1,

g'(x) <

CH.

g[x + 6(l-x))-g(x)
6(1—x)

and, by hypothesis, for 1,
g[x+6( 1-x)]cm [i-{x + 6(l-x)}]~“ = (1 — 0)~a(l —x)~a,

< g' [x + 6(l-x)l

i. e.
(1 ~ (9)-a— 1\im(l—x)a+1g' (x)^(1) 6

< Hm (1 -x)a+1g'[x + 6( 1 -x)].
X—>1

The first of the two inequalities (1) shows that

lim (1 —x)a+1g'(x) < a.
x—>1

In fact, the right-hand side tends to a and the left-hand side is 
independent of 6. The second inequality, when multiplied by 
(1 — 0)a+1, gives
lim[l-{æ+6(l-a;)}]c‘+i/[it; + 5(i_ÎC)]>(] m
x—>1 '
and, since lim|>+ 6(1 -x)~] = 1, the left-hand side is inde­
pendent of 6. Therefore

lim (1 -x)a+xg'(x) > lim (1 — 6)

(1 —6)~a— 1a+i
6

(1 — 6)~a — la+i = a,6e—>oX—>1

which proves that lim (1 -x)a+1g'(x) = a.
x—*l '

Lemma 2. Suppose bn > 0, 2 hnxn — h (x) is convergent in 
(0, 1) and, for x^l, h(x) tv (l-x)~ß, ß>0. Then, for any 
integer v,

2bnnvxn <v ß (ß + i) ... (ß + v— 1) (1 —x)~^~v,
for x->l.

Proof, h (x) satisfies the conditions of lemma 1, a being 
replaced by ß, i. e.

xh'(x) = 2bnnxn <v ß (1 
and if the theorem is assumed for v—1, i. e.

v bnnv~lxn 
ß...(ß + v — <v (1 —x)-<i-v+l 

¿)
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this function satisfies the conditions of lemma 1 with

a = ß + v — 1,

483XIV

which proves lemma 2. 
Lemma 3. Let

21 = nve nt
—2)t~l

2 nve nt> 22 =

where, in 21, n> 0. TAen tv+l'2l/v ! ancZ tv+122/y ! ¿eucí ¿o 0 
míA l/i/ uniformly in the interval (0, 1 ) of t.

Proof. Since (uve~ut)ú = vuv-xe-ut—wvte~ut, the maximum 
of uve~ut for fixed v and t is assumed at u = vt~x, and thus the 
terms of are increasing and the terms of S2 are decreasing, at 
least for 3, when v is between v — v* and v + v* — 2. The 
number of terms in 21 is

< (v-V2'3) t-1 + 1 < (v- v2'3) t-1 + t~l <vt~\

i. e.
¡V+< tv+1 vt~l(v — v2/3)vt~ve~v+v2'* = 6log v+vlog

independently of t. But, when r -> cc , 
log v+v {log J/ + log (1 — v~x/3)} —v + v2/3

= 0 (log v) + V { log y — V~1/3 — i V~2/3 + 0 (y~2/3) } — V + V2/3 

= vlogv — V — \ V1/3 + o(vl/3).
Since, by Stirling’s formula Ex. IV. 22,

log (v !) = v log v — v + 0 (log v) — v log v — v + o (p1/3),

we have
tv+l < elog ^ i)-i,,1/8+<>(i,l/') = 0(v !).

On the other hand, the ratio of two consecutive terms in S2 is

(1 + \/n)ve-< < {1 + t/(v + v2'3- 2)}ve~t 

<e-fexp -t(u2/3- 2)_ 
v + v2/3 — 2

¿1/ = exp„ + „2/3.2

where q is a number between 0 and 1 and is independent of n. 
Now

e(u+v2/3 — 2) ^ e(v + v2/3) 
e^I < = t{v2/3 — 2)

and the first term in S2 is < („ + i/2'3-2)vt~v e~v-vï:3+2 = Q, say.

e'l1 e< t{v2,¿ — 2) ’1 - g-î e7 - 1 H
O
 I ®

>
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Therefore
tv+'l2 < tv+1 (Q + Qe-9 + Qe~2(i + ...)

= tv+1Q/( l-e-?)<
e(v + v2/3)v+1 

3—2
g-y-y2'»+2

independently of t.
For y -> oc , the logarithm of the last expression is equivalent to 

1 + (v+ 1) log (i> + y2/3) — log (i/2/3 — 2) — y — i/2 73 + 2
= 0 (logy) + p {logj/ + log(l +i/-iy3)} — y —y2/3 
= 0 (log v)+ r {log y + j/-1/3 — \v~2/i + o (p-2/3)} —v — vvz 
= log V — V — %vl/3 + o (y1/3),

i. e. ¿v+1 22<o(j^ !), which proves the proposition.
Corollary. Replacing v by v 4-1 and noticing that for suffi­

ciently large v, v + 1 — [y + 1)2/3 > v — v213 and that
v + 1 + [v + 1)2/3 —2>t/ + v2/3, 

we have, for sufficiently large v, and t in (0, 1),
¿y+i% _ tv+2 

(7+ljl = (I/+1)! 2 nv+1e~nt-> 0

uniformly when t is in (0, 1), and
tv+2¿v+224 _

(y + ni ” (v + l)l
2 nv+'e~nt 0,

N>(y + l'2/S)<~1
uniformly when t is in (0, 1).

I. If f(z) = 2anzn, an> 0, has unit radius of convergence and 
Hm (1 -x)f(x) = 1,
X—>1

(Hardy and Littlewood, 1913.)then sn/n -> 1. 
Proof.

''ST 71—Til TH
^ am < Z, am6 n < 6 ^ ame~n = ef(e~X*n) — 0[n)>8n =

m = 0 m= 0 m=0

i. e. there is a c such that sn/n < c. Since

2 sraæn = /(æ)/(l — æ) <v (1 — æ)2 for 1,
o

we have, by lemma 2, for every positive v,

2 snnvxn <v (i/+l)! (l-ic)-y-2.
w=0
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Thus for t -> 0

2 snnve~nt <v (t/ + l)!(l
n = 0

But (from the case f(x) = x + x2 ...,sn = n and with v—1 for v) 

2 nve~nt <v v\ t~y-1.

<u (i/ + i)!ry-2.

N = 0

Denoting by j the suffixes n between (v — u2i:i)t~l and (v + v2'z)t 1 
have, by the corollary of lemma 3, for an arbitrarilywe

given 5,

2 nve~nt- ^nve'nt < 2<5(r!)Cv"1,
jn=0

for sufficiently large v, and so

28nnve~nt- 2 snnve-nt I < 2c5(i> + l)!ry~2.
j

Thus to every v> (5) there corresponds a t = t(S,v) such that,
for t in (0, t),

(1-35) < 2 nve~nt < (1 + 3 5) (r !)C y-1
.7

(1 - 3 c5) (? + 1) ! ry"2< 2 snnye-Mt< (1 + 3c5) (u + 1)! t~v~2.
j

On the other hand, putting
<?, = q, = [<y+ *«'=>)<-'],

we have
sq 2 nve~ut<: ^snnve nt^sq^nve nt;

1 .7 .7 2 i

i.e., if 5 <1/3,
1 — 3c5 1/+ 1 

SÏ2> 1 + 35 * HF*

Now when t<r decreases to 0, (v-v2/z)t-' passes through all 
sufficiently large integers, and we have, if 5<|,

1 + 3c5 v + l
1—35 j/2/3

1 — 3c5 I/+1 
1+35 FF27"3

1 + 3c5 r+1 

1-35 '~T~

-n for 'n.>n0(5,r)

n for n>nl(8,i')sn>
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l-3c5 v + \
1+35 v + y2/a ^

When c is given we choose 5< 1/3 such that
1-3 cS 
1+35

Then we choose a r = r(8,e)
1 — 3c5 v 
1 + 35 v + i/+3 ’

1 + 3c5 J/+ 1 
1-35 r^2"/"3'<

1 +3c5 
1-35 ’

(e) > vx (5) such that
1 + 3c5 v+ 1 
1-35 ^-r2/3

1 -e< 1 + 6 >

= V

<1 + 6,1 — € <

and thus, for n>n2, 1 —e<sn/n< 1 + e.
This proves the theorem.

II. If nan < c and lim 2anrn = A, then sn -» A.
r—>1

(Hardy and Little wood, 1913.) 
Proof. We suppose, as usual, that A = 0 and establish 

a lemma.
Lemma 4. Suppose g(x) real and twice differentiable in (0, 1) 

and lim (/(¿c) = 0. If moreover (1 — x),¿g"(x)<c in (0,1), then
x—>l

lim (1 —x)g'(x) — 0.
X—>1

Proof. We may suppose c > 0 ; let 6 be fixed and such that 
0<6< 1, and let ^ and denote numbers between x and 
xx = x + 5(1 — x). Then, by Taylor’s theorem,

<92
g(xx)-g{x) = 0(\-x)g'{x) + — (1 -æ)V(£i)>
(1 -x)g'(x) = ^[g{xx)-g{xy\- |(l-«)V'(£i)

> g [ff W "ff (4] -¿(1-48 (T~p 

= g[fffe)-ff(4]-5^5T
2 >

since 11 —x
“ l-<9‘1 —xx

Therefore, if %-> 1 and thus, by hypothesis, g(x) tends to 0, we 
have

6clim (1 —x)g’(x) > —
2(1-ff)2 ’

X—>1

su
00
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and, as the left-hand side is independent of 6, we have 
lim (1 —X)g {x) > 0.
X—>1

On the other hand,
<92g{xx)-g{x) = 6(l-x)g'{x1)- — (1 -xfg"(Q}

(1 —x1)g'(Xi) = ~J-[g{xx)-g{x)]+ -1--~-(l-x)2g"(£2)

(1 -6)6
6

1-6 c
[9(xi)~9(x)] +

ïlm

(1 — æ)2< {l-xf6

6ci. e. 2(1-0)’X\—>i
__
lim (1 — x)g'(x) < lim zjz— . x->i e-»o 2(1 u) = 0,

which proves lemma 4.
To prove II we suppose c>0. We have then

^{n— l)xn 2 = c/(l — x)2.f(x) = ŷ n('il~1)anx <c
22

Since /(r) -> 0 we have by lemma 4, (1 — x)f(x) 0, i. e.

V nanxn
^ c

2(l-<v 1/(1 -æ).= xf\x)/c = o[ l/( 1 —a?)],

1 — > 0, we have 2 (1
c )By I, since Ç <v m,

2 wan = m + o(m), i. e. 2 nan — °(w)>
1 1

and thus by 111. II, the statement is proved.
116. Order of a singular point. One of the most delicate 

problems in the field of analytic functions is that of assigning 
a number as a measure of singularity, i. e. to give a precise 
meaning to the vague phrase ‘ more singular than . The example 
1/(1 —z)r, r >0, shows that integration, leading to A/{\ — 0'~\ 

y decrease, and similarly that differentiation may increase, the 
degree of infinity, so that, if k is the integral part of r, after

m —

ma

to

*— 
I O
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/o +1 successive integrations we obtain a function finite and 
continuous at 1. On the other hand, the case r < 0 e.g. Vl—z, 
shows that continuity may be destroyed by differentiation.

We notice, however, that at a regular point both differentia­
tion and integration lead to functions also regular at that point. 
Thus the behaviour of a function in the neighbourhood of a 
singular point after differentiation or integration may form a 
test for the singularity- The grade of the singularity may 
then be measured by its resistance to integration. Hadamard 
developed this idea by means of Riemann’s differentiation and 
integration of any real order.

There is, however, a general requirement for any operation 
used for the purpose, viz. that the operation should not introduce 
new 
result.

CH.

singularities. Hence the importance of the following

If \v{t) I dt — A exists, the vertices of the star-domain,
V 0

I.

with respect to the origin, of

g{z) = F v(t)f(zt)dt 
J o

(1)

are all vertices of the star-domain of f(z) = 2anzn.
(Hadamard, 189.2.)

Proof. When t varies from 0 to 1 and z is in the star- 
domain D of f(z), zt describes the segment (0, z), along which 
f(z) is regular and thus \f(z)\<M, i. e. the integral (1) exists 
for every point of D. For a sufficiently small h, the triangle 
(0, z,z + h) is entirely in D and thus

g(z + h) —g(z) = v(t)[f(zt + ht) -f(zt)\dt,

and f(zt + ht) —f(zt) = ht[f'(zt) + 0e], where 0 < 6< 1 
and e tends to 0 with h independently of t. Hence

and the modulus of the second integral is <A. Therefore g(z) 
is differentiable at every point of D, which proves the theorem.
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Putting
= r v(t)tndt,

J o(2) Cn

we have
g(z) = 2cnanz*.

By replacing an by cnan we do not introduce new singularities. 
As the only condition imposed on v(t) is that its modulus should 
be integrable in (0, 1) we have determined a large class of 
regular factors i. e. not introducing new singularities.

For example, if

(3)

11 a>0,v{'t)> - T(a) (1 -t)(4) l-U 5

we have
r(n+ 1) 

r(n+ 1 + «)’

by (Ex. IV. 23 (1)). The corresponding operation is Riemann’s 
integral of the real index cx, which gives a generalization of 
successive integrations :

1 p tndt
~m Jóé3*?(5) i-acn

1 r1 f(tz) dt-v T(n+1)_(6) R m - r(a) Jo(1_¿)i-a dt--r{n+i+(X) anzn.

When oc is an integer, 

c« =
1

(n + 1) in + 2)... (n + a) ’
and thus

zaRaf(z) = D~af(z),
where D~a denotes ordinary integration repeated oc times. 
Integration of the real negative order oc is defined by

ndkRk+af(z) 
dzk , B°f(z)=f(z),zaRaf(z) = zk+

where k is an integer such that k + oc^O.
Hadamard modified the Riemann operator in order to simplify 

the regular factors belonging to it. We suppose that a0 = 0 
(a0 may be added after the operation) and put

(7)

ifei-wrv(t) = , oc> 0.(8)
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By the known formula in the theory of Gamma functions

= x~yr(y)>

CH.

'dt

£(iog )"1
and thus

1
(9) tn~xdt = l/na.cn = r(oc)

We put
i r11 r na_1W)\ot[l0gt] mdt(10) Haf(z) =

a> 0.

^ ^en a is an integer, Ha reduces to alternating integrations 
and divisions by 0. For a < 0, we calculate first, by (10), 
Hu+hf(0), (a + &> 0), and then we alternately differentiate 
Hu+flf(z) an<3 multiply it by 0, (Jc times).

Ihe two operations Ra and Ha are very similar. In particular
T(n+ 1)

T(n+ 1 +a)
We notice also that the two operations do not completely destroy 
singularities, i.e. the star-domains of f(z) = 2,anzn, Raf(z) and 
Haf(z) are identical. In fact, by I, the vertices of Haf all 
belong to /, while the vertices of Hhf = Hh~a (Haf), k-oc^O, 
all belong to Haf. Moreover the operation xd/dx creates 
singularities, and so the vertices of E~a(Haf) all belong to 
Euf. Similarly for Raf.

in order to be able to use Ha as an instrument for measuring 
the order of the singularity at a point, we have yet to fix a zero 
point of our scale. For this purpose Hadamard introduced the 
notion of finite span (écart fini) : a continuous, real or complex, 
function f(6) of the real variable 6 is said to have a finite 
in (a, b) if the integrals

na

= n~a(l + en).

no

span

n cos nOf(6)dô, n |sin ndf(6)dd, n(H) = 1,2,...,

taken for any interval (a', b') in (a, b) are collectively bounded, 
and their collective bound is called the span of f(6) in (a,b).

A function of bounded variation has a finite span but the 
converse is not necessarily true. If g{6) is monotone and
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I g I^Min (a,b) and the span of f(6) in (a, b) is <7, then the 
span of g(ô)f(ô in (a, b) is <2Ma. When g{6) has a finite 
number of extrema, we replace 2 by their number.

In a sub-interval of (a, b) the span is < <r, i. e. if the 
intervals dwindle to a point 6, the corresponding spans form 

increasing sequence of positive numbers and thus tenda never
to a limit called the span at 6.

Consider now an arc (a, 6) of | 0 | = 1, the circle of convergence 
of f(z) = 2 anzn. We say that a is the order of f(z) on 
Ha+tf(z) is continuous and of finite span on (a, b) for arbitrarily 
small e>0, but one of the two properties fails for Ha~ef(z). If 
there is no finite number satisfying the conditions the order is 
+ oo , while if the first condition is satisfied for every a the order is 
— 00 . The order at a point 6 is the limit of orders on arcs dwind-

(a, b) if

ling to 6.
117. Properties of order. We have still to prove that there 

is only one number a satisfying the definition of order. This 
will result from the following two theorems.

I. If ann logu =0 (1) and 2| an\ = A is convergent, then
z 1=1.f(z) = 2anzn is continuous and has a finite span on

(Hadamard, 1892.) 
Proof. It readily follows from the second condition that / (0) 

is continuous in and on | 0 | = 1 (by uniform convergence). 
Moreover we can replace the integrals (116. 11) by the

integrals
n enief(ei0)dO, nj e-nief(ei0)dd,

whose sum and difference reproduce (116. 11) multiplied by a 
constant factor.

The convergence of 'Zameim0 being uniform, we can integrate 
the series term by term :

(1)

»je«i»/(ei(,)d6=2
m-0

I n f he»i0f(ei0)dO |<22|an| = 2A.

a |^>(w*+»)¿6_g(m+n)¿aj

i. e.

>
On the other hand

n Í e~ni0f(el0)cld =2 
Ja »1=0 m —
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where the term for which m— n is nan(b — a). To evaluate 
this sum we split it into three parts. 
k<\, K> 1. Let the first group contain the suffixes <lcn. 
Then | n/(m — n) j < 1/(1 — 1c) in this group and thus its sum is 
<2 A/(l —k). Similarly if the third group contains all the 
suffixes >Kn, this group has a sum < 2A/(K—l). The middle 
group contains all the intermediate terms, whose number is 
N =[(K—lc)n], i.e. the integral part of (K—lc)n. If \ar\ is 
the greatest coefficient in this middle group, the sum of the 
moduli of its terms is

< \ a — b\ n\ an \ + in j ar | [l + 1/2 + 1/3 + ... + 1/iV]

< \a-b\n\an\ + (1 + 1/2 + 1/3 + ... + U[Pr]),

DIVERGENCE AND SINGULARITIES CH.

Take two numbers

where p = (K — lc)/K< 1, and n has been eliminated by the 
inequalities lcn < r <; Kn. Now

1 + 1/2 + ... + l/[pr]< 1 + 1/2 + ... + J/r = logr + cr,

where lim cr = c (Euler’s constant, Ex. III. 1). Also r oo with

n and, by hypothesis, ¡ ar | r log r is bounded. Hence the middle 
term is also bounded, which proves the theorem.

An upper bound for the span <ron \ z\ = 1 is cxA + c2p, where 
P is the greatest value of n log n \ an |, A = 2 | ar | and c1 and 
c2 are two positive constants.

II. If f(z) = 2anzn is continuous and of finite span on 
Iz\ = 1, then n\au\= 0(1); in particular, 2 | an \/ne is con­
vergent and annl"e log n 0 for every positive e.

(Hadamard, 1892.)
Proof. By Cauchy’s formula,

= 5ÏÎ(2)
1*1 = 1

where we can take \z \ = 1 as path of integration, since f(z) is 
continuous in and on \z\ = 1. Therefore, as f(z) has a 
finite span on | z \ = 1, n | an | is bounded, which proves the 
theorem.

It follows from I and II that the double property of f(z), 
that it is continuous and of finite span on \ z\ = 1, depends only
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on the magnitude of the coefficients | dn \, i. e. if this double 
condition be fulfilled for Ha or Ra, it is also fulfilled when we 
replace a by a greater number. It follows that there is a unique 
number a separating the numbers for which Iiaf(z) does not 
satisfy the double condition from those for which it does 
satisfy it.

It is easy to show that the order of f(z) on 
by this number is given by the formula

01=1 defined

n = î+îïin Ibiiül 
00 log n

In fact, if fl is determined by this condition, for sufficiently 
large n,

(3)

I an I <(4)

for an arbitrary positive e. Hence the coefficients of Hn+ef(z) 
tisfy the conditions of I, i. e. Hn+ef(z) is continuous and of 

finite span on | 0 | = 1. On the other hand, for an infinity of 
suffixes

i ;i

|an| > tjO-'/2-1,

i. e. the coefficients dn of Hn~ff(z) do not satisfy the condition that 
2 I dn l/n1’ is convergent for every positive rj. 
take r) < e/2. Hence, by II, Ha~ef(z) cannot be continuous and 
of finite span on | 0 | = 1, which proves Hadamard’s important 
formula (3).

To prove that there is only one _____ 5
number a satisfying the definition of /^vt.
the order on an arc (a, b) or at a point, / / yZ\

require a lemma on the separation / / \
of singularities. I 1/ J

Lemma 1. If f(z) is continuous \ 0
and of finite span on the arc (a, b) \ J
of \z I = 1, then f(z) is the sum of <XV y
two functions fi (z) and f2(z) such 
that Hefi(z), e > 0, is continuous and 
of finite span on 
j z j = 1 (and regular inside) and /2 (0) is regular on the open 
arc (a., b). (Hadamard, 1892.)

It is sufficient to

we

Fig. 65.

the whole circle
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Proof. The function f(z) being continuous on (a, b), we have

f/z\ = 1 Í f(x)dx + J f
27riJbaX-z + 2ttí]adb X—Z 

_o=

CH.

= /i(2) +/«(»).
Moreover,

__ f /(*)<& - 2j
27rijbazn+l - n>

and, as /(s) has a finite span on (a, ¿>),

I
say,w !

(5) \K\< M/n>
i. e. the radius of convergence of 2bnz11 is >1. The function 
2cnzn = f2(z), as a difference of two Taylor series convergent in 
\z\<l, is itself convergent in | z | < 1 and its integral form 
shows that it is regular at the inner points of (a, b).

It follows from (5) that bn/ne satisfies the conditions of I and 
thus H€f1 is continuous and of finite span on ¡ z | = 1.

Suppose now that Baf(z) is continuous and of finite span 
(a, b). We have, by lemma 1, Ilaf(z) = F1 (z) + F2 (z), where 
F2(z) is regular on (a, b) and thus HeF2(z) = Ha+ef2(z) is also 
regular. On the other hand, Fl(z) may be chosen such that

BeF1 (z)=-ffa+e/1 (z)
is continuous and of finite span on | z | = 1. Thus 

H«+<f(z) = H“+*fx{z) + H«+'f,{z)

Q. e. d.
on

is continuous and of finite span on (a, b) whene ver Haf(z) possesses 
the same properties. Since e > 0 is arbitrary, this proves that 
there is only one number satisfying the definition of order 
(a, 6). The same follows readily for the limit of orders belonging 
to arcs dwindling to a point.

III. The order of a regular point is — oo .

on

(Hadamard, 1892.)
Proof. Since f (z) is, by hypothesis, regular on a closed arc 

(a, b), containing the regular point z0, | f{z) | < M for all points 
of (a, b), and thus from

f neos nôf(0)dô = [f(6) sin tí,#/' — Í f'(0) si 
Ja ‘ ° J«

<r<\m\ + I f{a) I +M\b — a

n n6 d6

we have
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i. e. f(z) has a finite span on (a, b). This property is preserved 
in the operation H~a since H~af(z) is regular on (a, b). Thus 
the operation II~a or M~a cannot destroy continuity and the 
finiteness of the span on a regular arc. 
ing of the statement that the order is — oo . Thus, when the 
order is finite or + cc , it is the order of a singularity.

IV. The order on an arc is the greatest order at the 'points of 
the arc.

Proof. By the definition of order on an arc, the orders at its 
various points are < the order on the arc. Conversely, if a 
the order on the arc (a, b), we see by dividing (a, b) into small arcs 
that there are always arcs on which the order is a, and thus 
also points at which the order is a, which proves the theorem.

It readily follows from (3) that 2 | an | is convergent when 
il < 0 : thus we. have

V. If the order of f(z) = 2anzn is negative on \ z I = 1, 2anzn 
is absolutely convergent and, in particular, converges at every 
point of 12 I = 1 and f(z) is continuous in and

This is the exact mean-

(Hadamard, 1892.)

is

*1 = 1-on
118. Degree of infinity and order. In order to determine the

we have to establish itsorder of singularity in simple cases, 
connexion with the simpler notion of degree of infinity.

I. If on the arc (a, b) of \z\ = 1, the order of f(z) is a > 0 
have, uniformly for the arguments between a and b,we

lim (1 - r)aJ(reie) = 0, a' > a,
r->1

(1)

lim (1 — r)a'o-(r) = 0,(2)
»—>i

where <r(r) is the span of f{rel°) on (a', b') of radius r.
(Hadamard, 1892.) 

are obviously satisfied forProof. Both equations (1) and (2) 
functions regular on the closed arc 
(a, b). But, by lemma 1 of Art. 117,
f{z) =/i(«)+/a(*). where A(z) is re­
gular on (ct, b) and the order ß of 
ffiz) is < oí + e < a'. Thus we have 
only to establish the theorem for 
functions whose order on | z | = 1 is
/3<a'.

For such a function, by (117. 3) we have \an \ <n

b'

3'
Fig. 66.

/3-l+e and,
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e being arbitrarily small, we may suppose that ß—l—(<a'—l. 
Now, by Appell’s comparison theorem Ex. III. 13,

S|a"|r” 
r^i ZA(rf~l)rn

CH.

1 an 1 =lim (1 — r)Q/ j I,anrneine | < lim = lim 0,Aa'~l■CLn
which proves (1).

To prove (2) we notice that, as we have seen in the previous 
article,

* (r) < C121 an I r” + c2 max {\an\r1ln log n).

that lim^(l — r)° 21 an | rn = 0. Moreover, in

the second term we might neglect the terms for which 
I an I > Y log 71 (their number is finite). Therefore, replacing 
r by 1—rj we have to determine the maximum of (1 — rj)nnßr]a' 
for a fixed 77 and calculate the limit of this maximum when 
77 -> 0.

Now (i-^Wy < (l-T/^fn+l/V provided only

We have just seen

;------ —T-«— = —, where lim k
1

= 1.7,-X)
Moreover we have

lim (1 -r))kß/1' = e~ß,
>j—X)

and

(—) rja' = ßß lim JcP lim 77
It—>0 V 7/ / JJ >0 1)—>0

a'~ß = 0,lim

which establishes (2).
II. If, for every 6 between a and b,

lim I (1 — r)af(reie) | < A, 

lim (1 —r)aa(r)<A,
r—>1

the order of f(z) on (a, b) is < a.

(3)

(4)

(Hadamard, 1892.)
Proof. In this case the operation Ea is preferable to Ha (in 

the definition of order). Take a' > a and consider the integral
fi

Ra'f(ei9) = (1 -t)a'-'f{teie)dt.(5)
rK)Jo
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To prove that the integral (5) exists, we notice that, for n > nQ,

„1 pi /i 1
„ <A P—L—dt

Jill J»tl V ’’
independently of 6, and thus the series

pl/2 . f */3 ('¿A
(1 -t)a~lf(te'0)dt+ + ,

Jo Jl/2 J2/3

is uniformly convergent. It follows that Ra f(e^9) is continuou: 
on (a, b).

For its span we have to consider the integrals

= ¿ ( * \a'~a 
oc' — ol va + 1/

+ ...(6)

P e*liddd fl(i-t)a'~lf{teie)dt,
V* ) Jo Jo

(7)

where, by our remark on the uniform convergence of (6), the 
order of,the two integrations can be inverted. But the upper 
bound of the modulus of the second integral in

(i_ t)a'ldt ne±in9f(tei0)d6
Ffa ) J 0 J ®(8)

is not greater than the span of f(z) on the arc of radius t, and 
is thus, by hypothesis, < A/(l — t)a. Hence the modulus of (8) is

Thus Ra'f(z) is continuous and of finite spanA
< r(a') (oc'-oc) .

(a, b) for every tx'xx, and so the order is < oí.
III. If on (a, b) the function g(z) is regular and the order of 

f(z) is a, that of g{z)f{z) is <a ; in 'particular if g(z) 0 
(a, b), the order of g{z)f(z) on {a, b) is a.

on

on

(Hadamard, 189.2.)
Proof. For positive a, the product (l-r)a+'f(reie)g (reie) is 

bounded when r-> 1, and an upper bound for the span of the 
product fg is the span of f(z) multiplied by r times the maximum 
modulus of g(z), where r is the total number of extrema in (a, b) 
for the real and imaginary parts of g{z) and this is finite since 
g(z) is regular, by 41. II. Therefore (4) is also satisfied by fg 
and thus, by II, its order is <a. Thus the multiplication by 

guiar function does not increase a positive order.
For negative a the same reasoning shows that the order of 

the product cannot be positive. More precisely, if the order of 
f(z) on (a, b) is — Ic and s is the integral part of k+1 or s = k,

a re
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if k is an integer itself, the s-th derivative of f(z) g(z) i 
posed of terms like cD*~rfDrg} r = 0, 1, 2,.. 
is regular on (a, b) and the order of D*~r f is by definition that 
f (z) increased by s — r. Now, ii r 0, we have —k+s~r< 0 

and thus, by our first remark on negative a, the order of the 
corresponding term is negative. Finally cg(z)D8f is a product 
of a function of the positive order —k + s and of a regular 
function. Hence its order is < —k + s. Thus the order of 
Ds(f9) is < —k + s and therefore that of fg is ^ —k + s — s = —k, 
This proves the first part.

When g(z) 0 on (a, b), suppose that the order of fg is less 
than the order of f (0). As 1 /g is regular on (a, b), the order of

Í9g=f by the first part of III just established, <a'<a,

which is manifestly absurd. This completes the proof.
We now apply these results for the determination of the order 

of 1/(1-sF at 0 = 1. From

DIVERGENCE AND SINGULARITIES CH.

is com-
But Drg(z)s.

Ar~x
nr~l

i. e. 1 = n1 1 (1 + e,J/T(r) and by (117. 3), the order of 
function on | z | = 1 is

n = . i.-^ (r -los w - !°g EM ± los _
log n

and at every point of \z\ = 1, except z = 1, the function is 
regular, i. e. its order is -go. Hence, by 117. IV, the order at
I is V. Ihus in this case degree of infinity and order coincide. 

f(z) = P[log(l —0)]/(1 —z)r, where P{z) is
a polynomial of degree q in 0. The order of f (z) at 0 = 1 is 
again r as proved by I and II. In fact if r > 0 and a(p) refers 
to (1 -z)~r, the multiplication of 1/(1 -z)r by log» (1 -0) multi­
plies (1 — p)af (pel6) and (1 —p)ao-(p) by log» (1 — p), whose pro­
duct into (1 —pY tends to 0 for every positive e. Hence I and
II apply and show that the order of/(0) at 1 is r.

When r is negative (and not an integer, in which case the 
~ 00 ), we reason as before by taking the least integer 

s > r and calculating the s-th derivative of the function. The 
result is the same.

1 1= 2 1zn, and(1-0)

our

r,

Consider now

order is
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Also in this last example degree of infinity and order of 

singularity are the same provided we define, as usual, the degree 
of infinity r at e10 by the condition that r is the least number
for which lim (1 — p)r+ef (pei0) = 0 for an arbitrary positive e. 

p-»i
We remark that this definition of degree of infinity is not 
perfect, in the sense that, when z e10 along any other path 
than the radius (0, ei0), the function may increase more rapidly 
than 1/(z — et0)r. If, for instance, limf{pe10)

p—
infinity of 6k and 6 is a limiting point of dk, there is a point zk 
on (0,el9k) sufficiently near e6* at which \f(zk) | > Ak/\e10—zk\s, 
with arbitrarily given s and Ak -* go . Therefore the degree of 
infinity of f(z) along the polygonal path

(°> zi) (zltz2) ...{zk,zk+1)...

leading to e10 is >s. We may, however, exclude the effect of 
neighbouring infinities by excluding paths tangential to \z\= 1 
as in theorem 105. I.

But even if we restrict ourselves to radial approach, the 
degree of infinity and the order of singularity may differ. 
Consider the function (Dienes, 1909 c)

XIV

for an= co

[V»]g(z) = 2(-i) zn = 2(Xnzn,(9)

where [m] denotes the integral part of m. Since | ocn j = 1, the 
order on \z | = 1 is 1. On the other hand it is readily verified 
that

lim =
V n

and we are going to prove that

1,

lim 8w^O = A (6),
n=*> 7Î,

finite for every 6. This will prove, by Appell’s comparison 
theorem Ex. III. 13, that the degree of infinity of g(z), along 
the radii is <1/2 for every 6. Therefore the order exceeds the 
degree of infinity by 1/2.

(10)
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To prove (10) we notice that, putting <rn = 2 £>/<> we have
= i

n—1
— 2 ^fe-í/íüí + Vír 

1 1
In our case = a„, = ei/íö, i. e.

sn(ei(?) = 2 otkeike = 2 (eiy + e2iy+ ... +eti0) (a7i-afc+1)
i

+ (eíö + e2iö+... + ewie)an
¡t=i

r "Z1 -i
^íö[ 2 (1 -elke) (a&-«&+i) + 0 -c”**)«» ]•

1-

But lim (1 — enl0) (xjVn — 0 and, for the suffixes k^r2 — 1, we 

have 0(jc — (Xj.+1 = 0, while for & = r2 — 1, we have ¡ ock — ak+1 | = 2.

Thus the number of surviving terms in 2 G — ckt0) (a¿ — aÄ+1) 

is Vn, which proves (10).
i

Arithmetic Means and Singularities.
119. The case an -> 0.
In this case, by 113. Ill, when/(2) is continuous at e10 from 

inside, i. e./(2) tends to the same limit A along any inner path 
leading to e10, the arithmetic means of sn(el°) also converge to A, 
while, by 105. I, if they converge/(2:) is continuous, anyway in 
an angle. Moreover, when/(2) is bounded at ei0 from inside, the 
reasoning of 113. II applies and thus also (113. 10) holds. There­
fore, since

sin (™+i)É_n
1 dt — 1,. 6-t

sm 2

we see that the arithmetic means (ei'P) are also bounded at 
every point of an arc containing 6 and, in particular at </» = 0 
Thus s(,en (e10) cannot be unbounded unless / (0) is also unbounded 
near e10. To sum up :

2ir(n+ 1) Jo
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I. an-> 0. When (ei0) —> A, then also limf (z) = A pro-

z—>e '6
vided z approaches eie in an angle y < ír of \ z | < 1, vertex at eid. 
When s™ (el9) is hounded without tending to a limit, then f(z) 
is hounded in y and does not tend to the same limit along every 
inner 'path leading to ei0. When s™ (eie) is unbounded, then 
also f(z) is unbounded in the complete inner neighbourhood 
ofeie.

The last case, viz. when s^1) (ei0) is unbounded, needs further 
investigation, due to the fact that the infinity of f(z)

501XIV

near ei9,
as well as that of s’tu (el9), may be of various kinds. One of the 
interesting features of this case is that in many cases the 
original partial sums can be used instead of their arithmetic
means.

II. If an—>i) and, in the neighbourhood of ei0,

P(l0^^)
(1) /» = +/i (z)>(1 -eSi9z)r

where P(z) = Aqzq +... + A0 and the order r' of f1(z) at eie is 
(0<r< 1), th<r en

lim_!nfcÜL —
„=«, nr log2 n P(r + 1) " 

Proof. Based on two lemmas.
Lemma 1. Putting

(2) (Dienes, 1911 b.)

1log 1 - - = 2a£2 zn and 2 = aft 2 + a[>2 + ... + af; q,(1 ~z)r
we have

<'q 1
(3) -nr log2 n~* P(r+ 1)*

From

n/
K-y=(z + +.

/ z*
+ q(z+ g- +.

zn^q-l
•• + -) Rn(z) + + [ßn(z)]q’

where Rn(z) = zn+l/(n+ 1)+ ..., we have
1 \22+-+«) ’
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since all the terms involving zk, k < n, are in the first bracket. 
Similarly

1 \g 
+ \n/q\)

and thus, by Euler’s formula, Ex. III. 1,
(log n — log q + c')l^. s"- î < (log n + c")l,

where c' and c" tend to a limit c (= Euler’s constant), which 
proves (3) for r = 0.

In the general case

+ .

(4)

11
log9 1 —z * (1 —z)r
= [<» + «»,9z+... al'(izn + Rn] [Ar0-' + A\~lz + ... A^lzn + Rnl 
and thus, by (102. 4) and (102. 2),

__ I
(\ogn)<inr ^ r(r+ 1) ’

To find the lower limit we choose a k > 1 and put «J = u>

[n/k] = V and we prove that

lim(5)

8rn'q>8°u>U^.(6)
In fact, writing

log9 1—
1

1— z‘(l— z)r
= [<î + a5-5^+... a°>9z" + Ru][AS-1 + Ai~'z+ ... A'-W + Bfi 

that the largest index of z in [ ] [ ] is
n + V < (k -1) n/k + n/k = n,

we see

which proves (6).
To eliminate u and v, we put u = enn(k- 1 )/k, v = n/k + rju, 

where en -* 1 when n-**o and | rjn | < 1. Thus

— i
log 71 n—oo n

Hence the formulae
o0, q

lim . M -r; — 1, and lim — = _——- , „=oo (logu)9 «=oo vr T(r+1)
srv’° 1

are transformed into
sr,°

1 and lim r-r = nr
1sw9lim

(log«)5 krT(r+ 1)

M
i I—
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i. e. by (6),
V . 1

> krr{r+l)'
and hence, as k is as near to 1 as we like,

lim W > ______
(logn)Vnr ^ P(r+ 1) ’

and this, together with (5), proves (3).
Lemma 2. If an ->0 and the order of singularity at e10 is < r 

(0<r< 1), then n~rsn(ei0) 0.
This lemma restricts the order of infinity of sn(etd).
Proof. By lemma 1 of Art. 117 we put

f{z) = Sanzn + 2ßn zn = fx{z) +fi(z)
where/2 (z) is regular at s = eie, and thus, by Fatou’s theorem,
112. I, since the coefficients tend to 0,

lim (ßo + ßxei0+...+ ßnenie) = f2(eie),

and so n~r(ß0 + ß1eid -h ... + ßnenie) tends to 0.
On the other hand we can suppose that the order r' of fx(z) 

on \ z I = 1 is < r. Hence, by (117. 3), for sufficiently large n,
! <xn I < nr'~l+t for any positive e, i. e. | aw | = fnnr~l, where e,n0. 
Now suppose, for a given positive e, that eM< e for n>m. Then

(7)

1

(8)

m
2 €k^r l< 2 1 + e 2 kr 1 <c1mr + c2nrc,

where cx and c2 are independent of e. Since the first term on 
the right-hand side is independent of n and e is arbitrary, it 
follows that

A: = l * = 1

™'r2|afcl^0>
k = 0

which establishes the lemma.
To prove II we observe that, since an-> 0 and r< 1, the coeffi­

cients of/x (z) tend to zero. Thus, applying lemma 1 to the 
terms in (1) coming from the potynomial and lemma 2 to fx (z), 

that all the contributions to sn (e10) divided by (log nfi nrwe see
tend to zero, which proves the theorem.

Thus when an -> 0, the algebraico-logarithmic singularities are 
detected by the way in which the partial sums formed at the
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affix of the singularity diverge. Theorem II establishes a close 
relation between divergence and singularity of the type 
sidered.

The generalization to more general types of singularities, e. g. 
to those containing log log (1 — z), is immediate. We notice also 
that the theorem does not require that the singularity should be 
isolated. The effect of neighbouring singularities is excluded 
by the hypothesis that the order of fx (z) is < r.

CH.

con-

120. an/nr -> 0, r > 0. Convergence. The series cannot converge 
on \z\ = 1, but by 112. II, the arithmetic means of order r 
converge at every regular point of \z | = 1. We extend this 
result by proving the following theorem.

I. If n~ran-> 0, r>0, the arithmetic means of the order r 
converge on \ z\ = 1 at every point of negative order.

(Dienes, 1911 a.)
Proof. If the order at z0 = eieo is <r< 0, there is an arc (a, h) 

enclosing z0 on which Ha+Cf(z) is continuous and of finite span. 
Applying lemma 1 of Art. 117 to this function we see that

f(z) = 2anz" = 2bnz" + 2cnz" = fx(z)+f2(z),

where f2(z) is regular at the point z0 and the order of fx(z) on 
\z\ = 1 is negative. Thus 2bnzn is absolutely convergent all 
along 13 I = 1. On the other hand cn = an-bn,bn^> 0, n~ran-+ 0, 
i. e. n~rcn-> 0. Therefore 112. II applies to 2cnzn, and thus 
have only to remark that from the convergence of '2bnenie 
follows also the convergence of the arithmetic means of any 
positive order.

The generalization of 113. Ill needs that of lemma 1 in Art. 
117 on the separation of singularities.

Lemma 1. If f (z) = hanzn is bounded in a sector (0;a,b), 
then f(z) = 2bnzn + I,cnzn = fx(z) +f2(z), where f2 (z), is regular 
on the open arc (a,b) of \ z\ = 1 and bn -> 0.

we

(Dienes, 1913.)
Proof. By our remark after 113. II, the limit lim/(rei9) = h(6)

exists for almost every value of 6 between a and b. Thus, by 
Lebesgue’s theorem (108. E),

lim f f(reie)d6 = h(0)dQ.
Jo J a
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It follows that

/(*) =
1 P f(x)dx 1 

2-rriJ a'V x — z + 2ni J b'deca’ # —Z 

whose value is not altered when we 
replace (a', b') by a similar arc 
nearer to (a, b), we can put r = 1, i.e.

f(x)dx,

b
by

1 ?hh(6)eied6
ei0 — z

d]
m 2jrJa

f (x) dx1
+ 2ttÍ J deca x-z
=fi(z)+A(z)-

The integral form of /2(z) shows 
that it is regular on the open arc 
(a, b) as stated in the lemma. The 
coefficients bn are given by

Fig. 67.

f(z)dz rb h (6)e~ni0d 61 1
bn ~ 2tri

and Lebesgue’s theorem (1906, p. 61) applied separately to 
the real and imaginary parts shows that bn-> 0. This theorem 
requires only that h (6) should be integrable (L) on (a, b).

II. If n~ran-^ 0, r> 1, and along every inner path leading 
to eie

ab Zn + 1 2 n a

(1) lim f(z) = A,
then also

sP(eie)->A.(2)
(Dienes, 1911, 1913.)

Proof. By (a) of lemma 3 in Art. 113, f(z) is bounded in 
a sector (0; a, b), the arc (a, b) containing 6, and thus by lemma 1

fi (z) +/2(s)- Since /2 (z) is 
regular on the open arc (a,b) and bn 0, i. e. n~rcn-> 0, 112. II 
applies and thus the arithmetic means of order r of the partial 
sums of/2 (z) at ei0 converge to f2(eie). On the other hand, by
113. Ill, the first arithmetic means of the partial sums of fx (z) 
at el sP(° converge and thus also the arithmetic means of order 
r>l. The two remarks put together prove the theorem. By 
the Abel-Hölder theorem 105. I, the functional limit and the 
limit of the arithmetic means are necessarily the

we decompose f(z) into the sum

same.



lim|/(3)|< jlf,(3) z=e' 0
ZAen also

lim j 8p> (e10) \ < M.(4)
(Dienes, 1911 a.)

The only remark we have to add is that when | s¡[] j is bounded, 
then also <+S), ő>0, is bounded. In fact, by (102. 8),

IS¡rs> I <M2. At', A = MA'**.
y = 0

To sum up
IV. %-ran -> 0, r > 1. When s(nr) (ei0)-»A, then also lim/(z) = A

'provided z approaches eie in an angle y<n of \z\< \ vertex 
at eie. Wrhen 8%] (ei0) is bounded without tending to a limit, 
then also f(z) is bounded in y and does not tend to the same 
limit along every inner path leading to e10. When sff (e10) is 
unbounded, then also f(z) is unbounded in the complete inner 
neighbourhood of e10.

Hardy and Little wood have completed these results by giving 
a set of necessary and sufficient conditions that '2aneln° should 
be summable by the method of arithmetic means. When 
is summable by Cesàro’s 
being specified,
thus obtained we say that = A by (C). Similarly if there 
is an r such that an/nr -> 0, but we do not want to specify r, we 
say that an is oí finite increase.

V. The necessary and sufficient conditions that 2aw = A by
(C) are :

(a) an is of finite increase,

means of any order, the order not 
we say that 2an is summable G. If A is the sum
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The particular case r = 1 of II is more general than the 
original theorem 113. Ill, since, without altering the conclusion, 
the condition an -> 0 has been replaced by the more general 
condition ajn —> 0

When we replace, as at the beginning of this section, condition 
(1) by the condition that lim \f(z) \ < M, the above reasoning

«-W*
together with I shows that

III. If n"ran~* 0, r ^ 1, and along every inner path leading
to e10
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(b) successive sequences of numbers ans can be determined by 

the equations :
ano = an 1

XIV

«01 = 2 V(^+l) by (C),
o

«71-1 \ . 
n )5«oí -(«o + + ...+«ni =

«o,»+i = 2«,s/(»/+1) by (c')>
o

«M-1. A . 
n ) ’(«Oí + + ...+«71,8 + 1 — «0,8 + 1

and there is an integer k such that lim 2an1tzn — A when
z->l

z 1 in any manner from within the circle.
(Hardy and Little wood, 1924.)

The proof is based on the following lemma.
Lemma 2. If 2an= A is convergent and nan-^>-0, then

1 2—”-(l — zn+i) -> A when z —> 1 in any manner 1—0 n+1v
from within the circle.

Proof of lemma 2.

F(z) =

where ,V = [^].

l-0n+1 n . .
(n+ 1) (1 —z)2 ^ ^ *

1 ^ . — +

But, for a fixed n,

F(z) = 1 -

1 -

In fact, putting 1 —0 = d, we have

l-(l-d)»« («+1 )d-C!¡+'d*+..._nd
(n+l)d (n+l)d 2 v '

(5) 1^,(2)- 2 «„I < 2l«„l»+e(d) 2«»
n</V

Since ! an| -»->0, the same holds for the arithmetic means, i. e.

1-

Thus
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(ax + 2a2+ ... + NaN)/N = tN) and, being convergent, | an | 
has a finite maximum M, i. e.

! Fi(z)~ 2 l-z| Neif/2 + Me(d).
«<jv

(6)

On the other hand,
™*>l<rrhi.J,Âï-

and, putting (n+l)|an| = e„ and denoting by the largest 
term of the sequence (Ñ + 1) ¡ aN|, (iV+2) | oy+i |> , we have

2 1^ {n+\fFÁZ) I <

Noticing that 2 \/(n + l)2

— rjyz n > N

dx/x¿ — 1¡N,<
n>N J N

we see that
I^MIcnr3 VNP) |l-*l »

But, by our choice of N, | 1 — s | jV = dN -> 1 with 0, and d->0, 
i. e., by (6) and (7),

lim F1(z) =2 an = A and lim F2(z) = 0, 
s-*1 «=0

lim 2?» = A.
z—>1

We notice that no restriction has been made on the manner in 
which z approaches 1 from within the circle.

Remark. Since in lemma 2 2an/(n+ 1) = B is absolutely
convergent, lim 2au£n/(n+ 1) =

£—>1

——lim 
-Sí-m

i. e.

B and thus

j: nbm = j-

To prove that conditions (a) and (b) are necessary. By 
102. Ill, if 1an is summable Cr, (a) is satisfied and, by 104. IV, 
the numbers ans exist and satisfy the equations

®n,s-1 (,<z "b 0 (ans ^bi+Ls)*
By 104. V, 2anl is summable Cr~l and so on, r+1 is sum­
mable (7_1, i. e. by lemma 2,

2anz^dz1 =

JL2^ir±l(l_2n+l)-^A,
1 —z n + 1 v '

when z -> 1 in any manner from within the circle.

(8)
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But for J 01 < 1,

(1 z) ^lCt/n,r+2zn fto,r+2 fan,r+2 an+l, r+2)zU+1

= 2- _ an, r+i n + 1
7n+1 7n+l^ ’ 

= 2a
0 n+1 v 7

«. r+l

i. e. 1
0«,n, r+21 -

which, by (8), proves the necessity of our conditions.
To prove that conditions (a) and (b) are sufficient. By (b),

1 «n-1 IKi! < Kil + K! + *-7r + —+
n

i.e. if \ an\<K(n+ l)r,

|aral|<Z[l + 2’-1 + ...+(7t+l)i-1] = 0(nr), 

and thus step by step,
\ank\ = 0(wr).

Therefore, by lemma 2 and 120. II, 2rxJiÄ is summable Cr' to 
A, for r' >r and 1, and thus, by 104. II, is summable
Cr'+1 to A and so on, 2cr,n0 = 2ara is summable (7r/+fc+1 to A.

Q. e. d.

121. a„/nr—>0. Divergence. When s^r) (el9), and thus also 
f (z) at e10, is unbounded, we can establish further connexions 
between divergence and singularities.

I. If n~ran-^ 0, r ^ 1, and

/(z)=P(log—_ )/(l iO ZY +/i(4— e~

where P(z) = AqzV +... + A0 and the order of fx{z) at z = e10 
is p'<p (0<p<r+ 1), then 

<-p r(r-p+l) . 
JT(r+l) 3'7V5 log? n

(Dienes, 1913.)
Proof. Denoting by (e10) the partial sum of

z)p at z = e101p (log T /(>-<•-ie
id— e~
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we have, by (119. 3),
s¿(eie)

(1) n° log'/ n F(p + 1) "
On the other hand, writing as usual

fi(z) = 2bnzn+lcnzn =f2(z)+f,(z),
where /3 (z) is regular at e10 and/2(z) is of order p' + e < p on 
\z \ = 1 and denoting the corresponding partial sums and arith­
metic means by 8n(bii;el0)>sn(cit; e10), &c., we have, for an arbitrary 
rj > e and sufficiently large n, | bn | < np'+v~1 and thus bn/np~l -> 0, 
so that

sn(h>eie)/nP-^0-
Moreover, by (102. 8),

SrnP = 2
v — 0

and thus, by 102. I, p (bJc ; eie)j nr -> 0. Therefore,

Finally, by 112. II, since/3(z) is regular at e10 and n~rcn-* 0,
(2)

and thus, by 102. Ill,

Equations (2) and (3) show that the contribution of fx(z) to the 
srnp of f(z), divided by np, tends to 0. Finally we observe that

(3)

1 - /(I —s)p+n. Thus, putting$'(c0 is the partial sum of log? 

a = r — p, we obtain
1 -

S'rn-p ¿q 
nr log? T(r + 1 )’

i. e. since Arn~p <x> nr~p/r(r — p+ 1), we obtain (1).
This theorem establishes a precise relation between arithmetic 

means and singularities. The remarkable feature of it is that 
the character of the divergence of the arithmetic means of 
a certain order formed at a singular point is closely related by 
this result to the character of the singularity at the same point. 
The disturbing effect of the other singularities, if any, on the 
arithmetic means at the given point is removed by the assump-

Q. e. d.



tions (a) n~ran-> 0 which excludes infinities beyond a certain 
degree, (b) /, (z) is of order p < p, which says that in the neigh­
bourhood of the point eie in question the order of/(0) at exQ is 
dominating.

We also notice that we are making use of divergence in the 
detection and characterization of singularities without trans­
forming the divergent series into a convergent one. 
an -> 0, the character of divergence of sn (el°) is directly used. 
When rrran -» 0, we have to refer to the arithmetic means, i. e.

have to transform the divergent sequence of sn, but we 
transform it into another divergent sequence and make direct 
use of its more regular divergence.

This fact is a first step into the theory of divergence, as 
distinguished from that of summation of divergent sequences or 
series, which means transformation into a convergent one. 
After a descriptive classification of divergences the new problem 
has two aspects. (A) How does the transformation of a diver­
gent sequence affect the divergence of the sequence ? This 
problem corresponds to the arithmetic theory of summation. 
Applied to Taylor series or to similar sequences of functions the 
second question is : (B) what are the connexions between the 
original or transformed divergence and the analytic character 
of the function at the point of divergence ? This aspect of the 
problem corresponds to the testing of a summation by applying 
it to a divergent Taylor series. In the following articles 
going to illustrate both aspects of the problem of divergence.
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When

we

we are

General Means and Singularities.
122. Convergence.

Leffler’s representation of f(z) = Sanzn in the star-domain by 
the formula

In Art. 79 we established Mittag-

2s„(0)cn+1an+1 
Sc.a*

where E(z) — 2cnz11 is an integral function satisfying the 
dirions of 79. I. At the end of Art. 87 we proved that Lindelöf’s 
integral function

f(z) = lim(1) a—>00

con-

zn
Lpiz) = 2 n^>1-(2) ffQ[iog(n + ß)]
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satisfies those conditions and thus Lfflz) is a suitable summatory 
function for the whole star-domain. Borel’s results, established 
in Art. 78, may be summed up by saying that the exponential 
function ea is a summatory function for Borel’s polygon of sum- 
inability. The simplicity and elegance of Borel’s exponential 
means make their use preferable to more general means inside 
their restricted field of application.

For example when the coefficients an do not satisfy the 
dition n~ran -> 0, for any positive r however large, the 
arithmetic means are of no use for the detection or characteriza­
tion of singularities on the circle of convergence \ z\ = 1. They 
cannot even converge at regular points of \z\ = 1. But we 
have seen that the exponential means e~a'Zsn(eie) an/n ! do 
converge at every regular point of | z | = 1.

Similarly, when/» is not regular at eie, but is of bounded 
variation on an arc (a, b) containing 6, we put, by lemma 1 of 
Art. 120, f(z) = f1 (z) +/2(z) = 2bnzn+ 2cnzn, where f2(z) is of 
bounded variation (in fact regular) on every arc (of, b') 
contained in the open arc (a, b), and thus also/») is of bounded 
variation. Since 6ra -> 0, theorem 113. I applies to (z), i. e. 
sn(tJn'’eie) tends to a limit, and consequently its exponential 
means also tend to the same limit. Since f2 (z) is regular at 

have 2sn (cji',eie)an/n ! ->/2(eie) which proves that
I- It f(z) = 2anzn is of bounded variation on an arc of the 

circle of convergence, the exponential means of the partial sums 
converge at the inner points of that arc. (Dienes, 1911 a.)

The same result extends to points on the polygon of summa- 
bility, and more generally, for general Mittag-Leffler means, to 
vertices z0 of the star-domain. In fact lemma 1 of Art. 120 
extends to arcs (a, b) of | s | = | z0 |, provided f(z) is regular and 
bounded in the sector (0;a, b). Hence the result formulated for 
Mittag-Leffler means :

II. Suppose the point z0 is a vertex of the star-domain and 
f(z) = 2anzn is regular inside the sector (0 ; a, b), where (a, b) 

of the circle \z\ = \z0\, contains z0. If f(z) is of bounded 
variation on (a, b), the Mittag-Leffler means M[sn(z0), a] of sn(z0) 
converge to the limit value of f(z) for z ->z0.

Theorem 120. Ill extends in the same way to the vertices of 
the star-domain.
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con-

eie, we

, an
arc
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III. Suppose the point z0 is a vertex of the star-domain and

/(*) = 2anz"

is regular inside the sector (0; a, h). If f(z) tends to A along 
every path leading to z0 inside the sector (0 ; a, h), then

lim M[8n(z0) ; a] = A.

513XIV

(3)
(Dienes, 1910.)

Similarly for functions bounded in a sufficiently small sector 
(0 ; a, h) and regular inside it.

The definition of order extends to the vertices z0 of the star- 
domain provided f(z) is regular inside a sector (0 ; a, b), where 
(a, h) is an arc of the circle \z\ = \z0\ containing z0. It readily 
follows that the Mittag-Leffler means of sn(z0) converge at every 
vertex of negative order. We can sum 
following statement.

IV. Suppose the point z0 is a vertex of the star-domain of 
f(z) = ^anzn regular in a sufficiently small sector (0 ; a, b), where 
(a, b), an arc of the circle \z\ = \z0\, contains z0. M [sn (z0) ; a] 
converges if the order of f(z) at z0 is negative or if there is a 
small arc (a,b) along which f(\ z0 \ e1^) is of bounded variation. 
M [s^1 (z0) ; a] converges to A if f(z) tends to A along every path 
leading to z0 inside the sector (0 ; a, b). M [s^n (z) ; a] is bounded 
for a -» oo if f(z) is bounded in a sectm' (0 ; a, b).

We see that the general character of f(z) at z0 is revealed 
with remarkable precision by the behaviour of Mittag-Leffler 
means at the same point. The same holds when we pass to 
poles or more general singularities characterized precisely by 
the way in which f(z) tends to cc in the neighbourhood of the 
singular point in question.

123. Divergence. In the case of algebraico-logarithmic singu­
larities, including poles, we have to consider, by (119. 3), partial 
sums of the type nr log? n. Therefore, we have to determine 
the transform of such a type of divergence, i.e. we have to 
determine the type of infinity of

up these results in the

2 nr log? n .cn+l a1l+l/ 2cnan when 

For the detailed calculation in the case of the exponential

a -» » .(1)
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function, i. e. cn = 1/n ! and in the case of Lindelöf’s integral 
function where cn= l/[log (n + ß)]n see Dienes, 1913, p. 119. 
Valiron (1914) extended these two results to a whole class of 
integral functions.

The leading idea of these researches is the extension and 
precision of a remark by Borel. When a > 0 is very large, the 
greatest term of 2 an/n ! is nearly as large as the complete 
sum, i.e. en. In fact the indices of the two greatest terms of 
2an/n ! are a and a — 1, or the index between these two numbers 
if there is only one greatest term, since, for a fixed a, the 
terms are increasing for n = 1, 2, 3,..., [a— 1] and decreasing 
after .[a]. Therefore the greatest term is comparable with 
aa/a ! <v ea/V2ira (by Stirling’s formula Ex. IV. 22).

Since we need a precise evaluation, we consider a range of 
terms about the maximum term such that the neglected terms 

both sides, divided by the complete function, should tend to 0.
sur-

on
In order to satisfy the latter condition, the length of the 
viving middle range of terms has, in most cases, to be increased 
indefinitely when a-> cc . Still, comparing the first and last 
surviving terms, we obtain in many cases a precise evaluation of 
the type of infinity involved.

Consider the integral function f(x) = 2cnxn, 0<cn = e~G(-n\ 
X real and > 0, and suppose that G\ G" exist, Gn (x) > 0 for x > n0. 
Putting g(t) = e-o^x1, for a fixed x, we have

g'(t) = g(t) [-£'(<)+log a],
9n (0 = 9(t) l~G' (0 + log æ]2 - g (t) G" (t),

i. e. the suffix n = [£] of the maximum term, for a sufficiently 
large fixed x, is given by the root £ of the equation

G'(t) = logæ.(2)

We want to establish an asymptotic relation
N2(x)

f(x)d> 2 CnXn,(3) for x —> co ,
n=N\(x)

where the suffix ^ of the maximum term is between Nx and Nv 
Valiron proposes to impose conditions on G(n) in order to get 

precision in the determination of the effective range (A7n W2).
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Let us consider a function e(x) satisfying the conditions 
lim e (x) = 0 and lim xe(x) = + cc and put
z—>oo *—>oo

Nv(x) = integral part of £[1 — e(£)],
N2(x) — integral part of £[1 +e(£)], 

n0 = integral part of f,
A = integral part of £ . e(£)/2.

We group the terras n > n0 as follows :
co oo wi+l

2 cnxn = 2 Si(X)> Si(x) = 2 Cnxn>

ni+l
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w

i=0M0 + l
where ni+1 = ni + N. We have

Cmi+i + 2£Cni+1+2/cnj+qiCTl<+2 = XN e-^+l+îH^+î).

By hypothesis, for 1,
G (Ji'f+i + O') — Cr + q) = NG (íi¿ + q) + A2 C" (tz.¿ + q + 0 A)/2 

> NG' (ni + q)>NG'(n1),
i. e. the log of (4) < A [log x— G'(n^) or, replacing loga; by G'(£) 
and this again by G'(n0+ 1) > G'(£),
log of (4) < a (a;) = — A(A— 1) G" (A^, A1 = n0 + 1 + Ö (A— 1). 

Si+i (x)<eaWSi(x),

(4)

Hence

1- e. 2 cn^,n < ^0 («) + («)/[1 - e°{x)]
Mo+l Ar, (z)

[S0(z) + «,(»)]/[ 1 -«“<*>] < 2 V/[i<
n0 + l

Thus, to establish our asymptotic formula, we must suppose that 
— oc , i. e.lim a(x) =

(a) lim e(x)x y/G" (x) = +cc, and so (b) lim x2 G" (x) = co .
Z—>oo X-^ao

This condition is a condition of regularity of increase not 
restricting the order of increase. If e(x) satisfies (a), the sum 
of all the terms n>n0, divided by the sum of the terms 
n0<n^N2(x), tends to 1, and any term outside this block 
divided by the maximum term is <ea(æ).

In the same way we deal with terms for which n < n0> neglect­
ing those terms, h, say, for which G" (n) < 0. [The ratio of the



sum of these h terms to the whole block <?i0 tends to zero 
since h/n0-> 0.]

I. If G(x) satisfies the condition (b) and e (x) satisfies the 
conditions
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0 < e (æ) -> 0, X€(x) -> oc , lim e{x)xVG" (x) ->oo ,
Xo(x

then we have f(x) <v ^ cnxn ; Nx and N2 are are determined by
Nl(x)

e (a;) antZ the suffix of the maximum term is in (Nv N2). Further­
more,

I Arito)
1 <f(x)l ^cnxn <

Ni(x)
where G" (gj denotes the minimum of G” (x) when x varies 
from Nx(x) to N2(x).

If G" (x) is bounded, (a) requires that xe(x) should not 
be bounded, and thus the group of effective terms does not 
remain finite. But if lim G" (x) = oo , we can restrict the

effective range to a bounded one.
The result remains true if we replace cn by (1 +Vn)cn with 

Vn 0. In fact the ratio Ni+l(aj)/>S^(a;) is multiplied by 
expression of the form 1 + e and in the first n0 terms we have to 
neglect the first e(g)n0 terms.

Consider now

1 «!(*)= - G'(ii),1 — eai (x) ’ 4

(Valiron, 1914.)

an

F(x) = ^(l + t]n)cng(n)xn, tj^O,(5)

where g(x) is supposed to be continuous and twice differentiable. 
For the applications the following particular case is of im­
portance.

(6) h(x) = logg(x)
= V log x + A1 (log2 æ)ai + ... + A{ (log,:+1 x)a\ 

0, p and A{ real numbers.
We have in this case

g[x(l + oc)] =lim x^h” (x) = p, lim
«—>00 X—>00

The first shows that F(x), like f(x), satisfies (b), i. e. the 
e (x) can be taken for both. The second equation shows that

(l+a)P.
9(x)

same
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the index of the maximum term is again between Nx(x) and 
V2(æ). Thus we have

Niix)
F(x) <v 2 cng(n)(l + v¿)xn V 0(¿)2 (1 + Vn) Cnxn 9(i)f(X)

X'(X)

N{{X)

which leads to the theorem
II. If g(x) satisfies (6) and f(x) satisfies (b), we have

F(x) <v g(i)f(x) where G'(£) = log x.(7)
(Valiron, 1914.)

This result can be interpreted in terms of transformation of 
divergent sequences. Consider, for instance, the case of Lindelöf’s 
integral function

Lß(z) = 2zn/logn(n + ß), ß>2.

G(x) = x log log (x + ß), G'(x) = log log (x + ß) + j-¿jffirßjfiß’ 

G"(x) =

In this case

12
\og(x + ß) x + ß

1 1[X 14- log (x + ß)~ (x + ßf log (x 4- ß) 
which shows that G" (x) > 0 for sufficiently large x and

x2 G" (x) -» co .
Moreover, from G'(g) = loger, we obtain, for x -» oo ,

£ <v ex~l.
Therefore, for g(n) — nr logi n the condition (6) is satisfied 

and we obtain the limit relation
2nr log® nan/log” (n + ß) _ 1
~ eraai2an/log"(n + ß)(8) er‘

Thus, denoting by L(zn, a) the Lindelöf transform of zn, if 
the divergence of the sequence zn is such that

A
nr login r(r+ 1) ’ 

L(zn, a) _ __A_
éraai erT(r+1)limthen

a—>oo



Ordinary infinity of the degree r, i. e. nr, is replaced by an 
exponential infinity (e°)r of the degree r. Logarithmic infinity, 
i. e. log? n, is replaced by an ordinary infinity a?. If with Borel 
(1910) we denote the increase of nr by (r), that of log? n by
q. ^ and the exponential increase by co, we might say that the

Lindelöf transformation multiplies the increase by <u, viz., the

increase q . - + r is replaced by (q . — + r)o> = q + rco.

It is readily seen that the exponential transformation
e~° 2 znan/n !

reproduces the character of infinity, since the suffix of the 
maximum term is £ = x. Borel’s generalized exponential trans­
formation, where ea is replaced by e0*, multiplies the increase 
by p.

A straightforward application of (8) leads to the generalization 
of theorem 121. I.

III. If (a, b) is an arc of \z \ = \ zQ\ containing z0 and

DIVERGENCE AND SINGULARITIES518 CH.

1 )/(l ~z/zo)r +fi(z)>f(z) = P (log
1 -0/zo

where P(z) = Aqzri + ... + A0 and fx(z) is regular inside the 
sector (0; a, b) and is of the order r'<r(r> 0) on (<x, 6), then

^<1¿KOo); «] =lim er a__.
r(r+ 1)ema?

(Dienes, 1913.) 
of P (log 1

)Proof. If s¿ (z0) denotes the partial sums 

at s = z0, we have by (8) and by (119. 3),

ema?
so that we only have to prove that the Lindelöf transform of 
the partial sums of fx (z) at z0 divided b^r ema? tends to 0.

For this purpose we decompose fx{z) as usual by putting 
fi(z) = f2{z) '+f3(z), where f2(z) is regular in and on the sector 
(0; a, b') the arc (a', b') being an arc of the open arc (a, b) and 
the order of /2(z) on \z\ = \ z0\ is r" = r' + e<r. As z0 is an 
inner point of the star-domain belonging to fz{z) the correspond-

1 —z/z

A glim pf___ g
r(r-Li)’



519DIVERGENCE AND SINGULARITIES
formed by Lp(a) tends to be.

XIV
ing Mittag-Leffler sum 
when divided by éraa<í it tends to 0.

As for the partial sums s"(s:0) of f2(z) = 2bnzn, whose circle 
of convergence is \z\ = \z0\, we know that s"(z0)/nr^>0 and 
thus also

L\8"{zq); a] 0,lira era
Thuswhich proves that the contribution of f\{z) is negligible, 

the theorem is established.
In view of the generality of Valiron’s result II, the extension 

of III to more general cases is immediate.
Our last result shows that an appropriate transform of a

be in much closer 
Thus

distinct from that

divergent sequence of partial sums may 
relation to the singularities than the original sequence, 
the two aspects of the theory of divergence 
of summation, viz. the change in the character of divergence 
caused by the transformation and the use of divergence in the 
detection and characterization of singularities, are closely inter­

as

connected.
We notice that, in the examples dealt with, only the arithmetic 

and exponential means reproduced the character of divergence 
unchanged. The generalized exponential means multiplied the 
increase by a positive number p and the Lindelöf means ex- 
ponentialized the increase (multiplied it by ©). The question 
arises whether there are transforms sufficiently general to repre­
sent the function in its star-domain and at the same time suffi­
ciently simple to reproduce the type of increase at the 
singularities.

Fainlevé’s representation of an analytic function in a general 
curvilinear star-domain constructed by means of conformal 
mapping (see Arts. 80 and 81) furnishes 
solution of this problem. It is a representation by series of 
polynomials, instead of integral functions, and the correspondence 
between the divergence of this series at a singular point and the 
singularity at the same point is nearly as simple as in the case 
of arithmetic or exponential means. But the instrument used 
is fairly complicated, and thus we refer the reader to the fifth 
chapter of Dienes, 1913. However, a coherent theory of 
divergence is yet to be developed.

with an elegantus
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AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip Franklin.
Concentrates upon essentials, enabling the reader with only a working knowledge of calculus 
to gain an understanding of Fourier methods in a broad sense, suitable for most applica­
tions This work covers complex qualities with methods of computing elementary functions 
for complex values of the argument and finding approximations by the use of charts; 
Fourier series and integrals with half-range and complex Fourier series; harmonic analysis; 
Fourier and Laplace transformations, etc.; partial differential equations with applications to 
transmission of electricity, etc. The methods developed are related to Physical Probl®ms °! 
heat flow, vibrations, electrical transmission, electrçmagnetic radiation, etc. 828 problems 
with answers. Formerly entitled “Fourier Methods." Bibliography. Index^^^^289pp.^5%^x 8^

THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 
length study of the Fourier integral as link between pure and applied math. An expansion 
of lectures given at Cambridge. Partial contents: Plancherel's theorem, general Tauberian 
theorem, special Tauberian theorems, generalized harmonic analysis. Bibliography, vin + 
201pp. 5% X 8. 5272 raperoouno *i.ou

INTRODUCTION TO THE THEORY OF FOURIER'S SERIES AND INTEGRALS, H. S. Carslaw. 3rd
revised edition. This excellent introduction is an outgrowth of the author s courses at 
Cambridge. Historical introduction, rational and irrational numbers, infinite sequences and 
series functions of a single variable, definite integral, Fouiier series, Fourier integrals, and 
similar topics. Appendixes discuss practical harmonic analysis, periodogram analysis Lebesgues 
theory. Indexes. 84 examples, bibliography, xiii + 368pp. 5% x 8. S48 Paperbound $2.00

¡gnaips

ASYMPTOTIC EXPANSIONS, A. Erdélyi. The only modern work available in English, 1this is an 

and solutions of ordinary linear differential equations. Bibliography of sn^Paperbound^liaS
5% X 8. r •

LINEAR INTEGRAL EQUATIONS, W. V. Levitt. Systematic survey of general theory, with some 
Partia^conte^nts;0'integral3 equation0^?’ 2nd''kind5 b^MKSivyup
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¡EnaLlrMh?JNIrEGRAL?' H- Hfncopuk- Invaluable in work involving differential equations contain- 
quate hpractical snhitinn^Vn tn® hi00t s,g"'.where elementary calculus methods are inade- 

ca *-so ut ons. to Problems that occur in mathematics, engineering physics- 
differential equations requiring integration of Lamé's, Briot’s, or Bouquet's equations? deter-
Of a1 * * *'ïïîoiect?|re »nriSr ' r5Si«ÂÎ5iTb0,a' .lemlscatgï solutions of problems in elástica; motion 
nthDrcP L der- resista"ce varying as the cube of the velocity; pendulums; many 
rírtÍínñ p*P°slboa 15 *m accor(te.nce with Legendre-Jacobi theory and includes rigorous dis­
cussion of Legendrp transformations. 20 figures. 5 place table. Index. 104pp. 5Vg

S484 Paperbound $1.25
X 8.

FIVE VOLUME "THEORY OF FUNCTIONS' SET BY KONRAD KNOPP

arrniinteñf0íhonruS^f' -pre!??red b7 Konrad Knopp, provides a complete and readily followed 
np« r/anr Thyp?f fu? tl0ns' Proofs,, are given concisely, yet without sacrifice of complete- 
Chicago N VThntv rli,m!S are„used as taxts by such universities as M.I.T., University of 

N" • Clty, College- and many others. "Excellent introduction . . remarkably 
readable, concise, clear, rigorous,” JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION

ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. This book provides the student 
fnMnriatinrvc'0Ucuc/^r furfther V0Jumes in this set, or texts on a similar level. Partial contents: 
foundations, system of complex numbers and the Gaussian plane of numbers Riemann 
funrt,e °f nu!Jlbf.rs’ mapping by linear functions, normal forms, the logarithm, the cyclometric 
functions and binomial series. "Not only for the young student, but also for the student 
53/°vko0WS 3,1 about what ,s m it'” MATHEMATICAL JOURNAL. Bibliography. Index. 140pp!

S154 Paperbound $1.35
nfIEhaRs¡r°rFnnFrUpn?Jl?nNHS’thPART '' KSnr?d, Knopp. With volume II, this book provides coverage 
of basic concepts and theorems. Partial contents: numbers and points, functions of a com­
plex variable, integral of a continuous function, Cauchy’s integral theorem Cauchy’s integral 
formulae senes with variable terms, expansion of analytic functions in power series ánalvtfc 
?pu,tLnUtatl0n apd C0.mP|ete definition of analytic functions, entire transcendental functions 
Laurent expansion, types of singularities. Bibliography. Index, vii + 146pp. 53/8 x 8. ’

S156 Paperbound $1.35

Î5S? M"» ¿35. 'ÄÄJir
B"Sf'ó™aSph, 7nr«.‘,UríCei,50;|1eto55,iC,,“8nC,i"S' 6n,l,"cal Riem.nn surface.

S157 Paperbound $1.35
PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1, Konrad Knopp. Problems in ele­
mentary theory, for use yvith Knopp’s THEORY OF FUNCTIONS, or any other text arranged 
foriorcdm^ to increasing difficulty. Fundamental concepts, sequences of numbers arid infinite 
series, complex variable, integral theorems, development in series, conformal mapping 182 
problems. Answers, viii + 126pp. 53/s x 8. ’ SlSS PapeTbound SOS
PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
nlrahio'Hovt’ c° b(í -f-®0 eith.?r "ith Kn°PP’s THEORY OF FUNCTIONS, or any other conv 
mnitulL ÎÎ^-BrfS5SH.?ritl.es,D-entire & meromorphic functions, periodic, analytic, ycontinuation, 
multiple-valued functions, Riemann surfaces, conformal mapping. Includes a section of addi-
mnriprn thonntJryfPrr°b T5' 'IS® diffiElllt tas.k of selecting from the immense material of the 
modern theory of functions the problems just within the reach of the beginner is here 
masterfully accomplished,” AM. MATH. SOC. Answers. 138pp. 53/a x 8. S159 Paperbound $1?«

pESf .Sala S?1KSra SK-L-H
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S483 Paperbound $2.55

IHEwTHuE<2.RY AftD UNCTIONS OF a REAL VARIABLE AND THE THEORY OF FOURIER'S SERIES,
E- j'r "°Ps®n" ®ne °f *be be$t introductions to set theory and various aspects of functions
and Fourier s series. Requires only a good background in calculus. Provides an exhaustive
coverage of: metric and descriptive properties of sets of points; transfinite numbers and 
order types; functions of a real variable; the Riemann and Lebesgue integrals,- sequences 
and series of numbers; power-series; functions representable by series sequences of continuous 
functions; trigonometrical series; representation of functions by Fourier’s series- complete 
exposition (200pp.) on set theory; and much more. "Th best possible guide," Nature Vol I- 
88 detailed examples 10 figures. Index, xv + 736p Vol. II: 117 detailed examples,-13 
figures. Index, x + 780pp. 6Vb x 9V4. Vol. I: S387 Paperbound $3.00

Vol. Il: S388 Paperbound $3.00

ÁLMOST PERIODIC FUNCTIONS, A. S. Besicovitch. This unique and important summary by a 
well-known mathematician covers in detail the two stages of development in Bohr's theory of 
almost periodic functions: (1) as a generalization of pure periodicity, with results and
BSÄsriiss w,c"er-we"' - - «sisaSSas



r FUNCTIONALS AND OF INTEGRAL AND INTEGRO-D INFERENTIAL EQUATIONS, Vito 
Volterra Unabridged republication of the only English translation. An exposition of the 
general "theory of the functions depending on a continuous set of values another function, 
Î ! ' the author’s fundamental notion of the transition from a finite number of variables 
based on h ¡nf¡n¡te number Though dealing primarily with integral equations, much 
material în calculus variations is included Thework makes no assumption of previous 
krmwiprlpe on the part of the reader. It begins with fundamental material and proceeds to 
knowledge o R , Functions Integro-Differential Equations, Functional Derivative

aSdI¡cations OtherDirectulns of Theory of Functionals, etc. New introduction by 
G,Uc É»i-tP,Bmlőgra’ph, aid criticism „I Vdlte.ra’s work b, E. Whittaker. Bibliograph,, 

Index of authors cited. Index of subjects, xxxx + 226pp. 5 /a x 8.

AN FLEMENTARY TREATISE ON ELLIPTIC FUNCTIONS, A. Cayley. Still the fullest and clearest 
fext on the theories of Jacobi and Legendre for the advanced student (and an excellent 
cimnipmpnt fnr the beginner) A masterpiece of exposition by the great 19th century British 
mathematicianr (creato^ of the theory of matrices and abstract geometry) it covers he 
St¡on“theory, Landen's theorem, the 3 kinds of elliptic integrals, transformations, the 
q-functions, reduction of a differential expression, and much more. Index.s^g^Pa^rbound^loÓ

THEORY OF

S502 Paperbound $1.75

integrals addition theorem, algebraical form of addition theorem, elliptic integrals of 2nd, SS; double0 periodicity’, resolution into factors, series, transformation e Cg Introduction 
Index. 25 ¡Mus. xi + 357pp. 53/a x 8. 5603 Paperbound

THE THEORY OF FUNCTIONS OF REAL VARIABLES, James Pierpont. A 2-volume authoritative 
exposition by one of the foremost mathematicians of his time. Each theorem stated with 
aMPconditions then followed by proof. No need to go through complicated reasoning to dis­
cover conditions added without specific mention. Includes a particularly complete, rigorous 
presentation of theory of measure, and Pierpont’s own work on a theory of Lebesgue 
integrals and treatment of area of a curved surface. Partial contents, Vol. 1. rational 
numbers’" exponentials, logarithms, point aggregates, maxima minima, proper integrals,

Fr'*& tSSf
Í2Íd!nSS<'r,IOnS' SU0’' i",ra-“nl,0,m COme,gensC558-“C2 volume »T'pepertoS Ä
FUNCTIONS OF A COMPLEX VARIABLE, James Pierpont. Long one of best in the field. A 
thorough treatment of fundamental elements, concepts, theorems. A complete study, rigor­
ous detailed with carefully selected problems worked out to illustrate each topic. Partial 
contents- arithmetical operations, real term series, positive term series, exponential functions, 
integration analytic functions, asymptotic expansions, functions of Weierstrass, Rendre 
etc index List of symbols. 122 ¡Mus. 597pp. 53/8 x 8. S560 Paperbound $2.45

ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at

;;B,=coÄ?r^
S172 Paperbound $1.25

TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. First English translation of work 
bv leading Soviet mathematician. Thue-Siegel theorem, its p-adic analogue, on approximation 
nf algebraic numbers by numbers in fixed algebraic field, Herrn ite-Lindemann theorem on 
transcendency of Bessel functions, solutions of other differential equations, Gelfond-Schneider 
thpnrpm on transcendency of alpha to power beta, Schneiders work on elliptic functions, Ä'mÄÄ" Gelfond. Translated b, L. F. Boron,

THEORY OF MAXIMA AND MINIMA, H. H cock. Fullest treatment ever written, only work in 
English with extended discussion of max a and minima for functions of 1, 2, or n variables, 
omb ems with subsidiary constraints, a relevant quadratic forms. Detailed proof of each 
important theorem. Covers the Scheeffer and von Dantscher theories, homogeneous quadratic 
forms reversion of series, fallacious establishment of maxima and minima, etc. Unsurpassed 
treatise for advanced students of calculus, mathematicians, economists, statisticians. Index. 
24 diagrams. 39 problems, many examples. 193pp. 53/8 x 8. S665 Paperbound $1.50

DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Laplace's equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms 
& their transformations for electrical engineers, Joukowski aerofoil for aerodynamists. 
Schwartz-Christoffel transformations for hydrodynamics, transcendental functions. Contents 
classmed according to analytical functions describing transformation Twin diagrams show
sï 2x.,rà'°x,mÆns wi,h corresp°ndlnE reeions- clossarNÎ6po°'Âïir«4s
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VARIABLE*0 P Th INhTR°DUCTI°N TO THE THEORY OF FONCTIONS OF A COMPLEX
variable, P. Dienes. This book investigates the entire realm of analytic functions Onlv
tndrlialiy „ ÍkiUS is needed. except in the last two chapters. Starting with an introduction 
tions complex riSifftrpnt-=tmp eX ¿ëebra' Jhe Properties of infinite series, elementary func- 
a thórnuDh twnd nîr? h- * and integration are carefully derived. Also biuniform mapping,

, tnoroogh two part discussion of representation and singularities of analytic functions
uoraonnlera®nce and ga5 t.heorems> divergent series, Taylor series on its circle of con- Prpfaro^,ye'\genc® and singularities, etc. Unabridged, corrected reissue of first edition 
Preface and index. 186 examples, many fully worked out. 67 figures, xii + 555pp. 5% x 8.

S391 Paperbound $2.75
INTRODUCTION TO BESSEL FUNCTIONS, Frank Bowman. A rigorous self-contained exposition 
priapldlAf^ rí r n,ecessa¡.y material during the development, which requires only some knowl- 
fnHnriint anniv“!' and acquaintance with differential equations. A balanced presentation 
Real d0rripr.PMnrtifiorfS PrrCtlCf- use Discusses Bessel Functions of Zero Order, of Any 

eal Order, Modified Bessel Functions of Zero Order; Definite Integrals* Asvmototic Fxnan-straightforward S°'Uti°" fto, Ketpler’,s Prob'^: Circular Membranes; much moT «Clear and 
straightforward . . useful not only to students of physics and engineering but to mathe-figures î ddexntx + 226 Problems'sW tables Œ function^'27
figures, index, x + 135pp. 5% x 8. S462 Paperbound $1.35

MODERN THEORIES OF INTEGRATION, H. Kestelman. Connected and concrete coverage with 
fuHy-worked-out proofs for every step. Ranges from elementary definitions through theory 
of aggregates, sets of points, Riemann and Lebesgue integration, and much more This new 
revised and enlarged edition contains a new chapter on Riemann-Stielties integration as well 
as a supplementary section of 186 exercises. Ideal for the mathematician student ’ teach! 

r self-studœr. Index of Definitions and Symbols. General Index. Bibliography, x + 310pp' 
/8 X 8 /8' S572 Paperbound $2.00
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riJ" LN MATHEMATICAL ANALYSIS, Edouard Goursat. Trans, by E R Hedrick 0 Dunkel

SBSÊtiâsg=ÉSIs1|HiS
Vol. 1 S554 Paperbound $2.25 

Vol. 2 part 1 S555 Paperbound $1.65 
Vol. 2 part 2 S556 Paperbound $1.65

3 vol. set $5.00
Îen7TtrnriNrQt!!fnNCtnSoAtD SERIfS’ K.?nrad Kn°PP- First Publication in any language! Excel-

KajSa* larfhPe'rCSby°fhSrfn » fife “ °»
power seriel VnarLon c°inplfx «nable. Sequences & series. Infinite series. Convergent 

raThv v + 186ooP sal x *f elementary functions. Numerical evaluation of series. Bibliog- 
rapny. v + 186pp. 5% x 8. S152 Clothbound $3 50

S153 Paperbound $1.75

level°NC°onteln^carehm^nVaZyg,mund- ,Ulîidue in any language on modern advanced 
,,n(l carefully organized analyses of trigonometric, orthogonal, Fourier systems of

íhSnrl nr’„nh - adequate descriptions of summability of Fourier series proximation
eory, conjugate series, convergence, divergence of Fourier series Esoeciallv valuahip fnr 

Russian, Eastern European coverage. Bibliography. 329pp. 5% x 8. S290 Paperbound $1,50



rmirrrrn WORKS OF BERNHARD RIEMANN. This important source book is the first to cçn- 
ta°n the complete text of both 1892 Werke and the 1902 supplement, unabridged It contains 
01 rnnnngraohs 3 complete lecture courses, 15 miscellaneous papers, which have been of

THE CALCULUS^C^B.^Boyer;^ CALCULUS^ R^EFRESHER^FOR^TECHNICAL

SERIAL ORDER, E. V. Huntington.

See also: A HISTORY OF 
MEN. A. A. Klaf; MONOGRAPHS ON 
Young; THE CONTINUUM AND OTHER TYPES OF

Symbolic logic

ticularlY appreciated by those who have been rebuffed by other introductory works because 
nf nsufficient mathematical training. No special knowledge of mathematics is required 
Starting with the simplest symbols and conventions, you are led to a l'BJnark‘lb pn8NTFNTs 
tho Rnnie Srhrnpdpr and Russell-Whitehead systems c early and quickly. PARTIAL CONTENTS.

©isL-.«Tv«rtóí?aí,,a|íRevised, expanded second edition. Truth-value tables. 368pp. 5/e x^ paperbound ^ 75

TUP fifmfnts OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication in any 
THE ELEMENTS ¡ntpnded for readers who are mature mathematically, but have no
previous training°hi symbolic îogic lt does not limit itself to a single.system, but covers 
the field as a whole It is a development of lectures given at Lund University, Sweden, in

ÄÄ'HT; s-ffiácft assa » ww rest srrr sraAÄWS
a survey OF SYMBOLIC LOGIC: THE CLASSIC ALGEBRA OF LOGIC, C. I. Lewis. Classic survey 
of the field comprehensive and thorough. Indicates content of major systems, alternative 

IL... nf1 nrnredure and relation of these to the Boole-Schroeder. algebra and to. one 
another Contains historical summary, as well as full proofs and applications of the classic, or 
Bnnip-Schroeder algebra of logic. Discusses diagrams for the logical relations of classes, the 
two-valued algebra propositional functions of two or more variables, etc. Chapters 5 and 6 
of the original edition, which contained material not directly pertinent, have been omitted in 
this edition at the author's request. Appendix. Bibliography. Index, vm + 352pp. 55/fe X 83/fe. 

S643 Paperbound $2.00

TO SYMBOLIC LOGIC AND ITS APPLICATIONS, R. Carnap. One of the clearest, 
mn,t comorehensive and rigorous introductions to modern symbolic logic by perhaps its 
greatestTv?ng master Symbolic languages are analyzed and one constructed. Applications 
to math /svmboMc representation of axiom systems for set theory, natural numbers, rea 
nűmbe s tono o y Dedekind and Cantor explanations of continuity), physics (the general 
analysis5’ of Concepts of determination, causality pace-time-topology based on Einstein), 
biology (symbolic representation of an axiom syste for basic concepts), A masterp ece, 
SMS f«r l.3tS=m=m und ihre =ren=gebi=,e. 0,=, 300 «xer-.s«. 5 

raphy. Index, xvi + 24lpp. b-ys x a. T

INTRODUCTION

Clothbound $4.00

Dover publishes books on art. music, philosophy, literature, languages, history social 
sciences psychology, handcrafts. Orientalin, puzzles and entertainments, chess pets 
and gardens books explaining science, intermediate and higher mathematics m 
ematical physics, engineering, biological sciences, earth sciences, classics of science, etc.

Write to: Dept, catrr.
Dover Publications, Inc.
180 Varick Street, N. Y. H, N. Y.
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(continued from inside front cover)

Tables of Indefinite Integrals (Tafeln der Unbestimmten Integrale),
G. Petit Bois $1.65

Functions of a Complex Variable, James Pierpont $2.45 
The Theory of Functions of Real Variables, J. Pierpont 2-vol. set $4.90 

Introduction to the Theory of Linear Differential Equations, E. G. Poole $1.65 
Collected Works of Bernhard Riernann (in German) $2.85 

The Elements of Mathematical Logic, Paul Rosenbloom $1.45 
Theory of Functions as Applied to Engineering Problems,

R. Rothe, F. Ollendorff, K. Pohlhausen $1.35 
A Table of the Incomplete Elliptic Integral of the Third Kind,

Selfridge ¿r Maxfield Clothbound $7-50 
Introduction to Relaxation Methods, F. S. Shaw $2.45 

Problems & Worked Solutions in Vector Analysis, L. R. Shorter $2.00 
Applied Mathematics for Radio ir Communication Engineers,

Carl E. Smith $1.75
Mathematical Methods for Scientists ir Engineers, Lloyd P. Smith $2.00 

Elements of Non-Euclidean Geometry, D. M. Y. Sommerville $1.50 
An Introduction to the Geometry of N Dimensions, D. Sommerville $1.50 

Methods of Statistics, H. C. Tippett Clothbound $7.50 
Theory of Determinants, Matrices, ir Invariants, H. W. Turnbull $2.00 

Theory of Canonical Matrices, H. W. Turnbull ir A. C. Aitken $1.55 
Elements of Number Theory, I. M. Vinogradov $1.60 

Theory of Functionals and of Integral and Integro-Differential Equations, 
Vito Volterra $1.75

Selected Papers on Noise and Stochastic Process, ed. by Nelson Wax $2.35 
Partial Differential Equations of Mathematical'Physics, A. G. Webster $2.00 

The Theory of Groups ir Quantum Mechanics, H. Weyl $1.95 
The Fourier Integral and Certain of Its Applications, Norbert Wiener $1.50 

Practical Analysis; Graphical and Computational Methods, F. A. Willers $2.00 
Analysis with an Introduction to Tensor Analysis, A. P. Wills $1-75 

Advanced Calculus, E. B. Wilson $2.45 
Higher Geometry; an Introduction to Advanced Methods of Analytical 

Geometry, F. S. Woods $2.00 
Trigonometrical Series, Antoni Zygmund $1.50

Available at your booh dealer or write for free catalogues to Dept. 
Ad Math 1, Dover Publications, Inc., 180 Varick St., N. Y. 14, N. Y. 
Please indicate field of interest. Dover publishes over 100 new 
selections each year on science, mathematics, puzzles, art, phi­
losophy, languages, etc.
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THE TAYLOR SERIES 

by P. Dienes

The aim of this book is an investigation of the entire realm of analytic 
functions by means of the Taylor series. Except for the final two chap­
ters, the exposition assumes only a thorough grounding in ordinary 
calculus. Defining an analytic function by a Taylor series and its formal 
continuations, and continuing this extension of the original series by 
successive transformations, the complete analytic function is defined 
by an infinite network of Taylor series. The properties of this function 
are then investigated through the coefficients of this infinite network.

Starting with an introduction to real variables and complex algebra, 
the properties of infinite series, elementary functions, complex differen­
tiation and integration are carefully derived. Biuniform mapping and 
a thorough two-part discussion of representation and singularities of 
analytic functions follow. In the last chapters, overconvergence and 
gap theorems, divergent series, the Taylor series on its circle of 
vergence, and divergence and singularities, are treated with depth and 
clarity.

PARTIAL CONTENTS: I. Algebra of real numbers. Closed sets and 
Borel’s lemma. IV. Exponential, trigonometrical and gamma functions. 
Riemann surfaces. Multiform functions. VI. Jordan’s theorem. Connec­
tivity of domains. VII. Taylor and Laurent series. Residue theorem. 
Elliptic and hyper-elliptic functions. VIII. Biuniform mapping. Theorems 
of Bloch, Picard, Schottky, Landau. IX. Mittag-Leffler and Runge’s theo­
rems. Borel’s integral and the exponential means. Painlevé’s expan­
sion. XI. Ostrowski’s gap theorem and converse. Fabry’s results on 
non-continued Taylor series and the detection of singular points. XII. 
Transformation of sequences and series. Abel’s transformation. Gen­
eralized limits and summations. Commutable semi-matrices. XIII. 
Bounded functions with Landau, Bohr, and Nevanlinncr’s results. Fatou’s 
theorem. XIV. Divergence and singularities. Converse theorems by 
Hardy and Littlewood. General means and singularities.

Unabridged, corrected reissue of first edition. Preface and Index. 186 
examples, many fully worked out. 67 figures, xii -)- 555pp. 5 % x 8.

con-

5391 Paperbound $2.75
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